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On the Dirichlet problem

for degenerate monotone operators

N. D’AURIA - O. FIODO

ABSTRACT: We prove an existence theorem for the Dirichlet problem in divergence
form for degenerate monotone operators (also multivalued) with growth coefficients in
BMO. We consider these problems in an open cube of R™, n > 2, and in Sobolev spaces
with exponent 2 < p < +o0.

1 — Introduction

The aim of this paper is to study the Dirichlet problem on W, ()
for non linear monotone operators of the form

(1.1) Au = —diva(z, Vu)

where €2 is an open cube of IR" and 2 < p < +o0.

We assume that the (possibly multivalued) map a : Q x R" — IR"
which occurs in (1.1) is measurable on © x IR", maximal monotone on
R" for almost every x € € and satisfies the following conditions:

i) n]” < ma(z) + K(z)(n,§) qg=pp-1)""
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i) [€]P < ma(x) + K(2)(n,§)
iii) 0 € a(z,0)

for a.e. x € Q, for every £ € R" and 7 € a(x, §).

The non negative functions m; (x) and my(x) are integrable on 2 and
K = K(z) > 11is in BMO(Q) with

(1.2) 1K [[sroge) < ey

where ¢ = ¢(n) is the Coifman-Rochberg constant (see [8]) and v =
~v(n) sufficiently large. The class of all these maps will be denoted by
Mg o(IR").

The main examples have the form

CL(CL’, 5) - aﬂﬁ(% 5)

where O, denotes the subdifferential with respect to £ and ¢ : Q@ x R" —
[0, 4+00) is measurable in (z, ), convex in ¢ and satisfies the inequality

€17+ [nl? < (K (2) + K7 (@) (¢ (@, €) + 9" (2, 1))

where ¢*(x,n) is the Young conjugate of ¢(x,-) (see [15]).
In this case the operator (1.1) is the subdifferential of the functional

U(u) = / Y(z, Vu)dz .
Q
The main result of this paper is the following

THEOREM A. Under the above assumptions there exists a constant
¥ =7(n) > 0 such that, if v > 7, for every function f, for which Kf €
(L9(2)™, the problem

(1.3) —div f € —diva(z, Vu) on Q
' u € WyP(Q)

admits a solution, or equivalently, there exists a function uc Wy () and
a vector- valued function g(x) € a(x, Vu(z)) for a. e. x € Q and

(1.4) div(g — f) = 0.
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Our result is strictly related with the theory of Quasiharmonic fields
introduced in [11]. In fact there are two vector fields associated with a
solution of problem (1.3): the first one E = Vu is curl free, the second
B = g — f is divergence free.

Moreover inequalities i), i) imply

[E” +|B|" < ¢(K(B, E) +0)

where 6 = 0(x) = my(z) +mo(x)+|K () f(2)|? and ¢ = ¢(q) is a constant.

As consequence of Theorem A we have an existence and uniqueness
result for the degenerate p-laplacian.

Let us emphasize explicetly that we are dealing here with genuine
non isotropic degenerate operators.

The main tool in the proof of Theorem A is an a-priori estimate for
a solution of problem (1.3) (see Section 3). Moreover, it is very useful an
existence result for problem (1.3), proved in [6] when K (z) is bounded.

Many different situations have been studied in linear and nonlinear
theory of elliptic PDE’s with BMO coefficients (see [3], [4], [11], [12]).

2 — Preliminary results

Let X and Y be two sets. A multivalued function F' from X to Y is
a map that associates with any x € X a subset Fx of Y. The subsets Fz
are called the images or values of F'.

The sets

D(F)={re€ X : Fx # o} G(F)={[zr,y e X xY :y € Fa}

are called the domain and the graph of F' respectively.

The inverse F~! of F is the multivalued map from Y to X defined
by x € F~'y if and only if y € Fx.

Let (X,7T ) be a measurable space and let F' : X — IR" be a mul-
tivalued function. For every B C IR" the inverse image of B under F is
denoted by

FYB)={zeX:BnNFz+#o)}
Let B(IR™) be the o-field of all Borel subsets of IR", we say that a mul-
tivalued function F' : X — IR" is measurable (with respect to 7 and
B(R™)) if F~!(C) € T for every closed set C C IR".
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In the following we assume that G(F) € T x B(IR") because we
define a complete o-finite measure on 7.
It is usefull to recall the following theorem:

PROJECTION THEOREM. Let (X, T, 1) be a measurable space, where
1 is a complete o-finite measure defined on 7. If G belongs to T ® B(IR"),
then the projection pr,G belongs to 7.

For the proof of this theorem and properties of measurable multival-
ued functions we remaind to [5] (Theorem III1.23).

Let F: X — Y be a multivalued function, a function ¢ : X — Y is
a selection of F' if o(x) € Fx for every x.

Let us give a general theorem for the existence of measurable selection
of a multivalued function due to Aumann and von Neumann (see [5]
Theorem II1.22).

THEOREM 2.1. Let (X,T) be a measurable space and let F be a
multivalued function from X to R"™ with non-empty values. If the graph
G(F) belongs to T @ B(IRR™) and exists a complete o-finite measure de-
fined on T, then F has a measurable selection.

Now, let X be a real Banach space and let X* its dual space. By (,)
we denote the duality pairing between X* and X. A set M C X x X* is
monotone if

(Y1 — Yoy w1 — T2) =20 V]wy,p1], [22,y2] € M.

A monotone set M is maximal monotone if it is not a proper subset of a
monotone set in X x X* i.e. [z,y] € X x X* such that

then [z,y] € M.

A multivalued operator F' : X — X* is maximal monotone if its
graph is maximal monotone.

We recall some properties of maximal monotone mappings that are
very usefull in the following (see [9], [2]). If F': X — X* is a maximal
monotone mapping, then

THEOREM 2.2. For every A > 0, AF is mazimal monotone mapping.
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THEOREM 2.3.  For any x € D(F) the image Fx is closed convex
subset of X*.

THEOREM 2.4. If X is a reflexive Banach space, then F' is surjective
if and only if F~ is locally bounded on X*.

THEOREM 2.5. If0 € Int D(F), F is quasi-bounded.

THEOREM 2.6. If F| and Fy are two mazximal monotone mappings
with 0 € D(F)ND(F,) and F is quasi-bounded, we have Fy+ Fy mazimal
monotone.

THEOREM 2.7. If p : X — R is a proper convex lower semi-
continuous function, then the multivalued operator (subdifferential of )
Op : X — X* is a mazimal monotone mapping.

Now we introduce a class of multivalued monotone operators on
Sobolev spaces of the type —div(a(z, Vu)). Let 2 < p < 400, we de-
note by ¢ the dual exponent of p, p~* + ¢! = 1. We fix an open cube
Q c R" (n > 2), two non negative functions m;,m, € L'(Q2) and a
function K (z), K(x) > 1 a.e. in 2. We denote by £(2) the o-field of all
Lebesgue measurable subsets of Q; if E € £(), |E| denotes the measure
of E.

The Euclidean norm and the scalar product in IR" are denoted by |- |
and (-,-) respectively.

DEFINITION 2.8. Mg o(IR") is the class of all multivalued functions
a:QxIR" — IR" with closed values, measurable with respect to £(2) ®
B(IR") and B(IR") such that are maximal monotone with respect to £ €
R" and satisfying

i) 0] < mai(x) + K(z)(n,§)

i) [§7 < ma(z) + K()(n,€)
for a.e. € Q ,VE € R", g € alx,f),

iii) 0 € a(z,0) for a.e. x € Q.
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REMARK 2.9. For 2.3 the set a(z,€) is closed and convex for a.e.
z € Q and V¢ € IR". For Theorem 2.1 the graph of a(z,&) belongs to
L(Q) ® BIR") ® B(IR™). By ¢) we have that there is a non negative
function ms(x) € L(£2) such that

(2.1) In| < ms(z) + KP~(z)|€P! for a.e. z € Q.

By (2.1) for a.e. z € Q the maximal monotone operator a(z,§) is locally
bounded, hence by 2.4 a~'(z, ) is suriective. This implies a(x, &) # @ for
a.e. v € Q and V¢ € R"™.

Let K(z) € L>*(Q2) and a € Mg qo(IR"), we consider the Dirichlet
boundary value problem

(2:2) { —div f € —diva(z,Vu) on @, [ € (L(Q))"

u € WyP(Q). p>2

We say that u € Wy*(Q) is a solution of problem (2.2) (as well as (1.3))
if

Jg € (LYQ))" such that g(z) € a(x, Vu(x)) and

(2.3) /Qg(x)vso(x)dx _ /Qf(x)Vgp(x)dx Ve C5P ()

By using the same arguments of [6] it is easy to verify that

THEOREM 2.10. If K(z) € L*(Q) and a € My o(IR™) the Dirichlet
problem (2.2) has a solution.

3 — A priori estimates for the solution of problem (1.3)

If © is an open cube of R", by H'(Q2) and BMO(Q) we denote the
Hardy space and the space of all functions of bounded mean oscillation
respectively, we have see [7], [10], [13], [14], [16], [17]):

PROPOSITION 3.1.  Let E € (LP(2))" and B € (L))" be two
vector fields such that divB = 0 and curl E = O, where p and q are
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conjugate. Then their scalar product (E, B) belongs to H'(2) and there
is a constant ¢ = ¢(n) such that

ICE, B)l[m1() < cllEllrr@l|Bllra) -

LEMMA 3.2. (Div-Curl) Suppose the vector fields E),, By respectively
in (LP(Q))™, (L1(2))"(1 < p < 00, n > 2) verify div B, = 0curl E;, = O
and By, By converge weakly respectively in (LP(Q))", (L(Q2))™ to some
E, B then

(Ey, By) — (E,B) inD'(Q).

THEOREM 3.3.  For every K € BMO(Q) there exists a unique
T € (HY(Q))* such that

(3.1) T(h) :/Qh(x)K(x)da: VheHY(Q).

Conversely, for every T € (H'(Q))* there exists a unique g € BMO(Q)
which satisfies (3.1). The corrispondence T — g determined by (3.1) is
a Banach space isomorphism between (H'(Q))* and BMO(Q).

Now let K € BMO(Q), K(x) > 1 a.e. in §, we prove the following

LEMMA 3.4. Let u € W}P(Q) a solution of the problem (1.3) with
Kf e (LYQ))". There exists v, such that whenever K satisfies (1.2) with
v > 7,, we have

(32 [ VU +lglde < el + el + 1K S50)

where ¢ =c(n) >0
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PROOF. From i) and 1)
[ 1vut@)r +lg@)ds < lmllsr + mallzi+
+2| [ K@)(9(@) — 1), Va(a)) do| +2| [ K@)(f(@), u(@))da]

so, by Theorem 3.3 there exists a positive constant ¢; independent of
|| K ||zmo such that

/Q [Vul? + |g|* dz <|lmal|pr+[lmellrr + 2e1[| K |symoll (9 = f, V) i)+
—|—2‘/ﬂK(a¢)(f(m),Vu(x))dm‘.

By Proposition 3.1, applying Hélder and Young inequalities we have, for
every € > 0,

IVullze + llgllze < llmallzr + [[malr+

(33)  Fdac)|Kllemo(Vullzr + llgllze)+
+e(IVullze + llgllze) + 2 crc(n)[| K llsmol| flI7a + [ K fl7a

where ¢, is independent of || K ||gmo-

Now, for all K € BMO(Q) such that 4c¢;¢(n)||K||smo < p with 0 <
p < 1, we have that, for every fixed 0 < £ < 1 — p, there is a costant ¢
independent of | K ||gmo such that

IVullze + llgllie < cllimallpy + lImallpr + K fl|74) -
Applying condition (1.2), the Lemma is proved provided vy >4c¢ice(n). O

4 — Proof of Theorem A

In order to prove Theorem A, for every ¢ €]0,1] we consider the
multivalued function a.(z,§) : @ x R" — IR"

a(z,§) + K (x)[€P~*¢
14+ eKr—1(x)

(4.1) ac(z,§) =

where a(z,§) € Mgo(IR") and K(z) € BMO(Q), K(x) > 1.
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The multivalued function a.(x, &) with closed values is measurable
with respect to £(Q) ® B(IR") and B(IR"). Moreover, by properties 2.2,
2.5-2.7, it is maximal monotone with respect to § a.e. x € 2. From (4.1),
using (2.1) we have

Krl(z)(1 +¢)

P ez e
ek i) ¢ e e

[ < ms(a) +

while using 1)

K?(z)(1+¢)

€7 < ma(z) + 1+ eK?(x)

(n,€) a.e. €0
for every € €]0, 1], V¢ € R™ and 0. € a.(x, ).
We can easily verify that the following lemmas yeld

LEMMA 4.1. Let be p > 2. For every e €]0,1] the map a.(z,§) €
M(g)qm,(z (IR”)-

LEMMA 4.2.  Let be p > 2. For every e €]0,1] the map a.(z,§) €
Mg o(IR").

Now we are in position to prove the main result

PrROOF OF THEOREM A. For every ¢ €]0,1], let us consider the
problem

(4.2) { —div f € —divac(z, Vu) on

ue Wyr(Q) (p=2)

with data f such that Kf € (L%(Q))". From Lemma 4.1 and Theo-
rem 2.10 it follows that problem (4.2) admits at least a solution u. €
wWir(Q).

From Lemmas 4.2 and 3.4, if K verifies (1.2) with v > 4+, the pair
[Vu,, g.] satisfy the estimate (3.2) uniformely with respect to ¢ €]0,1].
So we can construct two subsequences again denoted by {u.} and {g.}
such that as e — 07

(4.3) u. — u weakly in W!(Q),,
(4.4) g. — g weakly in (L/(2))",
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and
(4.5) / 9.Vds = / fVede  Vee ().
Q Q

The equality in (2.3) is obtained by passing to limit as € — 07 in (4.5).
To conclude the proof we show that g(z) € a(z, Vu(x)) for a.e. in Q.
Put

M={xeQ:3¢eR"3In €al(z,f: (9(x) —n,Vu(z) — &) <0},

according to the maximal monotonicity of the map a it is enough to show
that |[M| = 0. To prove that let us write M = {z € Q : Gz # 0} where

Gr={[n eR"xR" :n € a(x,§) and (g(x) —n, Vu(z) — &) < 0}.

By Remark 2.9 the graph of G belongs to £(Q2) ® B(R") ® B(IR") thus
M € L£(€) by the projection Theorem.

The Theorem 2.1 assures that there is a measurable selection
[€(z),n(x)] of G defined on M, then n(x) € a(x,&(x)) and

(9(z) —n(x), Vu(x) — &(x)) <0 Ve e M.

If |M| > 0, there are two measurable subset M’, M" of M, M" C M" C
M’, with 0 < |M"| < |M’| < 400 such that [{(z),n(x)] is bounded on
M'. Now, for every ¢ €]0,1] and « € M’ we consider

_ (@) + K (@) |€(x) [P (x)
ne(w) = 1+ kv (z)

The sequence {n.(x)} is bounded on M’ and converges to n(x) a.e. in
M’. Since |M’| < +oo, the sequence {n.(z)} converges in measure to
n(z), hence

(4.6) ne(x) —m(x)  in (LI(M)".
Since n.(x) € a.(z,&(x)) we have

(9:(z) = n.(2), Vue(x) = £(x)) 20 Vo e M.
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Moreover, if ¢ € CX(M'),¢p(x) > 0 Vo € M” and ¢(z) > 0 Vz €
M’ — M"”, we have

0< /M” (9-(x) — n-(x), Vu () — £(z))p(x)dx <

+ | (f(@) = n-(2), Vue(2) — £(2))d(@)de = I + 12+ I

M/

By Lemma 3.2, I! — [,/ (g(z)— f(x), Vu(z))p(x) dx. Moreover by (4.4),
(4.6) and (4.3) we get

= | (f(z) = n@), Vu(@) - §(@))p(z)dz .

M/

So, by passing to limit as ¢ — 0" in (4.7) we have

@8) [ (o) =), Vule) = §(@) 6(z) do > 0.

Since |M’| > 0, (4.8) contradicts the definition of M. Therefore we
conclude that |M| = 0. This completes the proof of Theorem A with
7 = 4. U
Now, we consider the class, Sk, of all single-valued maps a € Mg o(IR"),
such that

) la(z,61) —a(z, &) < KP7H (2) & = &6 1772 + |&772),

U) K(.’L’)_1|§1 - §2|p S (a(xvé-l) - CL(.’Z’,&Q), 51 - 52)
for a.e. x € Q, V&,& € IR™.
By Theorem A and condictions iv), v) we have
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COROLLARY 4.3. Let p > 2. There is a positive constant 5 such

that if a € Sk and K satisfies (1.2) with vy > 7, the problem

—div f=—diva(z, Vu) on Kfe (LY Q)"
{ u e Whr(Q)

an unique solution.

(1
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