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A survey of pseudo Runge-Kutta methods

F. COSTABILE

ABSTRACT: This survey collects the theoretical results in the area of pseudo Runge-

Kutta methods (PRK) for ordinary differential equations and it is a vehicle for a current
bibliography from 1966 to 2002.
PRK methods require fewer functional evaluations than Runge-Kutta methods of the
same order. Byrne and Lambert (1966-1967) was the first who considered PRK methods
in significative forms. Afterwards Costabile (1968-1975) introduced PRK methods of
I and III species as an alternative to the first ones. The latter methods are also
autostarting and reduce the cost by 50 percent compared with the similar Runge-Kutta
ones. Nakashima (1982-1999) improved PRK methods of II species and introduced the
implicit methods. Jackiewicz, Tracogna, Bartoszewki, Zennaro, Wanner, Hairer (1991-
2000) introduced the modern theory of order, also with variable step-size and embedded
and continuous formulas. Finally Bartoszewki and Jackiewicz (2000) introduced a PRK
code for nonstiff differential systems. PRK methods for special second order differential
equations are also studied.

1 — Introduction
For the numerical solution of the initial value problem
{ y'(z) = f(z,y(z))
y(zo) = Yo

(1)

where y @ [xg,b] — RM, f : [20,0] x RM — RM, y, € RM and f
satisfies all hypotesis for existence and unicity of solution, the explicit
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Runge-Kutta methods (ERKm in what follows) are well-known:

Yni1 = Yo+ ha Y bikin n=01,..N-1
1=1

(2) =
y(%) = %Yo
where
hp, =Zpy1 — T, = 0nh o, < 400 n=0,1,...N—1
i—1
(3) ki,n = f(mn + Cihn7 Yn + hn Z aijkj,n) 1= 13 sy S
j=1
0
c1 =0 =0.

j=1

With the papers of BUTCHER ([6], [7]) it became customary to simbolize
the method (2), called s-stage ERKm, by Table 1.

TABLE 1: s-stage ERKm

0

Co Q21

Cs g1 e Qg s—1
bl . bs

It is known that if p(s) denotes the highest order that can be attained
by an s-stage method, we have

(4) p(s)=s fors=1,2,34

and, as Butcher proved ([8], [10]),
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As we can see, the s-stage ERKm (2) requires almost s functional evalua-
tions for step. We shall look for other ERK type methods which have the
same order of (2), but which requires less functional evaluations than (2).

Such methods have been discussed in [61] and in many other pa-
pers. For example, BYRNE and LAMBERT ([13]) have defined two-step
Runge-Kutta methods and after them several authors have studied simi-
lar methods, the so called Pseudo Runge-Kutta methods (PRKm in what
follows).

Now, stimulated also by commemoration of WOLF GROsS ([36]), who
introduced me in this topics, I am proposing a survey of the mean results
on PRKm.

2 — Pseudo Runge-Kutta methods of I species

BYRNE and LAMBERT ([13]) were the first people who considered
two-step Runge-Kutta methods:

6) Yn+1 = Yn T h(zazkln + Zﬁiki,nfl) n=12...N—-1
i=0 i=0

y(xo) = Yo

where
i1

Fin = f(2n 4 cihoyn + 0 biksn) i=0,...,5

=0
—1 i—1
=0, > =0, ¢=> by, i=1...N-1,
j=0 J=0
b—
xn-&-l_xn:h:Txo

In [13] there is the family of formulas of order three and four respectively
for s =1 and s = 2.

The case of (6) for s = 3 has been studied by W. G. GRUTTKE ([37]),
obtaining a family of formulas of order five. It is clear that the method (6)
requires for s = 1,2,3 one functional evaluation fewer than (2) for the
same order, but there is a stage of previous step.

It is possible to reduce ulteriorly the number of functional evaluations
for step by previous steps; infact in [19] there is a family of formulas of
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the fourth order with only two functional evaluations for step, but with
stages of the two previous steps. It is:

1 1 1
Ynt1 = Yn + h( Z Oézkzn + Z Biki,n—l + Z ryiki,n—Z)
(7) — part —
y(wo) =y n=23,...N-1

where coefficients and stages have the same meaning as in (6).

We note that methods (6) and (7) have the step-size constant and
are not autostarting: it is necessary to know y, for (6) and y,ys for (7)
to start the calculation.

The parameters «;, f;, ¢;, b;; in (6) and (7) have been determined
in [13], [37], [19], by using expansion in Taylor series about the point
(Zn, Yn), and the differential operator

_— " (n\,, . OV
(8) D\If_kz()(k)f e

The stability intervals of these methods have been determined in [49],
[21] and they are comparable to ERKm.

However, computational experiments show that the local accuracy is
frequently inferior to that of the ERKm (2).

3 — Pseudo Runge-Kutta methods of II species

To improve the local accuracy of methods (6) and (7) COSTABILE
in [20] proposed the following pseudo Runge-Kutta methods called of
second species:

Yn+1 = Yn + h Z O‘Jﬁm + Bk‘O,nfl
(9) =0

y(xo) =yo n=12,...N—1

where

i—1

K = F (20 + ey + (3 bigkjn +bkon 1)) i=0,...,5
j=0

-1

i—1
b—
C():O, E EO, Ci:E b”—i-b, h:TxO
Jj=0 Jj=0
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In [20] there are formulas of order three and four respectively for s = 1, 2;
whereas in ([74]) there are formulas of five order for s = 3.

Method (9) has the same cost as (6) and therefore less than (2) for
the same order.

Using the classic hypothesis

8"+"f(93,y)‘ O
oxidys | — Mi—1

(10) [f (@, y)| < M,

0<L,M < 400

for truncation local error we have the bounds
(11) |R,(h)| < T(c;))h"™ ™' L'M 7 =3,4,5

and then the values of parameters ¢; have been determined which mini-
mizes T'(¢;). The relative formulas have been called optimal in [23]. There
are also formulas which for f(z,y) = f(z) give the quadrature formulas
of Radau and Lobatto.

The computational experiments in [20], [23] show that methods (9)
are more accurate than methods (6) and (7).

4 — Pseudo Runge-Kutta methods autostarting or of III species

Methods (9) and (6) are not autostarting: it is necessary to know
y1 =~ y(xo+h). COSTABILE in [22] and [24] eliminated this defect. In
particular in [24] there is the method

yn+1=yn+2aiki,n n=0,1,...N -1

(12) i=0
y(wo) = Yo
where
1—1 s
ki,n = hf (In + Ciha Yn + Z bijkjm + Zgijk‘j’"*l)
j=0 j=0

n=20,....,N—1
i—1

p -1
co#0, ¢ = b+ by, i=0,....5, Y by =bo;
. =

k; _, are initial conditions to be determined for particular formulae.



222 F. COSTABILE [6]

In [24] the cases s = 0, s = 1 have been studied and formulae of order
respectively two and four have been derived.

Hence, these methods, compared to ERKm of the same order, reduce
the number of stages by 50 percent.

EXAMPLE. For s =0 in (12) we have the simplex formula ([24]):

n - 7’L+kn TLZO,].,...N—]_

(13) { Ynt1 =Y 0,
y(zo) = Yo

1 1
kO.,n - hf(xn + §h7 Yn + §k0,n—1)
ko,—1 = hf(3707yo) .

This method has the same cost and the same interval of stability of Euler’s
classic method, but (13) has order two.

The general theory of order method (12) has been showed in [31],
infact it is observed that (12) belongs to the class of “general linear
methods” and the order and convergence theory of SKELL ([64]) is easily
applicable.

For the order p (s) we have the following bounds:

s <p(s) <2s

and p = 2s for s = 1,2, 3; the last case has been examined in ([27]).
We can observe that for b;; =0,i=0,s,j=0,...,i —1 (12) it is a
parallel algorithm.

5 — Generalization of Pseudo Runge Kutta methods of IT species

NAKASHIMA in [53] generalized the PRKmII of Costabile and ob-
tained a further reduction of the cost. He considered the method

(14) Ynt1 = b_oYn_1 +b_1y, + Z ok + Bkon—1

i=0
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n=1,...N — 1, where

i—1

ki,n - h.f (mn + Ciha Yn + bz(yn - ynfl) + Z bijkj,n + ka,n71>

7=0
i—1
C():O7 Clzbl‘i‘b‘i‘ZbU ’i:07...,8,

=0

and obtained formulas of order 4, 5, 6.

The idea of Nakashima was the complete utilization of previous point
Yn—1, and not only the previous stage kg ,,_1.

Comparing the Nakashima method and the previous PRKm for the
same order, these methods require less functional evaluations than the
other methods. The derivation of the formulae is classic.

The methods (14), like (6), (9), (12), are fix-step and therefore con-
venient procedures are required to estimate the local truncation error,
which is important from the point of view of step-size control policy.

NAKASHIMA in [58] proposed a new algorithm similar to (14) with
change of steplength during the calculation:

(15) Ynto = b_oYn—1 +b_1Yyn + Z ki + Bkon—1

i=0

where k; ,, has the same form as in (14).

The proposed method (15) requires that the constants b_s, b_y, b;,
b, bi;, ¢; are chosen so that the expansion of the right-hand side of (15)
is equivalent to Taylor expansion of y (z,, + oh) up to p—th powers of h,
and the coeflicients b;, b, ¢;, are independent of the factor o. Thus, the
new algorithm is designed to compute the value y,,., at the desired point
Tnyo = Tn +oh without additional function evaluations. In [58] formulas
for s = 1,2, 3 are studied, obtaining four order for s = 1,2 and five order
for s = 3. Now, the automatic step size control is possible.

A useful idea is the control of estimation local truncation error by
embedded methods. NAKASHIMA in [59] uses a (4 — 5) order formulas;
the stability is also considered in [59].
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6 — Implicit Pseudo Runge-Kutta methods

BUTCHER ([7]) was the first who proposed implicit Runge-Kutta pro-
cesses:

Yni1 =Yn+ O ik  n=01,...N—1
i=1

(16)
y(wo) = Yo

where

kz:hf(xn+cth7y"+i)\wkj) 'L:O,,Nfl

Jj=1
s
Jj=1

Their advantage over ERKm is the highest order which can be attained
by s-stage methods and the property of A-stability ([39]).
In [7] it is proved that, if p(s) is the highest order attained with s
stages, then
p(s) =2s s=1,2,...

In order to apply IRKm, it is necessary, at each step, to solve non linear
equations in some way.

Nakashima was the first who considered implicit Pseudo Runge-Kutta
methods ([54]). Their advantage over IRKm lies in the fact that they are
less expensive in terms of functional evaluations for a given order. In [54]
there are the following s-stage IPRKm:

Yni1 = Yn1 + V(U1 — Yn) + D ikin + Bhon-1
(17) i=0

y(wo) =Y
where

kin =hf (xn +cih, (1 4+ b)Yy — by + h Z bijk;n + Eiko,nfl)

=0

1=0,...,p

C(]:O, Clzbz—i—Zb”—FbZ
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He examined the case p = 1 and p = 2, obtaining the family of formulas
of order four and six. There is also the analysis of stability and formulas
with very large interval of stability, but not A-stable.

NAKASHIMA in [55] considered a different class of IPRKm: he re-
placed x, 1, Ty, Yn_1, Y» on the right-hand side of (17) with x,,, x, 1,
Yn, Yna1 respectively and obtained the following IPRKm:

(18) Ynt1 = Yn + 0(Yn = Ynt1) + Z aikin + Bkon-1

i=0

ki,n = hf (mn+1 + CihaynJrl + bi(ynJrl - yn)+
i—1

+ Z bijkj,n + Eik‘O,nfl)

=0

We note that (18) is implicit in y,4, but not in k; ,,. The previous implicit
methods (16) and (17), however, suffer a serious practical disadvantage:
if an s-stage method is applied to an m-dimensional system of ordinary
equations, then a system of ms non linear simultaneous algebraic equa-
tions will have to be solved exactly for the functions k;, ¢ = 1,...,r at
each step by some iterative processes. But the algorithm (18) reduces the
effort to solve non linear equations, since there is only one m-dimensional
system of equations.

Moreover, the fully IRKm requires a suitable starting approximation
of k;, i = 1,...,r to converge, especially if the derivative f(z,y) varies
rapidly at @ = x,, and y = y,; for algorithm (18) is easy to obtain a
suitable initial approximation ¥, .

Before Nakashima, CASH in [14] and CASH-MOORE in [15] have also
proposed some methods which are closely related to (18) and are A-stable
([14]) and L-stable ([15]).

In [55] Nakashima examined the cases s = 2,3 of (18) and determined
a family of formulas of order 4 and 5; the derivation of calculation is
classic. There is also the analysis of stability and convergence of iterative
processes; particular formulas are A-stable.
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7 — Generalization of Pseudo Runge Kutta methods of I species

JACKIEWICZ-RENAUT-FELDSTEIN in [42] proposed a generalization
of PRKm of first species. Their formulation is the following:

(19) Yni1 = (1= 0)y, + 0y,—1 + Z(aiki,n + Bikin-1)

=0

Bi = h(z0 + cihyo + b 3 ik ) -

=1

These methods are implicit and belong to the class of general linear meth-
ods ([39)).

Using the modern theory of HAIRER and WANNER ([39]) the authors
derived order conditions.

They considered also the stability theory and gave particular A-stable
formulas. It is observed in [60] that these formulas can be useful for the
solution of systems of ODEs arising from the semidiscretization of partial
differential equations of parabolic type.

JACKIEWICZ and ZENNARO in [48] considered explicit methods of
class (19) but with variable step-size:

(20) Ynt1 = (1 = &0)yn + EOyn 1 + Z(aiki,n + Bikin-1)

i=0
where

i—1

Bin = hof (20 + €y + ha 3 assh )

Jj=0

&= Tpr1—Tp=h, n=1,...,N—1.

The order theory is general and embedded pairs of continuous RK meth-
ods and PRK methods are determined.

BELLEN, JACKIEWICZ and ZENNARO in [5] showed that the local
discretization error of s-stage singly implicit Runge-Kutta methods of
order p can be estimated by embedding these methods into s-stage two
points Runge-Kutta methods of class (19) of order p + 1, where p = s or
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p = s+ 1. These error estimates do not require any extra evaluation of
right hand side of differential equations.

8 — Generalization of Pseudo Runge Kutta methods
of III species

JACKIEWICZ and TRACOGNA in [46] give a generalization of PRKs
of TIT species, introduced in [13]. Their formulation is

(21) Ynt1 = Y1+ (1 = 0)y, + Z(aiki,n + Bikin-1)

i=0

ki,n :hf ($n+cih7 Uiyn—l+(1 - Ui)yn—i_Z(ajskj,n+bjsk;j,n—1)) .

Jj=0

These methods reduce to (19) if v; = 0 and b; ; = 0, and reduce to (12)
for0=v;=0,=0,a;,=0,s>j+1.

The order theory is general and follows Albert’s approach ([1], [2]).
There are examples of methods up to order 5 too. These methods can be
divided into four classes that are appropriate for the numerical solution of
stiff or non stiff differential equations in sequential or parallel computing
environments.

BARTOSZEWSKI and JACKIEWICZ in [3] consider also the class (21)
and describe the construction of methods of order p and “stage order”
q = p with stability polynomial given in advance. This polynomial is
chosen to have a large interval of absolute stability for explicit methods
and to be A-stable and L-stable for implicit methods.

BARTOSZEWSKI and JACKIEWICZ in [4] propose a new code for non
stiff equations based on methods of order five and stage order five. The
numerical experiments presented show that the new code is competitive
with the Matlab ode45 program for all tolerances.

9 — Economical Runge-Kutta methods

In [28] economical Runge-Kutta methods (EcRKm) are defined like
ERKm with the first stage k1 = f (z,,y.) replaced by the last stage of
previous step. Referring to 2, the class A? is defined of ERKm of order p
and s-stage with the following parameters.
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TABLE 2:
0
. .
1 Asy - Qg s—1
0 by b,

Then it was proved that the class A? forp=s=3,4andp=>5,s=06
is not empty. Associate to class AP the authors defined the EcRKm such
that

=2

kin = f(xn + ¢l yn + hn(i @ik, + a/ilks,n—l))

Jj=2

ki1 = f(xm yo) .

This method has all pecularities of ERKm but it saves one function call
for the same order. Formulas of order 3, 4, 5 are been determined. In
particular they are the formulae of Simpson, Radau and Lobatto. The
practical local error estimation has been done by embedded pair formu-
las. The analysis of stability is also given and interval of stability are
determined. Finally, numerical experiments show that the code for the
non stiff equations is very comparable with classical Runge-Kutta Fleberg
method.

10 — Pseudo Runge-Kutta methods for second order differential

equations
For discrete integration of initial value problem
y'(x) = flz,y(x))  zel[-11]
(23) B , -
y(@o) = o, ¥'(w0) =g -

PRKm were proposed too.
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COSTABILE in [25] gives the following method

Znp1 = bzn_1 + ay, + P2 cf(Tn,yn) + df (Sn_1, 2n1)+
+ef(@n-1,Yn-1)]

Ynt1 = 2Yn — Yn—1 + K20 f (20, Yn) + a1 f(sn, 20)+
+Bof (Tn—1,Yn-1) + Brf (Sn—1, Zn-1)]

(24)

where
Un X Y(Tn), 20 2 Y(Sn), Sn=Tu+ph, T, =30 +N0h
a,b,c,d, e, aqg, aq, By, 51 are constants to be determined so that

(25) { y(sn) — Zn = T(U)hsyv(xn) + O(hﬁ)
Y(Tni1) = Yns1 = Tl(ﬂ)h6yVI($n) + O(h7) :

Method (24) in comparison with Nystrom methods of the same order
reduces the cost by about 50% and the calculation of derivatives is not
required.

In comparison with the well-known Numerov formula ([39]), (24) it
is explicit and has a small coefficient of truncation error. In [34] there
are the proofs of convergence and the analysis of stability for (24).

For a problem like (23) having periodic solutions, with a-priori un-
known period, Dalquist in [35] and LAMBERT-WATSON in [51] defined
P-stable methods. A two-step four order P-stable method for second or-
der differential equations (23) is determined in [30]. This method is the
following;:

Ynt1l = 2Yn + Y1 = h? [(11—2 - %51)(]%4-1 + foo1)+
5 3 - -
(26) (5 = 580) fu+ B+ Fa)]
1 h?
Yn — E(Zln + Yny1) = _Tﬁ(f" + fot1)

where
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For the local error we have

y(xn+1) — Yn+1 =

—4+15 5
(27) = Wﬁlhﬁylv(xn) + @ﬂthfyylv(xn) + O(h7)

5
n h —Yn = 555
Y(@n + uh) =y = 527

This method is P-stable iff 5, > %, and observing that the leading term

in the local truncation error (27) is the smallest for 3; = 2 | we have the

3
final P-stable method:

hty'V(z,) + O(h®).

1 - ~
Yn+1 — 2yn + Yn—1 = _EhQ[fnJrl + fnfl - an - 8(fn + fnfl)]

1
§h2(fn + fnfl) .

Yn+1 — an + Yn—1

REFERENCES

(1] P. ALBERT: Numerical treatment of O.D.E.s: the theory of A-methods, Numer.
Math., 47 (1985), 59-87.

(2] P. ALBERT: A new theoretical approach to Runge-Kutta methods, STAM J. Numer.
Anal., 47 (1987), 391-406.

[3] Z. BARTOSZEWSKI — Z. JACKIEWICZ: Construction of two-step Runge-Kutta meth-
ods of high order for ordinary differential equations, Nurerical Algorithms, 18
(1998), 59-70.

[4] Z. BARTOSZEWSKI — Z. JACKIEWICZ: Toward a two-step Runge-Kutta code for
non stiff differential systems, Preprint, 2000.

[5] A. BELLEN — Z. JACKIEWICZ — M. ZENNARO: Local error estimation for singly-
implicit formulas by two-step Runge-Kutta methods, BIT, 32 (1992), 104-117.

[6] J. C. BuTcHER: Coefficients for the study of Runge-Kutta integration processes,
J. Austr. Math. Soc., 3 (1963), 185-201.

[7] J. C. BUTCHER: Implicit Runge-Kutta processes, Math. Comp., 18 (1964), 185-
201.

[8] J. C. BUTCHER: On the attainable order of Runge-Kutta methods, Math. Comp.,
19 (1965), 408-417.

[9] J. C. BUTCHER: A multistep generalization of Runge-Kutta methods with 4 and
5 stages, J.A.C.M., 14 (1967), 84-99.

[10] J. C. BUTCHER: The non existence of ten stage eighth order explicit Runge-Kutta
methods, BIT, 25 (1985), 521-540.



(15]

A survey of pseudo Runge-Kutta methods 231

[11]
[12)
[13]
[14]
[15]
[16]
17)
18]
[19]

20]
(21]

(22]

(23]
24]

(25]
(26]
27]
28]
29]

(30]

J. C. BUTCHER — S. TRACOGNA: Order conditions for two-step Runge-Kutta
methods, Appl. Num. Math., 24 (1997), 351-364.

G. BYRNE: Parameters of Pseudo Runge-Kutta methods, Comm. A.C.M., 10
(1967), 102-104.

G. BYRNE — R. LAMBERT: Pseudo Runge-Kutta methods involving two points, J.
of Association for Computing Machinary, (1) 13, (1966), 114-123.

J. R. CasH: A class of implicit Runge-Kutta methods for the numerical integration
of stiff ordinary differential equations, J. ACM, 22 (1975), 504-511.

J. R. CasH — D. R. MOORE: A high order method for the numerical solution of
two point boundary value problem, BIT, 22 (1982), 184-190.

E. COHEN: Analysis of a class of multistage, multistep Runge-Kutta methods,
Comput. Math. Appl., 27 (1994), 103-116.

N. H. Cona: Collocation based two-step Runge-Kutta methods, Japan J. Industr.
Appl. Math., 13 (1996), 171-183.

N. H. CoNG: A class of explicit parallel two-step Runge-Kutta methods, Japan J.
Industr. Appl. Math., 14 (1997), 303-313.

F. CosTABILE: Un metodo Pseudo Runge-Kutta del quarto ordine, 1.A.C. 111, 20
(1969).

F. COSTABILE: Metodi Pseudo Runge-Kutta di seconda specie, Calcolo, 7 (1970).

F. CoOSTABILE: Sulla stabilita dei metodi Pseudo Runge-Kutta, Calcolo, (4) 8
(1971).

F. CosTABILE: Un metodo del terzo ordine per l'integrazione numerica dell’equa-
zione differenziale ordinaria, Calcolo, (1-2) 8 (1971).

F. COSTABILE: Metodi Pseudo Runge-Kutta ottimali, Calcolo, X (1973).

F. CosTABILE: Un metodo con ascisse Gaussiane per l’integrazione numerica
dell’equazione differenziale ordinaria, Rend. Mat. Roma, (6) 4 (1973), 1-16.

F. CoSsTABILE: Un metodo per l'integrazione numerica della equazione differen-
ziale ordinaria y"' = F(x,y) con condizioni iniziali, Calcolo, XII (1975).

F. CosTABILE — R. CAIRA: Two steps method of Runge-Kutta type for initial
value problem y'"' = F(x,y), Rend. di Mat., (4) 6 VII (1986), 441-465.

F. CosTABILE — R. CAIRA: Un metodo del sesto ordine con tre stadi per il prob-
lema di cauchy, Calcolo, 28 (1991).

F. CosTABILE — R. CAIRA — M. I. GUALTIERI: Economical Runge Kutta method,
Rend. Mat., 1 VII (1995).

F. CosTABILE — M. CAPOzzA: Metodi Pseudo Runge-Kutta del quinto ordine,
Editore Bulzoni, Roma, 1974.

F. CosTABILE — C. COSTABILE: Two-step fourth order P-stable methods for second
order differential equation, BIT, 22 (1982).



232

F. COSTABILE [16]

(31]

(32]

33]

(34]

(35]

(36]

(37]

(38]

39]

(40]

(41]

42]

(43]

(44]

(45]

[46]

(47]

(48]

F. CosTaBILE — C. COSTABILE — R. CAIRA: A class of Pseudo Runge Kutta
methods, BIT, 30 (1990).

F. CoSsTABILE — R. LUCERIL: On the order of a Runge-Kutta type method for initial
value problem y" = f(y), Rend. di Mat., (4) 6 VII (1986).

F. CosTABILE — R. LUCERI: Un metodo esplicito del V ordine con cinque stadi
per il problema differenziale di Cauchy, Rend. Mat., 10 VII (1990).

F. CosTABILE — A. VARANO: Convergence, stability and truncation error es-
timation of a method for the numerical integration of the initial value problem
y" = F(x,y), Calcolo, XVIII (1981).

G. DALQUIST: On accuracy and unconditionally stability methods for second order
differential equations, BIT, 18 (1978), 133-136.

W. Gross — A. URBANIL: Economical Runge-Kutta methods, Rend. Mat., 7
(1982), 227-235.

W. G. GRUTTKE: Pseudo Runge-Kutta methods of fifth order, J.A.C.M., 4 (1970),
613-628.

E. HAIRER — G. WANNER: Order conditions for general two-step Runge-Kutla
methods, SIAM J. Numer. Anal., (4) 34 (1997), 2087-2089.

E. HAIRER — S. P. NORSETT — G. WANNER: Solving Ordinary Differential Equa-
tions I, Springer-Verlag, Berlin, 1992.

E. HAIRER — G. WANNER: Solving Ordinary Differential Equations II, Springer-
Verlag, Berlin, 1992.

K. HEUN: Neue Methods zur Aapproximatliven Integration der Differentialgle-
ichungen einer unabhangigen Veranderlichen, Z. Math. Pysik, 45 (1900), 23-38.

Z. JACKIEWICZ — A. FELDSTEIN — R. RENAUT: Two-step Runge-Kutta methods,
SIAM J. Numer. Anal., (4) 28 (1991), 1165-1182.

Z. JACKIEWICZ — R. RENAUT — S. TRACOGNA: Ezplicit two-step Runge-Kutta
methods, Appl. Math., 40 (1995), 433-456.

Z. JACKIEWICZ — R. RENAUT — M. ZENNARO: Fuxplicit two-step Runge-Kutta
methods for ordinary differential equation, Appl. Math., 40 (1995), 113-136.

Z. JACKIEWICZ — S. TRACOGNA: A representation formula for two-step Runge-
Kutta methods, Collection: Hellenic European research on Mathematics and In-
formatics '94, (2) 1 (1994), 111-120.

7. JACKIEWICZ — S. TRACOGNA: A general class of two-step Runge-Kutta methods
for ordinary differential equations, STAM J. Numer. Anal., 32 (1995), 1390-1427.

Z. JACKIEWICZ — S. TRACOGNA: Variable stepsize continuous two-step Runge-Kut-
ta methods for ordinary differential equations, Numerical Algorithms, 12 (1996),
347-368.

Z. JACKIEWICZ — M. ZENNARO: Variable-stepsize explicit two-step Runge-Kutta
methods, Math. of Comp., (200) 59 (1992), 421-438.



(17]

A survey of pseudo Runge-Kutta methods 233

(49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

(61]

(62]

(63]

(64]

[65]

(6]

A. F. KLEMENTES: A remark on the stability of two points Pseudo Runge-Kutta
methods, Differentialinye Uravnenija, 5 (1969), 751-753.

W. KuTTA: Beitrag zur naherungsweisen Integration totater Differentialgleichun-
gen, Z. Math. Pysik, 46 (1901), 435-453.

J. LAMBERT — J. A. WATSON: Symmetric multistep methods for periodic initial
value problem, J. IMA, 18 (1976), 189-202.

M. NAKASHIMA: On Pseudo Runge-Kutta methods with 2 and 8 stages, RIMS,
Kyoto Univ., 18 (1982), 895-909.

M. NAKASHIMA: On a Pseudo Runge-Kutta method of order 6, Proc. of Japan
Academy, (2) 58 (1982), 66-68.

M. NAKASHIMA: Implicit Pseudo Runge-Kutta processes, Publ. of the RISM
Kyoto University, (1) 20 (1984), 39-56.

M. NAKASHIMA: Some implicit fourth and fifth order methods with optimum Pro-
cesses for numerical initial value problems, Publ. of the RISM Kyoto University,
(2) 21°(1985), 225-277.

M. NAKASHIMA: Some new two step integration methods, Proc. Japan. Acad.
Math, (A) 62 (1986), 297-299.

M. NAKASHIMA: Pseudo Runge-Kutta processes, Publ. Res. Inst. Math. Sci., 23
(1987), 583-611.

M. NAKASHIMA: Stability of variable-step, variable-formula Pseudo Runge-Kutta
methods, Rep. Fac. Sci. Kagoshima Univ. Math. Phys. Chem., 23 (1990), 31-40.

M. NAKASHIMA: Embedded Pseudo Runge-Kutta processes, STAM J. Numer. Anal.,
(6) 28 (1991), 1790-1802.

R. RENAUT: Two-step Runge-Kutta and hiperbolic partial differential equations,
Math. Comp., 55 (1990), 563-579.

J. S. ROSEN: Multistep Runge-Kutta methods, NASA Technical Note, NASA TND
- 4400, 1968.

C. RUNGE: Uber die numerische Auflosung von Differentialgleichungen, Math.
Ann., 46 (1895), 167-178.

H. SHINTANI: On errors in the numerical solution of ordinary differential equations
by step-by-step methods, Hiroshima Math. J., 10 (1980), 469-494.

H. SKELL: Analysis of fized stepsize methods, SIAM J. Num. Anal., 13 (1976),
664-685.

M. TANAKA: Pseudo Runge-Kutta methods and their application to the estimation
of truncation error in 2nd and 3rd order Runge-Kutta methods, Joho Shari, (6)
10 (1969), 406-417.

M. TANAKA: On the application of Pseudo Runge-Kutta methods, Rep. Comt.
Center, Univ. Tokyo, 4 (1971-72), 119-128.



234 F. COSTABILE [18]

[67] S. TRACOGNA: Implementation of two-step Runge-Kutta methods for ordinary
differential equations, J. Comput. Appl. Math., 76 (1996), 113-136.

[68] D. Voss: Factored two-step Runge-Kutta methods, Appl. Math. Comp., 31
(1989), 361-368.

Lavoro pervenuto alla redazione il 15 febbraio 2003
ed accettato per la pubblicazione il 13 ottobre 2003.
Bozze licenziate il 29 gennaio 2004

INDIRIZZO DELL’AUTORE:

F. Costabile — Department of Mathematics — Universita della Calabria — 87036 Rende (Cs)

(Italy)
E-mail: costabil@unical.it



