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Lectures on deformations of complex manifolds

(Deformations from differential graded viewpoint)

MARCO MANETTI

PREFACE: This paper is based on a course given at the “Dottorato di Ricerca in
Matematica” of the University of Rome “La Sapienza” in the Academic year 2000/2001.
The intended aim of the course was to rapidly introduce, although not in an exhaustive
way, the non-expert PhD student to deformations of compact complex manifolds, from
the very beginning to some recent (i.e. at that time not yet published) results.

With the term “deformation theory”, the mathematicians usually intend a set of
deformation theories, each one of which studies small parametric variation of a spe-
cific mathematical structure, for example: deformation theory of complexr manifolds,
deformation theory of associative algebras, deformations of schemes, deformations of
representations and much more.

Every mathematician which tries to explain and investigate deformation theory has to
deal with two opposite features: order and chaos.

CHAOS: the various deformation theories often rely on theorems which are proved using
very different tools, from families of elliptic differential operators of Kodaira and Spen-
cer [41] to ringed toposes of Illusie [32].

ORDER: all the deformation theories have lots of common features; for instance they
have a vector space of first order deformations (usually the H* of some complex) and
they have an obstruction space (usually an HQ).

Another unifying aspect of all deformation theories is summarized in the slogan “In
characteristic 0 every deformation problem is governed by a differential graded Lie al-
gebra”, which underlie some ideas given, mostly in private communications, by Quillen,
Deligne, Drinfeld and other about 20 years ago. More recently (especially in [42] and
[44]) these ideas have shown a great utility and possibility of development.

Nowadays this approach to deformation theory is a very active area of research which
is usually called deformation theory via DGLA or extended deformation theory.

The goal of these notes is to give a soft introduction to extended deformation
theory. In view of the aim (and the hope) of keeping this paper selfcontained, user
friendly and with a tolerating number of pages, we consider only deformations of com-
pact complex manifolds. Anyhow, most part of the formalism and of the results that we
prove here will apply to many other deformation problems.
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The first part of the paper (Sections 1, 2, and 3) is a classical introduction to deforma-
tions of compact complex manifolds; the beginners can find here the main definitions,
the statements of the theorems of Kodaira and Kodaira-Nirenberg-Spencer, an elemen-
tary description of the semiuniversal deformations of Segre-Hirzebruch surfaces and a
micro-course in complex analytic singularity theory.
In the second part (from Section 4 to 7) we study deformations in the context of dg-
objects, where by dg-objects we intend algebraic structures supported on differential
Z-graded vector spaces.
Most of this part is devoted to introduce some new objects which play a fundamental
role in extended deformation theory, such as for instance: deformation functors as-
sociated to a differential graded Lie algebra and their homotopy invariance, extended
deformation functors and Gerstenhaber-Batalin-Vilkoviski algebras. The reader of this
part can also find satisfaction in the proof of the unobstructness of Calabi- Yau mani-
folds (theorem of Bogomolov-Tian-Todorov).
Section 6 is a basic introduction to Kdhler manifold which follows essentially Weil’s
book [80]: some modification in the presentation and simplification in the proofs are
made by using the formalism of dg-vector spaces; this partially explain the reason why
this section is contained in part II of these notes.
The third part of the notes (Sections 8 and 9) is a basic course in Leoo-algebras and
their use in deformation theory: a nontrivial application of Loo-algebras in made in the
last section where we give (following [54]) an algebraic proof of Clemens-Ran theorem
“obstructions to deformations annihilate ambient cohomology™.

Each section contains: a brief introduction, the main matter, some erercises and
a survey section. The main matter is organized like a book, while the survey sections
contain bibliographical annotations and theorems for which the proof it is not given
here.
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1 — Smooth families of compact complex manifolds

In this section we introduce the notion of a family f: X — B of compact
complex manifolds as a proper holomorphic submersion of complex manifolds.
Easy examples (1.4, 1.6) will show that in general the fibres X, := f~1(t) are
not biholomorphic each other. Using integration of vector fields we prove that
the family is locally trivial if and only if a certain morphism KS of sheaves
over B is trivial, while the restriction of IS at a point b € B is a linear map
KS: T, 5 — H'(X,,Tx, ), called the Kodaira-Spencer map, which can interpreted
as the first derivative at the point b of the map

B — {isomorphism classes of complex manifolds}, ¢+ X;.

Then, according to Kodaira, Nirenberg and Spencer we define a deformation
of a complex manifolds X as the data of a family X — B, of a base point 0 € B
and of an isomorphism X ~ X,. The isomorphism class of a deformation involves
only the structure of f in a neighbourhood of Xj.

In the last section we state, without proof, the principal pioneer theo-
rems about deformations proved using hard analysis by Kodaira, Nirenberg and
Spencer in the period 1956-58.

1.1 - Dictionary

For every complex manifold M we denote by:

e O (U) the C-algebra of holomorphic functions f:U — C defined on an
open subset U C M.

e Oy the trivial complex line bundle C x M — M.

e T the holomorphic tangent bundle to M. The fibre of Tj; at a point
x € M, i.e. the complex tangent space at x, is denoted by T3 .

If z € M is a point we denote by Oy, the C-algebra of germs of holomorphic
functions at a point x € M; a choice of local holomorphic coordinates z1, ... , 2y,
zi(z) = 0, gives an isomorphism Oy, = C{z1,..., z,}, being C{z1,... ,2,} the
C-algebra of convergent power series.

In order to avoid a too heavy notation we sometimes omit the subscript M,
when the underlying complex manifold is clear from the context.

DEFINITION 1.1. A smooth family of compact complex manifolds is a proper
holomorphic map f: M — B such that:

1. M, B are nonempty complex manifolds and B is connected.
2. The differential of f, f.:T, pr — Ty(p), B is surjective at every point p € M.

Two families f: M — B, g: N — B over the same base are isomorphic if there
exists a holomorphic isomorphism N — M commuting with f and g.
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From now on, when there is no risk of confusion, we shall simply say smooth
family instead of smooth family of compact complex manifolds.

Note that if f: M — B is a smooth family then f is open, closed and
surjective. If V' C B is an open subset then f: f~1(V) — V is a smooth family;
more generally for every holomorphic map of connected complex manifolds C' —
B, the pull-back M x5 C — C'is a smooth family.

For every b € B we denote M, = f~1(b): M, is a regular submanifold of M.

DEFINITION 1.2. A smooth family f: M — B is called trivial if it is iso-
morphic to the product M, x B — B for some (and hence all) b € B. Tt is
called locally trivial if there exists an open covering B = UU, such that every
restriction f: f~1(U,) — U, is trivial.

LEMMA 1.3. Let f: M — B be a smooth family, b € B. The normal bundle
Nag,ym of My in M is trivial.

PROOF. Let F = Tb,B x M, — M, be the trivial bundle with fibre Tb,B-
The differential f.: T, »r — Ty B, ®* € My, induces a surjective morphism of vector
bundles (Ts)|ar, — E whose kernel is exactly Ty, .

By definition NMb/M = (TM)\Mb/TMb and then NMb/M =T, g X M. O

By a classical result (Ehresmann’s theorem, [37, Thm. 2.4]), if f: M — Bisa
family, then for every b € B there exists an open neighbourhood b € U C B and a
diffeomorphism ¢: f ~1(U) — M, x U making the following diagram commutative

being i: M — M the inclusion. In particular the diffeomorphism type of the
fibre My, is independent from b. Later on (Theorem IV.30) we will prove a result
that implies Ehresmann’s theorem.

The following examples of families show that, in general, if a,b € B, a # b,
then M, is not biholomorphic to M,.

ExAMPLE 1.4. Consider B = C — {0, 1},

M = {([xo, x1, 2], A) € P2 x B | x%xo =x1(x1 — o) (21 — Az0) },
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and f: M — B the projection. Then f is a family and the fibre M) is a smooth
plane cubic with j-invariant

(A2 =A+1)3

j(MA)=28m~

(Recall that two elliptic curves are biholomorphic if and only if they have the
same j-invariant.)

ExXAMPLE 1.5. (Universal family of hypersurfaces.) For fixed integers
n,d > 0, consider the projective space PV, N = (d:") — 1, with homogeneous

coordinates a,... i,,, i; > 0, >, i; = d, and denote

X = {([x], [a]) € P" x PV

i() 7 _
E iy, in Ty« Ty —0}.

io+...+in=d

X is a smooth hypersurface of P x PV the differential of the projection X — PV
is not surjective at a point ([z], [a]) if and only if [z] is a singular point of X,.

Let B = {[a] € PV | X, is smooth }, M = f~!(B): then B is open (exer-
cise), f: M — B is a family and every smooth hypersurface of degree d of P™ is
isomorphic to a fibre of f.

ExXAMPLE 1.6. (Hopf surfaces.) Let A € GL(2,C) be a matrix with eigen-
values of norm > 1 and let (4) ~ Z C GL(2,C) be the subgroup generated by
A. The action of (A) on X = C? — {0} is free and properly discontinuous: in
fact a linear change of coordinates C: C* — C? changes the action of (A) into
the action of (C~1AC) and therefore it is not restrictive to assume A is a lower
triangular matrix.

Therefore the quotient Sy = X/(A) is a compact complex manifold called
Hopf surface: the holomorphic map X — S4 is the universal cover and then for
every point « € S4 there exists a natural isomorphism 7 (54, x) =~ (A). We have
already seen that if A, B are conjugated matrix then Sy is biholomorphic to Sp.
Conversely if f:S4 — Sp is a biholomorphism then f lifts to a biholomorphism
g: X — X such that gA = B¥g; since f induces an isomorphism of fundamental
groups k = +£1.

By Hartogs’ theorem ¢ extends to a biholomorphism g: C?> — C? such that
9(0) = 0; since for every x # 0 nh_{lgo A" (z) = +o0 and nh_{rgo B7"(x) = 0 it must
be gA = Bg. Taking the differential at 0 of gA = Bg we get that A is conjugated
to B.

EXERCISE 1.7. If A =¢e>™7] € GL(2,C), 7 = a +1ib, b < 0, then the Hopf
surface S4 is the total space of a holomorphic G-principal bundle S, — P!,
where G = C/(Z + 7Z).
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EXAMPLE 1.8. (Complete family of Hopf surfaces.) Denote B = {(a,b,c) €
C3llal > 1, |c] > 1}, X = B x (C?> — {0}) and let Z ~ G C Aut(X) be the
subgroup generated by

(CL, b7 C, 21, 22) = (a’ ba C,azy, bzl + 022)

The action of G on X is free and properly discontinuous, let M = X/G be its
quotient and f: M — B the projection on the first coordinates: f is a family
whose fibres are Hopf surfaces. Every Hopf surface is isomorphic to a fibre of f,
this motivate the adjective “complete”.

In particular all the Hopf surfaces are diffeomorphic to S x S (to see this
look at the fibre over (2,0,2)).

NOTATION 1.9. For every pair of pointed manifolds (M, x), (N, y) we denote
by Morger((M, ), (N,y)) the set of germs of holomorphic maps f:(M,z) —
(N,y). Every element of Morger((M, ), (N,y)) is an equivalence class of pairs
(U, f), where x € U C M is an open neighbourhood of z, f:U — N is a
holomorphic map such that f(x) = y and (U, f) ~ (V,g) if and only if there
exists an open subset x € W C U NV such that fiy = gjw.

The category Ger®™ of germs of complex manifolds is the category whose
object are the pointed complex manifold (M, z) and the morphisms are the
Morger((M, ), (N,y)) defined above. A germ of complex manifold is nothing
else that an object of Gers™.

In Section 3 we will consider Ger®™ as a full subcategory of the category
of analytic singularities Ger.

EXERCISE 1.10. Ger®™ is equivalent to its full subcategory whose objects
are (C",0), n € N.

Roughly speaking a deformation is a “framed germ” of family; more precisely

Definition 1.11. Let (B, bg) be a pointed manifold, a deformation

Mo—M-L5(B, by)
of a compact complex manifold My over (B, bg) is a pair of holomorphic maps
My-m-LB
such that:

1. fi(Mo) = by.

2. There exists an open neighbourhood by € U C B such that f: f~1(U) — U
is a proper smooth family.

3. it My — f~%(bo) is an isomorphism of complex manifolds.

M is called the total space of the deformation and (B, bg) the base germ space.
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DEFINITION 1.12. Two deformations of My over the same base
Mo—M-L5(B,by),  My—sN-25(B, by)

are isomorphic if there exists an open neighbourhood by € U C B, and a com-
mutative diagram of holomorphic maps

My — f~1(U)

| )

g U) ——>U

with the diagonal arrow a holomorphic isomorphism.

For every pointed complex manifold (B,by) we denote by Defys, (B,by) the
set of isomorphism classes of deformations of My with base (B,bp). It is clear
from the definition that if by € U C B is open, then Defy, (B, by) = Defyy, (U, bo).

EXERCISE 1.13. There exists an action of the group Aut(Mj) of holo-
morphic isomorphisms of My on the set Defyy, (B,bg): if g € Aut(My) and

& Mo—i>Mi>(B7 by) is a deformation we define

.1
€9 My M-L5(B, by).

Prove that &9 = ¢ if and only if g: f~1(bg) — f~1(by) can be extended to
an isomorphism §: f~1(V) — f~1(V), by € V open neighbourhood, such that
fa=171.

If ¢ : MO*%ML(B,Z)O) is a deformation and g: (C,co) — (B,bp) is a
holomorphic map of pointed complex manifolds then

i,¢q)

gre MO(—>M X B C’ﬂ>(0, o)

is a deformation with base point ¢g. It is clear that the isomorphism class of g*¢
depends only by the class of g in Morger((C, ¢o), (B, bo)).

Therefore every g € Morger((C, ¢o), (B, b)) induces a well defined pull-back
morphism

g*: Defpy, (B, by) — Defpy, (C, cp).
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1.2 — Dolbeault cohomology

If M is a complex manifold and FE is a holomorphic vector bundle on M,
we denote:

e EV the dual bundle of E.

e I'(U, E) the space of holomorphic sections s:U — E on an open subset
UcCM.

e O}, = Ty, the holomorphic cotangent bundle of M.

e 08 = APT}, the bundle of holomorphic differential p-forms.

For every open subset U C M we denote by I'(U, A}/) the C-vector space of
differential (p,q)-forms on U. If zq,...,z, are local holomorphic coordinates,
then ¢ € (U, AY7) is written locally as ¢ = Y ¢ jdz; A dz;, where I =
(7:17... ,ip)7 J = (jl,... ,jq), dZ[ :dzil /\/\dZZp, dEJ :dEjl /\.../\dqu and
the ¢ ; are C* functions.

Similarly, if E— M is a holomorphic vector bundle we denote by T'(U,AP(E))
the space of differential (p, ¢)-forms on U with value in E; locally, if e1,... e,
is a local frame for F, an element of T'(U, A»4(E)) is written as >_._; ¢;e;, with
¢; € T(U, AP7). Note that there exist natural isomorphisms T'(U, A?4(FE)) ~
(U, A%(OQh, @ E)).

We begin recalling the well known

LeEMMA 1.14 (Dolbeault’s lemma). Let
A% ={(z1,...,2n) €C"||z1] < R,...,|2zn] < R}
be a polydisk of radius R < +oo (A" = C") and let ¢ € I'(A%, AP9), ¢ > 0,
such that 0¢ = 0. Then there exists 1 € (A%, AP971) such that o = ¢.
ProOOF. [37, Thm. 3.3], [26, pag. 25]. 0

If E is a holomorphic vector bundle, the d operator extends naturally to the Dol-
beault operator 0:T'(U, AP4(E)) — T'(U, AP9T1(E)) by the rule 0(>_, pie;) =
> (0¢)e;. If hy, ..., h, is another local frame of E then there exists a matrix
(aij) of holomorphic functions such that h; = > a;je; and then

d (Z ¢ihz‘> =9 Z¢iaij€j :25(@‘1%)63’ = Z@‘?i)%j% :Z(5¢i)hi~
i i, i.j

7 7

It is obvious that 52 =0.

DEFINITION 1.15. The Dolbeault’s cohomology of E, Hg’*(U, E) is the
cohomology of the complex

0—T(U, APO(E) LT (U, AP (E) -5 ... 250 (U, AP(E)) -2 .
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Note that Hg’O(U, E) =T(U,Q%, ® E) is the space of holomorphic sections.
The Dolbeault cohomology has several functorial properties; the most rele-
vant are:

1. Every holomorphic morphism of holomorphic vector bundles ¥ — F in-
duces a morphism of complexes I'(U, AP*(E)) — T'(U, A?*(F')) and then
morphisms of cohomology groups Hg’*(U7 E)— Hg’*(U7 F).

2. The wedge product

L(U, AP9(E)) @ T(U, A™*(F)) 25T (U, AP*7975(E @ F)),

(Z ‘biei) ® (Z %‘fj) =Y diNpiei®e;.

commutes with Dolbeault differentials and then induces a cup product

U: H2(U, E) @ HY* (U, F) — HE™ (U, E @ F).

3. The composition of the wedge product with the trace map £ ® EY — Oy
gives bilinear morphisms of cohomology groups

U: HR(U, B) x H*(U,EY) = HE™ (U, Ony).

THEOREM 1.16. If M is a compact complex manifold of dimension n and
E — M is a holomorphic vector bundle then for every p,q > 0:

1. dimg Hg’q(M, E) < 0.

2. (Serre’s duality) The bilinear map I'(M, AP1(E)) x T'(M, A"~ P~ 1(EY)) —
C,

(¢,w>H/M¢Aw

induces a perfect pairing Hg’q(M7 E) x Hgip’"fq(M, EY) — C and then an
isomorphism Hg’q(M7 E)Y ~ Hgﬂ”"ﬂ](M7 EY).

PROOF. [37]. 0
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From now on we denote for simplicity H4(M, E) = Hg’q(M7 E), hi(M,E) =
dimec HY(M, E), H1(M,QF(E)) = Hg’q(M7 E).

DEFINITION 1.17. If M is a complex manifold of dimension n, the holo-
morphic line bundle Ky, = \" T, = Q7 is called the canonical bundle of M.

Since QF, = Ky @ (3, 7)Y, an equivalent statement of the Serre’s duality
is HP(M,E)Y ~ H"P(M, Ky ® EY) for every holomorphic vector bundle F
and every p =0,... ,n.

The Hodge numbers of a fixed compact complex manifold M are by definition

WPt = dime H2(M, 0) = dime Hy? (M, Q7).

The Betti numbers of M are the dimensions of the spaces of the De Rham
cohomology of M, i.e.
d-closed p-forms

EXERCISE 1.18. Let p > 0 be a fixed integer and, for every 0 < ¢ < p,
denote by F, ¢ HY(M,C) the subspace of cohomology classes represented by
a d-closed form n € @;<,I'(M, AP~""). Prove that there exist injective linear
morphisms Fy/Fy_1 — Hgfq’q(M7 O). Deduce that b, < - hP~%9.

EXERCISE 1.19. Let f: C™ — C be a holomorphic function and assume that
X = f71(0) is a regular smooth submanifold; denote i: X — C™ the embedding.

Let ¢ € T'(C", AP%), ¢ > 0, be a differential form such that d¢ = 0 in an
open neighbourhood of X. Prove that i*¢ is 0-exact in X. (Hint: prove that
there exists 1) € T'(C", AP»9) such that d¢ = d(f1).)

EXERCISE 1.20. Let h: C" — C be holomorphic and let U={z € C" | h(z) #
0}. Prove that H4(U,Opy) = 0 for every g > 0. (Hint: consider the open disk
A = {t € C||t| < 1} and the holomorphic maps ¢:U x A — C"*1 (2,t) —
(z, 1+t)h=Y(2)), f:C"*L = C, f(z,u) = h(z)u—1; ¢ is a biholomorphism onto
the open set {(z,u) € C" ™| |uh(z) — 1| < 1}; use Exercise 1.19.)

EXERCISE 1.21. Prove that the following facts are equivalent:

1. For every holomorphic function f:C — C there exists a holomorphic func-
tion h: C — C such that f(z) = h(z 4+ 1) — h(z) for every z.
2. HY(C - {0},0¢) = 0.

(Hint: Denote p: C — C — {0} the universal covering p(z) = e*™*. Given f, use
a partition of unity to find a €' function g such that f(z) = g(z + 1) — g(2);
then dg is the pull back of a 0-closed form on C — {0}.)
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1.3— Cech cohomology

Let E be a holomorphic vector bundle on a complex manifold M. Let
U={U,}, acI, M=U,U, be an open covering. For every k > 0 let C*(U, E)
be the set of skewsymmetric sequences {fa;.ay,...,ax}s G0,--- 0k € I, where
fao.ar,...,an:Uao N...N Uy, — E is a holomorphic section. skewsymmetric means

that for eYery permutation o € g1, f%m)’aa(l)ym oy = (=1)° faugoar.... an-
The Cech differential d: C*(U, E) — C**1(U, E) is defined as

k+1

(f 0seee st z : ao, @iy Q1

Since d? = 0 (exercise) we may define cocycles Z*¥(U,E) = kerd C C*(U, E),
coboundaries B*(U, E) = Imd C Z*(U, E) and cohomology groups H*(U, E) =
Z*U, E)/B*(U, E).

PROPOSITION 1.22.  For every holomorphic vector bundle E and every
locally finite covering U = {U,}, a € I, there exists a natural morphism of
C-vector spaces 0: HX(U, E) — Hg’k(M, E).

PROOF. Let t,: M — C, a € Z, be a partition of unity subordinate to the

covering {U, }: supp(ty) C Usy Y ta =1, 0t, =0.
Given f € C*(U,E) and a € T we con81der

3 ucroiOte, Ao ABte, € T(Ua, A% (E)),

Zu% € I(M, A" (E)).

Since every fu ., ... . is holomorphic, it is clear that 0¢o = 0 and then

= 0ta A al(f) Z FeorcnOteg Ao N Oty .

05eer

We claim that ¢ is a morphism of complexes; in fact

df) = Zta Z dfa-,Co,---VCkgtCo ARES /\gtck =

€Oy 5Ck

=) ta |0 —ZZ@@AZ faco o e Oteg N N Dby A A D, | =
a

=0 ¢;

= 3" 1,36(f) = 36().
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Setting 6 as the morphism induced by ¢ in cohomology, we need to prove that
0 is independent from the choice of the partition of unity. We first note that, if
df = 0 then, over U, N Uy, we have

d)a(f) - d)b(f): Z (fa,cl,... Cr fb,cl,... ,ck)gtcl JANAN atck =

Cly...sCk

Z Z l 1faab701,---7617---7%57501 /\"'/\gtck =

C1,y...,Ck 1=1

k
Z(_l)i_l Z fa,b,cl,... JCiyenn ,ckgtcl VAN gtck —
i=1 €1, ,Ck

—

_Z > ote, A Z Faer oo Oy A N, A N Do, =

=1 ¢
K C1, Cn <5 Ck

=0.

Let v, be another partition of 1, 1, = t, —v4, and denote, for f € Z* U, F),

Z fa,cl,... ,c,ﬁvcl AL /\gvck,
Z fa,cl,..‘ ,Ckgtcl ATRS A5t6j71 A UCjEchJrl ARERWAN gvck, 7=1,... k.

The same argument as above shows that éa gz~5b and ) = ’L/Jl; for every a,b, j.
Therefore all the ¢J come from a global section ¢/ € T'(M, A%*~1(E)); moreover
p—p=% (= 1)’~19vy7 and then ¢, ¢ determine the same cohomology class. [

EXERCISE 1.23. In the same situation of Proposition 1.22 define, for ev-
ery k > 0, DF(U,E) as the set of sequences {fao.a1,.an }s QOs--- 05 € I,
where fo;.a1,....ax:Uao N ... N U, — E is a holomorphic section. Denote by
i:C*(U, E) — D*(U, F) the natural inclusion. The same definition of the Cech
differential gives a differential d: D*(U, E) — D**(i4, E) making i a morphism
of complexes. Moreover, it is possible to prove (see e.g. 73, p. 214) that ¢ induce
isomorphisms between cohomology groups. Prove:

1. Given two holomorphic vector bundles E, F' consider the linear maps
DF(U,E)oDP (U F) DY (UERF),  (fUg)ac,... ay= Faos... can @Yap,... ap

Prove that U is associative and d(f U g) = df Ug + (=1)¥f U dg, where
feDMU,E).
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2. The antisymmetrizer p: D*(U, E) — C*(U, E),
1 g
(Pf)ao,... an = (n+1)! Z(_l) Jag)saoiny> o€ Xy,

is a morphism of complexes and then induce a morphism p: H*(D*(U, E)) —
H*(U, E) such that pi = Id (Hint: the readers who are frightened by com-
binatorics may use linearity and compatibility with restriction to open sub-
sets N C M of d,p to reduce the verification of dp(f) = pd(f) in the case
U={U,},a=1,...,m finite cover and f,, . 4, # 0 only if a; = i).

3. The same definition of ¢ given in the proof of 1.22 gives a morphism of
complexes ¢p: D* (U, E) — I'(M, A%*(F)) which is equal to the composition
of ¢ and p. In particular ¢ induces 6: H*(D*(U, E)) — H*(M, E) such
that 0p = 6.

4. Prove that, if dg = 0 then ¢pgr(f Ug) = ¢r(f) A dr(g). (Hint: write
0= Zb tbdgb,ak,..‘ ,ap~)

5. If E, F are holomorphic vector bundles on M then there exists a functorial
cup product

U:H?(U,E) @ HY(U,F) — H" (U, E® F)

commuting with 6 and the wedge product in Dolbeault cohomology.

THEOREM 1.24 (Leray). Let U = {U,} be a locally finite covering of a
complex manifold M, E a holomorphic vector bundle on M : if Hgfq(UaO n...N
Ua,, E) =0 for every q < k and ao, . .. ,aq, then 0: H*(U, E) — Hg(M, E) is an
isomorphism.

PROOF. The complete proof requires sheaf theory and spectral sequences;
here we prove “by hand” only the cases k = 0, 1: this will be sufficient for our
applications.

For k = 0 the theorem is trivial, in fact Hg(M, E) and H°(U, E) are both
isomorphic to the space of holomorphic sections of £ over M. Consider thus the
case k = 1; by assumption Hé(Ua7 E) =0 for every a.

Let ¢ € T(M, A% (E)) be a O-closed form, then for every a there exists
Vo € T'(U,, A>O(E)) such that dip, = ¢. The section f, p = 1o —p: U,NUp — E
is holomorphic and then f = {f,,} € C'(U, E); since fop — fep + fe.a = 0 for
every a,b,c we have f € Z'(U, E); define o(¢) € H' (U, E) as the cohomology
class of f. It is easy to see that o(¢) is independent from the choice of the
sections 1,; we want to prove that o = #~'. Let ¢, be a fixed partition of unity.

Let f € ZY(U,E), then 0(f) = [8], ¢ = >, fa.pOts; We can choose 1, =
>y fapts and then

0(¢)a,c = Z(fa,b - fc,b)tb = fa,c, = of = Id.

b
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Conversely, if ¢y, = 0tb, then 0o ([¢]) is the cohomology class of

Y Wa—Up)ty =0 bats —0Y Uty =00 o, 0
b b b b

REMARK 1.25. The theory of Stein manifolds (see e.g. [28]) says that
the hypotheses of Theorem 1.24 are satisfied for every k whenever every U, is
biholomorphic to an open convex subset of C™.

EXAMPLE 1.26. Let T — P! be the holomorphic tangent bundle, zg,z;
homogeneous coordinates on P!, U; = {z; # 0}. Since the tangent bundle of
U; = C is trivial, by Dolbeault’s lemma, H*(U;,T) = 0 and by Leray’s theorem
H{(PYT)=H!({Uy, U1 },T),i=0,1.

Consider the affine coordinates s = x1/xg, t = x¢/x1, then the holomorphic
sections of 1" over Uy, U; and Up; = UyNU; are given respectively by convergent

power series
+oo
0

NS, 00 Ry, 0 ;
;ais 95’ ;bit o i:z_:oocis o5
0 - 50

Since, over Up 1, t = s~ and — =

ot Bs

+oo ia +oo ia +o0 18 2 za
d<20ais g,;bit a) :;ais %—f— Z bo_;s g,

1=—00

the Cech differential is given by

and then H'({Uy,U;},T) = 0 and
0 0 0 0 o 0
0 — _42 — 2 —
H ({Uo,Ul},T)—<<8S, t at),(sas, tat),(s 95’ 8t>>-

EXAMPLE 1.27. If X = P! x C? then H!(X,Tx) = 0. If C C P! is an affine
open subset with affine coordinate s, then H°(X, T ) is the free O(C™)-module

generated by
0 o 0 0 40

8—251,...,%, £,8£7S %

The proof is essentially the same (replacing the constant terms a;, b;, ¢; with
holomorphic functions over C") of Example 1.26.
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1.4 — The Kodaira-Spencer map

NOTATION 1.28. Given a holomorphic map f: X — Y of complex manifolds
and complexified vector fields n € T'(X, A%%(Tx)), v € T'(Y, A% 0(Ty)) we write
v = fun if for every x € X we have f.n(z) = v(f(x)), where f.: Ty x — Ty(a)y
is the differential of f.

Let f: M — B be a fixed smooth family of compact complex manifolds,
dim B = n, dim M = m + n; for every b € B we let M, = f~1(b).

DEFINITION 1.29. A holomorphic coordinate chart (z1,... ,2Zm,t1,... ,tn):
U — C™t" U C M open, is called admissibleif f(U) is contained in a coordinate
chart (vy,...,v,):V < C", V C B, such that t; =v; o0 f foreveryi=1,... ,n

Since the differential of f has everywhere maximal rank, by the implicit
function theorem, M admits a locally finite covering of admissible coordinate
charts.

LEMMA 1.30.  Let f:M — B be a smooth family of compact complex
manifolds. For every v € I'(B, A% (Tg)) there exists n € T'(M, A%°(Ty)) such
that f.m =~

ProOOF. Let M = UU, be a locally finite covering of admissible charts; on
every U, there exists 0, € I'(Uy,, A*°(Ty)) such that fun, =~

It is then sufficient to take n = __ pa7a, being pq: U, — C a partition of
unity subordinate to the covering {U,}. 0

Let T’y C T be the holomorphic vector subbundle of tangent vectors v such
that fuv =0. If 29, ..., 2;m, t1,... , L, is an admissible system of local coordinates

then aa— , aa— is a local frame of T';. Note that the restriction of T to M,
Z1 Zm
is equal to Ty, .
For every open subset V' C B let I'(V,Tg) be the space of holomorphic
vector fields on V. For every v € I'(V,Tg) take n € T'(f~1(V), A%9(Ty;)) such

that f.n = 7 In an admissible system of local coordinates z;,t; we have n =

> milz, t —|— Z% , with 7;(¢) holomorphic, dn =Y, gm(z,t)% and

then Bn € F(f (1), A0 1<Tf>>.
Obviously 97 is d-closed and then we can define the Kodaira-Spencer map

KS(V)y:D(V, Tp) = H'(f71(V), Ty),  KS(V)s(v) = [0n].

LEMMA 1.31. The map KKS(V)y is a well-defined homomorphism of O(V)-
modules.
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ProoF. If eT(f~1(V), A% (Tw)), fuii=", thenn—i € (f~1(V), A%°(Ty))
and [07] = [on] € H'(f~Y(V),Ty). B
If g € O(V) then f.(f*g)n = gv, d(f*g)n = (f*9)0n. 0

If Vi € Vo C B then the Kodaira-Spencer maps KS(V;)¢:I'(V;, Ts) —
HY(f~Y(Vi),Ty), i = 1,2, commute with the restriction maps I'(V2,T5) —
L(Vi,Tg), H'(f~'(V2),Ty) — HY(f~'(V1),Tf). Therefore we get a well de-
fined Op p-linear map

/CSf: G)B,b — (le*Tf)b,

where O p 5, and (R! f,T), are by definition the direct limits, over the set of open
neighbourhood V of b, of I'(V, Tg) and H'(f~*(V),T}) respectively.

If b € B, then there exists a linear map KS¢: Ty g — H'(M,, Thy,) such that
for every open subset b € V' C B there exists a commutative diagram

T(V,Tg) 0 HY(f~1(V), T))

KS
Ty.B 4 H'(My, Tar,)

where the vertical arrows are the natural restriction maps.

In fact, if V' is a polydisk then T} p is the quotient of the complex vector
space I'(V, Tp) by the subspace I = {y € T'(V,Ts) | v(b) = 0}; by O(V)-linearity
I is contained in the kernel of 7 o S(V);.

The Kodaira-Spencer map has at least two geometric interpretations: ob-
struction to the holomorphic lifting of vector fields and first-order variation of
complex structures (this is a concrete feature of the general philosophy that
deformations are a derived construction of automorphisms).

ProrosiTiON 1.32. Let f: M — B be a family of compact complex
manifolds and v € T'(V,Tg), then KKS(V)¢(y) = 0 if and only if there exists
n € D(f~Y(V), Tar) such that fin =-.

PROOF. One implication is trivial; conversely let n € T(f~1(V), A>%(Ty))
such that f,n = ~. If [9n] = 0 then there exists 7 € D(f~'(V), A>%(T})) such
that (n —7) =0, n—7 € T(f~1(V),Tn) and fu(n—17) =1. 0

To compute the Kodaira-Spencer map in terms of Cech cocycles we assume
that V is a polydisk with coordinates t1, ... ,t, and we fix a locally finite covering
U = {U,} of admissible holomorphic coordinates z¢,... 2% t% ... t%:U, — C,
1 = f*t,.

On U, N U, we have the transition functions

{ P zgﬁ”a(z‘l,t")7 1=1,...,m

ti?:tg, i=1,...,n
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Consider a fixed integer h = 1,... ,n and n € T'(f~1(V), A%°(Ty)) such that

0
fen = ; in local coordinates we have

oty
0 b b b O 0
n=> n(z" t“—+—a, n= 0 t") =+ =5
Z oty Z 0zt ot}

Since, for every a, n — % € F(UmAO’O(Tf)) and 0 (77 — %) = 0n,
h h

KS(V)¢ (8%) € H'(U,Ty)

is represented by the cocycle

9 0 0 o 0 9%, 0
].. _— = e — —_ - _ = ) — .
(s RSy <3th> ba (n 3152) (77 8t2> oty oty Oty 9z

The above formula allows to prove easily the invariance of the Kodaira-
Spencer maps under base change; more precisely if f:M — B is a smooth
family, ¢: C' — B a holomorphic map, ¢, f the pullbacks of ¢ and f,

M xgC L M
|’ |

c . B

ceC,b= f(c).

_ THEOREM 1.34. In the above notation, via the natural isomorphism My, =
f~Y(c), we have
KS =KSyp.:Tec — HY(My, Tag,).

PROOF. It is not restrictive to assume B C C}, C C Cj polydisks, ¢ =
{UJZ‘ = 0} and b = {ti = O}, ti = ¢Z(U)

If 22,t*: U, — C, 2°,t*:U, — C are admissible local coordinate sets with
transition functions 2% = gf’a(z“, t%), then 2%, u%: U, xgC — C, 2°,t*: Uy x g C —
C are admissible with transition functions 2 = gf}a(z“, o(u®)).

Therefore
B 9%, 0 9%, 0¢; O )
K o 7,4 i,a J Y - K L ) D
i (3uh>b ujy 9%~ 4= 0t duj, 02! i <¢ (Q)Uh>b}a
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It is clear that the Kodaira-Spencer map KS¢: Ty, g — H' (Mo, Tay,) is de-
fined for every isomorphism class of deformation My — M —f>(B ,bo): The map

KS¢:O©p4, — (R fiTf)p, is defined up to isomorphisms of the Op ;, module
(R £T¢ )b, -

DEFINITION 1.35. Consider a deformation & : MOQMi)(B, bo), fi(My)=
by, with Kodaira-Spencer map KS¢: Ty, g — HY (Mo, Tag,)- € is called:

1. Versal if KS¢ is surjective and for every germ of complex manifold (C,c)
the morphism

MOI‘Ger((C, Co), (B, b())) — DefMO(C, Co), g — g*f

is surjective.

2. Semiuniversal if it is versal and KS¢ is bijective.

3. Universal if KS¢ is bijective and for every pointed complex manifolds (C, ¢g)
the morphism

Morger((C, o), (B, bg)) — Defps, (C, co), g g €
is bijective.
Versal deformations are also called complete; semiuniversal deformations are
also called miniversal or Kuranishi deformations.

Note that if £ is semiuniversal, g1, g2 € Morger((C, o), (B, b)) and gj& =
g5& then, according to Theorem 1.34, dg1 = dg2: T¢,,c — Tb,,B-

EXERCISE 1.36. A universal deformation & : Mo—i>Mi>(B7 bp) induces a
representation (i.e. a homomorphism of groups)

p: Aut(My) = Autger((B, bo)), p(g) € =¢7, ge Aut(My).

Every other universal deformation over the germ (B, by) gives a conjugate rep-
resentation.

1.5 - Rigid varieties
DEFINITION 1.37. A deformation My — M — (B, bg) is called trivial if it

is isomorphic to it
Mool ngo « BB, b).

LeMMA 1.38.  Let f:M — A% be a smooth family of compact complex
manifolds, t1,... ,t, coordinates in the polydisk A'%. If there exist holomorphic

0
vector fields x1,... ,xn on M such that f.xn = . then there exists 0 <r < R
h

such that f: f~H(A") — A" is the trivial family.
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PROOF. For every r < R, h < n denote
APV =A(z21,...,2,) €C™ ||z <7y znl < 7y2ng1 = 0,000, 2, =0} C AR

We prove by induction on h that there exists R > rj, > 0 such that the restriction
of the family f over Af}h is trivial. Taking ro = R the statement is obvious for
h = 0. Assume that the family is trivial over Af}h, h < n; shrinking A% if
necessary it is not restrictive to assume R = rj, and the family trivial over A%.

The integration of the vector field xj1 gives an open neighbourhood M x
{0} € U € M x C and a holomorphic map H:U — M with the following
properties (see e.g. 8, Ch VIII):

1. For every z € M, {z} x CNU = {z} x A(z) with A(z) a disk.
2. For every © € M the map H, = H(z,—): A(z) — M is the solution of the

Cauchy problem
dH,
(1) = e (Ha (1)

H,(0) =2

In particular if H(z,t) is defined then f(H(z,t)) = f(z) + (0,...,t,...,0)
(t in the (h + 1)-th coordinate).

3. fV C Misopenand VxA C U then for every t € A the map H(—,t): V —
M is an open embedding.

Since f is proper there exists r < R such that f~!(A") x A, C U; then the
holomorphic map H: f~*(AP)x A, — f~1(Al*1) is a biholomorphism (exercise)
giving a trivialization of the family over AP+L. O

ExAMPLE 1.39. Lemma 1.38 is generally false if f is not proper (cf. the
exercise in Lecture 1 of [43]).

Consider for instance an irreducible polynomial F' € C[z1, ... , 2y, t]; denote
by f:CI x C; — C, the projection on the second factor and

V= {(m,t) ‘F(x,t) - S—F

mi(x,t) =0,i=1,... ,n}.
Assume that f(V) is a finite set of points and set B =C — f(V), X = {(«,1) €
C"xB| F(x,t) = 0}. Then X is a regular hypersurface, the restriction f: X — B
is surjective and its differential is surjective everywhere.

X is closed in the affine variety C™ x B, by Hilbert’s Nullstellensatz there
exist regular functions g1, ... ,g, € O(C™ x B) such that

n

OF
g::Zgia—xizl (mod F).
i=1
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On the open subset U = {g # 0} the algebraic vector field

~gi (OFO  OF 0\ _ 0 \~giOF 9
X Zg(&‘xiat ot Ox; ot Z:ga

i=1

is tangent to X and lifts %

In general the fibres of f: X — B are not biholomorphic: consider for ex-
ample the case F(x,y,\) = y?> — x(x — 1)(x — \). Then B = C — {0,1} and
f: X — B is the restriction to the affine subspace xg # 0 of the family M — B
of Example 1.4.

The fibre X, = f~1(\) is M, — {point}, where M, is an elliptic curve with
j-invariant j(A) = 28(A% — X\ + 1)3A72(\ — 1)72. If X, is biholomorphic to X
then, by Riemann’s extension theorem, also M, is biholomorphic to M} and then

jla) = 5(b).

0
EXERCISE 1.40. Find a holomorphic vector field x lifting DN and tangent
to {F =0} c C? x C, where F(x,y,\) = y> — z(z — 1)(z — \) (Hint: use the

oF
Euclidean algorithm to find a,b € C[z] such that ay 5= + ba— =1+ 2aF).
Yy z

THEOREM 1.41. A deformation My — ML(B, bo) of a compact manifold
is trivial if and only if KSp:Op s, — (R £ T4 )b, is trivial.

Proor. One implication is clear; conversely assume KS; = 0, it is not
restrictive to assume B a polydisk with coordinates tq,... ,t, and f a smooth

family. After a possible shrinking of B we have KS(B); aa—t) = 0 for every
1=1,...,n. According to 1.32 there exist holomorphic vector fields &; such that
9
f:& = o ; by 1.38 the family is trivial over a smaller polydisk A C B. 0
i

Note that if a smooth family f: M — B is locally trivial, then for every
b € B the Kodaira-Spencer map KS¢: Ty, 5 — H'(My, Thy,) is trivial for every
be B.

THEOREM 1.42 (Semicontinuity and base change). Let E — M be a
holomorphic vector bundle on the total space of a smooth family f:M — B.
Then, for every i > 0:

1. b hi(My, E) is upper semicontinuous.
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2. If b — h'(My, E) is constant, then for every b € B there exists an open
neighbourhood b € U and elements e1, ... ,e, € H'(f~Y(U), E) such that:
(a) HY(f~1(U), E) is the free O(U)-module generated by ey,... ,en.

(b) e1,... e, induce a basis of H (M., E) for every c € U.

3. If b — hi=Y(My,E) and b — hi*™(M,, E) are constant then also b

hi(M,, E) is constant.

PROOF. [4, Ch. 3, Thm. 4.12], [41, I, Thm. 2.2], [37]. 0

COROLLARY 1.43. Let X be a compact complex manifold. If H (X, Tx) =
0 then every deformation of X is trivial.

DEFINITION 1.44. A compact complex manifold X is called rigid if
HY(X,Tx) = 0.

COROLLARY 1.45.  Let f: M — B a smooth family of compact complex
manifolds. If b — h'(My,Thr,) is constant and KSy = 0 at every point b € B
then the family is locally trivial.

PRrooF. (cf. Example 1.49) Easy consequence of Theorems 1.41 and 1.42. [

ExXAMPLE 1.46. Consider the following family of Hopf surfaces f: M — C,
M = X/G where X = B x (C? —{0}) and G ~ Z is generated by (b, 21,22)
(b, 221, b221 + 22’2)

The fibre M, is the Hopf surface S, ), where A(b) = (b22 g) and then M,
is not biholomorphic to M, for every b # 0.

This family is isomorphic to N x¢ B, where B — C is the map b — b?
and N is the quotient of C x (C? — {0}) by the group generated by (s, 21, 22)
(8,221,521 + 222). By base-change property, the Kodaira-Spencer map KSy:
TO,B — Hl(Mo, T]uo) is trivial.

On the other hand the family is trivial over B — {0}, in fact the map

(B={0}) x (C* = {0}) = (B—{0}) x (C* —{0}), (b, 21,22) = (b,b%21, 20)

induces to the quotient an isomorphism (B —{0}) x M; ~ (M — f~1(0)). There-
fore the Kodaira-Spencer map KSy: T, g — H'(My, Thy,) is trivial for every b.

According to the base-change theorem the dimension of H'(M,, Ty, ) cannot
be constant: in fact it is proved in [41] that h'(Mo, Tas, ) = 4 and h'(My, Thy,) =
2 for b # 0.

EXAMPLE 1.47. Let M C C, x P3 x PL be the subset defined by the
equations
upz1 = uy (w2 — bg), Uy = U3,
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f:M — C the projection onto the first factor and f*: M* = (M — f=1(0)) —
(C —{0}) its restriction.
Assume already proved that f is a family (this will be done in the next
section); we want to prove that:
1. f*is a trivial family.
2. f is not locally trivial at b = 0.

PrROOF OF 1. After the linear change of coordinates xo — bxg — xg the
equations of M* C C — {0} x P3 x P! become

Upx1 = ULT0, UpT2 = ULL3
and there exists an isomorphism of families C — {0} x P! x PL — M*, given by
(by [to, 1], [uo, ua]) = (b, [toun, touo, t1ur, truo), [uo, u1l). 0
PROOF OF 2. Let Y ~ P! C Mj be the subvariety of equation b = z; =

r9 = x3 = 0. Assume f locally trivial, then there exist an open neighbourhood
0 € U € C and a commutative diagram of holomorphic maps

Y xU 25 M
Ea
U < C

where 7 is the inclusion, j is injective and extends the identity Y x{0} — Y C M.

Possibly shrinking U it is not restrictive to assume that the image of j is
contained in the open subset Vy = {xg # 0}. For b # 0 the holomorphic map
:VonN My — (C3,

Ty T2 I3

o(b, [z, x1, T2, 23], [0, w1]) = | —, —, — ],
(b, [x0, w1, w2, 3], [uo, w1]) (xo - xo)
is injective; therefore for b € U, b # 0, the holomorphic map 0j(—,b):Y ~
P! — C3 is injective. This contradicts the maximum principle of holomorphic
functions. 0

EXAMPLE 1.48. In the notation of Example 1.47, the deformation M, —

M i>((C, 0) is not universal: in order to see this it is sufficient to prove that M is
isomorphic to the deformation g* M, where g: (C,0) — (C,0) is the holomorphic
map g(b) = b+ b

The equation of g* M is

U] = ’U,1(.132 — (b + bz)l‘o), ULy = U1 T3,
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and the isomorphism of deformations g*M — M is given by
(b7 [Z‘O, T1,T2, Ig], [’U,(), U’l]) = (b7 [(1 + b)an T1,T2, 333], [UQ, U1])

EXAMPLE 1.49. Applying the base change C — C, b + b2, to the family
M — C of Example 1.47 we get a family with trivial KS at every point of the
base but not locally trivial at 0.

We will prove in 2.5 that H'(My, Ty, ) = 0 for b # 0 and H' (Mg, Ty, ) = C.

1.6 — Historical survey

The deformation theory of complex manifolds began in the years 1957-1960
by a series of papers of Kodaira-Spencer [39], [40], [41] and Kodaira-Nirenberg-
Spencer [38].

The main results of these papers were the completeness and existence the-
orem for versal deformations.

THEOREM 1.50(Completeness theorem, [40]). A deformation & over a
smooth germ (B,0) of a compact complex manifold My is versal if and only if
the Kodaira-Spencer map KS¢: Ty p — H* (Mo, Th,) is surjective.

Note that if a deformation M LN i>(B, 0) is versal then we can take a lin-
ear subspace 0 € C' C B making the Kodaira-Spencer map Ty — H'(Mo, Th,)
bijective; by completeness theorem My — M x5 C — (C,0) is semiuniversal.

In general, a compact complex manifold does not have a versal deformation
over a smooth germ. The problem of determining when such a deformation exists
is one of the most difficult in deformation theory.

A partial answer is given by

THEOREM 1.51(Existence theorem, [38]). Let My be a compact complex
manifold. If H*(My, Tar,) = 0 then My admits a semiuniversal deformation over
a smooth base.

The condition H?(My,Th,) = 0 is sufficient but it is quite far from be-
ing necessary. The “majority” of manifolds having a versal deformation over a
smooth germ has the above cohomology group different from 0.

The next problem is to determine when a semiuniversal deformation is uni-
versal: a sufficient (and almost necessary) condition is given by the following
theorem.

THEOREM 1.52 ([67], [79]). Let & : My—M—(B,0) be a semiuniversal
deformation of a compact complex manifold My. If b~ hO(M,, Thr,) is constant
(e.g. if H°(Moy,Trs,) = 0) then & is universal.
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REMARK 1.53. If a compact complex manifold M has finite holomorphic
automorphisms then H®(M,Ty;) = 0, while the converse is generally false (take
as an example the Fermat quartic surface in P3, cf. [71]).

ExXAMPLE 1.54. Let M — B be a smooth family of compact complex tori
of dimension n, then Tyy, = &% Oy, and then h°(My,, Ty, ) = n for every b.

ExXAMPLE 1.55. If Ky, is ample then, by a theorem of Matsumura [55],
H°(Mqy, Tar,) = 0.

ExAMPLE 1.56. The deformation M0—>ML>(C, where f is the family of
Example 1.47, is not universal.

2 — Deformations of Segre-Hirzebruch surfaces

In this section we compute the Kodaira-Spencer map of some particular
deformations and, using the completeness Theorem 1.50, we give a concrete
description of the semiuniversal deformations of the Segre-Hirzebruch surfaces
Fi. (Theorem 2.28).

As a by-product we get examples of deformation-unstable submanifolds
(Definition 2.29). A sufficient condition for stability of submanifolds is the well
known Kodaira stability theorem (Thm. 2.30) which is stated without proof in
the last section.

2.1 - Segre-Hirzebruch surfaces

We consider the following description of the Segre-Hirzebruch surface Fy,

g>0.
Fy = (C* - {0}) x (C* - {0})/ ~,

where the equivalence relation ~ is given by the (C*)2-action
(lo, L1, 0, t1) = (Mo, Alv, A pto, pte), A peCn.

The projection F, — P!, [lg,l1,t0,t1] — [lo,l1] is well defined and it is a
P'-bundle (cf. Example 2.13).

Note that Fp = P! x P!; F, is covered by four affine planes C* ~ U, ; =
{lit; # 0}. In this affine covering we define local coordinates according to the
following table

l1 tllq ll / tO

U, : = — = =0 U, = —, = —
0.0 EEg ST 0.1 PR
lo ;] lo to

U -0 - U -0 -
Lo w=a t e A Y
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We also denote
VO:{ZO#O}:UO,OUUOJ; V1:{Z1¢O}:U170UU1,1.

We shall call z, s principal affine coordinates and Uy ¢ principal affine subset.
Since the changes of coordinates are holomorphic, the above affine covering gives
a structure of complex manifold of dimension 2 on Fy.

EXERCISE 2.1. If we consider the analogous construction of F;, with R
instead of C we get F,=torus for ¢ even and F,=Klein bottle for ¢ odd.

DEFINITION 2.2. For ¢ > 0 we set 0o, = {t; = 0}. Clearly o is isomorphic
to PL.

ProrosiTioN 2.3. Fy is not homeomorphic to .

ProOF. Topologically Fy = 52 x 52 and therefore Hy(Fo,Z) = Z[S? x {p}]®
Z[{p} x S?], where p € S? and [V] € Hs denotes the homology class of a closed
subvariety V' C 82 x S? of real dimension 2.

The matrix of the intersection form ¢q: Hy x Hy — Hy = Z is

0 1
1 0
and therefore ¢(a,a) is even for every a € Ha(Fo,Z).
Consider the following subvarieties of Fy:

U:{tQZO}, U/:{t():lotl}.

o and o’ intersect transversely at the point tg = Iy = 0 and therefore their inter-
section product is equal to ¢([o],[0']) = £1. On the other hand the continuous
map

T (Fl - UOO) X [0’ 1} — (]Fl - GOO)? T((l(),l],t(),t]_),a) = (l07l17at07t1)

shows that o is a deformation retract of (F; — 0 ). Since r1:0’ — o is an iso-
morphism we have [o] = [0] € H2(F; — 0o, Z) and then a fortiori [o] = [0/] €
Hy(F,,7). Therefore ¢([o],[o]) = £1 is not even and Fy cannot be homeomor-
phic to F;. 0
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It is easy to find projective embeddings of the surfaces IF,.

EXAMPLE 2.4. The Segre-Hirzebruch surface F, is isomorphic to the sub-
variety X C P9t x P! of equation

ug(r1, T2, . . . ,ffq) = ui(wa, 3,. .. 7xq+1)a
where o, ... , 2,41 and ug,u; are homogeneous coordinates in P¢*! and P! re-
spectively.

An isomorphism F, — X is given by:

ug =lg, up =1y, x9="to, xiztllé_lliﬁ_l_i, t1=1,...q+ 1.

Denote by T" — IF, the holomorphic tangent bundle, in order to compute
the spaces H(F,,T) and H'(F,, T) we first notice that the open subsets Vp, V4
are isomorphic to C x P!. Explicit isomorphisms are given by

Vo — C, x P!, (lo, 11, to, t1) — <Z=%7[to,t1])7

Vl — (Cw X Pl, (lo,ll,to,tl) — <w = ;—?, [to,t1]> .

According to Example 1.27 H'(V;,T) = 0, i = 0,1, and then H°(F,,T) and
H Y(F,,T) are isomorphic, respectively, to the kernel and the cokernel of the
Cech differential

HO(VO,T)@HO(V17T)i>HO(%ﬁ‘/1’T)7 d(XaU):X—U

In the affine coordinates (z, s), (w,y) we have that:

1. H%(V,,T) is the free O(C,)-module generated by 2—5, %, 82—37 522—%.
2. HY(Vy,T) is the free O(C,,)-module generated by 50’ 95" Yoy’ yQa—y.

3. H(VoNV4,T) is the free O(C, — {0})-module generated by %, %, s%,

0
290
S as.

The change of coordinates is given by

z=w"} w=z"1
s =y lw? y=stz74
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[29]
and then
O _ 00 1,19 20 9
ow Zaerqy v ds Zaerqzsas
a ., q8 o 50
0
ZZ b +018+d3 Zw 041 61 +’Yzy+6zy )_ -
>0 ay
. 0 0 0 0
= “ains b+ ciso- +dis® -
;z (aaz—l— 8S+0888+ 585>+
. 0 0 0 0 1o}
—1 . 27 i 2,07 e By
+;Z <al <z 0z qw@s) + sz 0s +%865 + 0z 88)

An easy computation gives the following

LEMMA 2.5.
N ) ) L0 .
ZZ (ala—i_bl%—i—CZ a +d5 B—)EH(%QW, )

1€

belongs to the image of the Cech differential if and only if by = b_o = ..
b_g+1 = 0. In particular the vector fields

z_ha—eHO(VomVl,T), h=1,...,q—1
S

represent a basis of H*(Fy,T) and then h'(F,, T) = max(0,q — 1).

EXERCISE 2.6. Prove that h°(F,,T) = max(6,q + 5).

THEOREM 2.7. Ifa # b then F, is not biholomorphic to Fy,.

PROOF. Assume a > b. If a > 2 then the dimension of H!(F,, Ty, ) is bigger
than the dimension of H*(F,, T,). If a = 1, b = 0 we apply Proposition 2.3. 0

We will show in 2.24 that F, is diffeomorphic to F, if and only if a — b is

even.
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2.2 — Decomposable bundles on projective spaces

For n > 0, a € Z we define
Opn(a) = (C"T! —0) x C/C*,
where the action of the multiplicative group C* = C — 0 is
Moy oy lnyt) = (Noy ooy Ny, A%), AeCr.

The projection Opn(a) — P, [lo,... ,ln,t] = [lo, ... ,In], is a holomorphic
line bundle. Notice that Opn = Opn(0) — P™ is the trivial vector bundle of
rank 1.

The obvious projection maps give a commutative diagram

(C1 —0) x C ——— Opn(a)

| [

(C+l—0) —— pr

inducing an isomorphism between (C"*! — 0) x C and the fibred product of p
and 7; in particular for every open subset U C P" the space H°(U, Opn(a)) is
naturally isomorphic to the space of holomorphic maps f: 7~ (U) — C such that
f(x) = \ef(z) for every x € 7~ 1(U), A € C*.

If U = P" then, by Hartogs’ theorem, every holomorphic map f: 7~ 1(U) —
C can be extended to a function f:C"*! — C. Considering the power series
expansion of f we get a natural isomorphism between H°(P", Opx(a)) and the
space of homogeneous polynomials of degree a in the homogeneous coordinates

los. o L.
EXERCISE 2.8. Prove that h°(P", Opn(a)) = ("1%).

n

EXERCISE 2.9. Under the isomorphism 0., = P' we have N, /5, =
Op1(—q).

On the open set U; = {l; # 0} the section [¢ € H(U;, Opn(a)) is nowhere 0
and then gives a trivialization of Opn(a) over U;. The multiplication maps

H°(U;, Opn(a)) @ H'(U;, Opn (b)) = HO(Us, Opn(a + b)), f@g fg,
give natural isomorphisms of line bundles
Opn (@) & Op (b) = Opn(a+b),  Hom(Opn (@), Opn (b)) = Ope (b — a)

(In particular Opn(a) = Opn(—a).)
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DEFINITION 2.10. A holomorphic vector bundle £ — P" is called decom-
posable if it is isomorphic to a direct sum of line bundles of the form Opr (a).
Equivalently a vector bundle is decomposable if it is isomorphic to

(C™+1 — 0) x C7/C* — (C™*! - 0)/C* = P,

where the action is A(lg, ... L, b1, 5 t0) = (Mo, - ooy Ay A%y, .0 AL

LEMMA 2.11.  Two decomposable bundles of rank r, E = ®I_,Opn(a;),
F=!_,0pn(b;), a1 < ag,...,<ap, by <ba,...,< b, are isomorphic if and
only if a; = b; for everyi=1,... 7.

PROOF. Immediate from the formula

O (P, (9,080 (a;)) @ Opn(s)) = Y hO(P", Opn(a; + 5)) =

. <a¢—|—;—|—n). :

{ila;+s>0}

EXERCISE 2.12. If n > 2 not every holomorphic vector bundle is decom-
posable. Consider for example the surjective morphism

¢: OO (1)e; = Opn(2), > fiei = Y fils.

We leave it as an exercise to show that the kernel of ¢ is not decomposable (Hint:
first prove that ker ¢ is generated by the global sections l;e; — lje;).

For every holomorphic vector bundle £ — X on a complex manifold X we
denote by P(E) — X the projective bundle whose fibre over z € X is P(E), =
P(E,). If E — X is trivial over an open subset U C X then also P(FE) is
trivial over U; this proves that P(E) is a complex manifold and the projection
P(E) — X is proper.

EXERCISE 2.13. For every a,b € Z, P(Op1 (a) © Op1 (b)) = Fq_y.
To see this it is not restrictive to assume a > b; we have

P(Op: (a) ® Op: (b)) = (C2 — 0) x (C2 — 0)/C* x C*,

where the action is (A, 7)(lo, l1,t0,t1) = (Mo, M1, Anto, A\Pnt1). Setting = A\’n
we recover the definition of F,_y.

More generally if £ — X is a vector bundle and L — X is a line bundle
then P(F ® L) = P(F).
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EXERCISE 2.14. The tangent bundle Tp: is isomorphic to Opi(2). Let lg, Iy
l
be homogeneous coordinates on P!; s = l—l, t= l_o are coordinates on Uy = {ly #
0 1

0}, Uy = {l; # 0} respectively. The sections of Tp: over an open set U correspond
0 0
to pairs (fo(s)a,fl(t)g) fi € O(UNU,), such that fi(t) = —t2fo(t™1).

S2—a8_ _taa_
0s’ ot)’

THEOREM 2.15 (Euler exact sequence). On the projective space P™ there
exists an exact sequence of vector bundles
2L 9

lisr
0—O0p 35" @, Or (1) 5 2 Tpa—0,

The isomorphism ¢: Op1 (2) — T is given by ¢(1312~%)

L
where on the affine open subset 1, # 0, with coordinates s; = l_l’ 1#h,
h

0 0
oN__ o qs(zi—):—zsisj— i+ h
o (17 ) =nge it o) =2,

0 0 ' 0 0
¢Qw—)=—— j#h ¢Gw—)=— Si7—
8lj st 8lh jz#; ]88]'

PRrROOF. The surjectivity of ¢ is clear. Assume ¢ <Z” aj = 0,

2

ol;
looking at the quadratic terms in the set [, # 0 we get a;, = 0 for every i # h.
In the open set [y # 0 we have

o - 0 - 0
® (ZZ: aiiliali> = ;am’siafsi - ;aoosif)fsi =0

and then the matrix a;; is a multiple of the identity. O

REMARK 2.16. It is possible to prove that the map ¢ in the Euler exact
sequence is surjective at the level of global sections, this gives an isomorphism

HO(P", Tpn) = gl(n+ 1,C) /o4 = pgl(n +1,C) = TrgPGL(n +1,C).
Moreover it is possible to prove that every biholomorphism of P" is a projectivity

and the integration of holomorphic vector fields corresponds to the exponential
map in the complex Lie group PGL(n + 1,C).

EXERCISE 2.17. Use the Euler exact sequence and the surjectivity of ¢ on
global sections to prove that for every n > 2 the tangent bundle of P™ is not
decomposable.

COROLLARY 2.18. The canonical bundle of P is Kpn = Opn(—n — 1).
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PROOF. From the Euler exact sequence we have
NTon @ Opn = N (@7, Opn (1)) = Opn (n + 1)
and then Kpn = (N"Tpn )Y = Opn(—n — 1). 0

-1
EXERCISE 2.19. Prove that h"™(P", Opn(—a)) = (a . )

LEMMA 2.20. Let E — P! be a holomorphic vector bundle of rank r. If:

1. HY(PY, E(s)) =0 for s < 0, and
2. There exists a constant ¢ € N such that h°(P', E(s)) > rs — ¢ for s > 0.

Then E is decomposable.
PrOOF. Using the assumptions 1 and 2 we may construct recursively a
sequence ay, ... ,a, € Z and sections a; € H°(P!, E(a;)) such that:
1. ap41 is the minimum integer s such that the map
h
o o @H(PY, Opi (s — a;)) — HO(PY, E(s))
i=1

is not, surjective.
2. ap41 does not belong to the image of

h
@?:10[1'2 @HO(Pl,Opl (ah+1 — az)) — HO(Pl,E((Lthl)).
i=1

Notice that a1 < as < ... <aq,.
We prove now by induction on h that the morphism of vector bundles

Bl ot EBOH”( a;) = E

is injective on every fibre; this 1mphes that ®I_,a;: @;_, Op1(—a;) — E is an
isomorphism.

For h = 0 it is trivial. Assume @ a; injective on fibres and let p € P*.
Choose homogeneous coordinates ly, [ such that p = {I; = 0} and set s = I1/ly.

Assume that there exist ¢q,... , ¢, € C such that
ans1(p) = D cilly"™ ") (p) € Elant1)p-
If e1,... ,e, is a local frame for E at p we have locally

ah+1 a (l}+1
A1 — E cilg" e E:fy l

with f;(s) holomorphic functions such that f;(0) = 0.
Therefore f;(s)/s is still holomorphic and Iy *(any1 — 3. cily"™ ") €
HO(P', E(ap.1 — 1)), in contradiction with the minimality of aj1. 0
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THEOREM 2.21. Let 0—E—F—G—0 be an exact sequence of holo-
morphic vector bundles on PL.

1. If F,G are decomposable then also E is decomposable.
2. If E = ®Op:(—a;) then min(a;) is the minimum integer s such that

HO (P, F(s)) — H°(P', G(s))

18 not injective.

PROOF. The kernel of H(P,F(s)) — HO(P!, G(s)) is exactly HY(P!, E(s)).

If F = &7_0p(b;), G = & Opi(c;) then for s > 0 h°(P', F(s)) =
r(s+1)+ > b;, h°(PY,G(s)) = p(s + 1) + > ¢; and then the rank of E is 7 —p
and h°(PL, E(s)) > (r —p)(s+1) + > b; — >_ ¢;. According to Lemma 2.20, the
vector bundle F is decomposable. 0

We also state, without proof, the following

THEOREM 2.22.
1. Every holomorphic line bundle on P™ is decomposable.
2. (Serre) Let E be a holomorphic vector bundle on P™, then:
(a) H°(P", E(s)) =0 for s < 0.
(b) E(s) is generated by global sections and HP(P™, E(s)) = 0 for p > 0,
5> 0.
3. (Bott vanishing theorem) For every 0 < p < n:

C ifp=q, a=0
0 otherwise

@, 010 = {
Moreover H°(P™,Q%(a)) = H™(P", Q" 9(—a))" = 0 whenever a < q.

PrOOF. [37]. 0

2.3 — Semiuniversal families of Segre-Hirzebruch surfaces

Let ¢ > 0 be a fixed integer, define M c CI™' x P} x PIt1 as the set of
points of homogeneous coordinates (to,... ,t4, [lo,l1], [0, ... ,zq+1]) satisfying
the vectorial equation

(1) l0($1, Loy ... ,xq) = l1($2 — tQJU(), e ,a:q — tql‘o,l‘q+1).
We denote by f: M — CI71, p: M — C?~! x P} the projections.
LEMMA 2.23.  There exists a holomorphic vector bundle of rank 2, £ —

C97 x P} such that the map p: M — Ci~! x P} is a smooth family isomorphic
to P(E) — C171 x Pj.
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PROOF. Let m: C?~! x P} — P} be the projection; define E as the kernel of
the morphism of vector bundles over C7~! x P}

g+1 4 4
W*OPI*)@W*O]pl(l),
i=0 i=1
T loxy — Iy (x2 — tazo)
T loxy — 1y (23 — t3wo)

A<t27"' 7tq7[l0>l1D : =

Tg+1 lol’q — l1$q+1

We first note that A is surjective on every fibre, in fact for fixed to, ... , 14,00, 11 €
C, A(t;,1;) is represented by the matrix

toly g =11 ... 0 0
tgll 0 lo . 0 0
0 0 0 ... lp -k

Since either Iy # 0 or I; # 0 the above matrix has maximal rank.

By definition we have that M is the set of points of z € P( q+&’ﬂ'*0p1) such

7=

that A(xz) =0 and then M = P(FE). 0

For every k > 0 denote by T} C (C;F1 the subset of points of coordinates
(t2,... ,tq) such that there exists a nonzero (¢ + 2)-uple of homogeneous poly-
nomials of degree k

(xo(lo,I1), - .. s xqy1(lo, 1))

which satisfy identically (¢ being fixed) the Equation (1). Note that t € T}, if
and only if there exists a nontrivial morphism Op: (—k) — E; and then ¢ € T, if
and only if —k < —a. Therefore t € T, — T if and only if a = k.

LEMMA 2.24. In the notation above:

T, = {0}.

Tk C Ty

If 2k +1 > q then T), = C171,

]f 2k < qandt e Ty —Ty_1 then M, = ]Fq_gk.

L s
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PROOF. 1 and 2 are trivial.

Denoting by S C C[lp, [1] the space of homogeneous polynomials of degree
k, dimc S = k+ 1; interpreting Equation (1) as a linear map (depending on the
parameter t) Ay (t): S{T — S 41> we have that ¢ € Ty, if and only if ker A (t) #
0.

Since (¢ + 2)(k + 1) > q(k + 2) whenever 2k > g — 2, item 3 follows imme-
diately.

Let E; be the restriction of the vector bundle E to {t} x P!, FE; is the
kernel of the surjective morphism A(t): @fiol Op1 — @, 0p1(1). According to
Theorem 2.21, B, is decomposable. Since A\’ B, = Opi(—q) we have B, =
Op1(—a) ® Opi(a — q) with —a < a—q and My = P(E;) = F,_a,. 0

LEMMA 2.25. In the notation above (ta,... ,ty) € Ty if and only if there
exists a nonzero triple (zo,x1,%q41) € ®C[s] of polynomials of degree < k such

that
q
Tg41 = slxy + g (Z ti8q+1i> .

=2

PROOF. Setting s = ly/l; we have by definition that (ta,...,t,) € T} if
and only if there exists a nontrivial sequence o, ... ,z4+1 € C[s] of polynomials
of degree < k such that x;4+1 = sz; + tip1x0 for every i = 1,... ,q (tg+1 = 0
by convention). Clearly this set of equation is equivalent to z;4y; = stxy +
X0 Z;‘:l thrlSZi].

Given zo,21,%441 as in the statement, we can define recursively x; =
s_l(:viﬂ — tit120) and the sequence zg,... ,z4_1 satisfies the defining equa-
tion of Tj}. 0

COROLLARY 2.26. (t2,...,tq) € Ty if and only if the (—k—1) x (k+1)
matriz By (t); = (tg—k—i+j) has rank < k.

PROOF. If 2k +1 < g then T}, = C97!, ¢—k —1 < k and the result is trivial:
thus it is not restrictive to assume k + 1 < g — k — 1 and then rankBy(t) < k if
and only if ker By (t) # 0.

We note that if xg, z1, z441 satisfy the equation

q
Tgr1 = sl + 29 <Z tisq+1i>

i=2
then x1,2441 are uniquely determined by x(; conversely a polynomial z(s)
of degree < k can be extended to a solution of the equation if and only if
all the coefficients of s**1, s¥+2 ... s9=1 in the polynomial zo(> 7_, ¢;s917%)
vanish. Writing £ = ag + a15 + ... + ays®, this last condition is equivalent to
(ag, ... ,ax) € ker By(t). 0
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k+1
each one of which is a homogeneous polynomial of degree k + 1 in t3,... ,¢,. In
particular T}, is an algebraic cone.
As an immediate consequence of Corollary 2.26 we have that for ¢ > 2,
0 < 2k < g, the subset {ty11 # 0,tp12 = tpys = ... = t; = 0} is contained in
Ty — Tk—1. In particular F, is diffeomorphic to Fy_oj for every k < ¢/2.

—k-1
Therefore T}, is defined by the vanishing of the (q > minors of By(t),

PROPOSITION 2.27. If 2k < q then T}y is an irreducible affine variety of
dimension 2k.

PRrROOF. Denote
Z = {([v],t) € P* x CT1 |y € CFF! — 0, By(t)v = 0}

and by p: Zp — T} the projection on the second factor. p is surjective and if
try1 = 1, t; = 0 for i # k + 1, then By(t) has rank k and p~!(¢) is one point.
Therefore it is sufficient to prove that Zj is an irreducible variety of dimension
2k.

Let m: Zy — P be the projection. We have ([ag, ... ,ax, (t2,... ,t4)) € Zi
if and only if for every i =1,... ;,q—k—1

k q
0= Zti+1+jafj = Ztlal—i—la

where a; = 0 for [ < 0, I > k and then the fibre over [ag, ... ,ay] is the kernel
of the matrix A;; = (aj—;—1)i=1,...,¢q—k—1,j=2,...,q. Since at least
one a; is # 0 the rank of A;; is exactly ¢ — k — 1 and then the fibre is a vector
subspace of dimension k. By a general result in algebraic geometry [72], [51] Z
is an irreducible variety of dimension 2k.

THEOREM 2.28. In the above notation the Kodaira-Spencer map
KSy: Ty ca-t — H' (Mo, Thi,)

18 bijective for every q > 1 and therefore, by completeness Theorem 1.50, defor-
mation F, — M — (C971,0) is semiuniversal.
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Proor. We have seen that My = F,. Let Vj, Vi C [Fy be the open subset
defined in Subsection 1. Denote M; C M the open subset {l; # 0}, ¢ =0, 1.
We have an isomorphism ¢g: C4~! x Vy — My, commuting with the projec-
tions onto C?~ !, given in the affine coordinates (z, s) by:
q—h
10:1, ll =z, ,To:l, Th— Zq_h—HS—Zth+jzj22($h+1—th+1$0), h > 0.
j=1

Similarly there exists an isomorphism ¢;: C?~! x Vi — M,
h
lo=w, lL1=1 x29=y, xp= wh_l—i-thjwh_J = wzp_1+tpre, h>0.
j=2

In the intersection My N M; we have:

z:w’l

q
s = Lotl _ y lw? + thw‘ﬁlfj.
i) =
According to Formula 1.33, for every h =2,... ,q
ks, (2 ) _owo  OWwt Xt o, 0
\ot,) ~ oty 02 dtn ds s’

2.4 — Historical survey

One of the most famous theorems in deformation theory (at least in algebraic
geometry) is the stability theorem of submanifolds proved by Kodaira in 1963.

DEFINITION 2.29. Let Y be a closed submanifold of a compact complex
manifold X. Y is called stable if for every deformation X—Z>XL>(B,0) there

exists a deformation Y —+Y-2+(B,0) and a commutative diagram of holomor-
phic maps

ey

V.

X—1B

The same argument used in Example 1.46 shows that o, C F, is not stable
for every ¢ > 2, while o, C F; is stable because F; is rigid.

THEOREM 2.30 (Kodaira stability theorem for submanifolds, [36]). Let Y
be a closed submanifold of a compact complex manifold X. If H*(Y, Ny,x) =0
then'Y is stable.
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Just to check Theorem 2.30 in a concrete case, note that h' (oo, N, JF,) =
max(0,q — 1).

Theorem 2.30 has been generalized to arbitrary holomorphic maps of com-
pact complex manifolds in a series of papers by Horikawa [30].

DEFINITION 2.31. Let a: Y — X be a holomorphic map of compact complex
manifolds. A deformation of a over a germ (B,0) is a commutative diagram of

holomorphic maps
f

y —“ 5y B
oL L
X 2 x4, B

where Y#yL(B, 0) and XLWYL(BQ) are deformations of ¥ and X re-
spectively.

DEFINITION 2.32. In the notation of 2.31, the map « is called:

1. Stable if every deformation of X can be extended to a deformation of «.
2. Costable if every deformation of Y can be extended to a deformation of «.

Consider two locally finite coverings U = {U,}, V={V,},a €L, Y = UU,,
= UV, such that U,, V, are biholomorphic to polydisks and «(U,) C V, for
every a (U, is allowed to be the empty set).
Given a €7 and local coordinate systems (21, ..., 2;m ): Ug — C™, (U1, ..., up):
V, — C™ we have linear morphisms of vector spaces

0 0
I(V,,Tx) = T(Us, o Tx), o (Zgi%> =D a(g:)y,-

o 0
F(Ua, Ty) = T(Ua, 0" Tx), <Z hi%) 2 8? ou;
P 7 ? J

i
Define H* () as the cohomology of the complex
0—COU, Ty)-2C U, Ty) & COU, o T ) -2
where d;(f, g) = (df,dg + (—=1)*a.f), being d the usual Cech differential.
Similarly define H*(«*) as the cohomology of the complex
0—CO(V, Tx)-25C' (V, Tx) & COU, a* Tx )2
where d;(f,g) = (df,dg + (—1)a* f).
THEOREM 2.33 (Horikawa). The groups H* (a.) and H*(a*) do not depend
on the choice of the coverings U,V. Moreover:

1. If H?(aw) = 0 then « is stable.
2. If H?(a*) = 0 then « is costable.
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EXERCISE 2.34. Give a Dolbeault-type definition of the groups H"(a),
H* (a*).

EXERCISE 2.35. If avY — X is a regular embedding then HF(a.) =
HF1(Y, Ny,x). (Hint: take U, = Vo NY, and local systems of coordinates
Uy, ... U, such that Y = {u;,41 = ... = u, = 0}. Then prove that the projec-
tion maps C**H (U, Ty ) ®C* (U, a*Tx ) — C*(U, Ny, x) give a quasiisomorphism
of complexes.

The following (non trivial) exercise is reserved to experts in algebraic geom-
etry:

EXERCISE 2.36. Let a:Y — AIb(Y) be the Albanese map of a complex
projective manifold Y. If X = «(Y) is a curve then a: Y — X is costable.

3 — Analytic singularities

Historically, a major step in deformation theory has been the introduction
of deformations of complex manifolds over (possibly non reduced) analytic sin-
gularities.

This section is a short introductory course on analytic algebras and analytic
singularities; moreover we give an elementary proof of the Nullstellenstaz for the
ring C{z1, ..., 2,} of convergent complex power series.

Quite important in deformation theory are the smoothness criterion 3.7 and
the two dimension bounds 3.40 and 3.41.

3.1— Analytic algebras

Let C{z1,...,z,} be the ring of convergent power series with complex coef-
ficient. Every f € C{z1,...,z,} defines a holomorphic function in a nonempty
open neighbourhood U of 0 € C"; for notational simplicity we still denote by
f:U — C this function.

If f is a holomorphic function in a neighbourhood of 0 and f(0) # 0 then 1/ f
is holomorphic in a (possibly smaller) neighbourhood of 0. This implies that f
is invertible in C{z1, ..., z,} if and only if f(0) # 0 and therefore C{z1,... ,2,}
is a local ring with maximal ideal m = {f| f(0) = 0}. The ideal m is generated
by z1,... , zn.

DEFINITION 3.1. The multiplicity of a power series f € C{zy,...,2,} is
defined as
u(f) =sup{s e N| f e m®} € NU {+o0}.

The valuation v(S) of a nonempty subset S C C{zy,...,z,} is

v(S) =sup{s e N|S cm®} =inf{u(f)| f €S} € NU{+oo}.
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We note that v(S) = 4oo if and only if S = {0} and u(f) is the small-
est integer d such that the power series expansion of f contains a nontrivial
homogeneous part of degree d.

The local ring C{z1, ..., z,} has the following important properties:
o C{z1,...,2,} is Noetherian [28, II;B.9], [24].
o C{z,...,2,} is a unique factorization domain [28, IL.B.7], [24].
o C{z1,...,2,} is a Henselian ring [51], [23], [24].
o C{z,...,2,} is a regular local ring of dimension n (see e.g. [3], [24], [56]

for the basics about dimension theory of local Noetherian ring).

We recall, for the reader’s convenience, that the dimension of a local Noetherian
ring A with maximal ideal m is the minimum integer d such that there exist
fis--., fa € m with the property \/(f1,..., fa) = m. In particular dim A = 0 if
and only if /0 = m, i.e. if and only if m is nilpotent.

We also recall that a morphism of local rings f:(A4,m) — (B,n) is called
local if f(m) C n.

DEFINITION 3.2. A local C-algebra is called an analytic algebra if it is
isomorphic to C{z1,...,z,}/I, for some n > 0 and some ideal I C (z1,... ,zy).

We denote by An the category with objects the analytic algebras and mor-
phisms the local morphisms of C-algebras.

Every analytic algebra is a local Noetherian ring. Every local Artinian C-
algebra with residue field C is an analytic algebra.

The ring C{z1,...,2,} is, in some sense, a free object in the category An
as explained in the following lemma

LeEmMMA 3.3. Let (R,m) be an analytic algebra. Then the map
Moran(C{z1,...,2z,},R) — , — s fzn
oran(C{z zZn}, R) > mx...xm [ (f(z1) f(zn))

n factors
18 bijective.

PRrROOF. We first note that, by the lemma of Artin-Rees [3, 10.19], N,m™ = 0
and then every local homomorphism f:C{z,...,2,} — R is uniquely deter-
mined by its factorizations

fs:Cl{z1, ooy zn /(215 y20)° — R/m®.

Since C{z1,... ,2,}/(21,... ,2,)° is a C-algebra generated by z1,... ,z,, every
fs is uniquely determined by f(z;); this proves the injectivity.

For the surjectivity it is not restrictive to assume R = C{uq, ... ,um}; given
o= (d1,... ,0n), ¢; € m, let U be an open subset 0 € U C CII' where the ¢; =
@i(ug, ..., uy) are convergent power series. The map ¢ = (¢1,...,¢,): U — C"
is holomorphic, ¢(0) = 0 and ¢*(z;) = ¢;. 0
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Another important and useful tool is the following

THEOREM 3.4 (Riickert’s nullstellensatz).  Let I,J C C{z1,...,z,} be
proper ideals, then

Moran(C{z1, -, zn}/1, C{t}) =Moran(C{z1,... , 2n}/7, C{t}) —= VI=V1,
where the left equality is intended as equality of subsets of
Moran(C{z1,..., 2z, }, C{t}).

A proof of Theorem 3.4 will be given in Subsection 4.

LEMMA 3.5.  BEuvery analytic algebra is isomorphic to C{z1,... ,zk}/1 for
2

some k >0 and some ideal I C (z1,...,z5)°.

PROOF. Let A = C{z1,...,2,}/I be an analytic algebra such that I is not
contained in (z1,...,2,)% then there exists u € I and an index i such that
ou
3zi
by inverse function theorem zi,...,z,_1,u is a system of local holomorphic
coordinates. Therefore A is isomorphic to C{z1,...,z,-1}/I¢, where I¢ is the
kernel of the surjective morphism

(0) # 0. Up to permutation of indices we may suppose ¢ = n and then,

C{z1,... ,zn1} = C{z1,... ,zn_1,u}/I = A.

The conclusion follows by induction on n. O

DEFINITION 3.6. An analytic algebra is called smooth if it is isomorphic to
the power series algebra C{zy,... , 2} for some k > 0.

PROPOSITION 3.7. Let R = C{z,...,2}/I, I C (z1,...,2)?, be an
analytic algebra.
The following conditions are equivalent:
1. I =0.
R is smooth.
3. for every surjective morphism of analytic algebras B — A, the morphism

Moran(R, B) = Moran(R, A)

o

18 surjective.
4. for every n > 2 the morphism

MOTAn(Rv (C{t}/(tn)) — MOI‘An(R, (C{t}/(tQ))

18 surjective.
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PROOF. [1 = 2] and [3 = 4] are trivial, while [2 = 3] is an immediate
consequence of the Lemma 3.3.

To prove [4 = 1], assume I # 0 and let s = v(I) > 2 be the valuation
of I, i.e. the greatest integer s such that I C (z1,...,2;)%: we claim that
Moran (R, C[t]/(t*T1)) — Moran(R, C[t]/(t?)) is not surjective.

Choosing f € I — (21,...,2,)"L, after a possible generic linear change of
coordinates of the form z; — z; + a;z1, as,... ,ax € C, we may assume that
f contains the monomial z{ with a nonzero coefficient, say f = czj +...; let
a: R — C[t]/(t?) be the morphism defined by a(z1) = ¢, a(z;) = 0 for i > 1.

Assume that there exists 3: R — C[t]/(t**!) that lifts o, then B(z1) —
t,B(22),..., B(zx) € (t?) and therefore B(f) = ct® (mod 1), 0

LEMMA 3.8. For every analytic algebra R with maximal ideal m there exist
natural isomorphisms

Homge (M2, C) = Derg(R, C) = Moran(R, (C[t]/(tQ))~

PRrROOF. Exercise. 0

EXERCISE 3.9 The ring of entire holomorphic functions f:C — C is an
integral domain but it is not factorial (Hint: consider the sine function sin(z)).

For every connected open subset U C C™, the ring O(U) is integrally closed
in its field of fractions (Hint: Riemann extension theorem).

3.2 — Analytic singularities and fat points

Let M be a complex manifold, as in Section 1 we denote by Oy, the ring
of germs of holomorphic functions at a point # € M. The elements of Oy, are
the equivalence classes of pairs (U, g), where U is open, z € U C M, g:U — C is
holomorphic and (U, g) ~ (V, h) if there exists an open subset W,z € W C UNV
such that gy = hjw-

By definition of holomorphic function and the identity principle we have
that Og¢n o is isomorphic to the ring of convergent power series C{z1,... ,zp}.

Let f: M — N be a holomorphic map of complex manifolds, for every open
subset V' C N we have a homomorphism of C-algebras

FD(V.0n) = T(fH(V),0m),  frg=gof

If x+ € M then the limit above maps f*, for V varying over all the open
neighbourhood of y = f(z), gives a local homomorphism of local C-algebras
f*l ON)y — OM@.
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It is clear that f*:On, — O, depends only on the behavior of f in
a neighbourhood of x and then depends only on the class of f in the space
Morger((M, x), (N, y)).

A choice of local holomorphic coordinates z1, . .. , 2, on M such that z;(x) =
0, gives an invertible morphism in Morger((M, ), (C",0)) and then an isomor-
phism Oy, = C{z1,..., 24}

EXERCISE 3.10. Given f,g € Morger((M,x),(N,y)), prove that f = g if
and only if f* = g*.

DEFINITION 3.11. An analytic singularity is a triple (M, x,I) where M is
a complex manifold, x € M is a point and I C Oy, is a proper ideal.

The germ morphisms Morger (M, z, I), (N,y, J)) are the equivalence classes
of morphisms f € Morger((M, x), (N,y)) such that f*(J) C I and f ~ g if and
only if f*=¢":Ony/J = Ona/I.

We denote by Ger the category of analytic singularities (also called germs
of complex spaces).

LEMMA 3.12. The contravariant functor Ger — An,

Ob(Ger) — Ob(An), (M, z,I) = Ono/1;

ON,y OM,m %,
e e

Morger((M,x,1),(N,y,J)) = Moran (

is an equivalence of categories. Its “inverse” An — Ger (cf. [49, 1.4]) is called
Spec (sometimes Specan ).

ProOOF. Since C{z1,... , z,}/I is isomorphic to Ocn /I the above functor
is surjective on isomorphism classes.
We only need to prove that

MorGer((Max7I), (vaa J)) - MOI’AH(ONJJ/J? OM,QC/I)

is surjective, being injective by definition of Morge,. To see this it is not restric-
tive to assume (M, z) = (CI",0), (N,y) = (CZ,0).

Let g*:C{z1,... ,zn}/J = C{uy,... ,un}/I be alocal homomorphism and
choose, for every i = 1,...,n, a convergent power series f; € C{uy,... ,um}
such that f; = g*(z;) (mod I). Note that f;(0) = 0.

If U is an open set, 0 € U C C™, such that f; are convergent in U, then
we may define a holomorphic map f = (f1,..., fn): U — C". By construction
f*(z) = g*(z;) € C{ua, ... ,um}/r and then by Lemma 3.3 f* = g*. 0



[45] Lectures on deformations of complex manifolds 45

DEFINITION 3.13. Given an analytic singularity (X, z) = (M, x, I), the ana-
lytic algebra Ox , := O /1 is called the algebra of germs of analytic functions
of (X, x).

The dimension of (X, x) is by definition the dimension of the analytic algebra

Ox o

DEFINITION 3.14. A fat point is an analytic singularity of dimension 0.

LEMMA 3.15. Let X = (M,x,I) be an analytic singularity; the following
conditions are equivalent.

1. The mazimal ideal of Ox , is nilpotent.

2. X is a fat point.

T he ideal I contains a power of the mazimal ideal of Opr,s.

3. If Visopen, x € V. C M, and f1,..., fn: V — C are holomorphic functions
generating the ideal I, then there exists an open neighbourhood U C V of x
such that

Un{fi=...=fon=0}={z}.

4. Moran(Ox o, C{t}) contains only the trivial morphism f — f(0) € C C
C{t}.

PROOF. [1 & 2 & 3] are trivial.

[3 = 4] It is not restrictive to assume that V is contained in a coordinate
chart; let z1,...,2,:V — C be holomorphic coordinates with z;(x) = 0 for
every 7. If 3 holds then there exists s > 0 such that 2§ € I and then there exists
an open subset x € U C V and holomorphic functions a;;: U — C such that
28 =3 a;jfj. Therefore UNVN{fi=...=fL=0CcUn{z=...=2 =
0} = {«}.

[4 = 5] Let ¢:(C,0) — (M,x) be a germ of holomorphic map such that
@*(I) = 0. If ¢ is defined in an open subset W C C and ¢(W) C U then ¢*(I) =0

implies p(W) C UN{f1 = ... = fr, = 0} and therefore Morge,((C,0,0), (M, z,1))
contains only the constant morphism.
[5 = 1] is a consequence of Theorem 3.4 (with J =mjy ;). O

EXERCISE 3.16. If f € Morger((M,xz,I),(N,y,J)) we define the schematic
fibre f~1(y) as the singularity (M,z,I + f*my ).

Prove that the dimension of a singularity (M, x,I) is the minimum integer
d such that there exists a morphism f € Morger((M,x,I),(C%,0,0)) such that
F71(0) is a fat point.

DEFINITIOON 3.17. The Zariski tangent space T x of an analytic singular-
ity (X,x) is the C-vector space Derc(Ox 4, C).

Note that every morphism of singularities (X, z) — (Y,y) induces a linear
morphism of Zariski tangent spaces T, x — Ty .
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EXERCISE 3.18 (Cartan’s Lemma). Let (R, m) be an analytic algebra and
G C Aut(R) a finite group of automorphisms. Denote n = dim¢ m/,2.

Prove that there exists an injective homomorphism of groups G — GL(C")
and a G-isomorphism of analytic algebras R o~ O¢n (/I for some G-stable ideal
I C Oc¢nyp. (Hint: there exists a direct sum decomposition m = V @ m? such
that gV C V for every g € G.)

3.3 - The resultant

Let A be a commutative unitary ring and p € A[t] a monic polynomial of
degree d. It is easy to see that A[t]/(p) is a free A-module of rank d with basis
1,t,...,t41.

For every f € AJt] we denote by R(p, f) € A the determinant of the multi-
plication map f: A[t]/(p) — A[t]/(p).

DEFINITION 3.19. In the notation above, the element R(p, f) is called the
resultant of p and f.

If $: A — B is a morphism of unitary rings then we can extend it to a
morphism ¢: A[t] — BIJt], ¢(t) = ¢, and it is clear from the definition that

R(¢(p), o(f)) = ¢(R(p, f))-
By Binet’s theorem R(p, fg) = R(p, f)R(p, 9).

LEMMA 3.20. In the notation above there exist o, B € A[t] with dega <
deg f, deg 8 < degp such that R(p, f) = Bf — ap. In particular R(p, [) belongs
to the ideal generated by p and f.

PROOF. For every i,j =0,...,d — 1 there exist h; € A[t] and ¢;; € A such
that
d—1
t'f=hip+ Zcijtj, deg h; < deg f.
3=0

By definition R(p, f) = det(c;;); if (C*) is the adjoint matrix of (¢;;) we have,
by Laplace formula, for every j =0,... ,d—1

> C%cij = 60;R(p, f)

7
and then

d—1
R(p,f) =Y CY(t'f = hip) = Bf — ap. D

i=0
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LEMMA 3.21. In the notation above, if A is an integral domain and p, f
have a common factor of positive degree then R(p, f) = 0. The converse hold if
A is a unique factorization domain.

PROOF. Since A injects into its fraction field, the multiplication f: A[t]/(p) —
Alt]/(p) is injective if and only if R(p, f) # 0.

If p = ¢qr with degr < degp, then the multiplication ¢: A[t]/(p) — A[t]/(p)
is not injective and then its determinant is trivial. If ¢ also divides f then, by
the theorem of Binet also R(p, f) = 0.

Assume now that A is a unique factorization domain and R(p, f) = 0. There
exists ¢ ¢ (p) such that fq € (p); by Gauss’ lemma AJt] is a UFD and then there
exists a irreducible factor p; of p dividing f. Since p is a monic polynomial the
degree of p; is positive. 0

LEMMA 3.22. Let A be an integral domain and 0 # p C A[t] a prime ideal
such that p N A = 0. Denote by K the fraction field of A and by p¢ C Klx| the
ideal generated by p.

Then:

1. p® is a prime ideal.
2. p°NAfz] =p.
3. There exists f € p such that for every monic polynomial p € p we have

R(p, f) # 0.

Proor. 1. We have p°¢ = {g‘pEP,GEA—{O}}. If %22
1 @2

p; € Alz], a; € A; then there exists a € A — {0} such that apips € p. Since
p N A=0it must be p; € p or py € p. This shows that p© is prime.

2. If ¢ € p¢ N Alx], then there exists a € A, a # 0 such that ag € p and
therefore g € p.

3. Let f € p — {0} be of minimal degree, since K|t] is an Euclidean ring,
p¢ = fK][t] and, since p® is prime, f is irreducible in K[t]. If p € A[t] \ p is
a monic polynomial then p ¢ p¢ = fK]Jt] and then, according to Lemma 3.21,
R(p, f) £0. 0

€ p¢ with

THEOREM 3.23. Let A be a unitary ring, p C A[t] a prime ideal, g = ANp.

If p # qlt] (e.g. if p is proper and contains a monic polynomial) then there
exists f € p such that for every monic polynomial p & p we have R(p, f) & q.

If moreover A is a unique factorization domain we can choose f irreducible.



48 MARCO MANETTI [48]

PROOF. q is prime and q[t] C p, therefore the image of p in (A/q)[t] =
Alt]/q[t] is still a prime ideal satisfying the hypothesis of Lemma 3.22.

It is therefore sufficient to take f as any lifting of the element described in
Lemma 3.22 and use the functorial properties of the resultant. If A is UFD and
f is not irreducible we can write f = hg with g € p irreducible; but R(p, f) =
R(p,h)R(p, g) and then also R(p,g) ¢ q. 0

EXERCISE 3.24. If p, ¢ € A[t] are monic polynomials of degrees d,!>0 then
for every f € A[t] we have R(pq, f)=R(p, f)R(q, f). (Hint: write the matrix of
the multiplication f: A[t]/(pq) — A[t]/(pq) in the basis 1,¢, ...t L p tp, ...t " 1p.)

3.4 — Riickert's Nullstellensatz

The aim of this section is to prove the following theorem, also called Curve
selection lemma, which is easily seen to be equivalent to Theorem 3.4. The proof
given here is a particular case of the one sketched in [51].

THEOREM 3.25. Let p C C{z1,...,2,} be a proper prime ideal and h & p.
Then there exists a homomorphism of local C-algebras ¢: C{z1,... ,z,} — C{t}
such that ¢(p) = 0 and ¢(h) # 0.

COROLLARY 3.26. Let I C C{zy,...,2,} be a proper ideal and h ¢ /T.
Then there exists a homomorphism of local C-algebras ¢: C{z1,... ,z,} — C{t}
such that ¢(I) =0 and ¢(h) # 0.

PROOF. If h & \/T there exists (cf. [3]) a prime ideal p such that I C p and
hé&p. O

Before proving Theorem 3.25 we need a series of results that are of inde-
pendent interest. We recall the following

DEFINITION 3.27. A power series p € C{z1,...,2,,t} is called a Weier-
strass polynomial in t of degree d > 0 if

d—1
i=0
In particular if p(z1,... , zn,t) is a Weierstrass polynomial in ¢ of degree d
then p(0,...,0,t) = t%.

THEOREM 3.28 (Preparation theorem).  Let f € C{z1,...,zn,t} be a
power series such that f(0,...,0,t) # 0. Then there exists a unique e €
C{z1,... ,2n,t} such that e(0) # 0 and ef is a Weierstrass polynomial in t.
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PrOOF. For the proof we refer to [23], [24], [26], [37], [28], [51]. We note
that the condition that the power series u(t) = f(0,...,0,¢) is not trivial is also
necessary and that the degree of ef in ¢ is equal to the multiplicity at 0 of . [

COROLLARY 3.29. Let f € C{z1,...,2,} be a power series of multiplicity
d. Then, after a possible generic linear change of coordinates there exists e €
C{z1,... ,2n} such that e(0) # 0 and ef is a Weierstrass polynomial of degree d
m Zn.

PROOF. After a generic change of coordinates of the form z; — z; + a;2,,
a; € C, the series f(0,...,0, z,) has multiplicity d. O

LEMMA 3.30.  Let f,g € Clxy,... ,z,}[t] be polynomials in t with g
in Weierstrass’ form. if f = hg for some h € C{xy,...,x,,t} then h €
C{x1,... ,xn}t].

We note that if g is not a Weierstrass polynomial then the above result is
false; consider for instance the case n =0, f = t3,g = t + t°.

PrROOF. Write g = ¢* + > gi(2)t*7%, ¢;(0) = 0, f = >\, fi(x)t"" h =
>, hi(z)t", we need to prove that h; = 0 for every i > r — s.

Assume the contrary and choose an index j > r—s such that the multiplicity
of h; takes the minimum among all the multiplicities of the power series h;,
t>1r—s.

From the equality 0 = hj 4+ 3 _,_ gih;: We get a contradiction. 0

LEMMA 3.31. Let f € C{xy,... ,x,}[t] be an irreducible monic polynomial
of degree d. Then the polynomial fo(t) = f(0,...,0,t) € C[t] has a root of
multiplicity d.

PROOF. Let ¢ € C be a root of fy(t). If the multiplicity of ¢ is I < d then
the multiplicity of the power series fo(t 4+ ¢) € C{t} is exactly ! and therefore
flx1,...,xy, t + ¢) is divided in C{z1,...,z,}[t] by a Weierstrass polynomial
of degree [. O

LEMMA 3.32. Let p € C{z}[y] be a monic polynomial of positive degree d
in y. Then there exists a homomorphism ¢: C{z}[y] — C{t} such that ¢(p) =0
and 0 # ¢(z) € (t).
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PROOF. If d = 1 then p(z,y) = y— p1(x) and we can consider the morphism
¢ given by ¢(x) = t, ¢(y) = p1(t). By induction we can assume the theorem
true for monic polynomials of degree < d.

If p is reducible we have done, otherwise, writing p = y? + py(2)y?~! +
...+ pa(z), after the coordinate change = +— z, y — y — p1(x)/d we can assume
p1=0.

For every ¢ > 2 denote by pu(p;) = a; > 0 the multiplicity of p; (we set
a; = +oo if p; = 0).

o
Let j > 2 be a fixed index such that —L < — for every i. Setting m = o,
i

we want to prove that the monic polynomial p(¢7,y) is not irreducible.

In fact p(&7,y) =y + Do hi(€)y?~*, where h;(€) = g;(&7).
For every i the multiplicity of h; is ja; > im and then

q(&,y) = p(&, €My =1+ ’fo?y“ =y + > m(©y*

is a well defined element of C{¢,y}. Since 1, = 0 and 7;(0) # 0 the polynomial
q is not irreducible and then, by induction there exists a nontrivial morphism
: C{&}y] — C{t} such that (q) =0, 0 # ¥(§) € (t) and we can take ¢(z) =
B(€7) and 6ly) = Y(EMy). 0

THEOREM 3.33 (Division theorem). Let p € C{z1,...,2,,t}, p#0, be a
Weierstrass polynomial of degree d > 0 int. Then for every f € C{z1,... , zn,t}
there exist a unique h € C{z1,...,zn,t} such that f —hp € C{z1,... 2, }[t] is
a polynomial of degree < d in t.

PRrROOF. For the proof we refer to [23], [24], [26], [37], [28], [51]. 0

We note that an equivalent statement for the division theorem is the follow-
ing:

COROLLARY 3.34. Ifp € C{z1,...,zn,t}, p#0, is a Weierstrass polyno-
mial of degree d > 0 int, then C{z1,... ,zn,t}/(p) is a free C{z1,... , z, }-module
with basis 1,t,... t31.

Proor. Clear. 0

THEOREM 3.35 (Newton-Puiseux). Let f € C{z,y} be a power se-
ries of positive multiplicity. Then there exists a nontrivial local homomorphism
¢:C{x,y} — C{t} such that ¢(f) = 0.

Moreover if f is irreducible then ker ¢ = (f).
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In the above statement nontrivial means that ¢(x) # 0 or ¢(y) # 0.

PROOF. After a linear change of coordinates we can assume f(0,y) a non
zero power series of multiplicity d > 0; by Preparation theorem there exists an
invertible power series e such that p = ef is a Weierstrass polynomial of degree
din y.

According to Lemma 3.32 there exists a homomorphism ¢: C{z}[y] — C{¢}
such that ¢(p) = 0 and 0 # ¢(x) € (¢). Therefore ¢p(p(0,y)) € (t) and, being
p a Weierstrass polynomial we have ¢(y) € (t) and then ¢ extends to a local
morphism ¢: C{z,y} — C{t}.

Assume now f irreducible, up to a possible change of coordinates and mul-
tiplication for an invertible element we may assume that f € C{x}[y] is an
irreducible Weierstrass polynomial of degree d > 0.

Let ¢: C{z,y} — C{t} be a nontrivial morphism such that ¢(f) = 0, then
#(x) # 0 (otherwise ¢(y)? = ¢(f) = 0) and therefore the restricted morphism
¢: C{z} — C{t} is injective.

Let g € ker(¢), by division theorem there exists r € C{z}[y] such that
g = hf +r and then r € ker(¢), R(f,r) € ker(¢) N C{x} = 0. This implies that
f divides r. 0

The division theorem allows to extend the definition of the resultant to
power series. In fact if p € C{z1,...,2,}[t] is a Weierstrass polynomial in ¢ of
degree d, for every f € C{z1,...,zn,t} we can define the resultant R(p, f) €
C{z,...,2n} as the determinant of the morphism of free C{z1, ... , z, }-module

C{z1,. .., 20, t) C{z1,...,2n,t}
T w T W

induced by the multiplication with f.
It is clear that R(p, f) = R(p,r) whenever f —r € (p).

f

LEMMA 3.36.  Let p € C{z1,...,2n,t} be a Weierstrass polynomial of
positive degree int and V. C C{z1,... ,z,,t} a C-vector subspace.

Then R(p, f) =0 for every f € V if and only if there exists a Weierstrass
polynomial q of positive degree such that:

1. q divides p in C{z1,... ,zn}[t]
2. VCqC{z,...,zn,t}

PROOF. One implication is clear, in fact if p = gr then the multiplication
by ¢ in not injective in C{zy, ... , z,,t}/(p); therefore R(p,q) = 0 and by Binet’s
theorem R(p, f) = 0 for every f € (q).

For the converse let p = p1ps ... ps be the irreducible decomposition of p in
the UFD C{z1,...,z,}[t]. T R(p,f) =0and r = f — hp € C{z1,... ,z,}[t] is
the rest of the division then R(p,r) = 0 and by Lemma 3.21 there exists a factor
p; dividing r and therefore also dividing f.
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In particular, setting V; = V N (p;), we have V = U;V; and therefore V =V;
for at least one index ¢ and we can take ¢ = p;. 0

PROOF OF 3.25. We first consider the easy casesn=1and p=0. If p=0
then, after a possible change of coordinates, we may assume h(0,...,0,t) # 0
and therefore we can take ¢(z;) =0fori=1,... ,n—1 and ¢(z,) =t.

If n = 1 the only prime nontrivial ideal is (z1) and therefore the trivial
morphism ¢: C{z;} — C C C{¢} satisfies the statement of the theorem.

Assume then n > 1, p # 0 and fix a nonzero element g € p. After a possible
linear change of coordinates and multiplication by invertible elements we may
assume both h and g Weierstrass polynomials in the variable z,,. Denoting

v=pNC{z1,...,zn-1}[2n]s q=pNC{z1,... ,zn1t=tNC{z1,... ,2n-1},

according to Theorem 3.23, there exists f € v such that R(h,f) ¢ q. On the
other hand, by Lemma 3.20, R(g, f) € q for every f € p.

By induction on n there exists a morphism ¢: C{z1,... ,z,—1} — C{z} such
that ¢(q) = 0 and ¢ (R(h, f)) # 0. Denoting by ¢:C{z1,... ,zn} — C{z, 2,}
the natural extension of ¢ we have R(¢(h), ¥(f)) # 0 and R(¥(g),%(f)) = 0 for
every f € p. Applying Lemma 3.36 to the Weierstrass polynomial ¢(g) and the
vector space V' = 1(p) we prove the existence of an irreducible factor p of ¥(g)
such that ¥ (p) C pC{z, 2, }.

In particular p divides ”(/}(f), therefore R(¢(h),p) # 0 and ¥ (h) € pC{z, 2z, }.

By Newton-Puiseux’ theorem there exists n: C{z, z,} — C{t} such that
n(p) = 0 and n(yp(h)) # 0. It is therefore sufficient to take ¢ as the composition
of ¢ and 7. U

EXERCISE 3.37. Prove that f,g € C{x, y} have a common factor of positive
multiplicity if and only if the C-vector space C{x, y}/(f, ¢) is infinite dimensional.

3.5 - Dimension bounds

As an application of Theorem 3.25 we give some bounds for the dimension
of an analytic algebra; this bounds will be very useful in deformation and moduli
theory. The first bound (Lemma 3.40) is completely standard and the proof is
reproduced here for completeness; the second bound (Theorem 3.41), communi-
cated to the author by H. Flenner) finds application in the “T"!-lifting” approach
to deformation problems.

We need the following two results of commutative algebra.

LEMMA 3.38.  Let (A,m) be a local Noetherian ring and J C I C A two
ideals. If J+ml =1 then J=1.
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PrROOF. This a special case of Nakayama’s lemma [3], [51]. 0

LEMMA 3.39.  Let (A,m) be a local Noetherian ring and f € m, then
dimA/(f) > dim A — 1.

Moreover, if f is nilpotent then dim A/(f) = dim A, while if [ is not a
zerodivisor then dim A/(f) = dim A — 1.

PROOF. [3]. 0

LEMMA 3.40.  Let R be an analytic algebra with mazimal ideal m, then
dim R < dim¢ % and equality holds if and only if R is smooth.

=
m

J = (f1,..., fn) by assumption J + m? = m and then by Lemma 3.38 J = m,
R/J=Cand 0 =dimR/J > dim R — n.

m
PROOF. Let n = dimg¢ 2 and f1,...,fn € m inducing a basis of

According to Lemma 3.5 we can write R = C{z1,...,2,}/I for some ideal
contained in (z1,...,2,)% Since C{z1,...,z,} is an integral domain, according
to Lemma 3.39 dim R = n if and only if I = 0. U

THEOREM 3.41. Let R=P/I be an analytic algebra, where P=C{z, ..., zn },
n > 0 is a fized integer, and I C P 1is a proper ideal.
Denoting by m = (z1,...,2,) the maximal ideal of P and by J C P the
1deal
of

822‘

J:{feI’ eI,Vizl,...,n}

have dim R > n — di .
we have dim R > n 1mCJ+mI

PRrROOF. (Taken from [14]) We first introduce the curvilinear obstruction
map

1
’)/I.MOI'AH(P,(C{t}) — Hom¢ (m,@) .
Given ¢: P — C{t}, if ¢(I) = 0 we define vy;(¢) = 0; if ¢(I) # 0 and s is the
biggest integer such that ¢(I) C (t°) we define, for every f € I, v1(¢)f as the
coefficient of ¢° in the power series expansion of ¢(f).
It is clear that v;(¢)(mI) = 0, while if ¢(I) C (¢°) and f € J we have

o(f) = f(0(21), .-, d(zn)),

do(f) <~ Of do(z) .
7 - ; 02 (¢(zl)v cee vd)(zn))T S (t )
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and therefore ¢(f) € (t*71) (this is the point where the characteristic of the field
plays an essential role).

The ideal I is finitely generated, say I=(fi, ..., fa), according to Nakayama’s
lemma we can assume f1,..., fq a basis of I/ml.

By repeated application of Corollary 3.26 (and possibly reordering the f;’s)
we can assume that there exists an h < d such that the following holds:

L. fz¢ \/(fl?'“afifl) fOI"LSh,

2. for every i < h there exists a morphism of analytic algebras ¢; : P — C{t}
such that ¢;(f;) # 0, ¢;(f;) = 0 if j < i and the multiplicity of ¢;(f;)) is
bigger than or equal to the multiplicity of ¢;(f;)) for every j > i.

3. IC\/(fl,...,fh).

Condition 3) implies that dim R = dim P/(f1,..., fn) > n—h, hence it is enough

I
to prove that y7(¢1), ... ,v7(ép) are linearly independent in Homg SETYA (C)
and this follows immediately from the fact that the matrix a;; = v7(¢:)f;, i, =
1,..., h, has rank h, being triangular with nonzero elements on the diagonal. [

EXERCISE 3.42. In the notation of Theorem 3.41 prove that I? C .J. Prove
moreover that I = J 4+ ml[ if and only if I = 0.

EXERCISE 3.43. Let I C C{xz,y} be the ideal generated by the polynomial
[ = 2° + y° + 23y3 and by its partial derivatives f, = baz* + 32%y3, f, =

5y* + 323y2. Prove that J is not contained in mI, compute the dimension of the
1 1

lytic algebra C I and of th t IS 2
analytic algebra {xay}/ and o € vector Spacesj-l-mf’mf

EXERCISE 3.44. (Easy, but for experts) In the notation of 3.41, if I C m?
then

<c> = ExtR(Qr, C).

1
Homc (J ey

(Qp is the R-module of separated differentials)
EXERCISE 3.45. In the notation of Theorem 3.41, prove that for every

short exact sequence 0 - E — F — G — 0 of R-modules of finite length (i.e.
annihilated by some power of the maximal ideal) it is defined a map

ob:Derc(R,G) — Homp (§,E>

with the property that ob(¢) = 0 if and only if ¢ lifts to a derivation R — F.

I I
M if mpFE = 0 then H —,F ) =H —F .
oreover, if mp en Homp (J’ ) omg <J+m[’ )
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REMARK 3.46. (T!-lifting for prorepresentable functors.)

For every morphism of analytic algebras f: R — A and every A-module of
finite length M there exists a bijection between Derc (R, M) and the liftings of
f to morphisms R — A& M.

I
In the notation of Theorem 3.41, if I C m?, then Hom¢ [ ———, C | is the
J+ml

1
subspace of Hom¢ (nﬁ’ (C) of obstructions (see [13, Section 5]) of the functor hp

arising from all the small extensions of the form 0 - C - A®M (M)AGBN — 0,
where p: M — N is a morphism of A-modules and A M — A, A® N — A are
the trivial extensions.

3.6 — Historical survey

According to [24], the preparation theorem was proved by Weierstrass in
1860, while division theorem was proved by Stickelberger in 1887.

The factoriality of C{z1,...,z,} was proved by E. Lasker in a, long time
ignored, paper published in 1905. The same result was rediscovered by W.
Riickert (a student of W. Krull) together the Noetherianity in 1931. In the
same paper of Riickert it is implicitly contained the Nullstellensatz. The ideas
of Riickert’s proof are essentially the same used in the proof given in [28]. The
proof given here is different.

All the algebraic results of this section that make sense also for the ring of
formal power series C[[z1,... ,2,]] and their quotients, remain true. In many
cases, especially in deformation theory, we seek for solutions of systems of an-
alytic equations but we are able to solve these equation only formally; in this
situation a great help comes from the following theorem, proved by M. Artin in
1968.

THEOREM 3.47. Consider two arbitrary morphisms of analytic alge-
bras f:S — R, ¢:S — C{z1,...,2,} and a positive integer s > 0. The
inclusion C{z1,...,2zn,} C Cllz1,...,2n]] and the projection C{z1,... ,z,} —
C{z1, .., 2n C{z1, .0, 2n }

s} give structures of S-algebras also on C[[z1, ..., z,]] and

(215 2oy 2n) (215 ey 2)°

Assume it is given a morphism of analytic S-algebras

C{z1,..., 2} _ Cllz1y - -y 2a]]
(Zlv"- 7Zn)s (21,... ,Zn)s ’

¢: R —

If ¢ lifts to a S-algebra morphism R — C[[z1,...,2,]] then ¢ lifts also to a
S-algebra morphism R — C{zy,... ,zn}.
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Beware. Theorem 3.47 does not imply that every lifting R — C[[z1,... , z5]] is
“convergent”.

PrOOF. This is an equivalent statement of the main theorem of [1]. We
leave as as an exercise to the reader to proof of the equivalence of the two
statements. 0

EXERCISE 3.48. Use Theorem 3.47 to prove:

1. Every irreducible convergent power series f € C{z,...,z,} is also irre-
ducible in C[[z1,. .. , zy]].
2. C{z1,...,2n} is integrally closed in C[[z1, ... , z5]].

REMARK 3.49. It is possible to give also an elementary proof of item 2 of
Exercise 3.48 (e.g. [51]), while I don’t know any proof of item 1 which does not
involve Artin’s theorem.

4 — Infinitesimal deformations of complex manifolds

In this section we pass from the classical language of deformation the-
ory to the formalism of differential graded objects. After a brief introduc-
tion of dg-vector spaces and dg-algebras, we associate to every deformation
Xo = {Xither — (T,0) its algebraic data (Definition 4.27), which is a pair
of morphisms of sheaves of dg-algebras on X. This algebraic data encodes the
Kodaira-Spencer map and also all the “Taylor coefficients” of t — X;.

We introduce the notion of infinitesimal deformation as an infinitesimal vari-
ation of integrable complex structures; this definition will be more useful for our
purposes. The infinitesimal Newlander-Nirenberg theorem, i.e. the equivalence
of this definition with the more standard definition involving flatness, although
not difficult to prove, would require a considerable amount of preliminaries in
commutative and homological algebra and it is not given in this notes.

In Subsection 7 we state without proof the Kuranishi’s theorem of existence
of semiuniversal deformations of compact complex manifolds. In order to keep
this notes short and selfcontained, we avoid the use of complex analytic spaces
and we state only the “infinitesimal” version of Kuranishi’s theorem. This is not
a great gap for us since we are mainly interested in infinitesimal deformations.
The interested reader can find sufficient material to filling this gap in the papers
[59], [60] and references therein.

From now on we assume that the reader is familiar with the notion of sheaf,
sheaf of algebras, ideal and quotient sheaves, morphisms of sheaves.

If F is a sheaf on a topological space Y we denote by F,, y € Y, the stalk
at the point y. If G is another sheaf on Y we denote by Hom(F,G) the sheaf of
morphisms from F to G and by Hom(F, G) = I'(Y, Hom(F, G)).
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For every complex manifold X we denote by A%? the sheaf of differential
forms of type (p,q) and AY" = @, ;AR The sheaf of holomorphic functions
on X is denoted by Ox; Q% (resp.: Q) is the sheaf of holomorphic (resp.:
antiholomorphic) differential forms. By definition Q% = ker(d: A*? — A*1),
Oy = ker(8: A% — A'*); note that ¢ € Q% if and only if ¢ € Q.

If E — X is a holomorphic vector bundle we denote by Ox (E) the sheaf of
holomorphic sections of E.

4.1 - Differential graded vector spaces

This section is purely algebraic and every vector space is considered over a
fixed field K; unless otherwise specified, by the symbol ® we mean the tensor
product ®x over the field K.

NOTATION 4.1. We denote by G the category of Z-graded K -vector space.
The objects of G are the K-vector spaces V endowed with a Z-graded direct
sum decomposition V' = &;7V;. The elements of V; are called homogeneous of
degree i. The morphisms in G are the degree-preserving linear maps.

IV = ®nezVe € G we write deg(a; V) =i € Z if a € Vj; if there is no
possibility of confusion about V' we simply denote @ = deg(a; V).

Given two graded vector spaces V,WW € G we denote by Homg (V, W) the
vector space of K-linear maps f:V — W such that f(V;) C W;,, for every
i € Z. Observe that Hom$ (V, W) = Homg(V, W) is the space of morphisms in
the category G.

The tensor product, @: G x G — G, and the graded Hom, Hom*: G x G —
G, are defined in the following way: given V,W € G we set

VeaW=@VeW), where (VaW),= @V, W,
= JEL
Hom™(V, W) = @Homy (V, W).
We denote by

;) s Hom"(V,W) xV =W, (f,v) = f(v)

the natural pairing.

DEFINITION 4.2. It VW € G, the twisting map T:V @ W — WV is
the linear map defined by the rule T(v ® w) = (—=1)""w ® v, for every pair of
homogeneous elements v € V, w € W.

Unless otherwise specified we shall use the Koszul signs convention. This
means that we choose as natural isomorphism between V@ W and W ® V the
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twisting map 7' and we make every commutation rule compatible with 7. More
informally, to “get the signs right”, whenever an “object of degree d passes on
the other side of an object of degree h, a sign (—1)% must be inserted”.

As an example, the natural map (,) : V xHom"(V, W) — W must be defined
as (v, f) = (=1)/7f(v) for homogeneous f,v. Similarly, if f,g € Hom*(V, W),
their tensor product f ® g € Hom™(V @ V, W @ W) must be defined on bihomo-
geneous tensors as (f ® g)(u®v) = (—=1)9%f(u) @ g(v).

NoTATION 4.3. We denote by DG the category of Z-graded differential
K -vector spaces (also called complexes of vector spaces). The objects of DG are
the pairs (V,d) where V = @V; is an object of G and d:V — V is a linear map,
called differential such that d(V;) C V;;1 and d*> = d o d = 0. The morphisms in
DG are the degree-preserving linear maps commuting with the differentials.

For simplicity we will often consider G as the full subcategory of DG whose
objects are the complexes (V,0) with trivial differential.

If (V,d), (W, ) € DG then also (V@ W,d® Id+ Id ® §) € DG; according
to Koszul signs convention, since § € Homg, (W, W), we have (Id ® §)(v ® w) =
(—1)70 @ 8(uw).

There exists also a natural differential p on Hom™ (V, W) given by the formula

5(f,0) = (pf,0) + (=1 (f, dv).

Given (V,d) in DG we denote as usual by Z (V') = ker d the space of cycles,
by B(V) = d(V) the space of boundaries and by H(V) = Z(V)/B(V) the
homology of V. Note that Z, B and H are all functors from DG to G.

A morphism in DG is called a quasiisomorphism if it induces an isomor-
phism in homology.

A differential graded vector space (V,d) is called acyclic it H(V') = 0.

DEFINITION 4.4. Two morphisms f, g € Homg (V, W) are said to be homo-
topic if their difference f — g is a boundary in the complex Hom™(V, W).

EXERCISE 4.5. Let V, W be differential graded vector spaces, then:

1. Hompg (V, W) = Z°(Hom™(V, W)).

2. If f € BHom*(V,W)) C Hompg(V,W) then the induced morphism
frH(V) — H(W) is trivial.

3. If f,g € Hompg(V, W) are homotopic then they induce the same morphism
in homology.

4. V is acyclic if and only if the identity Id:V — V is homotopic to 0. (Hint:
if C' C V is a complement of Z(V), i.e. V.=Z(V)® C, then V is acyclic if
and only if d: C; — Z(V);41 is an isomorphism for every i.)
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The fiber product of two morphisms B-LsD and 5D in the category
DG is defined as the complex

CxpB= @(O XD B)n, (C XD B)n = {(67 b) € C, x By ‘ h(C) = f(b)}

with differential d(c, b) = (de, db).
A commutative diagram in DG

A—— B
g

ICE:
c "D

is called cartesian if the induced morphism A — C X p B is an isomorphism; it is
an easy exercise in homological algebra to prove that if f is a surjective (resp.:
injective) quasiisomorphism, then g is a surjective (resp.: injective) quasiiso-
morphism. (Hint: if f is a surjective quasiisomorphism then ker f = kerg is
acyclic.)

For every integer n € Z let’s choose a formal symbol 1[n] of degree —n and
denote by K[n] the graded vector space generated by 1[n]. In other terms, the
homogeneous components of K [n] € G C DG are

K [1] { K ifi+n=0
nl; =
0  otherwiseh

For every pair of integers n, m € Z there exists a canonical linear isomorphism
S € Homy ™ (K [n], K [m]); it is described by the property S;*(1[n]) = 1[m].

Given n € Z, the shift functor [n]: DG — DG is defined by setting V[n] =
K[n] ®V,V e DG, f[n] = IdK[n] ® f, f € Morpg.

More informally, the complex V[n] is the complex V with degrees shifted
by n, i.e. V[n]; = Viin, and differential multiplied by (—1)™. The shift functors
preserve the subcategory G and commute with the homology functor H. If v € V
we also write v[n] = 1[n] ® v € Vn].

EXERCISE 4.6. There exist natural isomorphisms

Homg (V, W) = Homg (V[—n], W) = Homg (V, W|n]).

EXAMPLE 4.7. Among the interesting objects in DG there are the acyclic
complexes Q[n] = K[n] ® Q, where Q = (Qy & Qy,d), Qo =K, O =K[-1] and
d: Qo — Qq is the canonical linear isomorphism d(1[0]) = 1[—1]. The projection
p: Q2 — Q9 = K and the inclusion €; —  are morphisms in DG.



60 MARCO MANETTI [60]

EXERCISE 4.8. Let V, W be differential graded vector spaces, then:

1. In the notation of Example 4.7, two morphisms of complexes f,g:V — W
are homotopic if and only if there exists h € Hompg (V,Q ® W) such that
f—9=@®Idw)oh.

2. If f,g:V — W are homotopic then f ® h is homotopic to g ® h for every
h:V— W',

3. (Kinneth) If V' is acyclic then V ® U is acyclic for every U € DG.

4.2 — Review of terminology about algebras

Let R be a commutative ring, by a nonassociative (= not necessarily as-
sociative) R-algebra we mean a R-module M endowed with a R-bilinear map
Mx M — M.

The nonassociative algebra M is called unitary if there exist a “unity” 1 € M
such that 1m = ml = m for every m € M.

A left ideal (vesp.: right ideal) of M is a submodule I C M such that MI C I
(resp.: IM C I). A submodule is called an ideal if it is both a left and right
ideal.

A homomorphism of R-modules d: M — M is called a derivation if satisfies
the Leibnitz rule d(ab) = d(a)b + ad(b). A derivation d is called a differential if
d?>=dod=0.

A R-algebra is associative if (ab)c = a(be) for every a,b,c € M. Unless
otherwise specified, we reserve the simple term algebra only to associative algebra
(almost all the algebras considered in these notes are either associative or Lie).

If M is unitary, a left inverse of m € M is an element a € M such that
am = 1. A right inverse of m is an element b € M such that mb = 1.

If M is unitary and associative, an element m is called invertible if has left
and right inverses. It is easy to see that if m is invertible then every left inverse
of m is equal to every right inverse, in particular there exists a unique m=! € M
such that mm~=! =m~tm = 1.

EXERCISE 4.9. Let g be a Riemannian metric on an open connected subset
U C R™ and let ¢: U — R be a differentiable function (called potential).

Denote by R = C*°(U,R) and by M the (free of rank n) R-module of vector
fields on U. If z1,... ,z, is a system of linear coordinates on R"™ denote by:

0
2. gij = 9(0;,0;) € R and g* the coefficients of the inverse matrix of g;;.

3. 0;%x0; = Z d)z’jlglkak

k.l

1. 9, = €M, ¢piji = 818j8k¢ € R.

Prove that the R-linear extension M x M — M of the product * is indepen-
dent from the choice of the linear coordinates and write down the (differential)
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equation that ¢ must satisfy in order to have the product % associative. This
equation is called WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equation and it
is very important in mathematics since 1990.

4.3 — dg-algebras and dg-modules

DEFINITION 4.10. A graded (associative, Z-commutative) algebra is a
graded vector space A = @A; € G endowed with a product 4; x A; — A,
satisfying the properties:

1. a(bc) = (ab)e.
2. a(b+c¢) =ab+ ac, (a+b)c = ac+ be.
3. (Koszul sign convention) ab = (—1)%ba for a, b homogeneous.

The algebra A is unitary if there exists 1 € Ay such that 1la = al = a for every
a € A.

Let A be a graded algebra, then Ay is a commutative K-algebra in the usual
sense; conversely every commutative K-algebra can be considered as a graded
algebra concentrated in degree 0. If I C A is a homogeneous left (resp.: right)
ideal then [ is also a right (resp.: left) ideal and the quotient A/I has a natural
structure of graded algebra.

EXAMPLE 4.11. The exterior algebra A = A"V of a K-vector space V,
endowed with wedge product, is a graded algebra with 4; = A" V.

EXAMPLE 4.12. (Polynomial algebras.) Given a set {z;}, i € I, of homo-
geneous indeterminates of integral degree T; € Z we can consider the graded
algebra K [{z;}]. As a K-vector space K [{z;}] is generated by monomials in the
indeterminates z; subjected to the relations x;z; = (—1)% iz z;.

In some cases, in order to avoid confusion about terminology, for a monomial
ol oxpr it is defined:
e The internal degree ), T, ou,.
e The external degree ), .

T

In a similar way it is defined A[{z;}] for every graded algebra A.

EXERCISE 4.13. Let A be a graded algebra: if every a # 0 is invertible then
A = Ag and therefore A is a field.

Give an example of graded algebra where every homogeneous a # 0 is
invertible but A # Ay.

DEFINITION 4.14. A dg-algebra (differential graded algebra) is the data of
a graded algebra A and a K-linear map s: A — A, called differential, with the
properties:
1. s(A,) C Ay, 82 =0.
2. (graded Leibnitz rule) s(ab) = s(a)b+ (—1)%as(b).
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A morphism of dg-algebras is a morphism of graded algebras commuting with
differentials; the category of dg-algebras is denoted by DGA.

ExXAMPLE 4.15. Let U be an open subset of a complex variety and denote
by Ai = @®piqil (U, AR?). Then I'(U, AY") = ®A; admits infinitely many
structures of differential graded algebras where the differential of each one of is
a linear combination ad + b9, a,b € C.

EXERCISE 4.16.Let (A, s) be a unitary dg-algebra; prove:

1. 1€ Z(A).
2. Z(A) is a graded subalgebra of A and B(A) is a homogeneous ideal of Z(A).
In particular 1 € B(A) if and only if H(A) = 0.

A differential ideal of a dg-algebra (A, s) is a homogeneous ideal I of A such
that s(I) C I; there exists an obvious bijection between differential ideals and
kernels of morphisms of dg-algebras.

On a polynomial algebra K [{z;}] a differential s is uniquely determined by
the values s(z;).

EXAMPLE 4.17. Let t,dt be indeterminates of degrees = 0, dt = 1; on
the polynomial algebra K[t,dt] = K|[t] & K|[t]dt there exists an obvious dif-
ferential d such that d(t) = dt, d(dt) = 0. Since K has characteristic 0, we
have H(K[t,dt]) = K. More generally if (A,s) is a dg-algebra then Alt,dt]
is a dg-algebra with differential s(a @ p(t)) = s(a) @ p(t) + (—1)% @ p'(t)dt,
s(a® q(t)dt) = s(a) @ q(t)dt.

DEFINITION 4.18. A morphism of dg-algebras B — A is called a quasiiso-
morphism if the induced morphism H(B) — H(A) is an isomorphism.

Given a morphism of dg-algebras B — A the space Derj(A, A) of B-
derivations of degree n is by definition

Derjs(A, A) = {¢ € Homg (4, A) | ¢(ab) = ¢(a)b + (=1)"ag(b), ¢(B)=0}.
We also consider the graded vector space

Derp (A, A) = @ Derp(A,A) € G.

nez
There exist a natural differential d and a natural bracket [—, —] on Derj (A4, A)
defined as
d: Der'y (A, A) — Der'yT (A, A), dp=dsp— (—1)"pda
and

[f,9) = fg— (~1)7 7gF.
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EXERCISE 4.19. Verify that, if f € Derl;(A, A) and g € Der% (A, A) then
[f,9) € Dl (A, A) and d[f, g] = |df, g] + (=1)"[f. dg].

Let (A, s) be a fixed dg-algebra, by an A-dg-module we mean a differential
graded vector space (M, s) together two associative distributive multiplication
maps A x M — M, M x A — M with the properties:

2. (Koszul) am = (—1)*"ma, for homogeneous a € A, m € M.
3. (Leibnitz) s(am) = s(a)m + (—1)%s(m).

If A= Ay we recover the usual notion of complex of A-modules.

ExAMPLE 4.20. For every morphism of dg-algebras B — A the space
Derj (A, A) = @,Der’; (A, A) has a natural structure of A-dg-module, with left
multiplication (af)(b) = a(f(b)).

If M is an A-dg-module then M[n] = K[n]| ®x M has a natural structure
of A-dg-module with multiplication maps

(e®@m)a =e®@ma, ale@m) = (—1)"e®@am, ecKin],me M, ac A

The tensor product N ® 4 M is defined as the quotient of N ®@x M by the
graded submodules generated by all the elements na ® m — n ® am.
Given two A-dg-modules (M, dys), (N, dy) we denote by

Hom’y(M,N) ={f € Homg (M,N)| f(ma) = f(m)a, m € M,a € A}

Hom’ (M, N) = € Hom'j (M, N).
ne”Z
The graded vector space Hom’ (M, N) has a natural structure of A-dg-

module with left multiplication (af)(m) = af(m) and differential
d: Hom'y (M, N) — Hom"y™' (M, N), df =[d, f]=dno f—(=1)"fody.

Note that f € Hom% (M, N) is a morphism of A-dg-modules if and only if
df = 0. A homotopy between two morphism of dg-modules f,g: M — N is a
h € Hom ;' (M, N) such that f —g = dh = dxh-+hdy;. Homotopically equivalent
morphisms induce the same morphism in homology.

Morphisms of A-dg-modules f: L — M, h: N — P induce, by composition,
morphisms f*: Hom% (M, N) — Hom’ (L, N), h,: Hom’ (M, N) —Hom’ (M, P);

LEMMA 4.21. In the above notation if f is homotopic to g and h is
homotopic to | then f* is homotopic to g* and l, is homotopic to h.
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PRrROOF. Let p € HomZI(L,M) be a homotopy between f and g, It is a
straightforward verification to see that the composition with p is a homotopy
between f* and g*. Similarly we prove that h, is homotopic to L. 0

LEMMA 4.22 (Base change). Let A — B be a morphism of unitary dg-
algebras, M an A-dg-module, N a B-dg-modules. Then there exists a natural
isomorphism of B-dg-modules

Hom’ (M, N) ~ Hompz(M ®4 B, N).

PrOOF. Consider the natural maps:

Hom’ (M, N) = Hom}(M ®4 B,N),
R
Lf(m®b)= f(m)b, Rg(m) =g(m®1).

We left as exercise the easy verification that L, R are isomorphisms of B-dg-
modules and R = L~ 0

Given a morphism of dg-algebras B — A and an A-dg-module M we set:
Der (A, M) = {¢ € Homg (A, M) | ¢(ab) =¢(a)b + (=1)"ag(b), ¢(B) =0}
Dery (A, M) = @ Der'y (A, M).

As in the case of Hom™, there exists a structure of A-dg-module on Dery (A, M)
with product (a¢)(b) = ap(b) and differential

d: Der’s (A, M) — Der’s (A, M), dé = [d,¢] = dpd — (—1)"¢d 4.

Given ¢ € Derg(A, M) and f € Hom'y (M, N) their composition f¢ belongs
to Dery™™ (A, N).

4.4 — Kodaira-Spencer's maps in dg-land

In this section, we define on the central fibre of a deformation a sheaf of
differential graded algebras B which contains (well hidden) the “Taylor coeffi-
cients” of the variation of the complex structures given by the deformation (the
first derivative being the Kodaira-Spencer map).

LEMMA 4.23. Let U be a differential manifold (not necessarily compact),
A C C" a polydisk with coordinates t1,... ,t, and f(x,t) € C*(U x A, C).
Then there exist fi,..., fn, f1,--- » Ja € C°(U x A, C) such that
of _of

fi(z,0) = g(x,()), fi(x,0) = ﬁ(x,O) and

f(ﬂfat) = f(.%',O) + Ztifi(*r?t) + ZEf{(t%t)
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Proor. The first 2 equalities follow from the third. Writing t; = u; + 1v;,
tj = uj — iv;, with u;, v; real coordinates on C" = R** we have

f(z,u,v) = f(x,0,0) +/01 %f(a:,su, sv)ds =

1 1
:f(x,0,0)—i—;uj/o %jf(x,su,sv)ds—i—%:vj/o %f(x,su,sv)ds

Rearranging in the coordinates ¢}, t; we get the proof. 0
Let X be afixed complex manifold; denote by Derz. (.A FAYY) € Hom (AL ALY
the sheaf of Q0 x-derivations of the sheaf of graded algebras AX ; we have the

following

PROPOSITION 4.24. In the notation above there exists a natural isomor-

phism of sheaves
0,% ~ * 0,% 0,%*
0: Ay (Tx)— Derg- (Ay", AY").

In local holomorphic coordinates z1, ... , Zm,

0: AP (Tx) — Derk. (A%, AY") € Derf (A%, A%

0 0
is given by 6 (¢3_zz> (fdzr) = ¢ A 6—£d21.
The Dolbeault dz’ﬁerentz'al in Ag(’* (T'x) corresponds, via the isomorphism 0,
to the restriction to Der—* (A%*, AY") of the adjoint operator

[0, —]: Derd (A, AY) — DertFH A%, AY).

PrOOF. The morphism 6 is injective and well defined. Let U C X be an
open polydisk with coordinates z1,... 2. Take { € I'(U, Derg. (A%, A%))

and denote ¢; = £(2;) € T'(U, .Aggp). We want to prove that & = 0 (21 @88—)
Zi

Since, over U, Ag(’* is generated by Aggo and ﬁ}, it is sufficient to prove
that for every open subset V' C U, every pomt x € V and every C*°-function

feT(V, AYY) the equality £(f)(z) = 32, ¢ f( ) holds.

’L

If z;(x) = x; € C, then by Lemma 4.23 we can write

m m

F e zm) =@ )+ Y (2i—20) fi (21, 2m) D (Zi=Fi) f5 (21, ooos 2m)

i=1 i=1
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for suitable C°° functions f;, f5; therefore
§N@) =D & —w)filar, Z@ 5

In particular, for &, n € T'(U, Der%;{ (A%*, A%Y)), we have € = 5 if and only if

€(z) = n(z) for i = 1,...,m. Since dQy C Qy, the adjoint operator [8, —]
preserves Der%* (A&*,A%‘), moreover
X

0 (065~ ) 5 = @), = 0l05y) — (17 (05 ) @) = [0 (65 )] =

and then 00 = [0, —]0. 0
According to Proposition 4.24, the standard bracket on Der%; (A, A%

induces a bracket on the sheaf A%*(Tx) given in local coordinates by

o 0 1 (090  9foN._
aZidZ[,gazdeJ] (fazzazj azja )dZ[/\dZJ.

Note that for f,g € T(U, AY’(Tx)), [f, g] is the usual bracket on vector fields on
a differentiable manifolds.

f

Let B C C™ be an open subset, 0 € B, and let M0L>ML>(B7O) be
a deformation of a compact complex manifold My; let ¢1,...,t, be a set of
holomorphic coordinates on B.

It is not restrictive to assume My C M and ¢ the inclusion map.

DEFINITION 4.25. In the notation above, denote by Ip; C A3} the graded
ideal sheaf generated by #;, dt;, dt;. Denote by By the quotient sheaf A} /Ijs.(V

If z1,...,2m,t1,...,t, are admissible (Defn. 1.29) local holomorphic co-
ordinates on an admissible chart W ¢ M, W ~ (W NMy) xA,0€ A CB
polydisk, then every ¢ € I'(W,B);") has a representative in I'(W, A};") of the
form

2) + Zti¢i(z»t)7 do(z) € (W N My, Ay ), bi € T(W, Ay).

W1t is also possible to define BB as the quotient of A by the ideal generated by &;, dt;, dt;
and the C'*° functions on B with vanishing Taylor series at 0: the results of this section
will remain essentially unchanged
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By a recursive use of Lemma 4.23 we have that, for every s > 0, ¢ is represented

by
Z t'or(z) + Z tor(z,t).

|[I|<s [I|=s

The ideal sheaf Ij; is preserved by the differential operators d,d,0 and
therefore we have the corresponding induced operators on the sheaf of graded
algebras B};". Denoting by BY," C B} the image of A}, we have that B, is a
sheaf of dg-algebras with respect to the differential 0.

LEMMA 4.26.  In the notation above, let U,V C M be open subsets; if
UNDMy=VNDM then T(U,By;) = T(V.By) and therefore By} is a sheaf of
dg-algebras over Mj.

PROOF. It is not restrictive to assume V' C U, then U = V U (U — M)
and by the sheaf properties it is sufficient to show that T'(U — My, B};") =
I'(V — My, B;) = 0. More generally if U C M is open and U N My = () then
I['(U,By;") = 0; in fact there exists an open covering U = UU; such that ¢; is
invertible in Uj;.

If W C M is open we define I'(W, By;") = I'(U, B}}"), where U is any open
subset of M such that U N My =W. 0

The pull-back i*: Ay;" — Ay factors to a surjective morphism i*: By, —
Ay of sheaves of differential graded algebras over M.

Note also that the image in B} of the sheaf of antiholomorphic differential
forms Q*M is naturally isomorphic to the sheaf Q*MO. Infactif z1,... , zZm,t1,... ,ln
are local admissible coordinates at a point p € My and @ € QL then

)= qujl,,__ Ja(2)dZj AL A dE, (mod ;, dt;), Oiy.... 5, = 0.

Therefore to every deformation My M i>(B ,0) we can associate an injective
morphism of sheaves of dg-algebras on Mj:

oF f 0, % * %
Qp,——By C By

DEFINITION 4.27. The algebraic data of a deformation MO—i>ML>(B,O)
is the pair of morphisms of sheaves of dg-algebras on Mj:

~* f * ok i *, %
Qpg,—— By — Ay, -

We note that f injective, ¢* surjective and ¢* f the natural inclusion. More-
over f and i* commute with both differentials 9, 9.
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If My LN i>(B ,0) is an isomorphic deformation then there exists an iso-
morphism of sheaves of dg-algebras By;” — By~ which makes commutative the
diagram

Y ’
Qp, — Baf

|

k% *, %
BN -k AMO

Similarly if (C,0) — (B, 0) is a germ of holomorphic map, then the pull-back
of differential forms induces a commutative diagram

~* * ok
Qpp — By
% %%
BMXBC A]\/IO

Before going further in the theory, we will show that the Kodaira-Spencer
map of a deformation Mo—M —>(B 0) of a compact connected manifold M

can be recovered from its algebraic data Mo LBy Iy —>AM0

LEMMA 4.28.  In the notation above, consider A?\}[’g as a sheaf of By -
modules with the structure induced by i* and denote for every j > 0.

i Deri*(B?v}*,Ao’*) .
M g Der—*(.A LAY o)

Then there exists a natural linear isomorphism

To,5 = ker(D'(Mo, Tay) = D'(Mo, Tay),  h+— O4h — hOp).

ProoF. We consider Tj p as the C-vector space of C-derivations Op g — C.
Let heT'(Mo, Ders. By Ay )) be such that 9 4h—hdp € i* Derk. (Ayr, AL );
in particular Oh(t;) = 0 for every i, the function h(t;) is holomorphlc and then
constant. Moreover, h(t;) = 0 for every 7 if and only if h(keri*) = 0 if and only
ifhei Der—* (.AMO,AO 0)-

This glves a linear 1nJective morphism

ker(I'(Mo, Tar) — T'(Mo, Tay)) — To.5-
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To prove the surjectivity, consider a derivation §: Op ¢ — C and let My = UU,,
a € Z, be a locally finite covering with every U, open polydisk with coordinate
systems z¢,...,z0:U, — C. Let t1,... ,t, be coordinates on B.

Over U,, every ¢ € B can be written as ¢o(2) + 3. tidi(2) + S tity ...,
with ¢; € A?\Zj. Setting hq(¢) = Y, 0(t;)¢; we see immediately that h, is a ﬁ*Ua—
derivation lifting 0. Taking a partition of unity p, subordinate to the covering
{Ua}, we can take h = poha. 0

Let h € I'(My, Ders. (B3, A%r)) be such that
W = Oah — hdp € i* Ders. (AL, AY)

and let 0: Op o — C be the corresponding derivation, 6(t;) = h(t;).
According to the isomorphism (Proposition 4.24)

j Sk 0,%* 0,7
Derl. (A, Ay ) = Ay (Tary )

we have ¢ € F(Mo,.AO’l(T]uO)).

Moreover, being 1 exact in the complex Der%* (B%*,A%Z), it is closed in
Der%* (A(])\’j; ; A?\}[t)), 1 is a d-closed form of I'( My, A% (Thy,)) and the cohomology
class [¢] € H' (Mo, Th,) is depends only on the class of h in I'(Mo, Ty). It is
now easy to prove the following

PROPOSITION 4.29. In the above notation, [)] = [0h — hd] = KS(6).

PROOF. (sketch) Let € T'(M, A% (Tar)) be a complexified vector field
such that (f.n)(0) = §. We may interpret n as a ﬁ&-derivation of degree 0
n: Ay — A}/ passing to the quotient we get a Q) -derivation h: B, — Al
The condition (f.n)(0) = ¢ means that h lifts ¢ and therefore ) corresponds to
the restriction of dn to the fibre Mj. 0

4.5 — Transversely holomorphic trivializations
DEFINITION 4.30. A transversely holomorphic trivialization of a deforma-
tion MO—Z>ML>(B, 0) is a diffeomorphism ¢: My x A — f~1(A) such that:

1. A C B is an open neighbourhood of the base point 0 € B
2. ¢(x,0) =i(z) and f¢ is the projection on the second factor.
3. For every x € My, ¢: {z} x A — M is a holomorphic function.

THEOREM 4.31. FEwvery deformation of a compact complex manifold admits
a transversely holomorphic trivialization.
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PROOF. (cf. also [10], [78]) Let f: M — B be a deformation of Mjy; it is not
restrictive to assume B C C" a polydisk with coordinates ¢1,... ,t, and 0 € B
the base point of the deformation. We identify M, with the central fibre f~1(0).

After a possible shrinking of B there exist a finite open covering M = UW,,,
a = 1,...,r, and holomorphic projections p,: W, — U, = W, N My such that
(Pas f): W, — U, X B is a biholomorphism for every a and U, is a local chart
with coordinates z: U, - C,i=1,... ,m.

Let pa: Mo — [0,1] be a C*° partition of unity subordinate to the covering
{U,} and denote V, = p;1(]0,1]); we note that {V,} is a covering of My and
Vo C U,. After a possible shrinking of B we may assume p, !(V,) closed in M.

For every subset C' C {1,... ,r} and every € My we denote

Ho= |\ Wa=Upa' V) | x | (VU= U Va | €M x My,
acC agC acC agC

C,={alzeV,}, H:UHC.
C

Clearly (z,z) € He, and then H is an open subset of M x My containing the
graph G of the inclusion My — M. Since the projection pr: M x My — M is open
and My is compact, after a possible shrinking of B we may assume pr(H) = M.
Moreover if (y,z) € H and = € V, then (y,z) € Hc for some C containing
a and therefore y € W,.
For every a consider the C* function ¢,: H N (M x U,) — C™,

0y ) = 3 pol) o () (o) — (@)
b

By the properties of H, g, is well defined and separately holomorphic in the
variable y. If (y,z) € HN (M x (U, NU.)) then

ZC

qe(y, ) = 920 (2)qa(y, )

and then
I'={(y,z) € H|qa(y,x) =0 whenever z € U, }

is a well defined closed subset of H. o
Ify € Vo C Mo and x is sufficiently near to y then € (e, U —Upgce Va)
and, for every b € Cy,

Dy) = ) + O @) () — (@) + ol () — 2 (@)]).
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Therefore
qa(y, ) = 2%(y) — 2%(2) + o([[z"(y) — 2*(@)|]).

In particular the map x — ¢, (y, x) is a local diffeomorphism at x = y.

Denote K C H the open subset of points (y,z) such that, if y € p;1(V,)
then u +— g4(y, u) has maximal rank at v = z; note that K contains G.

Let Ty be the connected component of I' N K that contains G; 'y is a
C*°-subvariety of K and the projection pr:T'y — M is a local diffeomorphism.
Possibly shrinking B we may assume that pr:Tg — M is a diffeomorphism.

By implicit function theorem I'y is the graph of a C'*° projection v: M — Mj.

After a possible shrinking of B, the map (v, f): M — My x B is a diffeo-
morphism, take ¢ = (v, f)~!.

To prove that, for every x € My, the map ¢t — ¢(z,t) is holomorphic we note
that f:¢({z} x B) — B is bijective and therefore ¢(z,—) = f~lpr:{z} x B —
¢({z} x B).

The map f~1: B — ¢({z} x B) is holomorphic if and only if ¢({z} x B) =
v~ Y(z) is a holomorphic subvariety and this is true because for x fixed every

map y — qq(y, ) is holomorphic. O

Let z1,...,2m,t1,... ,t, be an admissible system of local coordinates at a
point p € My C M. z1,...,2m,t1,...,1, is also a system of local coordinates
over My x B.

In these systems, a transversely holomorphic trivialization ¢: My x B — M
is written as

¢(Zat) = (¢1(Zat)7'~' 7¢m(zvt)7t17--~ 7tn)7

where every ¢;, being holomorphic in t¢q,... ,t,, can be written as

$i(z,t) =zi+ Y t'disr(2),  I=(ir,... ,in), i1 €C™.

1>0

In a neighbourhood of p,

¢ dz = dzi+ Y 1Y (6% dz; + %dz—j) , (mod Inyxn),

I>0 j=1 8Zj az_j
¢*dz; = dz;, (mod InryxB).-

LEMMA 4.32.  Every transversely holomorphic trivialization ¢: My x B —
M induces isomorphisms of sheaves of graded algebras over My

"By — Bypowps "By — Byjowp
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making commutative the diagrams

Q= Bl a, B
L A

*, % *,% 0, % 0,%

BMOXB—)‘AMO BMOXB—>‘AM0

Beware: It is not true in general that, for p > 0, ¢*(BP9) C BP:1.
PROOF. For every open subset U C M, the pull-back

¢*: LU, Ay) = T(¢ " (U), Ay« )

is an isomorphism preserving the ideals Iy and Iy, x 5. Since UNMy = ¢~ H(U)N
My, the pull-back ¢* induces to the quotient an isomorphism of sheaves of graded
algebras ¢*: By" — By | -
From the above formulas follows that ¢*(B%F77) @QSPB‘IZ\}[];;'JB and ¢*
—x * *
is the identity on €2, . This shows that ¢* (BY) = B?V’on p and proves the
commutativity of the diagrams. 0

The @ operator on A%;" factors to B3, and therefore induces operators
3. 120,% 0,%+1 a kA ax\—1, 120,% 0,*+1
0:By =By, Dy =" 0(") " By = Bapwn:

If z1,...,2m,t1, ... , t, are admissible local coordinates at p € M, we have

(¢*) " 'dzi = dz; + Zaijdzj + bi;dz;, (mod Iy),
j=1

where a;;, b;; are C*° functions vanishing on My and
(¢*)"'dz = dz, (mod Iy).

Thus we get immediately that d4(dz;) = 0. Let’s now f be a C°° function in a
neighbourhood of p € U € My x B and let 7: A} — A% be the projection. By
definition 04 is the class in B?\Z,x g of

moH m g
i=1 7" i=1
and then

_ _ of
8¢f = 8f + Z sza—fdzj
tj

Zi

If ¢p: Mo x B — M is another transversely holomorphic trivialization and 6 =
¢*(¢*)_1 then aw = 98(159_1.
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4.6 — Infinitesimal deformations

Let Mo——M i>(B,O) be a deformation of a compact complex manifold
and J C Op, a proper ideal such that VI = mp o; after a possible shrinking of
B we can assume that:

1. B € C" is a polydisk with coordinates t1,...,t, and J is generated by a

finite number of holomorphic functions on B.

2. f:M — B is a family admitting a transversely holomorphic trivialization

¢: Mo x B — M.

Denote by (X,0) the fat point (B,0,J) and by Ox o = Opo/J its associated
analytic algebra. If m3 ; C J then the holomorphic functions th I = (i1,... in),
|| < s, generate Ox o as a C-vector space.

Denote by Ip;,; C A} the graded ideal sheaf generated by Ip; and J,
By, = Ay /g = By /(J), Ory = O /(J). The same argument used
in Lemma 4.26 shows that BX’ZJ and Oy ; are sheaves over My. In the same
manner we define By 5 ;

LEMMA 4.33. Let U C My be an open subset, then there exist isomorphisms
I'(U,Onmyxp,5) = T(U, On,) @c Ox o, (U, By w5.5) = D(U, Ayp) ®c Ox o

The same holds for M instead of My x B provided that U is contained in an
admissible coordinate chart.

PROOF. We have seen that every ¢ € T(U, By, 5 ;) is represented by a form

9 )
> i1j<s o1, with ¢; € T(U, A). Writing every ¢ as a linear combination of
the elements of a fixed basis of Ox ¢ and rearranging the terms we get the desired

result. The same argument applies to O, x p,s and, if U is sufficiently small, to
B*I\/’;:Jv OM’J. 0

COROLLARY 4.34. Oy = ker(0: B%J — B%J).

PROOF. If U C My is a sufficiently small open subset, we have T'(U, By ;) =
(U, Aj\/ﬂ) ®@c Ox,0 and then

ker (5: LU, B5Y ;) = I(U, B%J)) =

— ker (5; T(U, A30) ® Ox 0 — T(U, A% ) @ OX,O) =D(U,0ny). O
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The transversely holomorphic trivialization ¢ gives a commutative diagram
of morphisms of sheaves of graded algebras

Qs ®0X0—>BMJ

.

0,%*
'A]Wo

0, %
BAIUXB,J

with ¢* an isomorphism. The operator 9, = ¢*9(¢*)~! is a Ox o-derivation
of degree 1 such that 52, = 2[04, 0] = 0 and then 1y = Jy — 0 Bg/’[’ngyJ —
8(1)\/1sz ; is a Oy, ® Ox o-derivation.

According to Lemma 4.33 we have B?\}[sz,J = A?\Z) ® Ox o; moreover, if
go=1,91(t),...,g-(t) is a basis of Ox o with g; € mx o for i > 0, then we can
write 1y = >, 9i(t)n:, with every n; a ﬁjwo-derivation of degree 1 of Ag}[’;. By
Proposition 4.24 n, € I'(My, A% (Th,)) @ mx . B

In local holomorphic coordinates zi, ... , z, we have d4(dz;) = 0 and

- O
i,k /
for every C'*° function f. The b; i are O functions on M.
A different choice of transversely holomorphic trivialization ¢: My x B — M
gives a conjugate operator d, = 00,071, where 6 = ¢*(¢p*) L.
This discussion leads naturally to the definition of deformations of a compact
complex manifolds over a fat points.

DEFINITION 4.35. A deformation of My over a fat point (X,0) is a section

ne F(MOaAO’l(TMU)) @mxyx o= Der—* (AM07A(J)\ZJ) ® mx.0

such that the operator 0+7 € Derg, 0 (A L, ®0x 0, AMO ®0Ox ) is a differential,
ie. [0+n,0+n =0.

Two deformations 7, u € T'(Mo, A% (Thy,))@mx o are isomorphic if and only
if there exists an automorphism of sheaves of graded algebras 6: A?\};g ®Ox,0 —
A?\};; ® Ox,o commuting _with the projection Ag’j; ® OX’O,_> A?\’;; and leaving
point fixed the subsheaf Q, ® Ox ¢ such that 0+ pu = 6(d + 7).

According to 4.24 the adjoint operator [0, —] corresponds to the Dolbeault
differential in the complex A%*(Tyy,) and therefore (9 + 1)? = 0 if and only if
n € I'(My, A>1(Thy,)) ® mx o satisfies the Maurer-Cartan equation

1
~[n,m =0 € I'(My, A>*(Tns,)) ® mx 0.

0
nt s
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We denote with both Defyy, (X, 0) and Defps, (Ox o) the set of isomorphism
classes of deformations of My over (X,0). By an infinitesimal deformation we
mean a deformation over a fat point; by a first order deformatz'on we mean a
deformation over a fat point (X,0) such that my o # 0 and m% 0=0.

The Proposition 4.29 allows to extend naturally the definition of the Kodaira-
Spencer map KS: Ty x — HY(My, Thr,) to every infinitesimal deformation over
(X,0).

Consider in fact 6 € Derc(Ox,0,C) = Ty, x, then

h=1d® 6 Ay @ Oxo— Ay
isa ﬁj\/fo—derivation lifting . Since

(Oh =10 +n))(f ® 1) = h(=n(f))
we may define KS(¢) as the cohomology class of the derivation
Avn = Ayt fe h(=n(f),
which corresponds, via the isomorphism of Proposition 4.24, to
(Id @ 8)(—n) € T'(Mo, A% (T, ),

where Id®d: I'(Mo, A (Thg,))@mx 0. According to the Maurer-Cartan equation
n = —3[n,n) € L(Mo, A%*(Thy,)) ® m% o and then

A((Id®6)(—n)) = (I1d @ §)(—0n) = 0.

A morphism of fat points (Y,0) — (X, 0) is the same of a morphism of local
C-algebras a: Ox,o — Oyo; It is natural to set Id ® a(n) € I'(Mo, A" (Thy,)) ®
my, as the pull-back of the deformation n. It is immediate to see that the
Kodaira-Spencer map of Id ® «(n) is the composition of the Kodaira-Spencer
map of 1 and the differential a: Ty o — T'x 0.

4.7 — Historical survey

The importance of infinitesimal deformations increased considerably after
the proof (in the period 1965-1975) of several ineffective existence results of
semiuniversal deformations of manifolds, of maps etc.., over singular bases.

The archetype of these results is the well known theorem of Kuranishi (1965)
[45], asserting the existence of the semiuniversal deformation of a compact com-
plex manifold over a base which is an analytic singularity. An essentially equiv-
alent formulation of Kuranishi theorem is the following
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THEOREM 4.36. Let My be a compact complex manifold with
= h' (Mo, Tasy), r = h*(Mo, Tar,)-

Then there exist a polydisk A C C", a section n € T'(M, A% (T})), being
M = My x A and f: M — A the projection, and q¢ = (q1,...,¢-):A — C" a
holomorphic map such that:

Has
1. q(0) = 8? (0) =0 for every i,j, being ti,... ,t, holomorphic coordi-
J
nates on A.
2. 1 vanishes on My and it is holomorphic in ty,... ,t,; this means that it is

possible to write

n=> thy,  I=(ir,...,in), 0 €T(Mo, A% (Ths,)).
>0

3. n satisfies the Maurer-Cartan equation to modulus qi, ... ,qs, i.€.

an + ] €Y ail(M, A% (Ty)).
4. Given a fat point (X,0) the natural map

n:Moran(Oa0/(q1;--- . 4s), Ox,0) — Defag, (X, 0), a— a(n)

is surjective for every (X,0) and bijective whenever Ox o = C[t]/(tQ)-

It is now clear that the study of infinitesimal deformations can be used to
deduce the structure of the holomorphic map ¢ and the existence of the semiu-
niversal deformation over a smooth base. For example we have the following

COROLLARY 4.37. Let My be a compact complex manifolds such that for
every n > 2 the natural map Defyy, (C[t]/(t")) — Defpr, (C[t]/(t?)) is surjective.
Then My has a semiuniversal deformation Mo—s M—s(H'(My, Tz, ),0).

PROOF. (sketch) In the notation of Theorem 4.36 we have (q1,...,qs) C
mA o and then, according to Proposition 3.7, ¢; = = ¢s = 0. In particular n
satisfies the Maurer-Cartan equation and by the Newlander—Nlrenberg s theorem
(cf. [9, 1.4], [78]) the small variation of almost complex structure [9, 2.1, 2.5],
(78]

—n: A}\f — A?\’;, —n: Tl?/f — ij,o
is integrable and gives a complex structure on M with structure sheaf Oy, =
ker(8 +1d: Ay — AYH.

The prOJectlon map (M,Oun,) — A is a family with bijective Kodaira-

Spencer map, by completeness Theorem 1.50 it is a semiuniversal deforma-
tion. 0
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Tt is useful to remind here the following result proved by Malgrange [50].

THEOREM 4.38.  Let q1,... ,¢m:(C",0) — C be germs of holomorphic
functions and f: (C",0) — C a germ of C> function. If 0f =0, (mod qi, ..., qm)
then there exists a germ of holomorphic function g: (C™,0) — C such that f = g,
(mod q1,... ,qm)-

5 — Differential graded Lie algebras (DGLA)

The classical formalism (Grothendieck-Mumford-Schlessinger) of infinitesi-
mal deformation theory is described by the procedure (see e.g [2], [66])

Deformation problem ~»  Deformation functor/groupoid

The above picture is rather easy and suffices for many applications; unfortunately
in this way we forget information which can be useful.

It has been suggested by several people (Deligne, Drinfeld, Quillen, Kont-
sevich [43], Schlessinger-Stasheff [68], [69], Goldman-Millson [20], [21] and many
others) that a possible and useful way to preserve information is to consider a
factorization

Deformation problem ~» DGLA ~» Deformation functor/groupoid

where by DGLA we mean a differential graded Lie algebra depending from the
data of the deformation problem and the construction

DGLA ~~ Deformation functor, L ~ Defp,

is a well defined, functorial procedure explained in this section.

More precisely, we introduce (as in [44]) the deformation functor associated
to a differential graded Lie algebra and we prove in particular (Corollary 5.52)
that quasiisomorphic differential graded Lie algebras give isomorphic deforma-
tion functors: this is done in the framework of Schlessinger’s theory and extended
deformation functors.

We refer to [20] for a similar construction which associate to every DGLA
a deformation groupoid.

Some additional comments on this procedure will be done in Subsection 9;
for the moment we only point out that, for most deformation problems, the
correct DGLA is only defined up to quasiisomorphism and then the results of
this section are the necessary background for the whole theory.

In this section K will be a fixed field of characteristic 0. We assume that
the reader is familiar with basic concepts about Lie algebras and their represen-
tations [31], [33]; unless otherwise stated we allow the Lie algebras to be infinite
dimensional.
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5.1— Exponential and logarithm

For every associative K-algebra R we denote by Ry the associated Lie al-
gebra with bracket [a, b] = ad(a)b = ab— ba; the linear operator ad(a) € End(R)
is called the adjoint of a, the morphism ad: R;, — End(R) is a morphism of Lie
algebras. If I C R is an ideal then [ is also a Lie ideal of Ry

EXERCISE 5.1. Let R be an associative K-algebra, a,b € R, prove:

ad(a)"b = zn:(—w' C‘) a"ibal,

=0

2. If @ is nilpotent in R then also ad(a) is nilpotent in End(R) and

etd@)p .= Z —ad(a)"b =e%be .

n!
n>0

Let V be a fixed K-vector space and denote

With the natural notion of sum and Cauchy product P(V') becomes an associa-
tive K-algebra; the vector subspace

is an ideal, m(V)* = {377 v, } for every s and P(V) is complete for the m(V)-
o

vy, € ®"V} o~ ﬁ XR"V.

vy € ®”V} c P(V)

adic topology: this means that a series Z x; is convergent whenever z; € m(V)’
i=0
for every 1.
In particular, it is well defined the exponential

em(V) = E(V) :=14+m(V) = {1+§: vn|vn € Q"VIC P(V), € = i %7:
n=1 n=0

and the logarithm

o0
log: E(V) — m(V), log(1+ ) = Z ) 13;

n=1
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We note that E(V) is a multiplicative subgroup of the set of invertible elements
of P(V) (being >°.° ;™ the inverse of 1 — z, z € m(V)). It is well known that
exponential and logarithm are one the inverse of the other. Moreover if [x,y] =
zy —yx = 0 then e*™¥ = e%e¥ and log((1+ z)(1 +y)) = log(1 + z) + log(1 + y).

Every linear morphism of K-vector spaces f1:V — W induces a natural,
homogeneous and continuous homomorphism of K-algebras f: P(V) — P(W).
Tt is clear that f(m(V)) C m(W), f: E(V) — E(W) is a group homomorphism
and f commutes with the exponential and the logarithm.

Consider for instance the three homomorphisms

Ap,¢:P(V)—=PVaV)

induced respectively by the diagonal A (v) = (v,v), by p1(v) = (v,0) and by

q1(v) = (0,v).
We define

~

I(V)={z € P(V)|A(x) = p(x) +q(2)}, L(V)={z € P(V)| A(z)=p(x)q(x)}.
It is immediate to observe that V C 1(V) c m(V) and 1 € L(V) C E(V).

THEOREM 5.2. In the above notation we have:

1. I(V) is a Lie subalgebra of P(V)y.

2. L(V) is a multiplicative subgroup of E(V).

3. Let f1:V — W be a linear map and f: P(V) — P(W ) the induced algebra
homomorphism. Then f(I(V)) C (W) and f(L(V )) c L(W).

4. The exponential gives a bijection between 1(V) and L(V).

PRrROOF. We first note that for every n > 0 and every pair of vector spaces
U,W we have a canonical isomorphism

R (UaWw)= @(}(@iU ®R" W)
and therefore

PUaW) = H RU ®» R'W.

1,7=0
In particular for every x € P(U)@K Cc P(UeW),ye K@ P(W)cC P(UaW)
we have xy = yx. In our case, i.e. when U = W = V this implies that

p(x)q(y) = q(y)p(x) for every z,y € P(V).

I~

Let z,y € (V) then
A(lz,y]) = A(x)A(y) — A(y)Ax)
(
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If 2,y € L(V) then
Alyz™") = Ay)Alz) ™" = p(y)g(z)g(x) 'plz) ™" = plyz~")q(yz™")

and therefore yz—1 € L(V).

If P(VaV)— PW@W) is the algebra homomorphism induced by
e VeV = WaeW it is clear that Af = gA, pf = gp and ¢f = gq. This
implies immediately item 3.

If x € [(V) then the equalities

A(e?) = eA®) = p@)Fa@) — op(@) (@) — p(e)g(e?)
prove that e(lA( V) C ( ). Similarly if y € E(V) then
A(log(y)) = log(A(y)) = log(p(y)a(y)) =
(p(y)) +1og(q(y)) = p(log(y)) + q(log(y))
and therefore log(L(V)) C 1(V). 0

COROLLARY 5.3. For every vector space V' the binary operation
«1(V) x (V) = V), xxy =log(e”e?)

mduces a group structure on the Lie algebra ZA(V)
Moreover for every linear map fi1:V — W the induced morphism of Lie
algebras f: l( ) — l( ) is also a homomorphism of groups.

PROOF. Clear. 0

In the next sections we will give an explicit formula for the product * which
involves only the bracket of the Lie algebra I[(V ( ).

5.2 — Free Lie algebras and the Baker-Campbell-Hausdorff formula

Let V be a vector space over K, we denote by

(V) = EB K"V, T(V)= G>91®"V CT(V).
The tensor product 1nduce onT(V)a structure of unital associative algebra, the
natural embedding T'(V) € P(V) is a morphism of unitary algebras and T(V)
is the ideal T(V) N m(V). L
The algebra T'(V) is called tensor algebra generated by V and T'(V) is called
the reduced tensor algebra generated by V.

LEMMA 5.3.  Let V be a K-vector space and v:V = ®1V — T(V) the
natural inclusion. For every associative K -algebra R and every linear map
f:V = R there exists a unique homomorphism of K-algebras ¢:T(V) — R
such that f = ¢u.
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Proor. Clear. 0

DEFINITION 5.5. Let V be a K-vector space; the free Lie algebra generated
by V is the smallest Lie subalgebra [(V)) C T'(V), which contains V.

Equivalently (V') is the intersection of all the Lie subalgebras of T'(V'),
containing V.

For every integer n > 0 we denote by [(V),, C ®"V the linear subspace
generated by all the elements

[v1, [v2, [ -y [Vn—1,Un]]]]s n>0, v,...,0, V.

By definition I(V),, = [V,I(V),—1] and therefore @®,,50l(V), C (V). On the
other hand the Jacobi identity [[x,y], z] = [z, [y, 2]] — [y, [x, z]] implies that

Vs LV )] C [V UV )1 LV )] 4 UV ), [V UV )]

and therefore, by induction on n, [[(V),, [(V )] C UV )ntm.
As a consequence @,,~ol(V),, is a Lie subalgebra of [(V') and then

Dol (V) = 1(V), 1(V)p =1V)NQ"V.

Every morphism of vector spaces V' — W induce a morphism of algebras
T(V) — T(W) which restricts to a morphism of Lie algebras (V) — [(W).
The name free Lie algebra of (V) is motivated by the following universal

property:

Let V' be a vector space, H a Lie algebra and f:V — H a linear map. Then
there exists a unique homomorphism of Lie algebras ¢:1(V) — H which extends

1.

We will prove this property in Theorem 5.6.
Let H be a Lie algebra with bracket [,] and o1: V' — H a linear map.
Define recursively, for every n > 2, the linear map

on:@"V — H, on(v1 @ ...0v,) = [01(v1),0n-1(v2 @ ... @ vy,)].
For example, if V' = H and o is the identity then
On(V1 @ ...Qvy) = [v1, [V, [« -, [Un—1,0s]].]]-

THEOREM 5.6 (Dynkyn-Sprecht-Wever). In the notation above, the linear
map

00 o
o= Z TZZ(V) —H
n=1

1s the unique homomorphism of Lie algebras extending o .
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PROOF. The adjoint representation 6: V' — End(H), 0(v)z = [01(v), x] ex-
tends to a unique morphism of associative algebras 6: T(V) — End(H) by the
composition rule

O(v1 ®...Qvs)x =0(v1)0(v2)...0(vs)x.
We note that, if vy,... ,v,, w1, ... ,wy € V then
Ontm(V1 ® ... QU, QW1 Q... W) =0(v1 @ ... QV,)Tm(w Q... R wy).

Since every element of [(V') is a linear combination of homogeneous elements it
is sufficient to prove, by induction on n > 1, the following properties

[Ap) IEm <n, 2z € (V),, and y € [(V),, then o(xy — yz) = [o(x),0(y)].
[B,] Iftm <n,yel(V), and h € H then 6(y)h = [o(y), h].

The initial step n = 1 is straightforward, assume therefore n > 2.

[An—1+ Bn—1 = By] We can consider only the case m = n. The element y
is a linear combination of elements of the form ab—ba, a € V, b € I(V),—1 and,
using B, _1 we get

0(y)h = [o(a),0(b)h] — O(b)[o(a), h] = [o(a), [0(b), h]] — [o(b), [0(a), h].
Using A,,_1 we get therefore

0(y)h = [[o(a),o(b)], h] = [o(y), h].
B, = A,]

Tntm(2y — yz) = 0(2)on(y) — 0(y)om(z) = [0(x),0n(y)] = [0(y), om(2)]
=nlo(z),0(y)] —mlo(y), o(x)] = (n+m)o(x),0(y)].

Since [(V') is generated by V as a Lie algebra, the unicity of o follows. 0

COROLLARY 5.7. For every vector space V' the linear map
1
o T(V) = 1(V), o1 ®...0u,) = E[Ul’ [Vay [+ v s [Vn—1,0n]].]]

18 a projection.

ProoF. The identity on [(V) is the unique Lie homomorphism extending
the natural inclusion V — [(V). 0
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The linear map o defined in Corollary 5.7 extends naturally to a projector
o: P(V) — P(V). We have the following theorem

THEOREM 5.8 (Friedrichs). In the notation above

IV)={zeP(V)|o@@) =2} and 1(V)=T\V)NILV).

PROOF. The two equalities are equivalent, we will prove the second. We
have already seen that T'(V') and [(V') are Lie subalgebras of P(V), containing

V and then (V) Cc T(V)Ni(V).
Define the linear map

0:T(V)—=T(VaV), 0(z) = A(z) — p(x) — q(=).
By definition T(V) N1(V) = ker§ and we need to prove that if §(z) = 0 for
some homogeneous = then x € I(V'). For later computation we point out that,
under the identification T(V @ V) = T(V) @ T(V), for every monomial [, z;
with x; € ker § we have

In particular if 2 € T(V) then §(x) is the natural projection of A(z) onto the
subspace @ X'V @ ®’V.
4,521

Let {y;|i € Z} be a fixed homogencous basis of (V). We can find a total
ordering on the set Z such that if y; € {(V),, y; € (V). and n < m then i < j.
For every index h € Z we denote by J, C T(V) the ideal generated by y? and
the y;’s for every i > h, then Jj is a homogeneous ideal and yp, & Jp.

A standard monomial is a monomial of the form y = y;,vi, ...y, with
i1 < ... < 4. The external degree of the above standard monomial y is by
definition the positive integer h.

Since y;y; = yjYi + Y_p anyn, an € K, the standard monomials generate
T(V) as a vector space and the standard monomials of external degree 1 are a
basis of (V).

CrAaM 5.9. For every n > 0 the following hold:

1. The image under § of the standard monomials of external degree h with
2 < h < n are linearly independent.
2. The standard monomials of external degree < n are linearly independent.
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PrROOF OF CLAIM. Since the standard monomials of external degree 1 are
linearly independent and contained in the kernel of § it is immediate to see the
implication [1 = 2].

We prove [1] by induction on 7, being the statement true for n = 1.

Consider a nontrivial, finite linear combination l.c. of standard monomials
of external degree > 2 and < n. There exists an index h € Z such that we
can write l.c. = z + Z?:l yiwi, where z, w; are linear combination of standard
monomials in y;, j > h and at least one of the wj; is non trivial. If we consider
the composition ¢ of §: T(V) - T(V @ V) =T(V)®T(V) with the projection
TWVYT(V)—=TV)/J,@T(V) we have

n n
d(l.c) = iyn @y wi = yn ® Y iyh wie
=1 i=1

Since >, iy;‘lflwi is a nontrivial linear combination of standard monomials
of external degrees < m — 1, by inductive assumption, it is different from 0 on
T(V). 0

From the claim follows immediately that the kernel of § is generated by the
standard monomials of degree 1 and therefore ker § = [(V). 0

EXERCISE 5.10. Let x1, ... ,x,,y be linearly independent vectors in a vector
space V. Prove that the n! vectors

O—n+1(x7-(1) s xT(n)y)7 T € Y,

are linearly independent in the free Lie algebra (V).

(Hint: Let W be a vector space with basis eg,...,e, and consider the
subalgebra A C End(W) generated by the endomorphisms ¢, ... , ¢n, ¢i(e;) =
dijei—1. Take a suitable morphisms of Lie algebras [(V) — A& W)

~

Our main use of the projection o: P(V) — [(V') consists in the proof of the
X

an explicit description of the product : [(V) x [(V) — L(V)).

THEOREM 5.11 (Baker-Campbell-Hausdorff formula).  For every a,b €
(V) we have

(i:(pz + qz))

i=1

n—1
ol g @ ad®) - ad(b)® b,

-1 n—1
ev=y - Y
n
n>0 p1+¢1>0
Prntqn>0

o~

In particular a b — a — b belongs to the Lie ideal of (V') generated by [a,b].
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PROOF. Use the formula of the statement to define momentarily a binary

operator @ on [(V); we want to prove that e = x.
Consider first the case a,b € V, in this situation

a*b:glog(eaeb)za (Z$ ( Z apbfl) ) =

1)
n>0 p+q>0 P:q:

. Z(—li"—l s e |

lagq) lg. !

p1:qi:-..PnGn-:
n>0 P1+q1>0-
Pn+qn>0

(—1)n—1 1 o (aPrb? ... aPrbin) =
:ZT > m S PR mi= (pi+a).
n>0 P1+q1>0 Prqt - Pnin: i=1

Pntqn>0

The elimination of the operators o, gives

(i(pi + Qi)>

i=1

pl!q1! .. pn|qnl ad(a’)plad(b)ql . ad(b)q'"flb.

-1 n—1
anb=Y L= Y
n
n>0 p1+q1>0
Pntqn>0

o~

Choose a vector space H and a surjective linear map H — [(V), its composition

o~

with the inclusion {(V) € m(V) C P(V) extends to a continuous morphism of

~

associative algebras ¢: P(H) — P(V); since I(V) is a Lie subalgebra of P(V') we
have q(I(H),,) C (V) for every n and then ¢(I(H)) C I(V). Being ¢: [(H) — (V)
a morphism of Lie algebras, we have that ¢ commutes with e.

On the other hand ¢ also commutes with exponential and logarithms and

therefore ¢ commutes with the product *. Since x = : H x H — I(H) the proof
is done. U

The first terms of the Baker-Campbell-Hausdorff formula are:

1 1 1
axb=a+b+ 5[a,b]+§[a,[a,b]]fE[b,[b,a]]Jr...
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5.3 — Nilpotent Lie algebras

We recall that every Lie algebra L has a wuniversal enveloping algebra U
characterized by the properties [31, 17.2], [33, Ch. V]:

1. U is an associative algebra and there exists an injective morphism of Lie
algebras i: L — Uyp,.

2. For every associative algebra R and every morphism f:L — Ry of Lie
algebras there exists a unique morphism of associative algebras ¢g:U — R
such that f = gi.

A concrete exhibition of the universal enveloping algebra is given by U = T( )/1,
where T is the ideal generated by all the elements a @ b —b® a — [a,b], a,b € L.
The only non trivial condition to check is the injectivity of the natural map
L — U. This is usually proved using the well known Poincaré-Birkhoff-Witt’s
theorem [33, Ch. V].

EXERCISE 5.12. Prove that, for every vector space V', T'(V') is the universal
enveloping algebra of I(V).

DEFINITION 5.13. The lower central series of a Lie algebra L is defined
recursively by L' = L, L1 = [L, L"].
A Lie algebra L is called nilpotent if L™ = 0 for n > 0.

It is clear that if L is a nilpotent Lie algebra then the adjoint operator
ad(a) = [a,—]: L — L is nilpotent for every a € L. According to Engel’s theorem
[31, 3.2] the converse is true if L is finite dimensional.

EXAMPLE 5.14. It is immediate from the construction that the lower central
series of the free Lie algebra (V) C T'(V) is (V)™ = @l( ) =1UV)N @@lV

If V is a nilpotent Lie algebra, then the Baker- Campbell Hausdorff_formula
defines a product V x V-5V,

(Z(Pz + CIZ)>

=1
pilgi!. . pnlan!

ad(a)P*ad(b)? .. .ad(a)P"ad(b)? 1.

-1 n—1
asb=y EUT
n
n>0 p1+q1>0
Pntqn>0

It is clear from the definition that the product * commutes with every mor-
phism of nilpotent Lie algebra. The identity on V induce a morphism of Lie
algebras m:1(V) — V such that 7(I(V'),) = 0 for n > 0; this implies that 7 can
be extended to a morphism of Lie algebras W:lA(V) - V.

ProPOSITION 5.15.  The Baker-Campbell-Hausdorff product * induces a
group structure on every nilpotent Lie algebras V.
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~

PROOF. The morphism of Lie algebras m: (V) — V is surjective and com-
mutes with *. 0

It is customary to denote by exp(V) the group (V,#). Equivalently it is
possible to define exp(V') as the set of formal symbols eV, v € V| endowed with
the group structure e’e” = e"*™.

EXAMPLE 5.16. Assume that V. C M = M (n,n,K) is the Lie subalgebra
of strictly upper triangular matrices. Since the product of n matrices of V is
always equal to 0, the inclusion V' — M extends to a morphism of associative
algebras ¢: P(V') — M and the morphism

¢rexp(V) = GL(n,K),  ¢(e?)=> % € GL(n,K).
i=0

is a homomorphism of groups.
The above example can be generalized in the following way

EXAMPLE 5.17. Let R be an associative unitary K-algebra, R* C R the
multiplicative group of invertible elements and N C R a nilpotent subalgebra
(i.e. N™ =0 for n > 0).

Let V be a nilpotent Lie algebra and £&: V' — N C R a representation. This
means that &V — N is a morphism of Lie algebras.

Denoting by 2: V<—=U the universal enveloping algebra, we have a commuta-
tive diagram

w) = v -5 N

I A

TvV) % v % R

where 7, £ are morphisms of Lie algebras and 7,9 homomorphisms of algebras.
Since the image of the composition ¢ = ¥n is contained in the nilpotent subal-
gebra N the above diagram extends to

(V) — P(V)
| !
3
Vv — R
with ¢ homomorphism of associative algebras. If f € N it makes sense its
exponential e/ € R. For every v € V we have (") = ¢(e¥) and for every
z,yeV

e£(@) p&y) — (%) p(e¥) = p(e®e?) = p(e™*Y) = efl@xy).

The same assertion can be stated by saying that the exponential map eé: (V, %) =
exp(V) — R* is a homomorphism of groups.



88 MARCO MANETTI [88]

5.4 — Differential graded Lie algebras

DEFINITION 5.18. A differential graded Lie algebra (DGLA ) (L, [,], d) is the
data of a Z-graded vector space L = @;cz L’ together a bilinear bracket [,]: L x
L — L and a linear map d € Hom' (L, L) satisfying the following condition:

1. [, ] is homogeneous skewsymmetric: this means [L*, L’] C L**/ and [a, b] +
(=1)%[b,a] = 0 for every a, b homogeneous.
2. Every triple of homogeneous elements a,b, ¢ satisfies the (graded) Jacobi
identity B
[a’> [b7 C]] = [[aa b]a C] + (_1)ab[b7 [a’7 CH
3. d(L) C L'*, dod = 0 and d[a,b] = [da,b] + (—1)%[a,db]. The map d is
called the differential of L.

EXERCISE 5.19. Let L = &L’ be a DGLA and a € L

1. If ¢ is even then [a,a] = 0.

1
2. If i is odd then [a, [a, b]] = 5[[@, al, b] for every b € L and [[a, a],a] = 0.

EXAMPLE 5.20. If L = ®L is a DGLA then L° is a Lie algebra in the usual
sense. Conversely, every Lie algebra can be considered as a DGLA concentrated
in degree 0.

EXAMPLE 5.21. Let (A,da), A = ®A;, be a dg-algebra over K and (L, dy,),
L =L’ a DGLA.
Then L ®k A has a natural structure of DGLA by setting:

(Log A)" = &(L' @k An_i),
dz®a)=dr@a+ (—-1)"z®@daa, [r®a,y®b =(-1)"Y[z,y] @ ab.

ExaMpPLE 5.22. Let E be a holomorphic vector bundle on a complex
manifold M. We may define a DGLA L = @©LP, [P = T'(M, A% (&nd(E)))
with the Dolbeault differential and the natural bracket. More precisely if e, g
are local holomorphic sections of &nd(E) and ¢, differential forms we define
d(ge) = (99)e, [pe,1hg] =  Ale, g.

EXAMPLE 5.23. Let (F*,d) be a sheaf of dg-algebras on a topological
space; the space Der” (F*, F*) is a DGLA with bracket [f,g] = fg — (=1)f9gf
and differential 6(f) = [d, f].

DEFINITION 5.24. We shall say that a DGLA L is adg-nilpotent if for every
i the image of the adjoint action ad : LY — End(L?) is contained in a nilpotent
(associative) subalgebra.
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EXERCISE 5.25.

1) Every nilpotent DGLA (i.e. a DGLA whose descending central series is
definitively trivial) is adp-nilpotent.

2) If L is adg-nilpotent then L° is a nilpotent Lie algebra.

3) The converses of 1) and 2) are generally false.

DEFINITION 5.26. A linear map f: L — L is called a derivation of degree
n if f(L*) C L**™ and satisfies the graded Leibnitz rule f([a,b]) = [f(a),b] +
(=1)"[a, f(b)].

We note that the Jacobi identity is equivalent to the assertion that, if a € L?
then ad(a): L — L, ad(a)(b) = [a, b], is a derivation of degree i. The differential
d is a derivation of degree 1.

By following the standard notation we denote by Z*(L) = ker(d: L* — L*+1),
BY(L) =TIm(d: L'~ — L%), H(L) = Z(L)/B*(L).

DEFINITION 5.27. The Maurer-Cartan equation (also called the deformation
equation) of a DGLA L is

1
da—&—i[a,a}:O, ac L.

The solutions M C(L) C L* of the Maurer-Cartan equation are called the Maurer-
Cartan elements of the DGLA L.

There is an obvious notion of morphisms of DGLAs; we denote by DGLA
the category of differential graded Lie algebras.

Every morphism of DGLAs induces a morphism between cohomology groups.
It is moreover clear that morphisms of DGLAs preserve the solutions of the
Maurer-Cartan equation.

A quasiisomorphism of DGLAs is a morphism inducing isomorphisms in
cohomology. Two DGLA’s are quasiisomorphic if they are equivalent under the
equivalence relation generated by quasiisomorphisms.

The cohomology of a DGLA is itself a differential graded Lie algebra with
the induced bracket and zero differential:

DEFINITION 5.28. A DGLA L is called Formal if it is quasiisomorphic to
its cohomology DGLA H*(L).

EXERCISE 5.29. Let D: L — L be a derivation, then the kernel of D is a
graded Lie subalgebra.

ExaMPLE 5.30. Let (L,d) be a DGLA and denote Deri(L,L)A the space
of derivations f: L — L of degree i. The space Der*(L,L) = @;Der*(L, L) is a
DGLA with bracket [f,g] = fg — (—1)79gf and differential 6(f) = [d, f].

For a better understanding of some of next topics it is useful to consider the
following functorial construction. Given a DGLA (L, [,],d) we can construct a
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new DGLA (L',[,],d’) by setting (L") = L* for every i # 1, (L')! = L' §Kd
(here d is considered as a formal symbol of degree 1) with the bracket and the
differential

[a+vd,b+wd] = [a,b] +vd(b)+(—1)*wd(a), d'(a+vd) = [d,a+vd] = d(a).

The natural inclusion L C L’ is a morphism of DGLA; for a better under-
standing of the Maurer-Cartan equation it is convenient to consider the affine
embedding ¢: L' — (L')!, ¢(a) = a + d. For an element a € L' we have

A(a) + Jlaa =0 = [pla) 6(a)} =0,

Let’s now introduce the notion of gauge action on the Maurer-Cartan ele-
ments of an adp-nilpotent DGLA. Note that [L°, L' ® Kd] C L'; in particular if
L is adg-nilpotent then also L’ is ady-nilpotent.

Given an adp-nilpotent DGLA N, the exponential of the adjoint action gives
homomorphisms of groups

exp(N®) = (N, %) — GL(N?), e s 1), ieZ

where * is the product given by the Baker-Campbell-Hausdorff formula.
These homomorphisms induce actions of the group exp(N?) onto the vector
spaces N? given by
a a a 1 n
eh = e a)p = Z Had(a) ().

n>0

LEMMA 5.31. In the above notation, if W is a linear subspace of N' and
[N, Ni] C W then the exponential adjoint action preserves the affine subspaces
v+ W, veEN;.

PROOF. Let a € N°, v € N*, w € W, then

Cvtw)=v+ Yy %ad(a)“*l([am]) + Y —ad(a)"(w). 0

. n.
n>1 n>0

LEMMA 5.32.  In the above notation the exponential adjoint action pre-
serves the quadratic cone Z = {v € N |[v,v] = 0}.
For everyv € Z andu € N~! the element exp([u, v]) belongs to the stabilizer

of v.
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PRrROOF. By Jacobi identity 2[v,[a,v]] = —2[v,[v,a]] = [a, [v,v]] for every
aec N° ve N

Let a € NY be a fixed element, for every u € N! define the polynomial
function F,: K — N2 by

Fu(t) — p—ad(ta) [ead(ta)u7 ead(ta)u].

For every s,t € K, if v = e®¥(5%9)q; then

oF,

Fu(t+5) = e F,(),  —2(0) = —[a, [v, ] + 2[v, [a, 0] = 0

oF,

—sa af%
(%) = ¢d(=30), 22 (0) = 0.

ot

Since the field K has characteristic 0 every function F, is constant, proving the
invariance of Z.

If u € N7! and v € Z, then by Jacobi identity [[u,v],v] = ad([u,v])v =0
and then exp([u, v])v = v. 0

If L is an adp-nilpotent DGLA then 5.31 and 5.32 can be applied to N = L.
Via the affine embedding ¢: L' — (L')!, the exponential of the adjoint action on
L' induces the so called Gauge action of exp(L®) over the set of solution of the
Maurer-Cartan equation, given explicitly by

expla)(w) = 67 (¢ Do(w)) = 3 - ad(a) (w) ~ 3 ad(a)" (da) =

n>0 n>1

B ad(a)™
=w+ HZZO ot D) (Ja, w] — da).

REMARK 5.33. If w is a solution of the Maurer-Cartan equation and u €
L~ then [w,u] + du = [w + d,u] € L° belongs to the stabilizer of w under the
gauge action.

For every a € L%, w € L, the polynomial v(t) = exp(ta)(w) € L' @ K[t] is
the solution of the “Cauchy problem”

DO~ o 7(0)] — da

Y(0) =w.
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5.5 — Functors of Artin rings
5-A. Basic definitions
We denote by:

e Set the category of sets in a fixed universe; we also make the choice of a
fixed set {0} € Set of cardinality 1.

e Grp the category of groups.

e Artg the category of local Artinian K-algebras with residue field K (with
as morphisms the local homomorphisms). If A € Artk, we will denote by
my its maximal ideal.

A small extension e in Artg is an exact sequence of abelian groups
e: 0—M-B-2yA—0

such that B-2+ A is a morphism in Artg and kerp = i(M) is annihilated by the
maximal ideal of B (that is, as a B-module it is a K-vector space).

Given a surjective morphism B — A in Artg with kernel J, there exists a
sequence of small extensions

04*‘“%J/m’éHJHB/m%HJ‘*B/m%JHO, n > 0.

Since, by Nakayama’s lemma, there exists ng € N such that m%J = 0 for every
n > ng we get that every surjective morphism is Artg is the composition of a
finite number of small extensions.

DEFINITION 5.34. A Functor of Artin ringsis a covariant functor F': Artg —
Set such that F(K) ~ {0}.

ExampLE 5.35. If V is a K-vector space we may interpret V as a functor
of Artin rings V: Artg — Set, V(4) =V @k my. If V =0 we get the trivial
functor 0: Artg — Set.

The functors of Artin rings are the object of a new category whose mor-
phisms are the natural transformation of functors. A natural transformation
n: F — G is an isomorphism if and only if n(A4): F(A) — G(A) is bijective for
every A € Artg.

DEFINITION 5.36. Let F,G: Artg — Set be two functors of Artin rings
and 7: FF — G a natural transformation; 7 is called smooth if for every small

extension
0—M—B-24-—0

the map
(n,p): F(B) = G(B) xg(a) F(A)

is surjective.
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A functor of Artin rings F' is called smooth if the morphism F' — 0 is smooth.

EXERCISE 5.37. F: Artxg — Set is smooth if and only if for every surjective
morphism B — A is Artg, the map F(B) — F(A) is also surjective.

If V' is a vector space then V is smooth as a functor of Artin rings (cf.
Example 5.35).

EXERCISE 5.38. Let R be an analytic algebra and let hr: Artc — Set be
the functor of Artin rings defined by hr(A) = Moran(R, A).
Prove that hp is smooth if and only if R is smooth.

ExaAMPLE 5.39. Let My be a compact complex manifold and define for
every A € Artc

Defar, (A) = Defar, (Ox,0) = Defar, (X, 0)

where (X,0) = Spec(A) is a fat point such that Ox o = A; since it is always
possible to write A as a quotient of C{zy,...,z,} for some n > 0, such a fat
point (X,0) always exists. According to 3.12 the isomorphism class of (X, 0)
depends only on A.

Every morphism Ox o — Oy, in Artc is induced by a unique morphism
(Y,0) — (X,0). The pull-back of infinitesimal deformations gives a morphism
Defp, (X,0) — Defyy, (Y,0). Therefore Defyy,: Arte — Set is a functor of Artin
rings.

DEFINITION 5.40. The tangent space to a functor of Artin rings F': Artg —
Set is by definition

W:F<%%>:ﬂK@K¢ e =0.

EXERCISE 5.41. Prove that, for every analytic algebra R there exists a
natural isomorphism ¢, = Derc(R, C) (see Exercise 5.38).

5-B. Automorphisms functor

In this section every tensor product is intended over K, i.e ® = @k . Let
S—5R be a morphism of graded K-algebras, for every A € Artg we have
natural morphisms S ® A—+R ® A and R ®x AR, p(x ® a) = xa, where
a € K is the class of @ in the residue field of A.

LEMMA 5.42. Given A € Artg and a commutative diagram of morphisms
of graded K -algebras
S®A—>R®A
e
« p
R A——=R

we have that [ is an isomorphism and f(R® J) C R® J for every ideal J C A.
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PROOF. f is a morphism of graded A-algebras, in particular for every ideal
JCA f(ReJ)CJf(R® A) C R® J. In particular, if B = A/J, then f
induces a morphism of graded B-algebras f: R® B — R® B.

We claim that if my4.J = 0 then f is the identity on R ® J; in fact for every
TER, fr®l)—x®@1€kerp=RR@m4 and then if j € J, z € R.

fa@j)=jfeel)=2@j+j(f@®l)—201)=2®].

Now we prove the lemma by induction on n = dimg A, being f the identity for
n=1. Let
0—J—A—B—0

be a small extension with J # 0. Then we have a commutative diagram with

exact rows
0—R®J—R®A—R® B—0

RO
0—R®J—R®A—R® B—0

By induction f is an isomorphism and by snake lemma also f is an isomor-
phism. 0

DEFINITION 5.43. For every A € Artg let Autg/g(A) be the set of com-
mutative diagrams of graded K-algebra morphisms

SRA——R®A

-

R®A—R

According to Lemma 5.42 Autg,s is a functor from the category Artx to
the category of groups Grp. Here we consider Autg,g as a functor of Artin rings
(just forgetting the group structure).

Let Der%(R, R) be the space of S-derivations R — R of degree 0. If A €
Artg and J C my is an ideal then, since dimg J < oo there exist natural
isomorphisms

Der$(R,R) ® J = Derg(R,R® J) = Dergy ,(R® A, R® J),
where d = Y, d; ® j; € Der%(R, R) ® J corresponds to the S ® A-derivation

ER®OAR®JCR®A,  dz®a) =) diz)® ja.
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For every d € Dergy 4 (R® A, R® A) denote d” = do...od the iterated compo-
sition of d with itself n times. The generalized Leibnitz rule gives

n

n .
d” —_ % n—1 )
(uv) Z<Z>d(u)d (v), u,veE RRA
=0
Note in particular that if d Der%(R7 R) ® my then d is a nilpotent endomor-
phism of R ® A and
dn
d _
e = Z H

n>0

is a morphism of K-algebras belonging to Autg,g(A).
PROPOSITION 5.44. For every A € Artg the exponential
exp: Der%(R, R) @ my — Autg,s(A)
s a bijection.

ProoF. This is obvious if A = K; by induction on the dimension of A we
may assume that there exists a nontrivial small extension

0—J—A—B—0

such that exp: Der$(R, R) @ mp — Autp,g(B) is bijective.

We first note that if d € Der(R, R) @ ma, h € Der%(R, R) ® J then d'hi =
hid* = 0 whenever j > 0, j +i > 2 and then e?*" = e? 4 h; this easily implies
that exp is injective.

Conversely take a f € Autg/g(A); by the inductive assumption there exists
d € Der% (R, R)®my such that f = ed € Autg,/s(B); denote h = f—et: R9 A —
R®.J. Since h(ab) = f(a)f(b)—et(a)et(b) = h(a)f(b)+et(a)h(b) = h(a)b+ah(b)
we have that h € Der%(R, R) ® J and then f = edt", 0

The same argument works also if S — R is a morphism of sheaves of graded
K -algebras over a topological space and Der3(R, R), Autg /s (A) are respectively
the vector space of S-derivations of degree 0 of R and the S @ A-algebra auto-
morphisms of R ® A lifting the identity on R.

EXAMPLE 5.45. Let M be a complex manifold, R = A?V’[*, S = ﬁjw Accord-
ing to Proposition 4.24 Der(R, R) = T'(M, A%°(T);)) and then the exponential
gives isomorphisms

exp: T(M, A% (Tyr)) @ ma — Autpg,s(A).

Since exp is clearly functorial in A, interpreting the vector space I'(M,A%°(Ty,)) as
a functor (Example 5.35), we have an isomorphism of functors exp: (M, A% (T, )) —
AutR/S.
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5-C. The exponential functor

Let L be a Lie algebra over K, V' a K-vector space and &: L — End(V) a
representation of L.

For every A € Artg the morphism £ can be extended naturally to a mor-
phism of Lie algebras : L ® A — Enda(V ® A). Taking the exponential we get
a functorial map

exp(§): L@®my = GLA(V ® A),  exp(§)(z) =€) =" %LI,
i=0

where G L4 denotes the group of A-linear invertible morphisms.
Note that exp(¢)(—z) = (exp(€)(z))~1. If € is injective then also exp(€) is
injective (easy exercise).

THEOREM 5.46. In the notation above the image of exp(§) is a sub-
group. More precisely for every a,b € L @ mu there exists c € L @ ma such that
@) = ¢€(©) 4nd a 4+ b — ¢ belong to the Lie ideal of L @ my generated by
[a, b].

PROOF. This is an immediate consequence of the Campbell-Baker-Hausdorff
formula. 0
In the above notation denote P = End(V') and let ad(§): L — End(P) be
the adjoint representation of &,
ad(§)(z)f = [£(2), f] = £(2) f — f&(2).

Then for every a € L&my, f € Enda(V®A) = P® A we have (cf. Exercise 5.1,

31, 2.3])
(ad©)(@) f — (£(@) po—t(a),

5.6 — Deformation functors associated to a DGLA
Let L = ®L be a DGLA over K, we can define the following three functors:

1. The Gauge functor Gr: Arty — Grp, defined by G (A) = exp(L° @ m4).
It is immediate to see that G, is smooth.
2. The Maurer-Cartan functor MCp: Artx — Set defined by

MCL(A)=MC(Lemy) = {x cL'®@my

d:n—i—%[x,w] —0}.

3. The gauge action of the group exp(L’ @ m4) on the set MC(L ® mu) is
functorial in A and gives an action of the group functor G, over MCp. We
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call Def;, = MCyp, /Gy, the corresponding quotient. By definition Defr,(A) =
MCL(A)/GL(A) for every A € Artg.

The functor Defy, is called the deformation functor associated to the DGLA
L.

The reader should make attention to the difference between the deformation
functor Defy, associated to a DGLA L and the functor of deformations of a
DGLA L.

PROPOSITION 5.47. Let L = ®L" be a DGLA. If[L*, L')NZ*(L) C B%(L)
(e.g. if H*(L) = 0) then MCy, and Def;, are smooth functors.

ProOF. It is sufficient to prove that for every small extension
0—J—A-"3B—0

the map MC(L @ my)—+MC(L ® mp) is surjective.

Given y € L' ® mp such that dy + [y, y] = 0 we first choose 2 € L' @ my
such that a(z) = y; we need to prove that there exists 2 € L' ® J such that
r—z€MC(L®@my).

1
Denote h = dzx + §[x,x] € L? ® J; we have

dh = d*z + [dx,z] = [h,z] — %[[:c,:c],:c]

Since [L? @ J, L' ® ma] = 0 we have [h, z] = 0, by Jacobi identity [[x,z],z] = 0
and then dh =0, h € Z*(L) @ J.

On the other hand h € ([L', L'] + B?(L)) ® my4, using the assumption of
the Proposition h € (B%(L) ® m4) N L? ® J and then there exist z € L' @ my
such that dz = h.

Since Z'(L)®ma — Z'(L)®mp is surjective it is possible to take z € L'®J:
it is now immediate to observe that x —z € MC(L ®@ my4). 0

EXERCISE 5.48. Prove that if MCy, is smooth then [Z', Z'] C B2

PROPOSITION 5.49. If L®my is abelian then Defr(A) = HY(L)®@ma. In
particular tper, = H'(L) @ Ke, €2 = 0.

PRrOOF. The Maurer-Cartan equation reduces to dz =0 and then M Cp(A)=
ZHL)®@ma. Ifa€ L°®@my and x € L' ® m4 we have

B ad(a)" B
exp(a)x—x—knzz:o( +1)!([a7m]—da)—x—da
_ Zl(L)®mA

and then Def(A) = A0 @ my) =HY L) ®@my. 0
A
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EXERCISE 5.50. If [Z1, Z1] = 0 then MCL(A) = Z! @ m4 for every A.

It is clear that every morphism a: L — N of DGLA induces morphisms
of functors G, — Gy, MC; — MCy. These morphisms are compatible with
the gauge actions and therefore induce a morphism between the deformation
functors Def,,: Def;, — Defjy.

The following Theorem 5.51 (together its Corollary 5.52) is sometimes called
the basic theorem of deformation theory. For the clarity of exposition the (non-
trivial) proof of 5.51 is postponed at the end of Subsection 8.

THEOREM b5.51. Let ¢: L — N be a morphism of differential graded Lie
algebras and denote by H'(¢): H' (L) — H'(N) the induced maps in cohomology.

1. If HY(¢) is surjective and H?(¢) injective then the morphism Defy: Def, —
Defy is smooth.

2. If HO(¢) is surjective, H'(¢) is bijective and H?(¢) is injective then Defy:
Def;, — Defy is an isomorphism.

COROLLARY 5.52. Let L — N be a quasiisomorphism of DGLA. Then the
induced morphism Def;, — Defy is an isomorphism.

EXERCISE 5.53. Let L be a formal DGLA, then Defy, is smooth if and only
if the induced bracket [, |: H' x H — H? is zero.

EXAMPLE 5.54. Let L = ®L’ be a DGLA and choose a vector space
decomposition N!' @ BY(L) = L.

Consider the DGLA N = ®N? where N* = 0if i < 1 and N* = L? if
i > 1 with the differential and bracket induced by L. The natural inclusion
N — L gives isomorphisms H*(N) — H'(L) for every i > 1. In particular the
morphism Defy — Defy, is smooth and induce an isomorphism on tangent spaces
tpety = tDefy -

Beware. One of the most frequent wrong interpretations of Corollary 5.52
asserts that if L — N is a quasiisomorphism of nilpotent DGLA then MC(L)/
exp(L) — MC(N)/exp(N?) is a bijection. This is false in general: consider
for instance L = 0 and N = &N’ with N* = C for i = 1,2, N* = 0 for i # 1,2,
d: N1 — N? the identity and [a,b] = ab for a,b € N' = C.

Let Ty be the holomorphic tangent bundle of a complex manifold M. The
Kodaira-Spencer DGLA is defined as

KS(M)=aoKS(M)?,  KS(M)? =T(M, A% (Ty))
with the Dolbeault differential and the bracket (cf. Proposition 4.24)

[¢d§], ¢d5J] = [¢7 ,(/)]dzl A dZJ
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for ¢, € A%°(Ty), I,J C {1,...,n} and 2, ..., z, local holomorphic coordi-
nates.

THEOREM 5.55.  Let L = KS(My) be the Kodaira-Spencer differential
graded Lie algebra of a compact complexr manifold My. Then there exists an
1somorphism of functors

DefMO = DefL.

PRrROOF. Fix A € Artc, according to Propositions 4.24 and 5.44 the expo-
nential

exp: L’® ma = I'(Mo, AO’O(TMO)) Rmy — AUtAo,*/ﬁ* (4)

is an isomorphism.
Therefore Defyy, is the quotient of

1
MCL(A) = {77 € T(Mo, A% (Tasy ) @ ma | I+ 5[] = 0} ,
by the equivalence relation ~, given by n ~ p if and only if there exists a €
LY @ m4 such that

I+ p=e"(@+ne = e (D +n)

or, equivalently, if and only if ¢(u) = e*¥@ ¢ (n), where ¢ is the affine embedding
defined above.

Keeping in mind the definition of the gauge action on the Maurer-Cartan
elements we get immediately that this equivalence relation on M Cp,(A) is exactly
the one induced by the gauge action of exp(L ® my). 0

COROLLARY 5.56. Let My be a compact complex manifold. If either
H?(Mqy, Tar,) = 0 or its Kodaira-Spencer DGLA KS(My) is quasiisomorphic to
an abelian DGLA, then Defy, is smooth.

5.7 — Extended deformation functors (EDF)

We will always work over a fixed field K of characteristic 0. All vector
spaces, linear maps, algebras, tensor products etc. are understood of being over
K, unless otherwise specified.

We denote by:

e NA the category of all differential Z-graded associative (graded)-commuta-
tive nilpotent finite dimensional K -algebras.

e By NA N DG we denote the full subcategory of A € NA with trivial
multiplication, i.e. A% = 0.
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In other words an object in NA is a finite dimensional complex A = §A; € DG
endowed with a structure of dg-algebra such that A™ = AA... A =0 for n> 0.
Note that if A = Ay is concentrated in degree 0, then A € NA if and only if A
is the maximal ideal of a local artinian K -algebra with residue field K.

If A€ NA and I C A is a differential ideal, then also I € NA and the
inclusion I — A is a morphism of dg-algebras.

DEFINITION 5.57. A small extension in NA is a short exact sequence in
DG
0—I—A"B—0

such that « is a morphism in NA and [ is an ideal of A such that Al = 0; in
addition it is called acyclic if I is an acyclic complex, or equivalently if « is a
quasiisomorphism.

EXERCISE 5.58.

e Every surjective morphism A—"+B in the category NA is the composition
of a finite number of small extensions.

o If A" B is a surjective quasiisomorphism in NA and A; = 0 for every i > 0
then « is the composition of a finite number of acyclic small extensions. This
is generally false if A; # 0 for some i > 0.

DEFINITION 5.59. A covariant functor F: NA — Set is called a predefor-
mation functor if the following conditions are satisfied:

1. F(0) = 0 is the one-point set.
2. For every pair of morphisms a: A — C, 3: B — C' in NA consider the map

nF(A X B) — F(A) XF(C) F(B)

Then:
(a) 7 is surjective when « is surjective.
(b) n is bijective when « is surjective and C € NA N DG is an acyclic
complex.
3. For every acyclic small extension

0—I—A—B—0
the induced map : F(A) — F(B) is surjective.

If we consider the above definition for a functor defined only for algebras
concentrated in degree 0, then condition 3 is empty, while conditions 1 and 2 are
essentially the classical Schlessinger’s conditions [67], [13], [52].

LEMMA 5.60. For a covariant functor F:NA — Set with F'(0) = 0 it is
sufficient to check condition 2.b of definition 5.59 when C = 0 and when B =0
separately.
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PROOF. Follows immediately from the equality

AxcB=(AxB)xc0

where A-25C, B-25C are as in 2b of 5.59 and the fibred product on the right
comes from the morphism A x B — C, (a,b) — a(a) — 5(b). 0

DEFINITION 5.61. A predeformation functor F:NA — Set is called a
deformation functor if F(I) = 0 for every acyclic complex I € NANDG.

The predeformation functors (resp.: deformation functors) together their
natural transformations form a category which we denote by PreDef (resp.:
Def).

LEMMA 5.62. Let F:NA — Set be a deformation functor. Then:

1. For every acyclic small extension
0—I—A—B—0

the induced map : F(A) — F(B) is bijective.
2. For every pair of complexes I,J € NA N DG and every pair of homotopic
morphisms f,g: I — J, we have F(f) = F(g): F(I) = F(J).

PrOOF. We need to prove that for every acyclic small extension

0—I—A23B—0

the diagonal map F(A) — F(A) xp(p) F'(A) is surjective; in order to prove this
it is sufficient to prove that the diagonal map A — A xp A induces a surjective
map F'(A) — F(AxpA). We have a canonical isomorphism 6: Ax I — Axp A,
O(a,z) = (a,a + z) which sends A x {0} onto the diagonal; since F((A x I) =
F(A) x F(I) = F(A) the proof of item 1 is concluded.

For item 2, we can write I = I° x I, J = J% x J!, with d(1°) = d(J°) =0
and I', J' acyclic. Then the inclusion I°—=T1 and the projection J-25J° induce
bijections F(1°) = F(I), F(J°) = F(J). It is now sufficient to note that pfi =
pgi: 10 — JO. U
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A standard argument in Schlessinger’s theory [67, 2.10] shows that for ev-
ery predeformation functor F' and every A € NA N DG there exists a natural
structure of vector space on F(A), where the sum and the scalar multiplication
are described by the maps

Ax A5 A = F(AxA) =F(A) x F(A)-5F(A)
seK, A3A = F(A)-5F(A)

We left as an exercise to check that the vector space axioms are satisfied; if
A — B is a morphism in NA N DG then the commutativity of the diagrams

Ax AT5A A5 A
|l ] ] sex
Bx BB B-%B

shows that F(A) — F(B) is K-linear. Similarly if 7' — G is a natural trans-
formations of predeformation functors, the map F(A) — G(A) is K-linear for
every A € NANDG.

In particular, for every predeformation functor F' and for every integer n the
sets F'(Q[n]) (see Example 4.7) and F(K [n]) are vector spaces and the projection
p: Q[n] — K[n] induce a linear map F(Q[n]) — F(K[n])

DEFINITION 5.63. Let F' be a predeformation functor, the tangent space of
F is the graded vector space TF[1], where

TF=@T"F, T""'F=TF[1]" = coker(F(Qn])2+F(K[n])), ne€Z.
neZ
A natural transformation ' — G of predeformation functors is called a quasi-

isomorphism if induces an isomorphism on tangent spaces, i.e. if T"F ~ T"G
for every n.

We note that if F' is a deformation functor then F(2[n]) = 0 for every n
and therefore TF[1]" = T"*'F = F(Ke¢), where € is an indeterminate of degree
—n € Z such that €2 = 0.

In particular T*F = tyo, where F?: Artgy — Set, F'(A) = F(my), is the
truncation of F in degree 0.

One of the most important examples of deformation functors is the defor-
mation functor associated to a differential graded Lie algebra.
Given a DGLA L and A € NA, the tensor product L ® A has a natural
structure of nilpotent DGLA with
(LeA)' =@L oA,
JEL
dr®a)=dr®a+(-1)"z@da

[z ®a,y®b] = (—=1)"¥[x,y] ® ab
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Every morphism of DGLA, L — N and every morphism A — B in NA give a
natural commutative diagram of morphisms of differential graded Lie algebras

LR A—N®A

Lo B—N®DB

The Maurer-Cartan functor MCp:NA — Set of a DGLA L is by definition

MCL(A) = MC(L® A) = {xe (Lo A)! der%[x,x} —o}.

LEMMA 5.64. For every differential graded Lie algebra L, MCp is a
predeformation functor.

PRrOOF. It is evident that MCp(0) = 0 and for every pair of morphisms
a:A— C, B: B— Cin NA we have

MCL(A Xc B) = MCL(A) XMCL(C) MCL(B)

Let 0—— A-%+B—0 be an acyclic small extension and x € MCp(B). Since
« is surjective there exists y € (L ® A)! such that a(y) = z. Setting

1
h=dy+3lyyl €(Lel)

we have
1

dh = %d[%y] = [dy. y] = [h.y] = 5lly. 9l y)-

By Jacobi identity [[y,y],y] = 0 and, since AI = 0 also [h,y] = 0; thus dh = 0
and, being L ® I acyclic by Kiinneth formula, there exists s € (L ®I)! such that
ds = h. The element y — s lifts x and satisfies the Maurer-Cartan equation. We
have therefore proved that M (7, is a predeformation functor. 0

EXERCISE 5.65. Prove that MC:DGLA — PreDef is a faithful functor
and every differential graded Lie algebra can be recovered, up to isomorphism,
from its Maurer-Cartan functor.

It is interesting to point out that, if A — B is a surjective quasiisomorphism
in NA, then in general MCp(A) — MCp(B) is not surjective. As an example
take L a finite-dimensional non-nilpotent complex Lie algebra, considered as a
DGLA concentrated in degree 0 and fix a € L such that ad(a): L — L has an
eigenvalue A # 0. Up to multiplication of @ by —A~! we can assume A = —1. Let
V' C L be the image of ad(a), the linear map Id+ ad(a): V' — V is not surjective
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and then there exists b € L such that the equation z + [a, x] + [a,b] = 0 has no
solution in L.
Let u, v, w be indeterminates of degree 1 and consider the dg-algebras

B =Cu® Cu, B?2=0,d=0

A=Cu®Cv&® Cw® Cduw, uv = uw = dw, vw =0

The projection A — B is a quasiisomorphism but the element a ® u + b @ v €
MCp,(B) cannot lifted to M C(A). In fact if there exists £ = aQ@u+bRutr@w €
MCp(A) then

0= de + 16,6 = (& + [a,2] + [0,]) © du

in contradiction with the previous choice of a,b.

For every DGLA L and every A € NA we define Def,(A) as the quotient of
MC(L ® A) by the gauge action of the group exp((L ® A)°). The gauge action
commutes with morphisms in NA and with morphisms of differential graded Lie
algebras; therefore the above definition gives a functor Defr: NA — Set.

THEOREM 5.66. For every DGLA L, Defr,: INA — Set is a deformation
functor with T'Defy, = H'(L).

Proor. If C € NANDG is a complex then L ® C'is an abelian DGLA and
according to Proposition 5.49, MCL(C) = Z}(L®C) and Def,(C) = HY (L®C).
In particular T"Def;, = HY(L ® K[i — 1]) = H*(L) and, by Kiinneth formula,
Defr,(C) = 0 if C is acyclic.

Since Def, is the quotient of a predeformation functor, conditions 1 and 3
of 5.59 are trivially verified and then it is sufficient to verify condition 2.

Let a:A — C, 5: B — C morphism in NA with « surjective. Assume
there are given a € MCp(A), b € MCpL(B) such that a(a) and S(b) give the
same element in Defr,(C); then there exists u € (L ® C)° such that 3(b) =
etala). Let v € (L® A)® be a lifting of u, changing if necessary a with its gauge
equivalent element ea, we may suppose a(a) = f(b) and then the pair (a,b)
lifts to MCp, (A x¢ B): this proves that the map

DefL(A X B) — DefL (A) XDefr, (C) DefL(B)

is surjective.

If C = 0 then the gauge action exp((L ® (A x B))?) x MCL(A x B) —
MCp(AxB) is the direct product of the gauge actions exp((L&A)?)x MCp(A) —
MCL(A), exp((L ® B)?) x MCp(B) — MCp(B) and therefore Def; (A x B) =
DefL(A) X DefL(B)
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Finally assume B = 0, C' acyclic complex and denote D = kera ~ A x¢ B.
Let ay,as € MCL(D), u € (L ® A)° be such that as = e“a;; we need to prove
that there exists v € (L ® D) such that ap = e%a;.

Since a(a;) = a(asz) = 0 and L&C is an abelian DGLA we have 0 = e®(")() =
0—da(u) and then da(u) = 0. L®C is acyclic and then there exists h € (L®A)~!
such that da(h) = —a(u) and u+dh € (L ® D). Setting w = [ay, h] + dh, then,
according to Remark 5.33, e”a; = a; and e“e"a; = e’a; = ag, where v = u x w
is determined by Baker-Campbell-Hausdorff formula. We claim that v € L ® D:
infact v =u*w=u+w=u-+dh (mod [L ® A, L ® A]) and since A2 C D we
have v =u*w =u+dh =0 (mod L ® D). 0

LEMMA 5.67.  For every DGLA L, the projection m: MCp — Defy, is a
quasiisomorphism.

PROOF. Let i € Z be fixed; in the notation of 5.63 we can write Q[i — 1] =
Ke & Kde, where €2 = ede = (de)> =0 and € = 1 — i, de = 2 — i. We have

MCp(Ke) = {ze € (L@Ke)d(ze) =0} = Z(L) @ Ke

MCL(Ke®Kde) = {xe + yde € (L @ Qi — 1)) | dze + (=1)' ""zde + dyde = 0}
= {(-1)"dye + yde|y € L'"'}.

Therefore the image of p: MCL(Ke &K de) — MCL(Ke) is exactly BY(L) ® Ke
and then

MCL(Q[i — 1)) MCL(K [i — 1])—Def, (K [i — 1])—0

is exact. 0

5.8 — Obstruction theory and the inverse function theorem for deformation
functors

LEMMA 5.68.  Let F:INA — Set be a deformation functor; for every
complex I € NA NDG there exists a natural isomorphism

F(I)=@TF1]'®H_;(I)= T FeH_;(I)=H (TF®1I).
€L €L
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PROOF. Let s: Hi(I) — Z.(I) be a linear section of the natural projection,
then the composition of s with the natural embedding Z,(I) — I is unique up to
homotopy and its cokernel is an acyclic complex, therefore it gives a well defined
isomorphism F(H,(I)) — F(I). This says that it is not restrictive to prove the
lemma for complexes with zero differential. Moreover since F' commutes with
direct sum of complexes we can reduce to consider the case when I = K?*[n]
is a vector space concentrated in degree —n. Every v € [ gives a morphism
TF[1]" = F(K [n])—=F(I) and we can define a natural map TF[1]"® I — F(I),
x®v — v(x). It is easy to verify that this map is an isomorphism of vector
spaces. 0

THEOREM 5.69. Let 0—I——A-—"3B—0 be an ezact sequence of mor-
phisms in NA and let F:INA — Set be a deformation functor.

1. If AI = 0 then there exist natural transitive actions of the abelian group
F(I) on the nonempty fibres of F(A) — F(B).

2. If AI = 0 then there exists a natural “obstruction map” F(B)O—b>F(I[1])
with the property that ob(b) = 0 if and only if b belongs to the image of
F(A) — F(B).

3. If B is a complex, i.e. A% C I, then there exist natural transitive actions of
the abelian group F(B[—1]) on the nonempty fibres of F(I) — F(A).

Here natural means in particular that commutes with natural transformation of
functors.

PROOF. 1. There exists an isomorphism of dg-algebras
AxT—AxpgA; (a,t) — (a,a+1t)
and then there exists a natural surjective map
Up: F(A) x F(I) = F(AxI)— F(A) xp) F(A)

The commutativity of the diagram

Axfx]—%r[ (a,t,s) — (a,t+s)
AxI — A (a+t,s)—>(a+t+s)

implies in particular that the composition of 1 with the projection in the second
factor give a natural transitive action of the abelian group F(I) on the fibres of
the map F(A) — F(B).
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2. We introduce the mapping cone of ¢ as the dg-algebra C' = A @ I[1] with
the product (a, m)(b,n) = (ab,0) (note that, as a graded algebra, C is the trivial
extension of A by I[1]) and differential

d L
de = ( OA dI[l]) A I — All] @ I]2]

We left as exercise the easy verification that C' € NA, the inclusion A — C' and
the projections C' — I[1], C'— B are morphisms in NA.
The kernel of C' — B is isomorphic to I @ I[1] with differential

(dl Idpp )
0 dmy /)
Therefore 0—1 @ I[1]—C—B—0 is an acyclic small extension and then

F(C)=F(B).
On the other hand A = C x;;) 0 and then the map

F(A) = F(C) xpap) 0

is surjective. It is sufficient to define ob as the composition of the inverse of
F(C) — F(B) with F(C) — F(I[1]).

3. The derived inverse mapping cone is the dg-algebra D = A @ B[—1] with
product (z,m)(z,n) = (zy,0) and differential

_(da 0 ) B
dD—(a dBH])AEBB[ 1] A[l]® B

Here the projection D — A and the inclusions inclusion I — D, B[—1] — D are
morphisms in NA.

Since 0— B[—1]—D—A—0 is a small extension, by Item 1, there exist
natural actions of F'(B[—1]) on the nonempty fibres of F'(D) — F(A). The
quotient of I — D is the acyclic complex B @ B[—1], and then, according to 2b
of 5.59, F(I) — F(D) is an isomorphism. 0

EXERCISE 5.70. Prove that the stabilizers of the actions described in The-
orem 5.69 are vector subspaces.

Given two integers p < ¢ we denote by NAg the full subcategory of NA
whose objects are algebras A = @A; such that A; # 0 only if p <7 <gq.

THEOREM 5.71. Let 0: F — G be a morphism of deformation functors.
Assume that 0: TF[1]* — TG[1]* is surjective for p— 1 < i < q and injective for
p<i<q—+1. Then:



108 MARCO MANETTI [108]

1. for every surjective morphism a: A — B in the category NAIZ_1 the mor-
phism
(a,0): F(A) — F(B) xg(B) G(A)

18 surjective.
2. 0: F(A) — G(A) is surjective for every A € NAT_|.

3. 0: F(A) — G(A) is a bijection for every A € NAJ.

PRrROOF. The proof uses the natural generalization to the differential graded
case of some standard techniques in Schlessinger’s theory, cf. [13].

We first note that, according to Lemma 5.68, for every complex I € NATN
DG we have that 6: F(I) — G(I) is bijective, 0: F(I[1]) — G(I[1]) is injective
and 0: F(I[-1]) — G(I[-1]) is surjective.

Moreover, since F(0) = G(0) = 0, we have F'(0) xg() G(A) = G(A) and
then Item 2 is an immediate consequence of Item 1.

STEP 1. For every small extension in NAgfl,

0—I1—A-2B—0

and every b € F(B) we have either a=1(b) = () or 8(a~1(b)) = a~(6(b)).
In fact we have a commutative diagram

F(A)-%F(B

o]

G(A)-G(B

Sy
B3

)
)
and compatible transitive actions of the abelian groups F(I), G(I) on the fibres
of the horizontal maps. Since F(I) — G(I) is surjective this proves Step 1.

STEP 2. Let
0—T—5A-2B—30

be a small extension in NAY ; and b € F(B). Then b lifts to F'(A) if and only
if 6(b) lifts to G(A).

The only if part is trivial, let’s prove the if part. If 6(b) lifts to G(A)
then ob(6(b)) = 0 in G(I[1]); since the obstruction maps commute with natural
transformation of functors and F(I[1]) — G(I]1]) is injective, also ob(b) = 0 in
F(I[1]) and then b lifts to F'(A).

q

STEP 3. For every surjective morphism 3: A — C' in the category NA _;,

the morphism
(a,0): F(A) = F(C) xg(c) G(A)

is surjective.
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Let J be the kernel of 8 and consider the sequence of homogeneous differ-
ential ideals J = Jy D J; = AJy D Jo = AJy---. Since A is nilpotent we have
Jn # 0 and J,11 = 0 for some n > 0. Denoting by I = J, and B = A/I we
have a small extension

0—I—A-B—0

By induction on dimg A we can assume that the natural morphism F(B) —
F(C) x gy G(B) is surjective and therefore it is sufficient to prove that F'(A) —
F(B) xg(B) G(A) is surjective.

Let @ € G(A) be fixed element and let b € F(B) such that 6(b) = «(a). By
Step 2 a~1(b) is not empty and then by Step 1 @ € 6(F(A)).

STEP 4. For every surjective morphism f: A — B in the category NAJ and
every a € F(A) we define

Sp(a, f)={6 € F(Axp A) |+ (a,a) € F(A) xpp) F(A) C F(A) x F(A)}.

By definition, if f is a small extension and I = ker f then Sg(a, f) is naturally
isomorphic to the stabilizer of a under the action of F(I) on the fibre f=1(f(a)).
It is also clear that:

1. 0(Sr(a, f)) C Sg(0(a), f).

2. If a: B — C is a surjective morphism if NA, then Sr(a, f)=h"1(Sr(a, af)),
where h: F(A xp A) — F(A x¢ A) is induced by the natural inclusions
Axp AC Axcg A.

STEP 5. For every surjective morphism f: A — B in NAT and every a €
F(A) the map 0: Sp(a, f) — Sa(6(a), f) is surjective.

This is trivially true if B = 0, we prove the general assertion by induction
on dimg B. Let

0—I—B-C—0

be a small extension with I # 0, set ¢ = af and denote by h: A x¢ A — I the
surjective morphism in NAY defined by h(a1,az2) = f(a1) — f(az); we have an
exact sequence

0—A xg A—5 A x o ALsT—0.

According to 2a of 5.59 the maps
F(A XB A) — F(A Xc A) N hil(O); SF(CL,f) — Sp(a,g) N hil(O)

are surjective. 3

Let £ € Sg(6(a), f) and let n € Sp(a,g) such that 6(n) = ¢(§). Since
F(I) = G(I) we have h(n) = 0 and then 7 lifts to some & € Sg(a, f). According
to Theorem 5.69 there exist surjective maps commuting with 6

F(Axp A) x F(I[-1])~5F(A x5 A) X p(axea) F(A xp A)

G(Axp A) x G(I[-1])-5G(A x5 A) XG(axea) G(A x5 A)
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Since F(I[-1]) — G(I[-1]) is surjective there exists v € F(I[—1]) such that
0(0(&1),0(v)) = (6(¢ 1) €); defining £ € F(A xp A) by the formula o(&;,v) =

(
(&1,€) we get 6(¢) = ¢ and then € € Sg(a, f).

STEP 6. For every A € NAJ the map 0: F(A) — G(A) is injective.
According to Lemma 5.68 thls is true if A% = 0; if A% # 0 we can suppose
by induction that there exists a small extension

0—T—A-2B—0

with I # 0 and 0: F(B) — G(B) injective.

Let ay,a2 € F(A) be two elements such that 6(a;) = 0(az); by assumption
f(a1) = f(az) and then there exists ¢t € F(I) such that dp(a1,t) = (a1, az).
Since ¢ is a natural transformation ¥g(6(a1),0(t)) = (0(a1),6(az)) and then
0(t) € Sg(f(a1), ). By Step 5 there exists s € Sp(aq,a) such that 0(s) = 0(t)
and by injectivity of 8: F(I) — G(I) we get s =t and then a1 = as. 0

As an immediate consequence we have:

COROLLARY 5.72. A morphism of deformation functors 6: F — G is an
1somorphism if and only if it is a quasiisomorphism.

PrROOF OF THEOREM 5.51. We apply Theorem 5.71 to the morphism of
deformation functors 6 = Defy: Def;, — Defy .

According to Theorem 5.66, the first item of 5.51 is exactly the first item of
5.71 for p = 1,q = 0, while the second item of 5.51 is exactly the third item of
5.71 for p=q = 0. 0

5.9 — Historical survey

The material Subsections 1, 2 and 3 is standard and well exposed in the
literature about Lie algebras; in Subsections 4, 5 and 6 we follows the approach
of [52], while the material of Subsections 7 and 8 comes from [53].

Some remarks on the introduction of this section:

A) Given a deformation problem, in general it is not an easy task to find a
factorization as in the introduction and in some cases it is still unknown.

B) Even in the simplest examples, the governing DGLA is only defined up to
(non canonical) quasiisomorphism and then the Theorem 5.51 is a necessary
background for the whole theory.

For example, there are very good reasons to consider, for the study of de-
formations of a compact complex manifold M, the DGLA L = ®L?, where L’
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is the completion of I'(M, A% (Ty;)) is a suitable Sobolev’s norm. According to
elliptic regularity the inclusion KS(M) C L is a quasiisomorphism of DGLA.

In general a correct procedure gives, for every deformation problem P with
associated deformation functor Defp, a connected subcategory P € DGLA with
the following properties:

1. If L is an object of P then Def;, = Defp.

2. Every morphism in P is a quasiisomorphism of DGLA.

3. If Morp(L,N) # () then the induced isomorphism Def,: Def;, — Defy is
independent from the choice of o € Morp (L, N).

C) Tt may happen that two people, say Circino and Olibri, starting from the
same deformation problem, get two non-quasiisomorphic DGLA governing the
problem. This is possible because the DGLA governs an extended (or derived)
deformation problem. If Circino and Olibri have in mind two different extensions
of the problem then they get different DGLA.

D) Although the interpretation of deformation problems in terms of solutions
of Maurer-Cartan equation is very useful on its own, in many situation it is
unavoidable to recognize that the category of DGLA is too rigid for a “good”
theory. The appropriate way of extending this category will be the introduction
of L..-algebras; these new objects will be described in Section 9.

6 — Kahler manifolds

This section provides a basic introduction to Kéhler manifolds. We first
study the local theory, following essentially Weil’s book [80] and then, assuming
harmonic and elliptic theory, we give a proof of the 9d-lemma which is presented
both in the classical version (Theorem 6.37, Item 2) and in the “homological”
version (Theorem 6.37, Item 1).

The material of this section is widely present in the literature, with the
possible exception of the homological version of 99-lemma; I only tried to simplify
the presentation and some proofs. The main references are [80], [81] and [11]

6.1 — Covectors on complex vector spaces
Given a complex vector space E of dimension n we denote by:

e EY = Homc(FE,C) its dual.

e Fc = F ®p C, with the structure of C-vector space induced by the scalar
multiplication a(v ® b) = v ® ab.

o F its complex conjugate.
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The conjugate E is defined as the set of formal symbols 7, v € E with the vector
space structure given by

vt+w=v+w, av = av.

The conjugation —: E — E, v~ v is a R-linear isomorphism.
There exists a list of natural isomorphisms (details left as exercise)

1. (E((;)v = (EV)(C = HOIHR(E,C)

2. BV =E" given by f(7) = f(v), f € EY, v € E.

3. E®E — Ee, () —v®1—iv®i+w®1+iw®i, being i a square
root of —1.

4. BV @& EV - EY =Homg(E,C), (f,9)(v) = f(v) + g(v).

Under these isomorphisms, the image of EV (resp.: EV) inside £ is the subspace

o_fvf such that f(iv) = if(v) (resp.: f(iv) = —if(v)). Moreover EV = B,

E =E*+.

For 0 < p,q < n we set AP? = AP EV @ \! . this is called the space of
(p, q)-covectors of E. We also set AP = ®a+b:pAa’b (the space of p-covectors)
and A = @, A%". Denote by P, ;: A — A%, P,: A — AP the projections.

If 21,... 2, is a basis of EY then 771,... , %y is a basis of E' and therefore
Ziyg NN Zig NZj NN ZG 1 <<y, g1 <...<Jq
is a basis of AP9. Since EY = EV & E", we have NEY = A.

The complex conjugation is defined in A and gives a R-linear isomorphism
— A — A. On the above basis, the conjugation acts as

Ziog N Nz, N2 NN = (S0P A ANz NN N

Since At = A% we have P, ;(7) = Py.a(n).

DEFINITION 6.1. The operator C: A — A is defined by the formula

C = E Z'aibpayb.
a,b

Note that C(u) = C(u) (i.e. C is a real operator) and C? = > (=1)PPp.
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6.2 — The exterior algebra of a Hermitian space

Let E be a complex vector space of dimension n. A Hermitian form on F
is a R-bilinear map h: £ x E — C satisfying the conditions

1. h(av,w) = ah(v,w), h(v,aw) = ah(v,w), a € C, v,w € E.
2. h(w,v) = h(v,w), v,w € E.

Note that h(v,v) € R for every v. h is called positive definite if h(v,v) > 0 for
every v # 0.

DEFINITION 6.2. A Hermitian space is a pair (E,h) where h is a positive
definite Hermitian form on E.

It is well known that a Hermitian form A on a finite dimensional vector
space E is positive definite if and only if it admits a unitary basis, i.e. a basis
e1,... e, of E such that h(e;, e;) = d;;.

Every Hermitian space (F, h) induces canonical Hermitian structures on the
associated vector spaces. For example

hExE —C, h(v,w) = h(v,w)
and
W N'E x NE — C, hP(v1 Ao Avp,wr A A wp) = det(h(v;, wy))

are Hermitian forms. If ey,...,e, is a unitary basis of E then e1,... ,€, is a
unitary basis for A and ei, N...Nej,, i1 <...<ip, is a unitary basis for h?.

Similarly, if (F, k) is another Hermitian space then we have natural Hermi-
tian structures on £ ® F and Homg¢(F, F') given by

hk:E® F — C, hk(v® f,w® g) = h(v,w)k(f,g)

hYk:Home(E,F) = C,  hVk(f,9) =Y _ k(f(e:),9(e:))
i=1
where e; is a unitary basis of E. It is an easy exercise (left to the reader) to
prove that hVE is well defined and positive definite.
In particular the complex dual EV is a Hermitian space and the dual basis
of a unitary basis for h is a unitary basis for h".
Let eq,... ,e, be a basis of E, 21,...,2, € EV its dual basis; then

h(v,w) = Z hijzi(v)m

where h;; = h(e;,ej). We have hj; = h_” and the basis is unitary if and only if
hij = 0;5. We then write h = Zij hijz; ® Zj; in doing this we also consider h as

an element of EV @ ' = (E® E)Y.



114 MARCO MANETTI [114]

Taking the real and the imaginary part of i we have h = p—iw, with p, w: E X
E — R. It is immediate to observe that p is symmetric, w is skewsymmetric and

pliv,iw) = pv,w), w(iv,iw) =wv,w), pliv,w)=w(v,w).
Since z; AZj = 2; ® Zj — Zj @ 2;, we can write
[ T i — 11
w:§<h—h):§Zhijzi/\Zj€A .
ij

Note that w is real, i.e. @ = w, and the Hermitian form is positive definite if and

only if for every v # 0, h(v,v) = p(v,v) = w(v,iv) > 0. The basis e1,... ,e, is
. . . { _
unitary if and only if w = 3 Z Zi N7Z.

K3

Let now ey, ... ,e, be a fixed unitary basis of a Hermitian space (E,h) with
i

dual basis 21, ... , 2, and denote u; = 3% NZj; if z; = x4+ 14y, then u; = x; Ay;

and
An
Tzul/\.../\unzajl ANY1 N o ATy A\ Yp.
Since x1,Y1,-.. ,Tn,Yn is a system of coordinates on FE, considered as a real

oriented vector space of dimension 2n and the quadratic form p is written in this

coordinates
n

pl,v) =Y (@i(v)? +yi(v)?),

i=1

we get from the above formula that w"/n! € A*Homg(E,R) is the volume
element associated to the scalar product p on E.F

For notational simplicity, if A = {a1,... ,a,} C{l,... ,n} and a1 < a2 <
... < ap, we denote |A| = p and

ZA=Zay N NZa,, ZA=Zay N NZa,, UA=Ugy N...\NUgq,.

For every decomposition of {1,... ,n} = AUBUM U N into four disjoint
subsets, we denote

1
ZA,B,M,N = —F7——=
vV 2lAl+]B]

These elements give a basis of A which we call standard basis.
Note that ZA,B,M,N = (—1)“4‘ lB‘ZB,A,M,N-

2ANZp Aupy € _A|A|+|M|7\B|+\M|'

DEFINITION 6.3. The C-linear operator *: AP7 — A"~ 9""P ig defined as

JAI+BI

*24,8,M,N = sgn(A, B) ZA,B,N,M
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where sgn(A, B) = £1 is the sign compatible with the formulas

(2) ZA,B,M,N \*ZA B M,N = ZA,B,M,N N *¥ZA B M,N = U1\ ...\ Up.
_ UAI+IBDAI+]BI+1)
(3) C % ZA,B,M,N = —1 2 ZA,B,N,M =
(p+a)(p+q+1)
= (-1 2 +|MIZA,B,N,M-

EXERCISE 6.4. Verify that Definition 6.3 is well posed.

In particular
2 A B A Bl|+2|M
zapun = (DA, gy = (—1)AHBIRIM ) oy

and then
(CT)?=1d, 2 =C"=) (-1)P,

If we denote vol: C — A™" the multiplication for the “volume element”
w”"™ /n!, then vol is an isomorphism and we can consider the R-bilinear maps

(,): A% x A% - C, (v, w) = vol (v A¥w) = vol ' (v A ¥W).
Clearly (, ) is C-linear on the first member and C-antilinear in the second; since

1 ifA=A B=B,M=M,N=N'
(24,B,M,N» 24", B', M/ ,N') = .

0 otherwise
we have that (,) is a positive definite Hermitian form with the za g n's,
|A| + |M| = a, |B| + |M| = b, a unitary basis; since * sends unitary basis into
unitary basis we also get that *: A%® — A"~%"~% is an isometry.

LEMMA 6.5. The Hermitian form (, ) is the Hermitian form associated to
the Hermitian space (E,h/2). In particular (, ) and % are independent from the
choice of the unitary basis ey, ... ,en,.

PROOF. The basis v/2e1, ... ,v/2e, is a unitary basis for h/2 and then the
standard basis is a unitary basis for the associated Hermitian structures on A.
From the formula (v,w)w™™ = n!(v A ¥w) and from the fact that the wedge
product is nondegenerate follows that * depends only by w and (, ). 0
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Consider now, for every j = 1,... ,n, the linear operators

L AP 5 APFLF L) = A,
g 2__
Aj:Ap,q_>Ap La 1, Aj(?]) =n- (g@j/\@j) R

where  denotes the contraction on the right. More concretely, in the standard
basis

I ZA,B,MU{i},N—{i} ifieN
2A = .
i*A,B,M,N 0 otherwise
A | 2a,B,M—{i},NU{5} ifieM
i%A,B,M,N 0 otherwise

It is therefore immediate to observe that L;* = xA; and *L; = A;x. Setting
L=3%.L;, A=>",A; we have therefore

Ln) =nAw, A=sx"'Lx=xLx1.

LEMMA 6.6. The operators L and A do not depend from the choice of the
unitary basis.

PROOF. w and * do not depend. 0

PROPOSITION 6.7. The following commuting relations hold:

2n
[ch] :Oa [A7C] :07 [*70] :07 [AvL] = Z(nip)Pp
p=0
PrROOF. Only the last is nontrivial, we have:
LzapyN = Z ZA,B,MU{i},N—{i}s Aza B mN = Z ZA,B,M—{i},NU{i}s
iEN i€M
ALzaA B v.N = Z ZA.B,M,N + Z Z ZA,B,MU{i}—{j},NU{j}—{i}s
iEN jeMieN
LAzg pvN = Z ZA,B,M,N T Z Z ZA,B,MU{i}—{j},NU{j}—{i}-
ieM jeMieN

Therefore we get
(AL = LN)za BN = (IN| = IM[)za,un = (n— |A| = |B] = 2|M|)za,5,m N-

and then
2n

A L] =) (n—p)P, 0

p=0
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6.3 — The Lefschetz decomposition

The aim of this section is to study the structure of A" EV as a module
over the algebra ® generated by the linear operators C 1'%, L, A. In the notation
of the previous subsection, it is immediate to see that there exists a direct sum
decomposition of ®-modules /\** EY = @D Va g, where V4 g is the subspace
generated by the 2714118l elements zZa,B,M,N, being A, B fixed.

It is also clear that every V4 p is isomorphic to one of the ®-modules V (h, 7),
h € N, 7 = 41, defined in the following way:

1. V(h,T) is the C-vector space with basis upr, M C {1,...,h}.
2. The linear operators L, A and C~'x act on V(h,T) as

Luy = Z upugiy,  Aun = Z up— gy, C7hwupr = Tupge,
igM €M
where M¢ = {1,... ,h} — M denotes the complement of M.

We have a direct sum decomposition
Vih,7)= b V.,
a=h(mod 2)

where V,, is the subspace generated by the uys with [M¢|—|M| = a. An element
of V, is called homogeneous of weight .. Set P,:V'(h,7) — V,, the projection.
Note that L:V, — Vo, A:Vy — Voio and C7 1V, — V_,,.
We have already seen that

[A, L] = ZaPa, LC™ ' =C7 %A, C'xL=AC""x.
aEZ

A simple combinatorial argument shows that for every r > 0,

LTUJ\/[ =l Z UN -
MCN,|N|=|M|+r
LEMMA 6.8. For every r > 1 we have

AL =) r(a—r+1)L" " Pa.

[e3
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PROOF. This has already done for » = 1, we prove the general statement
for induction on r. We have

AL =[ALL+ LA L =) r@—r+1)L"'PaL+ > aPy.

[e3

Since P,L = LP, 5 we have

[A, L7 = Zr(a —r+1)L"Pyio + ZaP = Z(r(a —r—1)+«a)lLl"P,. O

83 [e3

DEFINITION 6.9 A homogeneous vector v € V,, is called primitive if Av = 0.

PROPOSITION 6.10. Let v € V,, be a primitive element, then:

1. L9 = 0 for every ¢ > max(a+1,0). In particular if a < 0 then v = L% =
0.
2. If « >0, then for everyp > q >0

P
AP Py = H r(a—r+1)Liv;
r=q+1

in particular A®L% = a!?v.
PrOOF. We first note that for s,r > 1
ALv=ATA Lo =7r(a —r + 1A L7 o,

and then for every p > ¢ >0

P
APTALPy = H r(a—r+1)L%.
r=q+1

If p> ¢ > a then r(a —r+ 1) # 0 for every r > ¢ and then L% = 0 if and only
if AP~4LPy = 0: taking p > 0 we get the required vanishing. 0

LeMMA 6.11. Let a >0, m = (h— @)/2 and v = 3,/ _,, amun € Va,
apy € C. If v is primitive, then for every M

aM:(—l)m Z an.

NCMe,|N|=m
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PrOOF. For m = 0 the above equality becomes ap = ay and therefore we
can assume m > 0. Let M C {1,... ,h} be a fixed subset of cardinality m, since

0=Av= > an) up—qm= D, uv) avug
|H|=m i€H IN|=m—1 iZN
we get for every N C {1,...,h} of cardinality m — 1 the equality
Ry : Z aNu{iy = — Z aANU{i}-
i€EM—N ig MUN
For every 0 < r < m denote by
ST = Z ap.
|H|=m,|HNM|=r

Fixing an integer 1 < r < m and taking the sum of the equalities Ry, for all N
such that [N N M| =r —1 we get

rS.=—(m—r+1)S,_1
and then

S 2 ml -
ap =S, =— mlzm(m_zl):...:(_l) —S0=(-1) > an. O
NCMe,|N|=m

LEMMA 6.12. Ifv e V,, a >0, is primitive, then for every 0 <r < «
|
C '« Lv= 7'(—1)"LLL°“7TU7
where m = (h — «) /2.

PRrROOF. Consider first the case r = 0; writing v = Y ayuy with |[N| =m,
an € C, we have:

L:!v:ZaN Z UM:ZQNZUMC: ZuMcZaN.

|N[=m NCcM |N|=m MCN¢® [M|=m NcMe®
[M|=m+a [ M|=m [N|=m
Clxv=r E apUpge.
[M|=m

The equality C~! x v = 7(a!)7! LY follows immediately from Lemma 6.11. If

r > 1 then
_1)m
Cl'«L'v=A"C"lxv= #ATLO‘U.
ol
Using the formula of 6.10 we get

T(=1)™
al

- |
C™hx L= [T jte-j+nLero= T(—l)mﬁﬂ*w. 0

Jj=a—r+1
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THEOREM 6.13 (Lefschetz decomposition).
1. Every v € V,, can be written in a unique way as

v = Z L"v,

r>max(—a,0)

with every v, € Voo, primitive.
2. For a fived ¢ > h there exist noncommutative polynomials G% ,.(A, L) with
rational coefficients such that v, = G% (A, L)v for every v € V.

PRrROOF. Assume first a > 0, we prove the existence of the decomposition
v = > +oL"v, as above by induction on the minimum ¢ such that A% = 0.
If ¢ = 1 then v is already primitive. If A9y = 0 then w = A% € V19, is
primitive and then, setting v = [[?_; 7(a + 2¢ — r + 1), we have v > 0 and

A9 <u - L‘ﬂ) —w— ALY — 0.
v 7

This prove the existence when o > 0. If @ < 0 then C~l%veV_, and we can
write:

Clsou= ZLTUT, v = 2071 * L"vp, v € Voqgor.
r>0 r>0

According to Lemma 6.12

v = Z%Lfo‘ﬂv,« = Z Yrta Ll Uy

r>0 r>—o

for suitable rational coefficients ~,.
The unicity of the decomposition and item 2 are proved at the same time.

If
q

V= Z L"v,

r=max(—a,0)
is a decomposition with every v, € V4o, primitive, then LT %y = L*T29y, and

1
_ Aa+2qLa+2qvq —

7 lat20P

1

a+2qLa+q .
(a4 2q) ‘
Therefore v, is uniquely determined by v and we can take G% , = (a +
2q)! 72 T2 et
Since v — Livg = (1 — LIGY, Jv = Zz;lnax(fa,o) L™, we can proceed by
decreasing induction on gq. 0
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COROLLARY 6.14. v € V,, a > 0, is primitive if and only if L% v = 0.

PROOF. Let v = ) ., L"v,. be the Lefschetz decomposition of v, then
> rso LT o, is the Lefschetz decomposition of Lo, Therefore L**1v =0
if and only if v = vy. 0

It is clear that Theorem 6.13 and Corollary 6.14 hold also for every finite
direct sum of ®-modules of type V' (h, 7).
For later use we reinterpret Lemma 6.12 for the ®-module A: we have

(AI+IBD(A[+|B]+1)
A= @Vap,  Vap=V(n— |4 - Bl (-1) )
A,B
where the sum is taken over all pairs of disjoint subsets A, B of {1,... ,n}. The
space Ao = @(Va,B)a is precisely the space @, A»"~*~* of (n — a)-covectors.
We then get the following

LEMMA 6.15. Ifv € A is a primitive p-covector, p < n, then

; !
(- Oy ;'_ il sy

0 ifr>n—p

ClsLMy=

6.4 — Kahler identities

Let M be a complex manifold of dimension n and denote by A** the sheaf
of differential forms on M. By definition A%’ is the sheaf of sections of the
complex vector bundle A* Ty, ® /\b mv. The operators P, 4, P, and C', defined
on the fibres of the above bundles, extend in the obvious way to operators in the
sheaf A**.

If d: A%* — A™* is the De Rham differential we denote:

d+id® d —id®

0=

d¢ =0~
C C? a 2 9 2 9

d=cd°c™t, d=0+9, d°=i(0-0).
If n is a (p, q)-form then we can write dn = n' +n" with o’ € AP+T14, " € AP-a+l
and then

ip—4q iP—4q

_ y— 5
d (m)=C7H(# M) = '+

ip_q_ln“:iiln/*l“innv 877:77I, 577:77//.

Since 0 = d? = 9? +_85+58+52 we get 0 = 02 = 90 + 00 = & and then
(d€)? =0, dd® = 2i00 = —dd.
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Using the structure of graded Lie algebra on the space of C-linear operators
of the sheaf of graded algebras A** (with the total degree v = a+b if v € A%?),
the above relation can be rewritten as

[d,d] = dd + dd = 2d* = 0, [d€,d°] = [d,d°] = [9,0] = [0,0] = [0,8] = 0.

Note finally that d and C are real operators and then also d© is; moreover
on = on.

A Hermitian metric on M is a positive definite Hermitian form h on the
tangent vector bundle Th;. If z1,... , 2z, are local holomorphic coordinates then

hij =h (88 , 88) is a smooth function and the matrix (h;;) is Hermitian and
Z; Zj

positive definite. The local expression of h is then h = Zij hijdz; ® dz; and the
differential form

{ _
w = 5 Z hijdzi A de S F(M, .Al’l)
i.J
is globally definite and gives the imaginary part of —h; w is called the (real,
(1,1)) associated form to h.

The choice of a Hermitian metric on M induces, for every open subset
U C M, linear operators

L:T(U, A% — T(U, AT Ly =0 Aw,
« DU, A%) — T(U, A0 ),
A:T(U, A% - T(U, AN A ="1Lx = (O 1)1 LC 7 %

The commuting relations between them

[L,C]=[A,C] = [xC] = [L’*z} =0, [A, L] :Zr(n_p_r+1)PP

are still valid.

A differential form v is primitive if Av = 0; the existence of the polynomials
Gn_p (A L) (cf. Theorem 6.13) gives the existence and unicity of Lefschetz
decomposition for every differential p-form

v = Z L"v,, Av,. = 0.
r>max(p—n,0)
We set:
0 = — % dx, 6¢ = —xd%x = C716C,
_isC ., :C
8*:—*5*:5 225 , 8:—*8*:5—1_;5 .
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DEFINITION 6.16. The Hermitian metric A is called a Kahler metric if
dw = 0.

Almost all the good properties of Kahler metrics come from the following

THEOREM 6.17 (K&hler identities). Let h be a Kdhler metric on a complex
manifold, then:

[L,d] =0 [L,d°] =0 [L,0] =0 [L,0] =0

[A,d] = —6C [A,d°] =6 [A, 0] =id [A, 9] = —i0*
[L,6] = d° [L,6C] = —d [L,0%] = id [L,0] = —id
[A,6] =0 [A,6€]=0 [A,0] =0 [A,9]=0
PRrOOF. It is sufficient to prove that [L,d] = 0 and [A,d] = —6¢. In fact,

since A = *~!Lx = x L+~ we have [A, 0] + *[L,d]x = 0 and [L, 8] + *[A, d]* = 0:
this will prove the first column. The second column follows from the first using
the fact that C' commutes with L and A. The last two columns are linear
combinations of the first two.

If v is a p-form then, since dw = 0,

[L,dlv=dvAw—dvAw)=—(—1)Pv Adw = 0.

According to the Lefschetz decomposition it is sufficient to prove that [A, d|L"u =
—6CL™u for every r > 0 and every primitive p-form u (p < n). We first note
that, being u primitive, L" P*ly = 0 and then L™ P*lduy = dL"P*tly = 0.
This implies that the Lefschetz decomposition of du is du = ug + Lu;.

Setting &« = n — p, we have u € V,,, ug € Vo1, u1 € Vi1t

[A,d]L"u= AL"du — dAL™u = AL"ug + AL" " uy — r(a — 7+ 1)dL" " tu =

= r(a—r)L" Yug+(r+1)(a—r+1)L"u; —r(a—r+1) L™ tug—r(a—r+1)L u; =
= —rL"lug+ (a —r 4+ 1)L"u;.
On the other hand we have by 6.15

L =C""xdxCL"u=C"1'%dC?’C~ ' % L"u =

_ Ol de? (12" e,
(v —1)!
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and then

r!

—0CLu = (—1)PP—1)/2 C1 % Lo (up + Luy).

(a—7)!
Again by 6.15,

-1 a—r _(_ (p+1)(p+2)/2(a_r)! r—1
C™ *« LY Tug = (—1) 7(7,71)!L Ug,

— 1)!
o1 *La—r+1u1 _ (_1)(p—1)p/2 (a—r+1) I

Uui.
r!

Putting all the terms together we obtain the result. 0

COROLLARY 6.18. If w is the associated form of a Kdhler metric h then
dwP = §w"P = 0 for every p > 0.

PROOF. The equality dw”? = 0 follows immediately from the Leibnitz rule.
Since w”? is a (p,p) form, we have Cw”P = w/"? and then also d®w’? = 0.

We prove dw”? = 0 by induction on p, being the result trivial when p = 0.
If p > 0 we have

0=d°w"P~! = Low P~ — §Lw P~ = —§w/P. 0

The gang of Laplacians is composed by:

Ag=A=[d,5] = ds+od.

Age = AC = C~1AC = [d€, 5] = dC6C + §CdC.
Ay =0 =[0,0%] = 90* + 8*0.
A;=0=1[0,01=99 +3 0.

o~ W

A straightforward computation shows that A + A¢ = 200+ 200.

COROLLARY 6.19. In the above notation, if h is a Kdhler metric then:
—x — 1 _
[d,6¢] = [d°,8] = [0,0] = [0,0"] = 0, —A:§AC:D:D.

In particular A is bihomogeneous of degree (0,0).
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PROOF. According to Theorem 6.17 and the Jacobi identity we have

d, 50] = [d, [d, A]] = [[d,d], A] = 0.

1
2
The proof of [d°, 8] = [8,8"] = [0,8*] = 0 is similar and left as exercise. For the
equalities among Laplacians it is sufficient to shows that A = A¢ and O = 0.
According to the Kéhler identities
A= [dv 6] = [d7 [A’dCH = Hdv A}vdc] + [A’ [d7 dc]]'
Since [d,d“] = dd® + d“d = 0 we have
A =d 6] = [[d,A],d] = [6°,d°] = A°.

The proof of O = O is similar and it is left to the reader. 0

COROLLARY 6.20. In the above notation, if h is a Kdhler metric, tlic;n A
commutes with all the operators P,y, x, d, L, C, A, d°, 9, 0, 6, 69, 9%, 0 .

PROOF. Since A is of type (0,0) it is clear that commutes with the projec-
tions P, . Recalling that § = — * d* we get d = *d* and then

*A =xd) +*x0d = —xd*xd*+x0 %% = 0d * +dox = A *.
[L,A] = [L,[d, 8] = [[L,d], 8] + [[L,6],d] = [d°,d] = 0.
4, A] = [d, [d,5]) = L [[d, ], ] =0,

Now it is sufficient to observe that all the operators in the statement belong to
the C-algebra generated by P, 4, *, d and L. 0

DEFINITION 6.21. A p-form v is called harmonic if Av = 0.

COROLLARY 6.22.  Let h be a Kdhler metric and let v =" L"v, be the
Lefschetz decomposition of a p-form.
Then v is harmonic if and only if v, is harmonic for every r.

PRrROOF. Since A commutes with L, if Av, = 0 for every r then also Av = 0.
Conversely, since v, = G} (A, L)v for suitable noncommutative polynomials
with rational coefficients G} ., and A commutes with A, L then v harmonic
implies Av, = 0 for every 7. O
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COROLLARY 6.23. In the above notation, if h is a Kdahler metric and v is
a closed primitive (p, q)-form then v is harmonic.

Note that if either p = 0 or ¢ = 0 then v is always primitive.
PROOF. It is sufficient to prove that dv = 0, we have

bv=Co°C 1w =i17PC§% = i PC[d, AJv = 0. 0

6.5 — Kahler metrics on compact manifolds

In this subsection we assume M compact complex manifold of dimension n.
b — b - b —
We denote by L*” = I'(M, A*?), LP =@, ,,_, L*", L =D, L.
Every Hermitian metric A on M induces a structure of pre-Hilbert space on
L% for every a,b (and then also on L) given by:

@)= [ ons.

We have already seen that the operator *: L»* — L"~%"=? i5 an isometry com-
muting with the complex conjugation and then we also have:

(6,) = /m*w /¢A*w (- )““’/ AT = /ww )

ProOPOSITION 6.24.  With respect to the above pre-Hilbert structures we
have the following pairs (written in columns) of formally adjoint operator:

operator d d® 0 0 L

3

formal adjoint 1 5¢ o* 0 A

In particular, all the four Laplacians are formally self-adjoint operators.

PROOF. We show here only that ¢ is the formal adjoint of d. The proof of
the remaining assertions is essentially the same and it is left as exercise.
Let ¢ be a p-form and ¢ a p + 1-form. By Stokes theorem

0:/ d(q&/\@):/ dp N *p + (— /qS/\d*z/J
Since dx) = dx 1 and d x ¢ = (=1)?""P*2 dx1p = —(—1)P % 51p we get

o:/qusAw—/qu*éw:<d¢,w>—(¢,6w>- 0
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Let D be any of the operator d,d®,d,d; denote D* its formal adjoint and
by Ap = DD* 4 D*D its Laplacian (i.e. Aqg = A, A5z = etc...). The space of
D-harmonic p-forms is denoted by H7, = ker Ap N LP.

LEMMA 6.25. We have ker Ap = ker D N ker D*.

PROOF. The inclusion D is immediate from the definitions of the Laplacian.
The inclusion C comes from

(Ap¢,¢)=(DD*$,¢)+(D*D¢,p) = (D*$,D*$)+(D¢,D¢) =|| D*¢||*+[| D¢||*. O

The theory of elliptic self-adjoint operators on compact manifolds gives:

THEOREM 6.26.  In the notation above the spaces of D-harmonic forms
MY, are finite dimensional and there exist orthogonal decompositions

L
LP = ’H%@ImAD

PROOF. See e.g. [78]. 0

COROLLARY 6.27. The natural projection maps
HE — HP(M,C), HE! — HL(M,QP)
are isomorphism.

ProoOF. We first note that, according to Lemma 6.25, every harmonic form
is closed and then the above projection maps makes sense. It is evident that
ImA C Imd+ Imd. On the other hand, since d,d are formally adjoint and
d? = 6> =0 we have kerd 1 Im 6, ker§ L. Imd: this implies that Imd, Im § and
MY are pairwise orthogonal. Therefore Im A = Im d®Im d and ker d = HY®Imd;
the conclusion follows by De Rham theorem.

The isomorphism ’H%’q — H%(M ,QP) is proved in the same way (with Dol-
beault’s theorem instead of De Rham) and it is left as exercise. U

COROLLARY 6.28. The map Ap:ImAp — Im Ap is bijective.

PRrROOF. Trivial consequence of Theorem 6.26. O
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We define the harmonic projection Hp: LP — HY, as the orthogonal projec-
tion and the Green operator Gp: LP — Im Ap as 1the composition of

_ A
GDZLP MﬂmAD —D>ImAD.
Note that ADGD = GDAD =1I1d— HD and GDHD = HDGD =0.
LEMMA 6.29. If K is an operator commuting with Ap then K commutes
ProoFr. Exercise (Hint: K preserves image and kernel of Ap). 0
If h is a Kihler metric, then the equality A = 20 implies that
1 1
Hd:HdC :HazHg, Gd:GdC == 5(;6: §G5
In particular, according to Lemma 6.29 and Corollary 6.20, G4 = G ¢ commutes

with d, dC.

COROLLARY 6.30. If h is a Kahler metric on a compact manifold then:
Every holomorphic p-form on M is harmonic.

PrROOF. According to Corollary 6.27 the inclusion ”H%’O C (M, QP) is an
isomorphism and then if 7 is a holomorphic p-form we have A(n)=20(n)=0. 0

EXERCISE 6.31. Let v # 0 be a primitive (p, ¢)-form on a compact manifold
M with Kahler form w. Prove that

/ VAT AWNTPTL £,
M

6.6 — Compact Kahler manifolds

In this section we will prove that certain good properties concerning the
topology and the complex structure of compact complex manifolds are true when-
ever we assume the existence of a Kahler metric. This motivates the following
definition:

DEFINITION 6.32. A complex manifold M s called a Kdahler manifolds if
there exists a Kahler metric on M.

We note that, while every complex manifold admits a Hermitian metric
(this is an easy application of partitions of unity, cf. 37, Thm. 3.14]), not every
complex manifold is Kahlerian. We recall the following

THEOREM 6.33.

1. C™, P" and the complex tori are Kdhler manifolds.
2. If M is a Kahler manifold and N C M s a reqular submanifold then also
N is a Kahler manifolds.
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For a proof of Theorem 6.33 we refer to [26].

From now on M is a fixed compact Kéhler manifold on dimension n.

For every m < 2n we denote by H™(M,C) = H™(M,R) ®@g C the De Rham
cohomology C-vector spaces. We note that a differential m-form 7 is d-closed if
and only if its conjugate 77 is. In particular the complex conjugation induce an
isomorphism of vector spaces H™(M,C) = H™(M,C).

If p+ g = m we denote by FP?2 C H™(M,C) the subspace of cohomology
classes represented by d-closed form of type (p,q) (note that a (p,q)-form n is

d-closed if and only if it is dn = dn = 0). It is clear that FP4 = F©P,

THEOREM 6.34 (Hodge decomposition). In the notation above we have

H™"(M,C)= & F*1
p+g=m
and the natural morphisms FP9 — HEY(M), FP9 — Hg’q(M) are isomor-
phisms.

PROOF. Take a Kéhler metric on M and use it to define the four Laplacians,
the harmonic projectors and the Green operators. According to Corollary 6.19
the Laplacian A is bihomogeneous of bidegree (0,0) and we have

kerANLI= @ kerAN b,
a+b=q

The isomorphism ker AN L4 — H9(M, C) induces injective maps ker AN L%* —
F*’; this maps are also surjective because every closed form « is cohomologically
equivalent to its harmonic projection Ha and H is bihomogeneous of bidegree
(0,0).

The last equalities follow from the isomorphisms

ker ANL* =ker ONL** = H (M), ker ANL**=kerONL** = HE"(M). D

COROLLARY 6.35. If M is a compact Kdihler manifold then:

b, = Za+b:i ha,b'

hP4 = hTP  in particular b; is even if i is odd.

hPP >0, in particular b; > 0 if i is even.

Every holomorphic p-form on M is d-closed.

(b; = dime H' (M, C) are the Betti numbers, h?? = dimc H(M,QP) the Hodge
numbers. )

Ll O
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PROOF. Items 1 and 2 are immediate consequence of the Hodge decompo-
sition. Take a Kéahler metric on M and use it to define the four Laplacians, the
harmonic projectors and the Green operators. Let w be the associated form of
the Kéhler metric on M. According to Corollary 6.18, w”P is harmonic and then
ker O N LPP = ker A N LPP #£ 0.

Finally, by Corollary 6.30 the holomorphic forms are A-harmonic and there-
fore d-closed. 0

EXAMPLE 6.36. The Hopf surfaces (Example 1.6) have by = b3 =1, by =0
and then are not Kéahler.

Finally we are in a position to prove the following

THEOREM 6.37 (00-Lemma). Let M be a compact Kdihler manifold. Then
1. There exists a linear operator o: L — L of bidegree (0, —1) such that
[0,0] =0, [0,0]0 = [0,00] = 0.
2. Im90 = ker0NIm O = kerd N Im 9.

ProoOF. 1. Choose a Kihler metric and define o = Ggg*. According

to 6.19, 6.20 and 6.29 we have o0 = 8 G, [9,0] = 0 and, denoting by H the
harmonic projection,

2. (cf. Exercise 6.39) We prove only Im 0 = ker N Im 0, being the other
equality the conjugate of this one. The inclusion C is evident, conversely let
x = OJa be a 0-closed differential form; we can write

r = da = [0,0]0a = Joda + 000a = —0doa — 00z = Jd(0a). 0

COROLLARY 6.38. Let M be a compact Kahler manifold. Then for every
P, q the natural maps

— v 3 P,q 9 P:q
ker&'Dker&'ﬂL %ksraﬁkeraﬁL _)keiaﬂL = H9(M,QP)
HOLp—1.a—1 O(ker 0 N Lp.a—1) oLpa-t

ker & Nker & N LP:4 N ker @ Nker & N LP:4 . ker 0 N LP1
HOLp—1.a—1 B(kerg N Lp—La) OLp—1.a

are isomophisms.
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PROOF. The two lines are conjugates each other and then it is sufficient to
prove that the maps on the first row are isomorphisms.

Choose a Kihler metric, every 0-closed form ¢ can be written as ¢ = a+ 0
with Do = 0. Since 0 = O we have da = 0 and then the above maps are
surjective.

According to Theorem 6.37 we have

AO(LP~11 1 C O(kerd N LPI™Y) C kerd NO(LP 1) C 99(LP~ 19~ 1h)
and then all the maps are injective. O

EXERCISE 6.39. Prove that for a double complex (L**,d, §) of vector spaces
(with d, ¢ differentials of respective bidegrees (1,0) and (0,1)) the following con-
ditions are equivalent:

1. There exists a linear operator o: L** — L**~! of bidegree (0, —1) such that
[d,o] =0, [0,0]d = [d,0d] = d.

2. Imdd = kerd NImd.

(Hint: The implication [1 = 2] is the same as in Theorem 6.37. In order to
prove [2 = 1] write L%* = Fb @ %" with F®* = dL% 1* and observe that
the complexes (F®*,§) are acyclic. Define first o: F** — F®*~1 guch that
[6,0]d = d and then o: C** — C**~! such that [d, o] = 0.)

6.7 — Historical survey

Most of the properties of Kéhler manifolds are stable under deformation.
For example:

THEOREM 6.40. Let f: M — B be a family of compact complex manifolds
and assume that My is Kahlerian for some b € B.

Then there exists an open neighbourhood b € U C B such the functions
hP1:U — N, hP%(u) = dimec HP9(M,) are constant and hPd(u) =
dim¢ H™(M,,C) for every v € U.

pt+qg=m

PRrROOF. (Idea) Exercise 1.18 implies Zp+q:m h?(u) > dime H™(M,,C)
and the equality holds whenever M,, is Kéhlerian. On the other side, by semicon-
tinuity Theorem 1.42 the functions h?9 are semicontinuous and by Ehresmann’s
theorem the function u — dim¢ H™ (M, C) is locally constant. 0



132 MARCO MANETTI [132]

Theorem 6.40 is one of the main ingredients for the proof of the following
theorem, proved by Kodaira (cf. [37], [78])

THEOREM 6.41. Let f: M — B be a family of compact complex manifolds.
Then the subset {b € B| M, is Kdhlerian } is open in B.

The proof of 6.41 requires hard functional and harmonic analysis.

It seems that the name Kdhler manifolds comes from the fact that they were
defined in a note of Erich Kéhler (1906-2000) of 1933 but all their (first) good
properties were estabilished by W.V.D. Hodge some years later.

7 — Deformations of manifolds with trivial canonical bundle

In the first part of this section we prove, following [21] and assuming Ku-
ranishi Theorem 4.36, the following

THEOREM 7.1 (Bogomolov-Tian-Todorov]). Let M be a compact Kihler
manifold with trivial canonical bundle Kyy = Opy. Then M admits a semiuni-
versal deformation with smooth base (H'(M,Tys),0).

According to Corollary 4.37, it is sufficient to to show that the natural map

Defyy (%) s Defyy (%)

is surjective for every n > 1. This will be done using Corollary 5.52 and the so
called Tian-Todorov’s lemma.

A generalization of this theorem has been given recently by H. Clemens [10].
We will prove of Clemens’ theorem in Section 9.

In the second part we introduce some interesting classes of dg-algebras which
arise naturally both in mathematics and in physics: in particular we introduce
the notion of differential Gerstenhaber algebra and differential Gerstenhaber-
Batalin-Vilkovisky algebra. Then we show (Example 7.30) that the algebra of
polyvector fields on a manifold with trivial canonical bundle carries the structure
of differential Gerstenhaber-Batalin-Vilkovisky algebra.
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7.1— Contraction on exterior algebras

Let K be a fixed field and E a vector space over K of dimension n; denote
by EV its dual and by (,): E x E¥Y — C the natural pairing. Given v € E, the
(left) contraction by v is the linear operator v F: A* EV — A\""' EV defined by
the formula

b
v}—(zl/\.../\zb):Z(—l)i_l@,zi)zl/\.../\,?i/\.../\zb.
i=1

For every a < b the contraction
NE x NEV-SNEY
is the bilinear extension of

(e Ao AV E(r Ao oA 2) =vg F (Vg1 Ao AV E (A Ao A 2)) =

= Z (_1)0 (H('Uia Za'(z)>> Zg(a+1) VAR Zo‘(b)

i=1

where G C Xy is the subset of permutations o such that o(a+ 1) < o(a +2) <
... < o(b). We note that if a = b then the contraction is a nondegenerate pairing
giving a natural isomorphism (A\"E)Y = A"EY. This isomorphism is, up to sign,
the same considered is Subsection 6.2.

If a > b we use the convention that F= 0.

LEMMA 7.2.

1. For every v € E the operator v = is a derivation of degree —1 of the graded
algebra \"EV.
2. For everyv e \"E, w € /\b E, ze€ N\°EY, we have

(wAw)Fz=vF (wk z).
In particular the operatorw F:\“EY— N“"°EY is the adjoint of Aw: \°~ " E—
A°E.
3. Ifve N"EY, we /\b E, Qe \"EY, where dimE =n, a < b, then:

vA(wkQ)=@wkFw)kQ.
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Proor. 1. Complete v to a basis v = e1,... ,e, of F and let z1,...,z,
be its dual basis. Every w € A" EY can be written in a unique way as w =
z1 N wy + we with wy,wy € /\* vt According to the definition of + we have
vEw=w;.

If w=2z1 ANwy + wa, u= 2z Auy + us are decompositions as above then
(v F w) Aut(=1)"wA (v F u)=wi A(z1 Aug+uz)+(—1)"2 (21 A wy+ws) Aup =

= wy N\ ug + (—1)w_2UJ2 Aug.
vE(wAu)=vF ((z1 Awy +w2) A (21 Aug +ug)) =
=vk (21 Awy Aug +wa A2y Aug +we Aug) =

= wi N\ us + (—1)Ww2 A Uq.

2. Immediate from the definition.

3. Induction on a; if @ = 1 then complete v to a basis v = z,... , 2, of EV
and denote eq,... ,e, € E its dual basis. Writing
w=e; Nwy + wa, w; € Nvt, w; FQ=vAn;, ni € Net,

we have by Item 2
wkEQ=(e1 ANw)F Q4+ (wakQ)=er b (w1 F Q)+ (wa Q) =m1 + v Ana,

and then
vA(wkEQ)=vAm=w Q= vk w)kQ.

Ifa>1and v = vy Avg, with vy € EY, vy € /\a*1 EY then by item 2 and
inductive assumption

v Ava A(wk Q)=v1 A((vak w)E Q)= (1 F (vaF w))E Q=((v1 Ave)F w) Q. 0

LEMMA 7.3.  For every vector space E of dimension n and every integer
a=0,...,n, the contraction operator defines a natural isomorphism

NE-SNEQ N TUEY,  i(v)=Z@ Wk Q)
where (Z,Q) € N" E x N\" EV is any pair satisfying Z = Q = 1.
ProoF. Trivial. 0

EXERCISE 7.4. Let 0— E—F—G—0 be an exact sequence of vector
spaces with dimG = n < oo. Use the contraction operator to define, for every
a < dim E, a natural surjective linear map \*7"F — \"E @ \'G.
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7.2 — The Tian-Todorov's lemma

The isomorphism ¢ of Lemma 7.3 can be extended fiberwise to vector bun-
dles; in particular, if M is a complex manifold of dimension n and T); is its
holomorphic tangent bundle, we have holomorphic isomorphisms

i N Ty —N'"Tar @ N Ty = Qi (Kp)
which extend to isomorphisms between their Dolbeault’s sheaf resolutions

iz (A" (N'Tar), 0)— (A" (N"Tar @ N'"“T3p), 0) = (A"~ (K ), D).

If z1, ..., z, are local holomorphic coordinates then a local set of generators
0 0
of N"Ty is given by the polyvector fields — = —— A... A ——, being I =
0z 0z, 0z,
(i1,... ,1q) a multiindex.

If Q is a local frame of K and Z a local frame of Ky, such that Z+ Q =1,

then 5 9 9
| =—dzs ) = —dz =7 —FQ|dz,.
Z(8ZIdZJ> ZR® <8ZIdZJ'_Q> ® <821 > ZJ

Given a fixed Hermitian metric A on the line bundle Ky, we denote by
D = D’+0 the unique hermitian connection on K ; compatible with the complex
structure.

We recall (cf. [35]) that D': A% (KY, ®Q4,) — A% (KY, ® Q3f1) is defined
in local coordinates as

D'(Z@¢)=Z®(0N¢+09), ¢eA,

where 0 = dlog(|Z|?) = dlog(h(Z, Z)) is the connection form of the frame Z.
We have moreover (D')2 = 0 and D'd + 0D’ = © is the curvature of the
metric.
We can now define a C-linear operator (depending on h)(2)

Ar AP (N Tag) = AP (N Tar),  Ag) =i D'(i(6)).

LEMMA 7.5. Locally on M, with 2, Z and 6 as above we have
A(P)FQ=0N(0FQ)+0(oF Q)

for every ¢ € A% (N" Twr).

@ don’t confuse this A with the Laplacian
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PROOF. By definition
iA(¢) = Z® (A9) F ),

iAP)=D'(i(¢) =D (Z@(pFQ)=Z2ON(pFQ) +0(pFQ)). DO

LEMMA 7.6. In local holomorphic coordinates z1,. .. ,z, we have

o o\ ,
A <faZIdzJ> = <(9f+af) = 821> dz;, fe A%

0 0
where 0 is the connection form of the frame Z = o A P and the right
21 Zn

hand side is considered = 0 when I = ().
PROOF. We first note that if ¢ € A*O(A"T) then i(¢dz ;) = i(¢)dz; and
D'i(¢pdz;) =D (Z@ (¢F Q) @dz)) =D (Z@(pFQ))@dz, :

this implies that A(¢dz;) = A(¢)dzs. According to Lemma 7.5
0 0 0
A< 3z1> Q0 QA(fazl}—Q>+8<faZI Q)

Since 2 = dz, A ...\ dz; we have 0 <88 F Q) = 0 and then, by Item 3 of
21
Lemma 7.2,

0 0 0
A(faz) FQ_(0f+8f)/\<8ZIFQ> = <(9f+af)#821> FQ. O

Setting P@* = A% (A “Ty) for every a < 0, b > 0, the direct sum
P = (B,, P’ 9) is a sheaf of dg-algebras, where the sections of A*(A* Ths)
have total degree b — a and 9: A%* (A" Tas) — AT (A Ths) is the Dolbeault
differential. The product on P is the ‘obvious’ one:

@) AM@Y) = (=1)?T(EAD) @ (dAY).

LEMMA 7.7.  The C-linear operator A:P — P has degree +1; moreover
A% =0 and [A,0] = AD + A =i~1Oi.
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PRrROOF. Evident. 0

Consider the bilinear symmetric map of degree 1, @Q: P x P — P

Q(a, B) = Ala A B) = Ala) AB = (=1)%a A A(B).

A brutal computation in local coordinates shows that () is independent of the
metric. In fact, for every pair of C*° functions f, g

0 0
Q(fa—ZIdzJ, 95, de>=< HITQ (faZI,g8 )dzJAde

and

0 0 0 0
Q(Q}T,”%) = (0fg+0(fg)) F (8—21/\%> -

—g ((9f+6f) - 3‘9—2[) i (—1)|I|f38—21 A ((eg+ag) = aaz—H) :

azH

According to Lemma 7.2, Ttem 1:

d d 0 5, d d

= g E i M, = =

Q<faz1’gazH> f(a o= )/\82H+( V952, A(a“azﬁ
In particular if |I| =0, |[H| = 1 then
0 af
_ o — (1,9 _
Q(fdzJ,gaZhde> (-1) gaZhdzJ/\de,

while, if |[I| = |[H| =1 then

o g dg 0 of 0 _ _
Y " d — (I 2L =2 2L d dzZ k.
Q <f8,zi ZJ’g8zh ZK) (-1) (f8zi o2 g@zh 827) Zg N dZk
Recalling the definition of the bracket [ , | in the Kodaira-Spencer algebra

KSy =@, A%*(Ty) we have:
LeEMMA 7.8 (Tian-Todorov). If a € A%(Tyr), B € A% (Tyr) then
(1), 8] = Ala A B) = A(a) A B = (=1)*"Ta A A(B).

In particular the bracket of two A-closed forms is A-exact.



138 MARCO MANETTI [138]

EXAMPLE 7.9. If M is compact Kihler and ¢;(M) = 0 in H?(M,C) then
by [35, 2.23] there exists a Hermitian metric on Ky; such that © = 0; in this
case [A,0] = 0 and ker A is a differential graded subalgebra of KS);.

ExXAMPLE 7.10. If M has a nowhere vanishing holomorphic n-form
(n = dim M) we can set on Ky, the trivial Hermitian metric induced by the
isomorphism Q: Ky, — Op/. In this case, according to Lemma 7.5, the operator
A is defined by the rule
(Aa) FQ=0(aF Q).

7.3— A formality theorem

THEOREM 7.11. Let M be a compact Kahler manifold with trivial canonical
bundle Ky = Op. Then the Kodaira-Spencer DGLA

KSy = @L(M, A% (Thr))
P
18 quastisomorphic to an abelian DGLA.

PROOF. Let Q € T'(M, K);) be a nowhere vanishing holomorphic n-form
(n = dim M); via the isomorphism Q: Ky, — Oy, the isomorphism of complexes

it (A%*(Tar), D) — (A™1%. D)

is given in local holomorphic coordinates by

and induces a structure of DGLA, isomorphic to K.Sy; on

L' = @U(M, A" 1),
p

Taking on K7, the trivial metric induced by Q: K, — Oy, the connection D is
equal to the De Rham differential and then the Tian-Todorov’s lemma implies
that the bracket of two 0-closed form of L™ ~1* is J-exact; in particular

Q" =kerdn L 1*

is a DGL subalgebra of L"~1*.
Consider the complex (R*,d), where

P — keron Ln—1p
- aLnflp
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endowed with the trivial bracket, again by Lemma 7.8 the projection Q* — R*
is a morphism of DGLA.

It is therefore sufficient to prove that the DGLA morphisms
Ln—l,* - Q* N R*

are quasiisomorphisms.

According to the d0-Lemma 6.37, d(ker 9) C Im 0 and then the operator 0
is trivial on R*: therefore

. ker & N L~ 1P 1 %
HP(R") = T oLr—2r HP(L")

B kero N L"—1p
o gLnfl,pfl

)

HP Q) = ker 0 Nker o N L"~ 1P
~ O(kerdn Ln—lw-1)

The conclusion now follows immediately from Corollary 6.38. 0

COROLLARY 7.12. Let M be a compact Kdahler manifold with trivial canon-
ical bundle Ky = Opp. For every local Artinian C-algebra (A, my) we have

Defy(A) = HY (M, Ty) @ my.

Defys ((t@ﬂﬂ)) 5 Defyy <2§;>

18 surjective for every n > 2.

In particular

PrOOF. According to Theorem 5.55 and Corollary 5.52 we have Defy; =
Defg«. Since R* is an abelian DGLA we have by Proposition 5.49

Defp-(A) = HY(R*)@my = H'(KSy) @my = H (M, Ty) @ my. 0
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7.4 — Gerstenhaber algebras and Schouten brackets

LEMMA 7.13. Let (G,N) be a graded Z-commutative algebra and let
[,]: G]—1] x G[—1] = G[-1] be a skewsymmetric bilinear map of degree 0 such
that
ad, = [a,—] € Der®s@C- (G @), Vae G[-1].

(Note that this last condition is equivalent to the so-called Odd Poisson identity
[a,bAc] = [a,b] Ac+ (=1)*C Db Ala, ],

[aAb,c]=anbd+(—1)°CVa,d Ab,

for every a,b,c € G[-1], T = deg(z, G[-1]).)
Let G C G be a set of homogeneous generators of the algebra G, then:

1. [,] is uniquely determined by the values [a,b], a,b € G.
2. A derivation d € Der"(G,G) satisfies [d, ad,] = adg) for every a € G[—1]
if and only if
dla, ] = [da, ] + (~1)"7[a, ]

for every a,b € G.
3. [,] satisfies the Jacobi condition ad|, ) = [ad,,ady] if and only if

[la, 8], ] = [a, [b, €] — (~1)7°[b, [a, .
for every a,b,c € G.

PRrOOF. 1. is clear. If a € G then by 2. the derivations [d, ad,] and adg(,)
take the same values in G and then [d, ad,] = adg(q). The skewsymmetry of [,]
implies that for every b € G[—1] the derivations [d, ady] and ady) take the same
values in G.

The proof of 3. is made by applying twice 2., first with d = ad,, a € G,
and then with d = adyp, b € G[—1]. 0

DEFINITION 7.14. A Gerstenhaber algebra is the data of a graded Z-
commutative algebra (G, A) and a morphism of graded vector spaces ad: G[—1] —
Der* (G, G) such that the bracket

[ GI=1i x G[=1]; = G[=1]iyy, a0 = ada(b)
induce a structure of graded Lie algebra on G[—1] (cf. [17, p.267]).

A morphism of Gerstenhaber algebras is a morphism of graded algebras
commuting with the bracket [, ].
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For every graded vector space G there exists an isomorphism from the space
of bilinear skewsymmetric maps [, ]: G[—1] x G[—1] — G[—1] of degree 0 and the
space of bilinear symmetric maps @: G x G — G of degree 1; this isomorphism,
called décalage, is given by the formula(®

Q(a,b) = (_1)deg(a»G[—1])[a7b}_

Therefore a Gerstenhaber algebra can be equivalently defined as a graded alge-
bra (G,A) endowed with a bilinear symmetric map @Q: G x G — G of degree 1
satisfying the identities

0dd Poisson  Q(a,bAc) = Q(a,b) Ac+ (1)@ A Q(a, c),
Jacobi Qa, Q(b,0)) = (—1)7Q(Q(a,b), ¢) + (~1)7°Q(b, Q(a, ©)),

where @ = deg(a, G), b = deg(b, Q).

EXAMPLE 7.15 (Schouten algebras). A particular class of Gerstenhaber
algebras are the so called Schouten algebras: here the bracket is usually called
Schouten bracket.

Consider a commutative K-algebra Ay and let A_; C Derg (A4, Ag) be an
Ap-submodule such that [A_1, A_;] C A_;. Define

A=PA,;,, A= NA_.
i>0 Ap
With the wedge product, A is a graded algebra of nonpositive degrees.

There exists a unique structure of Gerstenhaber algebra (A, A, [, ]) such that
for every a,b € A[—1]; = Ay, f,g € A]-1]o = A

ada(b) =0, ads(a) = f(a), ads(g) =[f,g]-

In fact A is generated by Ag U A_; and, according to Lemma 7.13, the skew-
symmetric bilinear map

n

[Eo Ao N bl =3 ()" A AEN . AE,

i=0
[fo/\ /\fmCo/\ NGl =

_ZZ DI GIAEO A  AEA L ANEACOA - AGA A

1=0 j=0

) The décalage isomorphism is natural up to sign; the choice of deg(a, G[—1]) instead
of deg(a, G) is purely conventional.
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where h € Ag, &0, .- ,&n,C0s -+ ,Cm € A_1 is well defined and it is the unique
extension of the natural bracket such that ad(A[—1]) C Der*(4, A).
We need to show that [,] satisfies the Jacobi identity

[[a,b],¢] = [a, [b,¢]] — (~1)7°[b, [a, ]].

Again by Lemma 7.13 we may assume that 0 < a < b < ¢. There are 5 possible
cases, where the Jacobi identity is satisfied for trivial reasons, as summarized in
the following table:

a b c Jacobi is true because..
1 1 1 all terms are =0
0 1 1 all terms are =0
0 0 1 definition of [,] on A_q
0 0 0 Jacobi identity on A_

EXAMPLE 7.16. Let M be a complex manifold of dimension n, the sheaf of
graded algebras T = ®,<o7;, Ti = A"°(A\" " Tw), admits naturally a Schouten
bracket.

In local holomorphic coordinates z1,... , z,, since

o 0 0 0
{925 523} . {52’179] Seh - (89 321) ’

the Odd Poisson identity implies that the Schouten bracket takes the simple
form

0 0 0 0 0 0
— g = (1)t F— — —g— F—.
{faz,’gazHLCh (=1) / (89 821) " 0zm gaz, " (8f 3zH>

DEFINITION 7.17. A differential Gertstenhaber algebra is a Gerstenhaber
algebra (G, A, [,]) endowed with a differential d € Der' (G, G) making (G, d, [,])
a differential graded Lie algebra.

ExXAMPLE 7.18. Given any Gertstenhaber algebra G and an element a €
Go = G[—1]; such that [a,a] = 0 we have that d = ad, gives a structure of
differential Gerstenhaber algebra.

EXERCISE 7.19. For every f € Klzy,...,2,] the Koszul complex of the

0 .
sequence —f, ..., —— carries a structure of differential Gerstenhaber algebra.
o0x1 oxy,
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7.5 — d-Gerstenhaber structure on polyvector fields
Let M be a fixed complex manifold, then the sheaf of dg-algebras P defined

in Subsection 2, endowed with the Schouten bracket

9
82]

0 0 0
= - — (_\WIUHI=) | g 2, 2
dzJaga HdZK o (1) [fazj’gﬁzH

f :| dz; NdzZ g
Sch

is a sheaf of differential Gerstenhaber algebras.

We have only to verify that locally 9 is a derivation of the graded Lie algebra
(P,],]): this follows immediately from Lemma 7.13 and from the fact that locally
the Kodaira-Spencer DGLA generates P as a graded algebra.

Via the décalage isomorphism, the Schouten bracket corresponds to the
symmetric bilinear map of degree 1 Q:P x P — P given in local holomorphic
coordinates by the formulas

8’9dEKa> = (=D)IEIU=DHgz ) A dzgQ (fa a) ’
zZr "

Q (fdzJ 95

9 0\ _ L i, 9 9
Q<f(’)z1 8ZH>f<agFaZI)/\82H+( ) g&zIA(afkazH)'

Notice that, in the notation of Subsection 2,
Q. ) = Al A B) = Ala) A B = (=1)%a A A(B)
and therefore we also have the following
LEMMA 7.20 (Tian-Todorov). for every o, 8 € P[—1],

[, Blsen = a A AB 4 (=1)3e@PIE(A(a A B) — Aa A B).

There exists a natural morphism 7 P — Hom(A**, A**) of sheaves of bi-
graded vector spaces on M given in local coordinates by

s m=on (L),

Since, for every ¢ € POP = AP n € A** we have

0 0
. — (_1\p| v
S (o nm) = 1>pf¢m(az] Fn)
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the hat morphism ™ is a morphism of algebras, being the product in Hom (A** A**)
the composition product. We observe that the composition product is associative
and therefore Hom(A**, A**) has also a natural structure of sheaf of graded Lie

-~

algebras. Since P is graded commutative, [a,b] = 0 for every a,b € P.

LEMMA 7.21. For every a,b € P homogeneous,
1. da = [0,4d.
2. Q(a,b) = [[9,d],0] = —(~1)%adh — (—1)7>+2 b9 + 9ab + bad
PROOF. The proof of the first identity is straightforward and left to the

reader.
By Jacobi identity,

~ ~

0= 1[0, [@0)] = [[8,a,b] — (~1)**[[0.b], 3]

and therefore both sides of the equality 7.21 are graded symmetric.
Moreover, since b A ¢ = be and

Qa,bAc)=Q(a,b) Nec+ (—1)(6+1)Eb A Q(a,c),

-~

[[8,a),b¢] = [[0, @], be + (—1)@+VPp[[3, 3], 2],

0
it is sufficient to check the equality only when a,b = f, dz;, 9 fePro=A00
i) If » € P%* then

-~

[0, 0] =86 A1) — (—1)°6 A 9 = ¢ A .

In particular [8,@] =0, Q(dz;j,b) = 0 for every b.
ii) If f,g € P%0 then Q(f,g) € P*° =0 and

~

10, f1,9ln = 0f A gn—g(df An) = 0.

If f € P%0 then Q <f,§z> = 882 Fof = aaj and

—

~ 0 0 0 0
l[a,f],azi]nﬁfA (8zi H’)+azi F(fAn) = <6zi F3f>M)
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where the last equality follows from the Leibnitz rule applied to the derivation

0
7 .
g 0

Finally @ (57 £> = 0; since 9
i UZj

99
, —, = are derivations of A**, also
8Zi aZj
"0z | 0z,
check the equality for n = dz;. This last verification is completely straightforward
and it is left to the reader. 0

o] &
[ 0, —|,=—| is a derivation of bidegree (—1,0) and then it is sufficient to

EXERCISE 7.22. Prove that @ = {a € P|[9,a] =0}.

7.6 — GBV-algebras
In this section K is a fixed field of characteristic 0.

DEFINITION 7.23. A GBV (Gerstenhaber-Batalin- Vilkovisky) algebra is the
data of a graded algebra (G,A) and a linear map A:G — G of degree 1 such
that:

1. A2=0
2. The symmetric bilinear map of degree 1
Q(a,b) = A(a Ab) — Ala) Ab— (—=1)%a A A(b)

satisfies the odd Poisson identity

Qa,bAc) = Q(a,b) Ac+ (—1)@ P A Q(a, c).

Note that the second condition on the above definition means that for every
homogeneous a € G, the linear map Q(a, —) is a derivation of degree @+ 1.

The map @ corresponds, via the décalage isomorphism, to a skewsymmetric
bilinear map of degree 0, [,]: G|—1] x G[—1] — G[—1]; the expression of [,] in
terms of A is

[a,b] = a A A(b) + (—1)2e@CE= (A(a A b) — Aa) A D).

EXAMPLE 7.24. If A is a differential of a graded algebra (G, A), then @ =0
and (G, A, A) is a GBV algebra called abelian.

ExXAMPLE 7.25. The sheaf P of polyvector fields on a complex manifold,
endowed with the operator A described in Subsection 2 is a sheaf of GBV algebra.
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EXERCISE 7.26. Let (G, A, A) be a GBV algebra. If G has a unit 1, then
A(1) = 0.

LEMMA 7.27. For every a,b € G homogeneous

AQ(a,b) + Q(A(a),b) + (=1)"Q(a, A(b)) =
PRrROOF. It is sufficient to write @ in terms of A and use A? = 0. 0

THEOREM 7.28. If (G,A,A) is a GBV algebra then (G[—1],[,],A) is a
DGLA and therefore (G, A, Q) is a Gerstenhaber algebra.

ProoOF. Working in G[—1] (i.e. a=deg(a, G[—1])) we have from Lemma 7.27
Ala,b] = [A(a),b] + (=1)%[a, A(D)]

and then we only need to prove the Jacobi identity.
Replacing a = o, b = S A~y in the above formula we have

[, ABAY)] = (=) (Ala, BAY] = [Aa, BAY])
and then [a, A(S A 7)] is equal to

(=17 A([a, BIAY) + (=) PABA[e, ) — (~1)F[Aa, By +H—1) DB A A, 1.
Writing
[, [8,7]] = [o, B A B3]+ (=1)% ([, A(B A )] — [, AB AA)),

(e, 8,7 = [e, B] A Ay + (=1)" P (A([er, B] A y) — A, Bl A7),

[8, [0, 7)) = BA Ala, 7]+ (=1)P(ABA [, 7]) = AB A7)

we get

[, 18,7 = [lev, 81,91 + (=) P[B, [, 7]]- 0

DEFINITION 7.29. Let (G, A, A) be a GBV-algebra and d a differential of
degree 1 of (G,A). If dA + Ad = 0 then the gadget (G,A,A,d) is called a
differential GBV algebra.

ExamMpPLE 7.30. Let P be the algebra of polyvector fields on a complex
manifold M. In the notation of Subsection 2, (P, A, A, d) is a sheaf of differential
GBYV algebras if and only if the connection D is integrable.

This happen in particular when M has trivial canonical bundle and D is
the trivial connection.

EXERCISE 7.31. If (G,A,A,d) is a differential GBV-algebra then (G[-1],[, ],d+
hA) is a DGLA for every h € K.
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7.7 — Historical survey

The Schouten bracket was introduced by Schouten in [70] while the Jacobi
identity was proved 15 years later by Nijenhuis [58].

The now called Gerstenhaber algebras have been first studied in [17] as a
structure on the cohomology of an associative ring.

Concrete examples of GBV algebra arising from string theory were studied
in 1981 by Batalin and Vilkovisky, while the abstract definition of GBV algebra
given in this notes was proposed in [48] (cf. also [75]).

8 — Graded coalgebras

This section is a basic course on graded coalgebra, with particular emphasis
on symmetric graded coalgebra. The aim is give the main definitions and to give
all the preliminaries for a satisfactory theory of L.,-algebras.

Through all the section we work over a fixed field K of characteristic 0.
Unless otherwise specified all the tensor products are made over K.

The main references for this section are [61, Appendix B], [22], [6].

8.1 — Koszul sign and unshuffles

Let V,W € G be graded vector spaces over K. We recall (Definition 4.2)
that the twisting map T:V @ W — W @ V is defined by the rule T'(v @ w) =
(—1)?"w ® v, for every pair of homogeneous elements v € V, w € W.

The tensor algebra generated by V € G is by definition the graded vector
space

T(V) = @nZO@nV

endowed with the associative product (11 ®...Qup)(Vp+1®. ..QU,) = 11 Q.. .QUy,.

Let I € T(V) be the homogeneous ideal generated by the elements x ®
y—T(z®vy), x,y € V; the symmetric algebra generated by V' is defined as the
quotient

SV)=T(V)/I =@,>,O"V, O"V=Q"V/(Q'VNnI)

The product in S(V) is denoted by ®. In particular if m:T(V) — S(V) is
the projection to the quotient then for every vi,...,v, € V, v1 ®... O v, =
(v @ ... vy).

The exterior algebra generated by V is the quotient of T'(V) by the homo-
geneous ideal J generated by the elements 2 ® y + T'(z ® y).

N =T(WV)/J=@,5NV. ANV=Q"V/(Q"VnJ).
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Every morphism of graded vector spaces f:V — W induces canonically
three homomorphisms of graded algebras

T(f):T(V)=TW),  S(f):5V)—=SW),  AS):AV = AW.

The following convention is adopted in force: let V. W be graded vector
spaces and F:T(V) — T(W) a linear map. We denote by

FRT(V) = QW, Fr@'V-T(W), F:@QV->QW

the compositions of F with the inclusion @’V — T'(V) and/or the projection
TW) — QW.

Similar terminology is adopted for linear maps S(V) — S(W).
If vy, ..., v, is an ordered tuple of homogeneous elements of V and o: {1,... ,s} —
{1,... ,n} is any map, we denote v, = Vo1 ® V2 @ ... ®vys € V.

If I C {1,...,n} is a subset of cardinality s we define v; as above, consid-
ering I as a strictly increasing map I: {1,... s} — {1,... ,n}.

fnhu...Ul,=J1U...UJ,=A{1,... ,n} are decompositions of {1,... ,n}
I,...

Lo
into disjoint subsets, we define the Koszul sign e (V, 7 J ; {vh}> = +1 by
IR/
the relation

L,... .1,
6<V, ! ;{’Uh})'UIIQ...Q’U[a:UJIG...QUJb.
ST /3

Similarly, if o is a permutation of {1,... ,n}, e(V,o;v1,... ,v,) = £1 is
defined by

V1O ...Ovy = €(V,0501, ., ) (V1) © -+ . © Ug(n))s

or more explicitly

e(V,o501,... ,0,) :H (M> , v = deg(v; V).

i \loi —aj]

For notational simplicity we shall write e(o;vy,... ,v,) or €(c) when there is no
possible confusion about V and vy,... ,v,.

The action of the twisting map on ®2V extends naturally, for every n > 0,
to an action of the symmetric group 3,, on the graded vector space ®"V. This
action can be described by the use of Koszul sign, more precisely

oV ®...0v,) = €(o;v1,... ,Un)(Vo(1) ® ... ® Vg(n))
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Denote by N:S(V) — T(V) the linear map

N ©...0v,) = Z (o301, 0n)(Vo(1) @ - @ Ug(n)) =
oeY,

= Z oy ®...Qvy,), U1,...,v, €V.
oceX,

Since K has characteristic 0, a left inverse of m:T(V) — S(V) is given by
Id»
>_n — N, where, according to our convention, Id":T(V) — X"V is the pro-
n!
jection.
For every homomorphism of graded vector spaces f:V — W, we have
NoS(f)y=T(f)oN:S(V) = T(W).

The image of N:("V — @"V is contained in the subspace (Q"V)*" of
Y ,-invariant vectors.

LEMMA 8.1. In the notation above, let W C @™V be the subspace gener-
ated by all the vectors v —o(v), o0 € ¥, v € Q"V.
Then "V = (Q"V)*»@W and N:O"V — (Q"V)*" is an isomorphism

. . ™
with inverse —.
n!

PROOF. It is clear from the definition of W that w(W) = 0; moreover
v NE;U € W for every v € @"V, and therefore Im(N) + W = Q"V.

On the other side if v is ¥,,-invariant then
1 1
v= Z o(v) = aNﬂ'(’U)
ocEYX,
and therefore Im(N) = (®Q"V)*", Im(N) N W C Im(N) Nker(r) = 0. 0

For every 0 < a < n, the multiplication map V®* @ V&~ — V" ig an
isomorphism of graded vector spaces; we denote its inverse by

Ugn—a: VE" = VEIQVET,

Aan—0a(1®...0U,) =11 ®...Q0U,) @ (Vg1 ® ... R y,).
The multiplication p: (Q*V) @ (" “V) — "V is surjective but not

.. . . . . n
injective; a left inverse is given by [a,n_a< ) , where
a

I1,I°¢
lon—a(v1 ®...00,) = € SV, e e s Un | V1 ® Ve,
R R 0 Y B
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the sum is taken over all subsets I C {1,...,n} of cardinality a and I¢ is the
complement of T to {1,... ,n}.

DEFINITION 8.2. The set of unshuffles of type (p, q) is the subset S(p,q) C
Y,+q of permutations o such that o(i) < o(i + 1) for every i # p.

Since o € S(p, ¢) if and only if the restrictions o: {1, ... ,p} — {1,... ,p+q},
o {p+1,... ,p+q} = {1,... ,p+q}, are increasing maps, it follows easily that the
unshuffles are a set of representatives for the cosets of the canonical embedding
of ¥, x ¥, inside >, ,. More precisely for every o € ¥, there exists a unique
decomposition o = 7p with 7 € S(p,q) and p € £, x X,.

EXERCISE 8.3. Prove the formula

[a7nfa('U1 ©®...0 ’Un> = Z 6(0’)(’00(1) ©...0 Ua(a)) & (vo—(a+1) ®...0 Ua(n))

ceS(a,n—a)

LEMMA 8.4. In the above notation, for every 0 < a <n

tGan—alN =N N)yn-0a@"V-=>QVea" V.

PROOF. Easy exercise. O

Consider two graded vector spaces V, M and a homogeneous linear map
@™V — M. The symmetrization f: )™V — M of f is given by the formula

flag@as ®...0ay) = Z eViosa1,... ;am)f(as, ®...®ag,,).

oEY

If ¢ ®lV — V is a homogeneous linear map of degree k, the (non associa-
tive) Gerstenhaber composition product f e g: ®m+l_1V — M is defined as

f og(al ®...Q am+l,1) =
m—1

= (—1)k(a+“'+a_i)f(a1 ®R...Q0a; ® g(ai+1 ®R...Q aiJrl) ®...Q am+l,1).
=0

The behavior of @ with respect to symmetrization is given in the following lemma.

LEMMA 8.5 (Symmetrization lemma). In the notation above

—~

fog(a1 @...@am+l,1) =

= Z eVyosa1,... ,am)f(g(ag, ©®...Qa5,) ©ag, ©...0 00, )
oceS(l,m—1)
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PROOF. We give only some suggestion, leaving the details of the proof as
exercise. First, it is sufficient to prove the formula in the “universal” graded
vector space U with homogeneous basis a1, ... ,am4+i—1 and by, where I ranges
over all injective maps {1,...,l} — {1,...,m + [ — 1}, by is homogeneous of
degree k +arm) + ... +arq) and g(as) = br.

Second, by linearity we may assume that M = K and f an element of the
dual basis of the standard basis of @™U.

With these assumption the calculation becomes easy. O

8.2 — Graded coalgebras

DEFINITION 8.6. A coassociative Z-graded coalgebra is the data of a graded
vector space C' = @,czC™ € G and of a coproduct A: C — C ® C such that:

e A is a morphism of graded vector spaces.
e (coassociativity) (A ® Idg)A = (Idec ® A)A:C - C®C®C.

The coalgebra is called cocommutative if TA = A.

For simplicity of notation, from now on with the term graded coalgebra we
intend a Z-graded coassociative coalgebra.

DEFINITION 8.7. Let (C,A) and (B, T') be graded coalgebras. A morphism
of graded coalgebras f:C' — B is a morphism of graded vector spaces that
commutes with coproducts, i.e. I'f = (f ® f)A.

The category of graded coalgebras is denoted by GC.

EXERCISE 8.8. A counity of a graded coalgebra is a morphism of graded
vector spaces €: C' — K such that (e ® Ide)A = (Ide ® €)A = Idc.
Prove that if a counity exists, then it is unique (Hint: (e ® €')A =7).

EXAMPLE 8.9. Let C' = K[t] be the polynomial ring in one variable ¢ of
even degree. A coalgebra structure is given by

At") = En:ti ® "
=0

We left to the reader the verification of the coassociativity, of the commutativity
and the existence of the counity.

If the degree of t is equal to 0, then for every sequence {f,}n>0 C K it is
associated a morphism of coalgebras f:C' — C defined as

fO =1, f=> > fifn..at

5=1 3y, i,)eN®
i1+...+is=n
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The verification that Af = (f ® f)A can be done in the following way: Let
{z"} € CY = K|[[z]] be the dual basis of {t"}. Then for every a,b,n € N we
have:

(@%@ 2" AF(t")) = > fir oo fiakis - Fius

+...+ig+j1+...+ipb=n

<(Ea®xb,f®fA(tn)>:Z Z Z fi1~~'fiafj1"'fjb'

s i14...+iq=5 j1+...+Jp=n—s

Note that the sequence {f,}, n > 1, can be recovered from f by the formula
fno= (2, f(")).

We shall prove later that every coalgebra endomorphism of K[t] has this
form for some sequence {f,}, n > 1.

LEMMA-DEFINITION 8.10. Let (C,A) be a graded coassociative coalgebra,
we define recursively A° = Idc and, for n > 0, A" = (Ide ® A" DA:C —
Q" C. Then:

1. For every 0 < a <n —1 we have
A" = (A" @ A"TTTOAC - QT

aa+1,n—aAn _ (Aa ® Anflfa)A

2. For every s > 1 and every ag, ... ,as > 0 we have
(A% @A™ ® ... @ A%)AS = A2 %,

In particular, if C is cocommutative then the image of A"~ is contained in
the set of ¥, -invariant elements of ®" C.

3. If f:(C,A) — (B,T') is a morphism of graded coalgebras then, for every
n > 1 we have

I"f=(@" " Hamc - Q" 'B.

Proor. 1. If a =0 or n =1 there is nothing to prove, thus we can assume
a > 0 and use induction on n. we have:

(Aa ® An—l—a)A (Idc ® Aa—l)A ® An—l—a)A _
Ide @ A ' @ A1) (A ® Ido)A =
Ide @ AP @ A" (Tde @ A)A =

= (
=(
=
= (Ide ® (AP @ A" 179 A)A = A™.
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2. Induction on s, being the case s = 1 proved in item 1. If s > 2 we can
write

(A QA" ®...@ A%)A* = (A @ A" ®...@ A%)(Id® A*")A =
= (A @ (A" ®...0 A%)AHA =
_ (ALLO ® AS_1+Zi>0 ai)A _ AS+Z ai

The action of ¥,, on ®" C' is generated by the operators T}, = Id®a c®T®
Id®n—a_zc, 0<a<n-—2,and, if TA = A then

T,A" ! = Ta(1d®a c®A® Id® YA =

n—a—2
C

n—2 n—1
= (Id®aC®A®Id®nfafzc)A =A""".
3. By induction on n,

I"f = Idp@I" If = (feI" ')A = (fo(@")A"HA = (@ /A [

ExXAMPLE 8.11. Let A be a graded associative algebra with product pu: A ®
A — A and C a graded coassociative coalgebra with coproduct A:C' — C ® C.
Then Hom™(C, A) is a graded associative algebra with product

fg=u(f®g)A.

We left as an exercise the verification that the product in Hom*(C, A) is asso-
ciative.

In particular Homg (C, A) = Hom®(C, A) is an associative algebra and CV =
Hom™(C,K) is a graded associative algebra. (Notice that in general AV is not a
coalgebra.)

ExaMPLE 8.12. The dual of the coalgebra C' = K[t] (Example 8.9) is
exactly the algebra of formal power series A = K[[z]] = CV. Every coalgebra
morphism f:C — C induces a local homomorphism of K-algebras f': A — A.
Clearly f' =0 only if f =0, f* is uniquely determined by f*(z) = >, .o faz"”
and then every morphism of coalgebras f: C' — C is uniquely determined by the
sequence fn = (f*(x),t") = (z, f(t")).

The map f + f* is functorial and then preserves the composition laws.

DEFINITION 8.13. A graded coassociative coalgebra (C, A) is called nilpo-
tent if A™ =0 for n > 0.

It is called locally nilpotent if it is the direct limit of nilpotent graded coal-
gebras or equivalently if C' = U,, ker A™.
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ExXAMPLE 8.14. The coalgebra K [¢] of Example 8.9 is locally nilpotent.

ExXAMPLE 8.15. Let A = @®A; be a finite dimensional graded associative
commutative K-algebra and let C' = AY = Hom"(4,K) be its graded dual.

Since A and C' are finite dimensional, the pairing (1 ® c2,a1 ® ag) =
(—=1)%¢2{cy, ay){ca,as) gives a natural isomorphism C' ® C' = (A ® A)Y com-
muting with the twisting maps T'; we may define A as the transpose of the
multiplication map u: A ® A — A.

Then (C,A) is a coassociative cocommutative coalgebra. Note that C' is
nilpotent if and only if A is nilpotent.

EXERCISE 8.16. Let (C, A) be a graded coalgebra and p: C' — V' a morphism
of graded vector spaces. We shall say that p cogenerates C' if for every ¢ € C
there exists n > 0 such that (@"+'p)A"(¢) # 0 in @™ V.

Prove that every morphism of graded coalgebras B — C' is uniquely deter-
mined by its composition B — C' — V with a cogenerator p.

2-A. The reduced tensor coalgebra

Given a graded vector space V, we denote T(V) = @,,.,®" V. When
considered as a subset of T'(V') it becomes an ideal of the tensor algebra generated
by V.

The reduced tensor coalgebra generated by V is the graded vector space

T(V) endowed with the coproduct a: T(V) — T'(V) @ T(V),

oo n—1 n—1

A=Y Guna A0V =) (L1D...0V)® U1®... V)

n=1a=1 r=1

The coalgebra (T'(V'),a) is coassociative (but not cocommutative) and locally
nilpotent; in fact, for every s > 0,

0 ®...Qv,) = > (11 ®...0V,)R...0 (V;i,_,4+1®...00;,)
1<i1<i2<...<is=n
and then kera*~! = @°_| Q" V.
If i:@°T(V) — T(V) denotes the multiplication map then, for every
V1,...,U, €V, we have

n—1

81)U1®...®Un.

,uas_l(vl ®...Q0u,) = (

For every morphism of graded vector spaces f:V — W the induced mor-
phism of graded algebras

T(f):T(V)—TW), T(H1®@...0uv,) = f(v11)®...® f(vn)

is also a morphism of graded coalgebras.
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EXERCISE 8.17. Let p:T(V) — T(V) be the projection with kernel K =
Q°V and ¢: T(V) — T(V)QT (V) the unique homomorphism of graded algebras
such that ¢p(v) =v® 1+ 1® v for every v € V. Prove that p¢ = ap.

If (C,A) is locally nilpotent then, for every ¢ € C, there exists n > 0 such
that A™(¢) = 0 and then it is defined a morphism of graded vector spaces
1 = n Lal?ah)

n=0

PROPOSITION 8.18.  Let (C,A) be a locally nilpotent graded coalgebra,
then:

1 .
1. The map 1A~ Z A" C — T(C) is a morphism of graded coalgebras.
n>0
2. For every graded vector space V' and every morphism of graded coalgebras
¢:C — T(V), there exists a unique morphism of graded vector spaces f: C' —
V' such that ¢ factors as

1 J—
1—A

S (@)A1 C - T(C) - T(V).

n=1

¢ =T(f)

PrOOF. 1. We have

At d At ]a=> Y (ATeATY)A

n>0 n>0 n>0a=0
n
— E E +1 _ E
- aa+1,77,+1—aAn =a A"
n>0a=0 n>0

where in the last equality we have used the relation aA® = 0.
2. The unicity of f is clear, since by the formula ¢ = T(f)(3_, 5, A") it

follows that f is the composition of ¢ and the projection T'(V) — V.

To prove the existence of the factorization, take any morphism of graded
coalgebras ¢: C' — T(V) and denote by ¢: C — @'V the composition of ¢ with
the projection. It is sufficient to show that for every n > 1, ¢™ is uniquely
determined by ¢!. Now, the morphism condition a¢ = (¢ ® ¢)A composed with
the projection T(V) @ T(V) — @;:11 (®'Veo®" V) gives the equality

n—1

ag" = ($'@¢" A, n>2

i=1

Using induction on n, it is enough to observe that the restriction of a to @" V/
is injective for every n > 2. O
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It is useful to restate part of the Proposition 8.18 in the following form

COROLLARY 8.19. Let V be a fixed graded vector space; for every locally
nilpotent graded coalgebra C the composition with the projection T(V) — V
induces a bijection

Homgc(C,T(V)) = Homg (C, V).

When C' is a reduced tensor coalgebra, Proposition 8.18 takes the following
more explicit form

COROLLARY 8.20. Let U,V be graded vector spaces and p: T (V) — V the

projection. Given f:T(U) — V, the linear map F:T(U) — T(V)

Fni®...0v,) =Y > fn®...00;)0...0f(vi._419...Qv;)

s=1 1<y <in<...<is=n
1s the unique morphism of graded coalgebras such that pF = f.

Example 8.21. Let A be an associative graded algebra. Consider the pro-
jection p: T(A) — A, the multiplication map p: T(A) — A and its conjugate

pt=—-pl(-1), p(a®...0a)=
=(-1)"" a1 ®...®a,) = (=1)"tajas. .. a,.

The two coalgebra morphisms T(A) — T(A) induced by p and p* are isomor-
phisms, the one inverse of the other.
In fact, the coalgebra morphism F:T(A) — T'(A)

F(a1®®an)zz Z (a1a2...ail)®...®(ai571+1...ais)

s=1 1<i1<i2<...<is=n

is induced by p (i.e. pF = ), u*F(a) = a for every a € A and for every n > 2

WF@®..©a)=3(-)"" Y aas...q,=

s=1 1<i1<ia<...<is=n

_ :(—ms—l(’;:i)am...an _ (2(—1)5("; 1)) wrdz. ay =0,
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This implies that p*F = p and therefore, if F*:T(A) — T(A) is induced by u*
then pF*F = p*F = p and by Corollary 8.19 F*F is the identity.

EXERCISE 8.22. Let A be an associative graded algebra over the field K,
for every local homomorphism of K-algebras v: K [[z]] = K[[z]], v(x) = > yn2™,
we can associate a coalgebra morphism F.: T(A) — T'(A) induced by the linear
map

£ T(A) — A, fla1 ®...@an) =Ynay ...an.

Prove the composition formula F,5 = FsF,. (Hint: Example 8.12.)

EXERCISE 8.23. A graded coalgebra morphism F:T(U) — T(V) is sur-
jective (resp.: injective, bijective) if and only if Fil: U — V is surjective (resp.:
injective, bijective).

2-B. The reduced symmetric coalgebra
DEFINITION 8.24. The reduced symmetric coalgebra is by definition S(V') =

Do O"V, with the coproduct [ =Y > O1 [;lelv

n—1

[(111@@1)”):2 Z 6({11’1 },'Ul, .o, )’U]@’U]c.

r=11C{1 . n}ilI|=r

The verification that [is a coproduct is an easy consequence of Lemma 8.4.
In fact, the injective map N:S(V) — T(V) satisfies the equality aN = (N ®
N)l and then N is an isomorphism between (S(V),[) and the subcoalgebra of
symmetric tensors of (T(V), a).

REMARK 8.25. It is often convenient to think the symmetric algebra as a
quotient of the tensor algebra and the symmetric coalgebra as a subset of the
tensor coalgebra.

The coalgebra S(V) is coassociative without counity. It follows from the
definition of [ that V' = kerl and Tl = [, where T is the twisting map; in
particular (m, [) is cocommutative. For every morphism of graded vector
spaces f:V — W, the morphism S(f): S(V) — S(W) is a morphism of graded
coalgebras.

If (C,A) is any cocommutative graded coalgebra, then the image of A™ is

contained in the subspace of symmetric tensors and therefore

where
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PROPOSITION 8.26. Let (C,A) be a cocommutative locally nilpotent graded
coalgebra, then:
A—1

:C' — S(C) is a morphism of graded coalgebras.

1. The map ¢

2. For every graded vector space V and every morphism of graded coalgebras
¢:C — S(V), there exists a unique factorization

¢ = S(asl)eA L > Q"¢ 1. - S(C) = S(V),
n=1

A n!

where ¢':C — V is a morphism of graded vector spaces f:C — V. (Note
that ¢' is the composition of ¢ and the projection S(V) — V.)

PROOF. Since N is an injective morphism of coalgebras and 1A= N o
A

€ N the proof follows immediately from Proposition 8.18. O

COROLLARY 8.27. Let C' be a locally nilpotent cocommutative graded

coalgebra, and V' a graded vector space. A morphism 6 € Homg(C,S(V)) is a
morphism of graded coalgebras if and only if there exists m € Homg(C,V) C
Homg (C, S(V)) such that

— 1
0 =exp(m)—1: = Z —m”,
n!

n=1

being the n-th power of m is considered with respect to the algebra structure on

Homg (C, S(V)) (Example 8.11).

PROOF. An easy computation gives the formula m™ = (()"m)A" ! for the
product defined in Example 8.11. 0

EXERCISE 8.28. Let V be a graded vector space. Prove that the formula

n—1

C(Ul/\. . ~/\Un) = Z (—1)06(0)(00(1)/\. . .AUU(T))®(UU(T+1)/\. . ./\’Ug(n)),
1 oeS(r,n—r)

T

where (—1)7 is the signature of the permutation o, defines a coproduct on
AV) = @,-0\" V. The resulting coalgebra is called reduced exterior coal-
gebra generated by V.
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8.3 — Coderivations
DEFINITION 8.29. Let (C,A) be a graded coalgebra. A linear map d €
Hom"(C, C) is called a coderivation of degree n if it satisfies the coLeibnitz rule
Ad= (d® Idc + Ide ® d)A.

A coderivation d is called a codifferential if d*> = dod = 0.

More generally, if 8: C — D is a morphism of graded coalgebras, a morphism
of graded vector spaces d € Hom" (C, D) is called a coderivation of degree n (with
respect to ) if

Apd=(d®0+60®d)Ac.

In the above definition we have adopted the Koszul sign convention: i.e. if
z,y € C, f,g € Hom"*(C, D), h,k € Hom*(B,C) are homogeneous then (f ®

9 ®y) = (-1)7"f(x) ®g(y) and (f @ g)(h @ k) = (-1)7"fh ® gk.

The coderivations of degree n with respect a coalgebra morphism 0: C — D
form a vector space denoted Coder™(C, D; 6).

For simplicity of notation we denote Coder” (C, C') = Coder™(C, C; Id).

LEMMA 8.30. Let C—5D-25E be morphisms of graded coalgebras. The
compositions with 0 and p induce linear maps

p«: Coder™(C, D; 6) — Coder™ (C, E; pb), f=opf;
0*: Coder™ (D, E; p) — Coder™ (C, E; pf), = fo.

PROOF. Immediate consequence of the equalities

EXERCISE 8.31. Let C be a graded coalgebra and d € Coder'(C,C) a
codifferential of degree 1. Prove that the triple (L, 4, [,]), where:

L= @ Coder™(C,C), [f,g]=fg— (~1)77gf, &(f)=1[d,f]

€z
isa diﬂ:"erentig,l graded Lie algebra.

g € Hom™(S(V),W). Then the morphism d € Hom™(S(V'),S(W)) defined by

LEMMA 8.32.  Let V,W be graded vector spaces, f € Homg(V,W) and
the rule
g

1
Ay ©...0v,) = Z e<{17”.’n},vl,...,vn

0AIC{1,... n}

(vr) © S(f)(vre)

1s a coderwation of degree m with respect to the morphism of graded coalgebras

S(f): S(V) — S(W).
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PROOF. Let vy, v9,... ,v, be fixed homogeneous elements of V', we need to
prove that

(v, ®...0v) = ([d®S(f)+S(f) @d) (1 ®...Owv,).

If A C W is the image of f and B C W is the image of g, it is not restrictive to
assume that W = A @ B: in fact we can always factorize

v

!
(£,0)
+

AeB——=W

5(V)

and apply Lemma 8.30 to the coalgebra morphism S(+): S(A @ B) — S(W).
Under this assumption we have (S(A)B® S(A))N(S(A)® S(A)B) =0 and
the image of d is contained in S(A)B C S(A® B). Therefore the images of Id
and (d®@S(f)+S(f)®d)! are both contained in (S(A)BRS(A))®(S(A)®S(A)B).
Denoting by p: S(W) @ S(W) — S(A)B @ S(A) the natural projection
induced by the decomposition W = A @ B, since both the operators [d and
(d® S(f)+ S(f) ® d)l are invariant under the twisting map, it is sufficient to

prove that

pld(v1 @ ... 0v,) =p(d@S(f)(v1 ®...Ovy).

We have (all Koszul signs are referred to vy,... ,v,)
J, Je
pld(v; © ... O v,) = pl Yoo« .y ) s O8N | =
0£JC{1,... ,n} Y

= Y (@) (M st e st e st -

0#JCIC{1,...,n}

-y (‘{Llf Ty ) 9(vs) © S(N)(vr-s) ® S(f)(wre).
0£JCIC{L,... n} B
On the other hand
1,I¢
pA@ S0 © ... @ v,) =p(d® S(f)) <Z€<{17... 7n}>v[®vh> =

I

() (et s -

JcI

=S (TN s o s @ s 0

JCI
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PROPOSITION 8.33. Let V' be a graded vector space and C' a locally nilpo-
tent cocommutative coalgebra. Then for every coalgebra morphism 0:C — S(V)
and every integer m, the composition with the projection S(V) — V gives an
1somorphism

Coder™(C, S(V);0) — Hom"(C,V) = Homg (C, Vn]).

Proor. The injectivity is proved essentially in the same way as in Propo-
sition 8.18: if d € Coder™(C, S(V);6) we denote by 0%, d":C — 'V the com-
position of § and d with the projection S(V) — (O'V. The colLeibnitz rule is
equivalent to the countable set of equalities

fd=d* 20" +0"2d 0<a<i.
Induction on ¢ and the injectivity of
n m 9 n—1 m
t G O"V & (@ O")

show that d is uniquely determined by d'.
For the surjectivity, consider g € Hom" (C, V'); according to Proposition 8.26

A A
-1 —1
¢ and, by Lemma 8.32, the map d = 56T

we can write § = S(6')

0:8(C) — S(V) is given by

, where

01 ®...0¢) = Z € ({i?,’:{i’};};ch e ,cn> g(ci) © S(el)(qi}c)

i€{l,...,n}
is a coderivation of degree n with respect to 6 that lifts g. O

COROLLARY 8.34. Let V be a graded vector space, S(V') its reduced sym-
metric coalgebra. The application Q — Q' gives an isomorphism of vector spaces

Coder™(S(V), S(V)) = Hom™(S(V), V)

whose inverse is given by the formula

Q(’Ul ©... @’Un) = Z Z E(J)Q}c(va(l) ®... Gvo(k)) OVs(k4+1) O+ . OVUg(n)-
k=1 ceS(k,n—k)

In particular for every coderivation @Q we have Q;- =0 for every i > j and then
the subcoalgebras @_, O'V are preserved by Q.
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PROOF. The isomorphism follows from Proposition 8.33, while the inverse
formula comes from Lemma 8.32. 0

9— L. and EDF tools

In this section we introduce the category L., of L..-algebras and we define
a sequence of natural transformations

DGLA — L., — PreDef — Def

whose composition is the functor L — Defy, (cf. 5.66).

In all the four categories there is a notion of quasi-isomorphism which is
preserved by the above natural transformations: we recall that in the category
Def quasi-isomorphism means isomorphism in tangent spaces and then by Corol-
lary 5.72 every quasi-isomorphism is an isomorphism.

Through all the section we work over a fixed field K of characteristic 0.
Unless otherwise specified all the tensor products are made over K.

9.1 - Displacing (Décalage)

For every n and every graded vector space V', the twisting map gives a
natural isomorphism

dp,: Q" (V1)) = (®")WVInl, Ve =K[g]®V

dp,, (1 [1]®. . @, [1]) = (~1)2ia D48V (10 @y )n],  vla]=1[d]@w.

It is easy to verify that dp,,, called the displacing® isomorphism, changes sym-
metric into skewsymmetric tensors and therefore it induces an isomorphism

dp,: ©"(V[1]) = (A"V)[nl,

dp, (01 [1] © ... ©va[l]) = (=1) i (D deBWEV) () A A ) [n].

M1t is often used the french name décalage.
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9.2 — DG-coalgebras and L..-algebras

DEFINITION 9.1. By a dg-coalgebra we intend a triple (C,A,d), where
(C, A) is a graded coassociative cocommutative coalgebra and d € Coder*(C, C)
is a codifferential. If C' has a counit e: C' — K, we assume that ed = 0. The cate-
gory of dg-coalgebras, where morphisms are morphisms of coalgebras commuting
with codifferentials, is denoted by DGC.

ExaMPLE 9.2. If A is a finite dimensional dg-algebra with differential
d: A — A[l], then AY (Example 8.15) is a dg-coalgebra with codifferential the
transpose of d.

LEMMA 9.3. Let V be a graded vector space and Q € Coder' (S(V), S(V)).
Then Q is a codifferential, i.e. Qo @Q = 0, if and only if for every n > 0 and
every Vi, ... ,Up €V

Z Z e(oyve,. .. ,vn)Qll (Q,lc(va(l)@. OV () Vg (ke 1)®- - -OUg(n)) = 0.
k+l=n+1 oceS(k,n—k)

PROOF. Denote P = Q o @ = 1[Q,Q]: since P is a coderivation we have
that P = 0 if and only if P = Q! 0 Q = 0. According to Corollary 8.34

Quio...ov)= Y 6({1,{’..]C,n}>Q1(”1)®”“

Ic{1,...,n}
and then
1 Ivlc 1 1
1 n) = I Ic).
Ic{1,...,n} ety

1
Note that P} = 0 whenever Q. = 0 for every m > nt

and, if Q) is a

codifferential in S(V') then Q1 is a differential in the graded vector space V.

DEFINITION 9.4. Let V be a graded vector space; a codifferential of degree
1 on the symmetric coalgebra C(V) = S(V[1]) is called an L-structure on V.
The dg-coalgebra (C(V), Q) is called an L -algebra.

An L.-algebra (C(V), Q) is called minimal if Q1 = 0.

DEFINITION 9.5. A weak morphism F:(C(V),Q) — (C(W),R) of Lo-
algebras is a morphism of dg-coalgebras. By an L..-morphism we always intend
a weak morphism of L.-algebras.
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A weak morphism I is called a strong morphism if there exists a morphism
of graded vector spaces Fi': V — W such that F' = S(F}).

We denote by L., the category having L..-algebras as objects and (weak)
Lo-morphisms as arrows.

Consider now two Leo-algebras (C(V),Q), (C(W), R) and a morphism of
graded coalgebras F: C'(V)— C(W). Since FQ — RF € Coder' (C(V),C(W); F),
we have that F is an L..-morphism if and only if F1Q = R'F.

LEMMA 9.6. Consider two Ls-algebras (C(V),Q), (C(W), R) and a mor-
phism of graded vector spaces F1:C(V) — W[1]. Then

el —1

F=S(Fh [

H(C(V),Q) = (C(W), R)

18 an Loo-morphism if and only if

() Y _RiF, =) FlQ,
i=1 i=1
for every n > 0.

PrOOF. According to Proposition 8.26 F' is a morphism of coalgebras. Since
FQ — RF € Coder' (C(V),C(W); F), we have that F is an L.,-morphism if and
only if F1Q = R'F. 0

EXERCISE 9.7. An L.-morphism F is strong if and only if F} = 0 for every
n > 2.

If F:(C(V),Q) — (C(W),R) is an L,-morphism, then by Lemma 9.6 R} F}! =
F} Q% and therefore we have a morphism in cohomology H (F): H*(V[1],Q1) —
H*(W[1], Q).

DEFINITION 9.8. An Lo,-morphism F: (C(V),Q) — (C(W), R) is a quasi-
isomorphism if H(F}): H*(V[1],Q1) — H*(W([1],Q1}) is an isomorphism.
The following exercise shows that the above definition is not ambiguous.

EXERCISE 9.9. An Lo-morphism F: (C(V),Q) — (C(W), R) is a quasiiso-
morphism if and only if H(F): H*(C(V),Q) — H*(C(W), R) is an isomorphism.

Given a coderivation Q: S(V[1]) = S(V[1])[1], their components Q}: O™ (V[1]) =
V[2], composed with the inverse of the displacement isomorphism, give linear
maps

L= (Qjodp, )[=nl: AV = V[2 —n].
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More explicitly
L(on A Avy) = (1) (=) 2 (09I QL 1] 6L @ v,[1])
The conditions of Lemma 9.3 become

> (—1)7 ()il (Vo (1) A+ - - AV (k) AV (1) A - AVg(ny) = 0.

k+i:n+1(_1)k(i71)
c€S(k,n—k)

Setting {1 (v) = d(v) and la(v1 A va) = [v1,v2], the first three conditions
(n =1,2,3) becomes:

1:d*=0
2: d[x7y] = [dxvy] + (_1)T[x’dy]
3: (—1)52[[x,y],z] + (_1)§E[[zvx])y] + (—1)55[[3/,2],33] =
= (_1)Ez+1(dl3(l" Y, Z) + lg(dx,y,z) + (—1)flg(l‘,dy,z) + (_1)E+gl3(x7y7dz))

If I3 = 0 we recognize, in the three formulas above, the axioms defining a
differential graded Lie algebra structure on V.

EXERCISE 9.10. Let (C(V), Q) be an Loo-algebra. Then the bracket
[wi, wa] = (=1)5 V) Q (wi [1] © wa1]) = lo(wy A ws)

gives a structure of graded Lie algebra on the cohomology of the complex (V, Q1).

9.3 - From DGLA to L..-algebras

In this section we show that to every DGLA structure on a graded vector
space V it is associated naturally a L., structure on the same space V, i.e. a
codifferential @ on C(V) = S(V]1]). The coderivation @ is determined by its
components Q7: O’ V[1] — V[2].

PRrROPOSITION 9.11.  Let (V,d,[,]) be a differential graded Lie algebra.
Then the coderivation @ of components
L Qi(v[1]) = —d(v).
2. Q3(wi[1] ©ws1]) = (—1)4& V) [wy, wo]
3. Q} =0 for every j > 3.

is a codifferential and then gives an Loo-structure on V.
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PROOF. The conditions of Lemma 9.3 are trivially satisfied for every n > 3.
For n < 3 they becomes (where Z = z[1] and T = deg(x;V)):

n=1: QiQ(v)=d*(v)=0

n=2: QiQ3(Toy) +Q3Q1@) oy + (-)F VI LRLQI({Y) © 7) =
= —(=1)*(d[z,y] — [dz,y]) + [z,dy] =

n=3: Q3Q3(T0y 02+ (-1)" QT ®Q2<y®3))+
+H=D)TTIRIG o Q3T 0 72)) =
= (=1)¥[[z, 9], 2] + (=1)" [z, [y, 2] + (=1) T D¥[a, [y, 2] = O 0

It is also clear that every morphism of DGLA f:V — W induces a strong
morphism of the corresponding Lo.-algebras S(f[1]): C(V) — C(W). Therefore
we get in this way a functor

DGLA — L4

that preserves quasiisomorphisms.
This functor is faithful; the following example, concerning differential graded
Lie algebras arising from Gerstenhaber-Batalin-Vilkovisky algebras, shows that
it is not fully faithful.
Let (A, A) be a GBV-algebra (Subsection 7.6.); we have seen that (G[—1],[, ], A),
where
[a,b] = aA(b) + (—1)de@CI=D (A(ab) — A(a)b)

is a differential graded Lie algebra and then it makes sense to consider the asso-
ciated Loo-algebra (C(G[-1]),d) = (S(G), ). The codifferential ¢ is induced by
the linear map of degree 1 6' = A + Q € Homg, (S(G), G), where 6} = A and

B=Q:0G =G, Qaob) =Alab) — Ala)b— (—1)"aA(b)

LEMMA 9.12. In the notation above,

Alarag...am) = Z e(oyar, ... ,am)A(ap, ), ... 0y, +
oceS(1,m—1)
+ Z e(oyar, ... ,am)Q(agy,Coy)00s - - - g,
ceS(2,m—2)

for every m > 2 and every ay,... ,am, € G.
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PROOF. For m = 2 the above equality becomes
A(ab) = A(a)b+ (—1)%aA(b) + Q(a ® b)
which is exactly the definition of Q.

By induction on m we may assume the Lemma true for all integers < m
and then

A((alag)a3 . am) = Z(—I)HJF"'Jrﬁal . A(ai)ai_,_l e At

—|—ZeQ(a1a2@ai)ag...&}-...am—k Z €Qa; ®aj)arag...a;... G5 ... Q.
i>3 2<i<yg

Replacing the odd Poisson identity
Q(araz © a;) = (~1)"a1Q(az © a;) + (1) V%2 a3Q(a1 © ay)

in the above formula, we obtain the desired equality. 0
As an immediate consequence we have
THEOREM 9.13.  In the notation above, let (C(G[|—1]),T) be the (abelian)

Lso-algebra whose codifferential is induced by A: G — G. Then the morphism of
graded vector spaces f:S(G) — G,

fla1©...0an) =aas...an

induces an isomorphism of Loy-algebras F: (C(G[]—1]),d) — (C(G[-1]), 7).

PRrROOF. According to Lemmas 9.6 and 9.12 the morphism of graded coal-
gebras induced by f is an Lo,-morphism.

Moreover, according to Example 8.21 F' is an isomorphism of graded coal-
gebras whose inverse is induced by

9:S(G) = G, g(a1 ®...0ay) = (=1)""taiays...apn. 0
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9.4— From L., -algebras to predeformation functors

Let Q € Coder' (C(V),C(V)) be a Lo structure on a graded vector space
V', we define the Maurer-Cartan functor MCy:NA — Set by setting:

MCV (A) = HOHIDGC (Av, C(V))
We first note that the natural isomorphism
(C(V)® A)? = Homg(AY,C(V)), (v®a)e=c(a)v

is an isomorphism of algebras and then, according to Corollary 8.27, every coal-
gebra morphism 6: AY — C(V) is written uniquely as 6 = exp(m) — 1 for some
m € (V[1] ® A)® = Homg(AY,V][1]). As in Lemma 9.6, 0 is a morphism of
dg-coalgebras if and only if mdav = Q'6; considering m as an element of the
algebra (C'(V) ® A)° this equality becomes the Maurer-Cartan equation of an
L -structure:

=1
(Idypy ® da)m Z Qe ldgm",  me (V1] o A).

Via the décalage isomorphism the Maurer-Cartan equation becomes

1 nnt1)

Idv®dA(m):i !(—1) (ln@Ida)ymAN...Am, me (VoA

It is then clear that if the L., structure comes from a DGLA V (i.e. I,, = 0 for
every n > 3) then the Maurer-Cartan equation reduces to the classical one.

It is evident that M CYy is a covariant functor and M Cy (0) = 0. Let a: A —
C, 6: B — C be morphisms in NA, then

MCV(A Xc B) = MCV(A) X]WCV(C) MCV(B)

and therefore M Cy satisfies condition 2) of Definition 5.59; in particular it makes
sense the tangent space TMCYy, .

PrOPOSITION 9.14.  The functor MCy is a predeformation functor with
T'MCy = H=Y(V[1],Q1).
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Proor. If A € NANDG then
MCy(A) = {me (Ve A | Idy @da(m) = -1, @ Ida(m)} = Z'(V @ A)

the same computation of 5.66 shows that there exists a natural isomorphism
T'MCy = H (V,ly) = H=Y(V[1],Q}).

Let 0—I—A—B—0 be a small acyclic extension in NA, we want to
prove that MCy (A) — MCy(B) is surjective.

We have a dual exact sequence

0—BY—AY —TV—0, BY =T+

Since TA =0 we have Aav(AY) C BY @ BY.

Let ¢ € MCy (B) be a fixed element and ¢': BY — V/[1]; by Proposition 8.26
¢ is uniquely determined by ¢'. Let ¢': AY — V[1] be an extension of ¢!, then,
again by 8.26, ¢! is induced by a unique morphism of coalgebras 1: AV — C(V).

The map ¥dav — Qu: AY — C(V)[1] is a coderivation and then, setting
h = (dpv — Q) € Homg(IV,V[2]), we have that ¢ is a morphism of dg-
coalgebras if and only if h = 0.

Note that ¢! is defined up to elements of Homg(IV,V[1]) = (V[1] @ I)°
and, since A4v(AY) C BY ® BY, 4" depends only by ¢ for every i > 1. Since [
is acyclic and hd;v + Q1h = 0 there exists ¢ € Homg (1Y, V[1]) such that h =
&drv — Q1€ and then 0 = ¢! —¢ induces a dg-coalgebra morphism 6: AY — C(V)
extending ¢. 0

Therefore the Maurer-Cartan functor can be considered as a functor L., —
PreDef that preserves quasiisomorphisms. We have already noted that the
composition DGLA — L., — PreDef is the Maurer-Cartan functor of DGLAs.

9.5 — From predeformation to deformation functors

We first recall the basics of homotopy theory of dg-algebras.

We denote by K[t1,... ,tn,dt1,... ,dt,] the dg-algebra of polynomial dif-
ferential forms on the affine space A™ with the de Rham differential. We have
K t,dt] = K[t] @ K[t]dt and

Kty,... tn,dty, ... dt,] = Q" "K|t;,dt;].
i=1
Since K has characteristic 0, it is immediate to see that H.(K[t,dt]) = K]0]
and then by Kiinneth formula H, (K [t1,... ,t,,dt1,... ,dt,]) = K[0]. Note that
for every dg-algebras A and every s = (s1,...,8,) € K™ we have an evaluation
morphism
681A®K[t1,... ,tn,dtl,... ,dtn] — A
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defined by
es(a@p(ty, ...  ty,dtr, ..., dtn)) =p(s1,... ,8,,0,...,0)a

For every dg-algebra A we denote A[t,dt] = A ® K[t,dt]; if A is nilpotent
then A[t,dt] is still nilpotent. If A € NA, then A[t,dt] is the direct limit of
objects in NA. To see this it is sufficient to consider, for every positive real
number € > 0, the dg-subalgebra

Alt,dtle = A® Bpso(Alm e @ APl =1dt) ¢ Alt, dt],

where Al is the subalgebra generated by all the products aias .. .as, s > ne,
a; € A.

It is clear that if A € NA then A[t,dt]. € NA for every ¢ > 0 and At, dt]
is the union of all Alt,dt]., e > 0.

LEMMA 9.15.  For every dg-algebra A the evaluation map ep: Aft, dt] — A
induces an isomorphism H(A[t,dt]) — H(A) independent from h € K.

PROOF. Let 1: A — Alt, dt] be the inclusion, since eyt = Idy4 it is sufficient
to prove that «: H(A) — H(A[t,dt]) is bijective.

For every n > 0 denote B, = At" @ At"~ldt; since d(B,) C B, and
Alt, dt] = 1(A) @,,~ Bn it is sufficient to prove that H(B,,) = 0 for every n. Let
2 € Zi(By), z = at™ + nbt""dt, then 0 = dz = dat™ + ((—1)%a + db)nt"1dt
which implies a = (—1)*"1db and then z = (—1)*~td(bt"). 0

DEFINITION 9.16. Given two morphisms of dg-algebras f,g:A — B, a
homotopy between f and g is a morphism H: A — Blt,dt] such that Hy :=
epo H=f, H:=ey0H =g (cf. [27, p. 120]).

We denote by [A, B] the quotient of Hompga (A, B) by the equivalence
relation ~ generated by homotopies.

According to Lemma 9.15, homotopic morphisms induce the same morphism
in homology.

LEMMA 9.17.  Given morphisms of dg-algebras,

f h
0 /A
A °B_ _C,
g l

if f~gandh~1then hf ~lg.
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PROOF. It is obvious from the definitions that hg ~ lg. For every a € K
there exists a commutative diagram

BeK[td] 222 Kt df]

lea lea

B LN C.

If F: A — Blt,dt] is a homotopy between f and g, then, considering the compo-
sition of F' with h ® Id, we get a homotopy between hf and hg. O

Since composition respects homotopy equivalence we can also consider the homo-
topy categories K(DGA) and K(INA). By definition, the objects of K(DGA)
(resp.: K(NA)) are the same of DGA (resp.: NA), while the morphisms are
Mor(A,B) = [A, B].

If A, B € DGNNA, then two morphisms f, g: A — B are homotopic in the
sense of 9.16 if and only if f is homotopic to g as morphism of complexes. In
particular every acyclic complex is contractible as a dg-algebra.

LEMMA 9.18. A predeformation functor F:NA — Set is a deformation
functor if and only if F induces a functor [F]: K(NA) — Set.

PRrROOF. One implication is trivial, since every acyclic I € NA N DG is
isomorphic to 0 in K(INA).

Conversely, let H: A — BIt, dt] be a homotopy, we need to prove that Hy and
Hj induce the same morphism from F(A) to F(B). Since A is finite-dimensional
there exists e > 0 sufficiently small such that H: A — BI[t,dt].; now the eval-
uation map eq: B[t,dt]. — B is a finite composition of acyclic small extensions
and then, since F' is a deformation functor F(B[t,dt].) = F(B). For every
a € F(A) we have H(a) = iHy(a), where i: B — Blt,dt]. is the inclusion and
then Hi(a) = e1H(a) = ejiHp(a) = Ho(a). 0

THEOREM 9.19.  Let F be a predeformation functor, then there exists a
deformation functor FT and a natural transformation n: F — F* such that:

1. n is a quasiisomorphism.
2. For every deformation functor G and every natural transformation ¢: F —
G there exists a unique natural transformation : F — G such that ¢ = .
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PROOF. We first define a functorial relation ~ on the sets F(A), A € NA;
we set a ~ b if and only if there exists ¢ > 0 and = € F(A[t,dt].) such that
eo(x) = a, ex(x) = b. By 9.18 if F' is a deformation functor then a ~ b if and
only if @ = b. Therefore if we define F'™ as the quotient of F' by the equivalence
relation generated by ~ and 7 as the natural projection, then there exists a
unique 1 as in the statement of the theorem. We only need to prove that F* is
a deformation functor.

STEP 1. If C € DG NNA is acyclic then F7(C) = {0}.

Since C' is acyclic there exists a homotopy H:C — C[t,dt]., ¢ < 1, such
that Hy = 0, Hy = Id; it is then clear that for every x € F(C) we have
x = Hy(z) ~ Ho(x) = 0.

STEP 2. ~ is an equivalence relation on F(A) for every A € NA.

This is essentially standard (see e.g. [27]). In view of the inclusion A —
Alt, dt]. the relation ~ is reflexive. The symmetry is proved by remarking that
the automorphism of dg-algebras

Alt,dt] — Alt,dt];  a®p(t,dt) — a®p(l —t,—dt)

preserves the subalgebras Alt, dt]. for every e > 0.

Counsider now € > 0 and = € F(A[t,dt].), y € F(A[s,ds|¢) such that eg(z) =
eo(y); we need to prove that e (z) ~ eq(y).

Write K¢, s, dt,ds] = @,>05", where S™ is the n-th symmetric power of

the acyclic complex Kt @ Ks—SKdt @ Kds and define Alt,s,dt,ds] = A &
Bnso(Al™l © 8™). There exists a commutative diagram

t—0

Alt, s, dt,ds]e ——— Als, ds].

J,SHO is»—ﬂ)

Alt,dt]. =% A
The kernel of the surjective morphism
Alt, s, dt, ds]—A[t, dt]. x 4 Alt,dt].
is equal to @,~0(AM™1 @ (8" N 1)), where I C K|[t,s,dt,ds] is the homogeneous
differential ideal generated by st, sdt,tds,dtds. Since I N S™ is acyclic for every
n > 0, the morphism 7 is a finite composition of acyclic small extensions.
Let £ € F(A]t, s, dt,ds]) be a lifting of (z,y) and let z € F(A[u, dul.) be

the image of £ under the morphism

Alt, s, dt,ds]e = Alu, du), t—=1—u, s—u
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The evaluation of z gives eg(z) = e1(x), e1(2) = e1(y).

STeEP 3. If a: A — B is surjective then

F(A[t, dt]) S F(A) x pop) F(BIL, dt].)

is surjective.

It is not restrictive to assume « a small extension with kernel I. The kernel
of (eg, ) is equal to @,~o(AM™TNT) @ (Kt* @ Kt~ dt) and therefore (eg, @) is
an acyclic small extension.

STEP 4. The functor F'* satisfies 2a of 5.59.

Let a € F(A), b € F(B) be such that a(a) ~ B(b); by Step 3 there exists
a ~ a, a € F(A) such that a(a’) = B(b) and then the pair (a/,b) lifts to
F(A X B)

STEP 5. The functor F'* satisfies 2b of 5.59.

By 5.60 it is sufficient to verify the condition separately for the cases C' =0
and B = 0. When C' = 0 the situation is easy: in fact (4 x B)[t,dt]. =
Alt, dt]. x B[t,dt]., F((Ax B)[t,dt].) = F(A[t,dt])x F(B[t,dt].) and the relation
~ over F(A x B) is the product of the relations ~ over F'(A) and F(B); this
implies that F*(A x B) = F*(A) x F*(B).

Assume now B = 0, then the fibred product D := A xo B is equal to
the kernel of a. We need to prove that the map F* (D) — F*(A) is injective.
Let ag,a1 € F(D) C F(A) and let € F(A[t,dt].) be an element such that
ei(xz) = a;, i =0, 1. Denote by T € F(C[t,dt].) the image of by «.

Since C' is acyclic there exists a morphism of graded vector spaces o:C' —
C[—1] such that do 4+ od = Id and we can define a morphism of complexes

h:C — (Ks®Kds) @ C C C[s,ds]q; h(v) =s®@v+ds®oa(v)
The morphism h extends in a natural way to a morphism
h:C[t,dt]e — (Ks ® Kds) @ C[t, dt].
such that for every scalar ( € K there exists a commutative diagram

C[t,dt]. —— (Ks& Kds)® C[t, dt].

leg J{Id@eg

c -5 (KseKds)®C

Setting Z = h(T) we have Z|,—y = T, Z|s—0 = Zjt=0 = Zi=1 = 0. By Step
3 z lifts to an element z € F(A[t,dt][s,ds];) such that z,—; = z; Now the
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specializations zjs—g, 2|¢=0, 2|¢t=1 are annihilated by o and therefore give a chain
of equivalences in F(D)

A0 = Z|s=1,t=0 ™~ ?|s=0,t=0 ~ Z|s=0,t=1 ~~ Z|s=1,t=1 = A1
proving that ag ~ a; inside F(D).
The combination of Steps 1, 4 and 5 tell us that F'* is a deformation functor.

STEP 6. The morphism 7: F' — F'T is a quasiisomorphism.
Let € be of degree 1 — i, €2 = 0, then Ke @ I; is isomorphic to the dg-
subalgebra
Ke® Ket @ Kedt C Kelt, dt]

and the map p: F(I;) — F(Ke) factors as
p:F(L) = F(I) ® F(Ke) = F(Ke @ Ket © Kedt) =% F(Ke).
On the other hand the evaluation maps eq, e; factor as
ei:Ke[t,dt]iﬂKe@Ket@KedtiﬂKe, 1=0,1

where h is the morphism of dg-vector spaces

edt
n+1

h(et"™) = et, h(et"dt) = , Yn>0. 0

COROLLARY 9.20. Let L be a differential graded Lie algebra, then there
exists a natural isomorphism MC; = Defy.

PRrROOF. According to Theorem 9.19 there exists a natural morphism of
functors ¢: MC — Defr; by 5.66 1 is a quasiisomorphism and then, by Corol-
lary 5.72 % is an isomorphism. 0

DEFINITION 9.21. Let (C(V),Q) be a Loc-algebra and let Defy = MCy;
be the deformation functor associated to the predeformation functor MCy . We
shall call Defy the deformation functor associated to the Lo,-algebra (C'(V), Q).

A morphism of L.-algebras C'(V) — C(W) induces in the obvious way a
natural transformation MCy — MCy and then, according to 9.19, a morphism
Defyy — Defyy. Finally, since MCy — Defy is a quasiisomorphism we have
T'Defy = H'(V,Q1).

The following result is clear.

COROLLARY 9.22.  Let 0:C(V) — C(W) be a morphism of Lo -algebras.
The induced morphism Defy — Defy, is an isomorphism if and only if 03:V —
W is a quasiisomorphism of complezes.



[175] Lectures on deformations of complex manifolds 175

9.6 — Cohomological constraint to deformations of Kahler manifolds

Theorem 9.13 shows that the category of L.,-algebras is more flexible than
the category of differential graded Lie algebras. Another example in this direction
is given by the main theorem of [54].

Let X be a fixed compact Kéahler manifold of dimension n and consider
the graded vector space Mx = Homg(H*(X,C), H*(X,C)) of linear endomor-
phisms of the singular cohomology of X. The Hodge decomposition gives natural
isomorphisms

My =@My, My= @ Homc(HP(Q%), H"(2%))
7 r4+s=p+q+t
and the composition of the cup product and the contraction operator Tx &

= -1 . .
08 — QL7 gives natural linear maps

0, HP (X, T) — @Hom: (' (2%), H™(Q57 1)) € M1}, = M,
T,8
By Dolbeault’s theorem H*(KSx) = H*(X,Tx) and then the maps 6, give a
morphism of graded vector spaces 6: H*(KSx) — M[—1]x. This morphism is
generally nontrivial: consider for instance a Calabi-Yau manifold where the map
0, induces an isomorphism H?(X,Tx) = Home(H(Q%), HP(Q% ).

THEOREM 9.23. In the above notation, consider M|[—1]x as a differential
graded Lie algebra with trivial differential and trivial bracket.

Every choice of a Kahler metric on X induces a canonical lifting of 0 to an
Loo-morphism from KSx to M[—1]x

The application of Theorem 9.23 to deformation theory, see [54], are based
on the idea that L..-morphisms induce natural transformations of (extended) de-
formation functors commuting with tangential actions and obstruction maps (cf.
Theorem 5.69). Being the deformation functor of the DGLA M[—1] essentially
trivial, the lifting of # impose several constraint on deformations of X.

Denote by:
o A¥* = @p)q AP4 where AP9 = T'(X, AP*?) the vector space of global (p, q)-
forms.

o N**=Homg (A" A" )=, , NP9, where NP9 =P, ; Homg (A", A"P7+4)
is the space of homogeneous endomorphlsms of A™* of bidegree (p, q).

The space N**, endowed with the composition product and total degree deg(¢) =
p+ g whenever ¢ € NP4 is a graded associative algebra and therefore, with the
standard bracket

(6 9] = g — (~1) =@ EEDlyg

becomes a graded Lie algebra. We note that the adjoint operator [9, ]: N** —
N***+1is a differential inducing a structure of DGLA.
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LEMMA 9.24. Let X be a compact Kdhler manifold, then there exists
7€ N1 such that:

L. 7 factors to a linear map A**/kerd — Imd.
2. [0,7] = 0.

In particular 0 € N0 is a coboundary in the DGLA (N**,[, ],(0, ]).

PROOF. In the notation of Theorem 6.37 it is sufficient to consider 7 = 00 =
—0do. Note that the above 7 is defined canonically from the choice of the Kéhler
metric. 0

We fix a Ké&hler metric on X and denote by: H C A** the graded vector
space of harmonic forms, i: H — A** the inclusion and h: A** — H the harmonic
projector.

We identify the graded vector space Mx with the space of endomorphisms
of harmonic forms Homg (#H,H). We also we identify Der™(A**, A**) with its
image into N = Homg (A**, A**).

According to Lemma 9.24 there exists 7 € N° such that

hO =0h =7h=hr =0Tt =70 =0, [0,7] = 0.

For simplicity of notation we denote by L = & LP the Z-graded vector space
KS[1]x, this means that LP = I'(X, A%*1(Tx)), =1 < p < n — 1. The local
description of the two linear maps of degree +1, d: L — L, Q: ®>L — L intro-
duced, up to décalage, in Proposition 9.11 is: if z1, ... , z, are local holomorphic
coordinates, then

¢ e A%

i(05) = @)

If I, J are ordered subsets of {1,...,n}, a = fd?I%, b:gdzJ 0 % f,g € A%
then
— dg 0 8f 0
= (=1)%z a= L).
Qaon) = (Vi ey (£50 0 —agt 2}, a=deta.r)
The formula
0(a1 ®...0apy) = Z e(Lyoyar, ... ,am)day, ® gy ©...O ay, +
oceS(1,m—1)
(5)
+ Z (Lyosa1,... ,0m)Q(Gr, ®lgy) @ py © ... 0 ag,,

oceS(2,m—2)
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gives a codifferential § of degree 1 on S(L) and the differential graded coalgebra,
(S(L),d) is exactly the L..-algebra associated to the Kodaira-Spencer DGLA
KSx.

If Der?(A**, A**) denotes the vector space of C-derivations of degree p of
the sheaf of graded algebras (A**, A), where the degree of a (p, ¢)-form is p + ¢
(note that 9,0 € Der'(A**, A**)), then we have a morphism of graded vector
spaces

L—Der" (A", A"") = @Der? (A™*, A7), ava

P
given in local coordinates by

9 d
¢6—Zi(77)=¢/\ <6_zz "77>~

LEMMA 9.25. If [, | denotes the standard bracket on Der™(A** A**),
then for every pair of homogeneous a,b € L we have:

1. da = [0,a) = 0a — (—1)%a0.

2. Qla®b) = —[[8,d),8] = (—1)%adb + (—1)°+*5da + dab + bao.
PRrROOF. This is a special case of Lemma 7.21. O

Consider the morphism
FliL—)MX, Fl(a):haz

We note that Fj is a morphism of complexes, in fact Fy(da) = hdai = h(0a +
@0)i = 0. By construction Fy induces the morphism 6 in cohomology and there-
fore the theorem is proved whenever we lift | to a morphism of graded vector
spaces F: S(L) — Mx such that o = 0.

Define, for every m > 2, the following morphisms of graded vector spaces

fm: Q"L — My, F:OQ™L — My, F=> Fn:S8(L)— My,
m=1
fm(a1 @ as ® ... ap) = haiTastay ... Tami.
Fola1®@az®...0ay) = Z e(Lyo;a1,... ,am) fm(ae, @ ... R a,, ).

TEXm

THEOREM 9.26. In the above notation F o § =0 and therefore

0=> %F@m °0 Ay (C(KSx),8) = (C(M[-1]x),0)

m=1

18 an Loo-morphism with linear term Fy.
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PROOF. We need to prove that for every m > 2 and aq, ... ,a,, € L we have
F, Z e(L,0)day, ©® g, @...0a,, | =
oceS(1,m—1)

=-F,_1 Z €(L,0)Q(ar, ® Gpy) O gy @ ... ay,, |,
ceS(2,m—2)
where ¢(L,0) = e(L,0;a1,... ,am).
It is convenient to introduce the auxiliary operators g: ®2 L — N1}, q(a®
b) = (—=1)%adb and g,n: @™ L — M[1]x,

m—2
Im(a1®. . .®ay,)=— Z (—1)mtattaipa r @ q(ai 1@ 2) T3 - . Tami.
i=0

Since for every choice of operators « = h,7 and § = 7,7 and every a,b € L we
have

aQa ©b)B = a((—1)%adh + (—1)*"50a)8 = a(q(a @ b) + (~1)*q(b ® a))B,
the symmetrization Lemma 8.5 gives

> L,0)gmlas, ® ... @ a,,) =

oEX

=—F_ Z €(L,0)Q(t5, ® py) @ gy © ... 0 G,
oceS(2,m—2)

On the other hand

m—1
fim (Z(—l)“*--*“_ial ®...0aQdaq®... ®am> =

=0

Q
|
=l

n
()T FChay @O — ()T A 0)T . Tapi =
0
72 o o o
(—1)T AT L@ (—(—1) T @10 d e+

I
3 W

s
I
o

+ (=) a1 7O )T . T =
m—2 . . L
== (=D)"TTEhay L ar (1) a0, T i) T Tami =
=0

m—2

= (0T FERG @rq(aii © ig2)T . T =
i=0

=gm(a1 @ ... ap).
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Using again Lemma 8.5 we have

Z €(L,0)gm(as, ®...Qa,, )=Fy Z €(L,0)day, ® gy @...0 ag,,
(ST ceS(1,m—1)

0

REMARK. If X is a Calabi-Yau manifold with holomorphic volume form €,
then the composition of F with the evaluation at €2 induces an L.,-morphism
C(KSx)—= C(H[n—1]).

For every m > 2, evgoF,,: O™ L — H[n] vanishes on (O)"{a € L|9(a -
Q) = 0}.

9.7 — Historical survey

Lo-algebras, also called strongly homotopy Lie algebras, are the Lie ana-
logue of the A, ( strongly homotopy associative algebras), introduced by Stash-
eff [74] in the context of algebraic topology.

The popularity of L.,-algebras has been increased recently by their applica-
tion in deformation theory (after [68]), in deformation quantization (after [44])
and in string theory (after [82], cf. also [47]).
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