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Some corrector results for composites

with imperfect interface

PATRIZIA DONATO

ABSTRACT: In this paper we give some corrector results for a problem modelling
the stationary heat diffusion in a conductor with two components, a connected one
and a disconnected one 5, consisting of e-periodic connected components of size €. The
flow of heat is proportional, by mean of a function of order €7, v > —1, to the jump of
the temperature field, due to a contact resistance on the interface. We prove a corrector
result for the temperature in the component Q5. Moreover, for —1 < v < 1 we prove
the strong convergence to zero of the gradient of the temperature in the component 5.
Due to different a priori estimates, the case v > 1 needs to be treated separately. These
results complete the study of the asymptotic behaviour of this problem done in [10].

1 — Introduction

In this paper we consider a domain Q of IR", such that Q = Q5 UQ3, where
{ is a connected domain and €25 is a disconnected one, union of e-periodic sets
of size €.
We prove some corrector results for the problem

—div(A*Vu®) = f4 in OQF,
—div(A*Vu®) = fo in 93,
(1.1) [A°Vuf]-n =0 on I,
AsVu5 -n = —e"hf[uf] on I,
u® =0 on 02,
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prescribing the continuity of the conormal derivatives on a contact surface I'* =
0925 and a jump of the solution which is proportional to the conormal derivative
by mean of a function of order £7. Here, n denotes the unit outward normal to
Qf and uf = u®lg: i =1,2.

This problem models the stationary diffusion in a two-component heat con-
ductor with a contact resistance (see H. S. Carslaw and J. C. Jaeger [5] for a
physical justification of the model). Therefore, its asymptotic behaviour de-
scribes the effective thermal conductivity of the homogenized composite and
takes into account the influence of the contact barrier. The description of the
limit problem has been studied in [10]. The corrector results presented here
complete the asymptotic study therein.

Let us recall that in [10] is proved that, if —1 < v < 1, then a suitable
extension P{u$ of u§ weakly converges to the solution u; in H}(2) of the limit
problem

(1.2) { —div (A%Vu1) =01 fi +62f> in Q,

up =0 on 0f),

with the convergences

13) { ASVuE — A%V, weakly in [L2(Q)]",

AE% -0 weakly in [L2(2)]",

where 6;, for i = 1,2, represents the proportion of the material in Qf and
denotes the zero extension to the whole of 2. Moreover, % weakly converges in
L2(§21) to Oauy if —1 <~ < 1 and to Oa(u1 +¢;, ' f2), with ¢, = \lel Jr h(y)doy, if
v =1

The constant matrix A® is the same as that obtained by D. Cioranescu
and J. Saint Jean Paulin ([8], see also [9]) for the homogenization of the Laplace
problem in the perforated domain 2§ with a Neumann condition on the boundary
of the holes. Hence, the effective conductivity of the first conductor is the same as
that obtained when there is no material occupying €25, with in the limit problem
01 f1 + 02 f> instead of 6 f;. The flux related to u5 asymptotically vanishes,
thus the whole homogenized material behaves as if the composite Q25 does not
contribute in the heat propagation.

The first corrector result of this paper states that, if —1 < ~ < 1, the
following convergence holds:

(1.4) lim ||V — C*Vauy || 11 (s )n = 0,
e—0 1

where C¢ is the same corrector matrix as that of the Laplace problem in the
perforated domain 2§ with a Neumann condition on the holes. We also prove
that

(1.5) lim [[Vu3|| gy =0
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This strong convergence implies, in particular, that the weak convergence to zero
of A°Vu§, stated in [10], is actually strong.

The main difficulty for proving these convergences is to describe the asymp-
totic behaviour of the energy. In general, the convergence of the energy to that of
the homogenized problem is straightforward. Here the situation is more compli-
cated, due to the presence of the boundary term in the variational formulation.

For —1 < v < 1, we prove that the energy, which includes a boundary term,
converge to that of problem (1.2).

For the case v = 1, we only can prove that the limit superior of the energy
is lower than that of the homogenized problem (1.2). Nevertheless, this result
is sufficient to prove convergences (1.4) and (1.5). Its proof is quite technical
and mainly makes use of two lemmas. The first one (Lemma 3.3) is a variant of
a lemma proved in [6] and transforms integral on the boundary I'* into volume
integrals on Q5. The second one (Lemma 3.4), proved in [11], provides for a
weakly converging sequences vanishing in 25 a better inequality than that given
by the lower semi-continuity.

In the case v > 1 where, as shows a counterexample of [14], one cannot
expect bounded a priori estimates for the solution, we replace as in [10] the
function f5 in problem (1.1) by T f2. We prove that in this case we still have
convergence (1.4). The question if (1.5) still holds for v = 1 remains open.

The first homogenization results for this kind of boundary conditions was
done, for some values of the parameter v, by J. L. Auriault and H. I. Ene [1]
by the multiple scales method. We refer to R. Lipton [15] for the study of the
limit problem when v = 0, to S. Monsurro [17] for the case v < —1 and to [10]
for the case v > —1. For similar homogenization problems we also refer to
J. N. Pernin [18], E. Canon and J. N. Pernin [3], [4], H. Ene [12], H. Ene and
D. Polisevski [13], H. K. Hummel [14] and to R. Lipton and B. Vernescu [16] (for
other related references see also the bibliography of [10]).

In Section 2 we state the correctors results (Theorems 2.5 and 2.9). They
are proved in Section 4. The asymptotic behaviour of the energy according to
the different values of v is studied in Section 3.

2 — Formulation of the problem and main results

In the following, 2 will be an open bounded subset of R™ and {e} a positive
sequence converging to zero.

We denote by Y =]0,1;[x ...]0,1,[ the reference cell and by Y7 and Y3 two
non empty open subsets such that Y = Y] UY5, with Y] connected and I = 9Y,
Lipschitz continuous.

For any k € Z™, we denote

Y=k +Y, Fy:=k+T,
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where k; = (kilq,... ,knly) and i = 1,2. We assume that

(2.1) 90N (Uyepnm (eTh)) =0

and, for any fixed €, we set
K.:={keZ"| Yy Cc Q#0}.

Then, we define the two components of Q and the interface (see fig. 1 below)
respectively by

QF = QN {Upex.e¥F), i=1,2, T =005

0, Q,

r
Y —» @
Y1

y=x /e
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SACAVEAVEVEAVAVEVAY,
SACACECEVECECECAY,

Figure 1.

Observe that (2.1) implies the fact that 90 NT* = @, so that the component Q5
is connected and the component €25 is union of disjoint translated sets of eY5,
whose number is of order e™".

In what follows, we denote by

— ~ the zero extension to the whole of Q of functions defined on €2f or €3,
— Xw the characteristic function of any open set w C IR",
- my(v) = IwLI [, f dx the average on Y of any function v € L*(w).

We recall that

Y;
(2.2) Xa: — 0; == %, weakly in L*(Q).
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For «, 8 such that 0 < a < 3, let A be a Y-periodic matrix field satisfying

N 2
(i
for any [ € IR"™ and a.e. in Y and set, for any € > 0,

(2.4) Af(x) = A(x/e).

Let h be an Y-periodic function such that

(2.5) h e L*(T), and 0 < ho < h(y), yae. inT,

for some hy € IR, and set

(2.6) p(@) = (2.
We introduce the space V¢ defined by
Ve = {uf € H'(Q5)| u5 = 0 on 99},
equipped with the norm |[ul|y: := [[Vv]|p2(qs) and the space H§ defined by
HE o= {uf = (u5,u5) | uf € VS and u§ € H(Q5)},
equipped with the norm
i 12 = 1705 W2 e + V05 B + el — 52 o

Let us recall the following extension results in V¢, due to D. Cioranescu and
J. Saint Jean Paulin:

LEMMA 2.1 ([8]). i) There exists a linear continuous extension operator Py
belonging to L(HY(Y1); HY(Y)) N L(L*(Y1); L2(Y)) such that, for some positive
constant C

{ [ Prvtllz vy < Clluillev),
VP p2ivy < Ol Vo]l 2w,

for every vy € H'(Y1).
ii) There exists an extension operator P§ belonging to L(L?*(Q5); L*(Q)) N
L(VE; HY(Q)) such that, for some positive constant C (independent of )

{ [ Pfvillzz() < Clloillzz s,
[VPivillrz0) < Cl Vil 2o,

for every vy € V=.
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Observe that this lemma provides a Poincaré inequality in V¢ independent
of e, i.e. there exists a positive constant C' > 0 (independent of ¢) satisfying

[v1llz2(0s) < Cl[Vv1|L2(a2)s Vo € Ve

Let ff € L*(Q5), f5 € L*(Q5) and g be given in H~1(Q2). Our aim is to study
the correctors for the following problem

—div(A°Vus) = f£ + PE*(g) in O,
)

—div(A°Vug) = f5 in Q5
(2.7) AsVu§ - n§ = —A°Vu§ - n§ on I'¢,
APVuS - n§ = —e"h®(u§ —uj) onT*,
uj =0 on 02,

where n$ is the unitary outward normal to 5, ¢ = 1,2 and Py * is the adjoint
operator of the extension operator P given by Lemma 2.1. By definition, P;*
is in L(H~1(Q);V!) and for g € H1(Q), P{*(g) is given by

Prrg i veV. —<g,Plv>g-1q)m1Q) -
We will suppose that
238) { i) }lei_\ 01f1 weakly in L?(1),
ii) f5 — 6afs weakly in L(9).
Then, the variational formulation of problem (2.7) is:
Find u® = (u§,u§) in H§ such that

(2.9) / A*VuiVoy de+ | A*VusVog dm—&—sw/ he (u§ —u5)(v1 — va)do
: Q

‘ o .
= [ fivida+<g,Piv >H*1(Q),H(}(Q)+/ f3va dx, ¥V (v1,v2) € Hj.
Qf Q23

The existence and uniqueness of the solution u® of (2.9) for every ¢ > 0 is

a consequence of the Lax—Milgram theorem and of the following proposition
(see [17]):

PROPOSITION 2.2 ([17]). The norm of H§ is equivalent to the norm of
Ve x HY(Q5). Moreover, there exist two positive constant Cy,Cy, independent of
e, such that

Cillvllgg < vllvexmg) < Cellvllmg, Vv e Hg.
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Let us recall the following homogenization result given in [10], concerning
the case —1 <y < 1:

THEOREM 2.3 ([10]). Let A® and h® be defined by (2.3)-(2.6). Suppose that
f5 and f5 satisfy (2.8) and let g be given in L?(Q). Let —1 < v < 1 and u® be the
solution of problem (2.7). Then, there exists a positive constant C' is independent
of € and an extension operator P§ € L(V=; H}(Q)) such that

i) Pfu§ — uy weakly in H}(Q),
(2.10) ii) AS% — AV, weakly in [L*(Q)]",
iii) [uf — ul| 2y < Ce™/2,

and the following convergences hold:

(2.11) { i) uf — uy weakly in L*(9),

i) ASVus — 0 weakly in [L2(Q)]".
The function uy is the unique solution in H}(Q) of the problem

—div (A°Vuy) =01 f1 +02f2 +9 inQ,

(2.12)
u; =0 on 0L,
with 6;, i = 1,2, given by (2.2). The homogenized matriz A° is defined by

1
2.13 Al = —
(2.13) v,

AV@)\ dy,
where Wy € H(Y7) is the solution, for any | € R", of

—div (AVwy) =0 in Y1,
(AVWy) -ny =0 on T,

(2.14) N o
Wy — Ay Y -periodic,

my, (Wx — A-y) =0.

Moreover, for —1 <~y < 1, one has

1) ug = bauy,
(2.15) N 1 pene _ uel2 0
i) [[Pfui — 572 g = 0,
while, for v =1,
(2.16) uy = O3 (ur + ¢, f2),

where cp, = \lel Jr h(y)do,.
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REMARK 2.4. In [10] this result has been proved in the case where g = 0 and
IT = fias, 5 = fiag for some f € L?(Q), so that 0, f1+05 fo = f. Nevertheless, it
easily seen that the results is still valid if the data are chosen as in Theorem 2.3.
Indeed, the proof in this case follows exactly the same outlines of that given
n [10]. One only needs to use, in the terms where g appears, the fact that for
any sequence {v¢} in H}(Q) (see Lemma 2.1 of [2]) the following implication
holds:

(2.17) (ve — v weakly in H&(Q)) = (P;(UE‘QE) — v weakly in H&(Q))

The main result of this paper is the following corrector result, which com-
pletes the convergence results given by Theorem 2.3.

THEOREM 2.5 (correctors for the case —1 < v < 1). Let (e;)" , be the

i=1

canonical basis of R" and w; € H*(Y1) the solution of problem (2.14) for A = e;,
i=1,...,n. Define the corrector matriz C* = (Cf;)1<i j<n by

~ [z
Cii(x) = Cij (g) a.e. on
2.18
(2.18) 0w
Oy

Cii(y) (y) a.e onY,

where here ~ denotes the zero extension to the whole of Y.
Let us suppose that the assumptions of Theorem 2.3 are satisfied. If v =1,
we also suppose Yy of class C? and f5 = f210z, with fa given in L2(Q).
Then, one has the following convergences:
1) hm||Vu’i - Csvu1||Ll(QE)TL = 0,
e—0 1
(2.19) i) lim[[Vus[|1205)n = 0,

i) A°Vus — 0 strongly in [L2()]™.

Moreover, if C € (L"(Y1))"*"™ for some r such that 2 < r < oo and Vu; €
(L*(2)™ for some s such that 2 < s < oo, then

i - € t eyn —
lim [[Vui — C*Vu [ a5)n =0,

where t = min {2, T’fs}.
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This result will be proved in Section 4. Its proof makes use of the asymptotic
behaviour of the energy associated to problem (2.7), which here is not immediate,
since one has to take into account the boundary term in the energy. The three
cases —1 < v < 1, v =1 and 7 > 1 need to be treated separately, the more
delicate one being the case v = 1. They are studied in Section 3.

REMARK 2.6. The corrector result for the component uj is the same as
that obtained by D. Cioranescu and J. Saint Jean Paulin ([8], see also [9]) for
the homogenization of the Laplace problem in the perforated domain €25, with
a Neumann condition on the boundary of the holes. Convergence ii) shows that
% is strongly converging to zero in L?({). This easily implies that actually
convergence (2.11)ii) is also strong, that is (2.19)iii) holds.

Let us recall that in the case v > 1 (see [14]) one cannot expect boundedness

of the solutions. To overcome this difficulty and in order to have a non-trivial
limit behaviour, one can consider the following problem

~div(ATVu§) = ff + Pf*(g) i O,

—div(ASVug) = 7 fS in O3,
(2.20) AV u§ - n§ = —A*Vu§ - n§ on I,
—A°Vu§ -nf = h(uj —ui) onTe,
uj =0 on 02,

where, as before, ff € L?(Q5) and f§ € L*(Q5), g is given in H~(Q) and P{*
is the adjoint operator of the extension operator P; given by Lemma 2.1. The
variational formulation of (2.20) is then

Find u® = (u§,u§) in H§ such that

AVuiVoy de+ | A*VusVuy do —|—€7/ he(u§ — ug)(vy — ve) do

2 25

€

(2.21)

= ff vidr+ < g7P151)1 >H*1(Q)7Hé(ﬂ) —&-EWTA/ f25 vy dx,
21 Q5

v (?]1,’1)2) € Hg

The asymptotic behaviour of this system in given by the following result, proved
in [10]:

THEOREM 2.7 ([10]). Let A® and h® be defined by (2.3)-(2.6). Suppose
that f§ and f5 satisfy (2.8) and let g be given in L*(Q). Let v > 1 and u® be
the solution of problem (2.20). Then, there exists an extension operator Pf €
L(VE, HYQ)) such that

i) Pfu§ — u weakly in H}(Q),
(2.22) i) A°VuE — A%V, weakly in [L*(Q)]",

i) [|u§ — u§l|p2re) < Ce™1/2,
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where C' is independent of € and uy is the unique solution of the problem

—div (AOVul) = 01f1 + g m Q,
(2.23)

u; =0 on 09,

with A given by (2.13) and (2.14).
Moreover,

(2.24) AVus — 0 weakly in [L*(Q)]".
REMARK 2.8. In [10] this result has been proved in the case where g = 0

and f{ = fios, f5 = flag for some f € L?(2). Nevertheless, the results is still
valid under the above assumptions on the data (see also Remark 2.4 above).

THEOREM 2.9 (Corrector for the case v > 1). Let C° = (Cf;)1<i j<n be the
corrector matriz defined by (2.14) and (2.18).
Under the assumptions of Theorem 2.7, one has the following convergence:

i - € eyn — .
;I_I}%)Hvul C*Vurl|pisyn =0

Moreover, if C € (L"(Y1))"™*™ for some r such that 2 < r < oo and Vuy €
(L2 ()™ for some s such that 2 < s < oo, then

1 - € t e\n —
gl_r%HVul C*Vuy||Lt(as)n =0,

where t = min {2, TT_’_SS }

This result will be proved in Section 4. Its proof makes use of the asymp-
totic behaviour of the energy of the first component uj of the solution of prob-
lem (2.20), which will be studied in Section 3.

REMARK 2.10. The possible strong convergence to zero in L?(2) is here an
open question. This is related to the fact that we do not know the weak limit
behaviour in L?() of the (bounded) sequence el u$ (see also Remark 3.6
below).
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3 — The asymptotic behaviour of the energies

In this section we study the limit behaviour of the energies associated to
problems (2.7) and (2.20). The three cases —1 < v < 1, v =1 and v > 1 need
to be treated separately.

PROPOSITION 3.1 (case —1 <y < 1). Let —1 < v < 1. Under the assump-
tions of Theorem 2.5 one has the following convergence of the energy:

gi_lg%(/sAEVuﬁVui dx —l—/sAEVu;Vu; dr +-€ Fihe(u‘i —u§)2d0)
1 2

(3.1)
:/AOVu1Vu1 dx,
Q

where A° and uy are given by Theorem 2.3.

PROOF. Let us choose u® = (u§,u5) in the variational formulation (2.9).
One has

A*VuiVus do + A*VusVus do + 67/ he (u§ — u§)*do
Qs Qs

(3.2) E
o fiul da+ < g, Piui >p-1(q),m1(0) / f3 us dz.

Observe now that from (2.8), (2.10) and (2.15) one has

hm f2 ug dor = / f5Pyui dx + f5(Pruf — uj) doe = / 0y fouy dx.
o5 Q

e—0

Hence, again from (2.8) and (2.10) and in view of the limit equation (2.12) we
obtain

hm( f1 ’Ufi d.’E+ < g,Pf’Ufi >H*1(Q),H1(Q) +/ f2 ug d{E)
e—0 Q: 0 Qs
= 811_13(1)(/9]‘15 Prui de+ < g, Prui >p-1(0) 51(0) ) +/Q92f2m da

= / 01 f1u1 + 92f2u1 dr+ < g,u1 >H*1(Q),Hé(ﬂ): / AOVu1Vu1 dx.
Q Q

This, together with (3.2), gives convergence (3.1). O
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The case v = 1 is more delicate and we can only prove the following in-
equality:

PROPOSITION 3.2 (case v = 1). Let v = 1. Under the assumptions of
Theorem 2.5 one has the following asymptotic behaviour of the energy:

limsup(/
(3.3) =0 Qs
< [ A'Vuy Vg da,

A*VuiVusi dx +/ A*VusVus de <
Q25

where A° and uy are given by Theorem 2.2.

To prove Proposition 3.2 we need to use two technical lemmas. The first
one is an adaptation to the case of a disconnected set of Lemma 3.1 of [6] (see
also [10], Lemma 3.1 for p = 2).

LEMMA 3.3. Suppose that T is of class C?. Let g € L>=(T') and set ¢, :=
ﬁ fr g(y)doy,. Let v., for every e, be a function in W1 (Q5) such that for some
positive constant ¢ one has

(3.4) [vellwraag) <e.
Then,

lim infs/ g(x/e)ve(x) do = lim inf cg/ ve(x) d.
e—0 - Q

e—0 €
2

PRrOOF. We adapt to our case the proof of Lemma 3.1 of [6]. Let ¢, €
W12°(Y3) be the unique solution of the problem
—Atpg = —c4 in Yo,
Vipg-na =g onl,
my (1/Jg) =0,
where ny denotes the unit outward normal to Y. Observe that the regularity

of T' implies that ¢, exists and is in W'>°(Y,). Then, still denoting ¢, the
extension by periodicity of 1, to [J, ¢ 4n YF, by a change of scale one has

35 e / e/ plado =< | yby(a/e)Var(e) di + e / o(z)dz,

Qg Qg

for every v € WH1(Q5). On the other hands, from (3.4) one has

lim e Vg (x/e)Vyve(x) de = 0.

—0 e
€ Q5

Then, choosing v = v, in (3.5) and passing to the limit inferior as e — 0, one
has the result. 0
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The second lemma has been proved in [11].

LEMMA 3.4 ([11]). Let O be an open set of R"™ and {O:}. C O a sequence
of open subsets of O. Suppose that {v.}. C LP(O.) , p > 1, is such that, as
e—0,

{ Xo. = X 11 L*(O) weakly *,
v — XV  weakly in L*(0).

Then

e—0

liminf/ [ve|? dmZ/ X, lvl” dz.
0. o

PROOF OF PROPOSITION 3.2. Let us choose u® = (u§,u5) in the varia-
tional formulation (2.9). Using (2.8)i) and the fact that f5 = foq:, together
with (2.16), (2.10), (2.11) and the limit equation (2.12), one has

lim sup ( A*VuiVus do +
Q3

e—0

A*Vu5Vus dx)
Q3

= limsup ( 5/ he(uf — u§)2d0>

e—0

+ hm / Jiui de+ < g, Piui >p-10) 1 (2 +/QE faug dx)
2

= limsup ( 5/ he(uf — u§)2d0>
e—0
+ hIIl / fi Pru§ de+ < g, Pyu§ > H-1(Q),HE () +/ fzgt\g dl‘)
Q
= —liminf (6/ he(uj — u§)2d0> +/ 01 fru dx
e—0 c Q
+ < g,u > H-1(Q),HE(Q) —|—/ faba(ur + C,:lfg) dx
Q
= —lim inf (5 he(ui — u‘;)zda) + [ A°Vu;Vuy d
e—0 e Q

+ [ b2c; ' f3 da.
Q

Hence, to prove (3.3), it will be sufficient to show that

e—0

(3.6) lim inf (5/ he(uf — ug)zdor) > / O2c; ' f3 da.
< Q
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To do that, we make use of Lemmas 3.3 and 3.4. First, we apply Lemma 3.3
with p =1, g = h and v, = (Pfu§ — u5)?. We obtain
liminf(s / he (ul _u;)Zda) — liminf (5 / he (PEus —u;)2do)
e—0 - e—0 e
(3.7)
= lim infch/ (Pfu§ — u$)*da.
e—0 Qs

Observe now that, thanks to (2.10), (2.11) and (2.16), we have

(Pfuslas) — up = xoz Pfus — u5 — —0ac;, ' f2,  weakly in L*(9).

Consequently, we can apply Lemma 3.4 with p = 2, O, = Q5, x, = 02,0 =

Pfuiln5 —u§ and v = —¢; ' fo. We have
lim inf ch/ (Pfu$|as — u§)*dx > ch/ Oo(—c; ' f2)? da = / Osc, ' f3 du.
e—0 Qs 2 Q Q

This, together with (3.7), gives (3.6) and concludes the proof. 0

PROPOSITION 3.5 (case v > 1). Let v > 1. Under the assumptions of
Theorem 2.9 one has the following convergence:

([

(3.8) d
z/AOVu1Vu1 dx,
Q

he (u] — u)us dcr)

A*VuiVus de + <7 /
where A° and u, are given by Theorem 2.7.

PRrROOF. Choosing u® = (u§,0) in the variational formulation (2.21) gives

J

= [ fiuidet+ <g,Piui >g-10)m Q) -
o3

A*VuiVus de + 57/ he(uf —u5)us do
i £

Then, using (2.8) and (2.22), one gets

([

= 91f1 uy de+ < g, u1 >H*1(Q),H5(Q) .
O:

A*VuiVui dx + 57/ he(u§ — ug)us da)

€ €
1

This, using uy as test function in the limit problem (2.23), gives the result. [
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REMARK 3.6. Here we can only study the behaviour of the first compo-
nent of the energy. Indeed, since we do not know the weak limit behaviour in

L?(Q) of the (bounded) sequence {577_1 u5}, we cannot compute the limit of
Ja: AVusVus da.
2

4 — Proof of the corrector results

The proof of Theorem 2.5 is based on the convergence of the energies given
in Section 3 and on the following main result:

PROPOSITION 4.1. Under the assumptions of Theorem 2.5, there exists a
positive constant ¢ independent of € such that for any ® € (D(Q))™, one has

limsélp (IVui - Oeq)”[ﬂ(gi) + ||VU§||L2(Q§)) < cl|[Vur — ®|[12(q)-

E—r

PRrROOF. Let @ = (®q,...P,) € (D(Q))™. From (2.3) and (2.4) one gets

o[V — o0l g, + 90612 g
< A (Vuf — C°®) (Vu] — C°P) da + A*VusVus dx
Qf Q5
(4.1)
= / A*VuiVus dz —/ A*Vui (C°®) dx —/ A® (C*®) Vui dx
Qf Qf Qf

.

We want to pass to the limit for & — 0 in each term. Concerning the energy
terms, we use Proposition 3.1 for —1 < v < 1 and Proposition 3.2 for v = 1. In
the first case this gives

limsup(/
e—0 Q
(4.2) < hm( /

e—0 Qs

—1-87/ he(u§ — ug)gda) = / AV, Vu, de,
. Q

A (C°®) (C°D) da:Jr/ ATVUEVLS.
; o3

AVUEVE dat / A*Vu5Vus ) <

€ €
1 QZ

A*VuiVusg dm+/ A*Vu5Vus dz+

the second limit superior being a limit since v < 1.
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Observe now that, from the definition (2.18) of C¢, one can write

n

lim A*Vu§ (C°®) dx = lim A*Vui (@, VW) do
e—0 Qs = e—0 Qs
@y -
:Z(lim/ ASVUE V(0 @F) do — lim | AV V&, @ d:c).
i=1 23

—0 —0
g 1> QT

Set, fori=1,... ,n,

(4.4) X,(y) = —wi(y) +yi,  nY
and
(4.5) w; (x) = xi — e(P(X5)(w/e),  in

where the extension operator P; is defined in Lemma 2.1. By a change of scales
one has

(4.6) ASV@5Vo de =0, Vv e Hy(Q)
25

and, by standard arguments

ws — x5 weakly in H(Q)
(4.7) w5 — x; strongly in L?(Q

(€2)
0y = xo: A*Vw; — AY;  weakly in [L%(Q)

"
Then, choosing v1 = ®; W5 and vy = ®; z; as test function in (2.9), one has

/ A*Vui V(®,; w5) dx = —/ A*Vus V (P x;) dx
Qs 05

(4.8) —&7 | hF(uf —u3)®i(W5 — zi)do + | ff @y W5 dx
re Qs

+ < g,Pf((I)i ﬁ}ﬂﬂi) >H*1(Q),H&(Q) +/ f; P, x; dr.
Q3
Now, observe that from (2.10)iii), (4.5) and a change of scales it results

67/ he (i — u5) ®4(w; — xi)do < 7 ||ui — usllL2(re) lleXi (z/€) || L2 (re)

< ceYtle=7/2.-1/2 _ cg(v+1)/27
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where ¢ is independent of . Consequently

lime” [ h%(uf — u3)®;(W; — x;)do =0,
e—0 e

since 7 > —1. Then, passing to the limit in (4.8) as ¢ — 0 and using (2.11)ii),
(2.17), (4.7), (2.8) and the fact that f5 = fzq¢ if v =1, one derives

lim/ A*Vu V (P, wF) do = / 01 f1P; x; dox
e—0 Q Q

+ <9, Pix >p)mi) + Jo O2fe Pia; do.

This, together with (4.3) and convergences (2.10)ii) and (4.7), gives

lim A*Vui (C°®) dx

—0 e
€ Qf

n
(4.9) = Z(/Q‘glfl P xi de+ < g, Qi xi >p-1(),H51(Q)
i=1

+/ Oz fo @i a; do —/AOVulvfI%xi dx).
Q Q
Since

/ AOVU1V<I>¢ iz dr = / AOVU1V(¢Z' xz) dr — / AOVU1V‘I>Z €; dl‘,
Q Q Q

using ®; 2; as test function in (2.12) we obtain from (4.9) that

(4.10) lim [ A°Vu§ (C°®) dx = / AVuy @ da.
e—0 Qs Q

To treat the third term of the right-hand side of (4.1), let us take ®; u§ as test
function in (4.6). We obtain, by taking into account (4.6), (2.10)i) and (4.7)

n

lim A (C*®) Vuide = lim AV w; Vui ©; dx

e—0 e—0
25 i=1 Qf

n

- nm( BV (Riud) do — [ FEVD; uS da:)
(4.11) perkat VO o

n

- i PEV®; uf dr = — Ve, VO,
_i_lgl_%/QinZVq)Zuldx ;/QA e; Vo, uy do

:/AO<I>VU1 dx.
Q
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For the last term in (4.1) we now choose ®;®;w5 as test function in (4.6). A
standard computation gives

lim A% (C*D) (C°D) dx = lim ASV@f Vs &; &; dr
e—0 Qs e 15%0
(412) = Zggl})(/smwb ®; 0 dx—/e V(®; ;) @ do)
e
:_Z/Aoel (®;®; xjd:c—/A()(I)(I)d:r
3,J=1

We can now pass to the limit superior in (4.1). Thanks to (3.3), (4.2), (4.10)-
(4.12) we obtain

limsup (o Vui — CE(I)HL2 )+ ||VU2HL2(QE>)

e—0

§/AOVU1VU1 dx f/AOVm(I)dxf/AOCI)Vul dx
Q Q Q

+/ AP do = / A® (Vuy — ®) (Vuy — ) dz,
Q Q

which gives the result, since A° is a constant matrix. 0

PRrROOF OF THEOREM 2.5. The result follows from a density argument and
from Proposition 4.1. Let 6 > 0 and ®5 € (D(£2))™ such that

||Vu1 — ¢5||L2(Q) < 4.

From (2.18) and Proposition (4.1) one obtain

lim sup (|| Vui — CEVU1HL1(Q§) + HVU‘;HLZ(Q;)>
e—0
< limsup[HVui - CEQ)&HLl(Qf) + HVUEHL2(Q§) +[[C°®s — CEV'LL1||L1(Q)}
e—0

< limsup[ey | Vug — C°®s]| 12 (o) + HVUZHL2(QS)]+C2HVU’1 — sl r2(0)

e—0

< CCl||VU1 — (I)5||L2(Q) + 6 < ec3zd.

This gives convergences i) and ii) in (2.19), while convergence iii) is an imme-
diate consequence of ii) and (2.3)-(2.4). Finally, the last statement follows by a
standard argument (see for instance [7, Chapter 8]), using a similar computation
and the Holder inequality. 0
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PROOF OF THEOREM 2.9. The proof of Theorem 2.9 makes use of similar
arguments as that used in the proof of Theorem 2.5, once one has proved that
there exists a constant ¢ > 0, independent of €, such that for any ® € (D(Q2))",

(4.13) limsup ||Vuj — C€(I>||L2(Qi) < c||Vur — @[ z2(q)-
e—0

To show that, let ® = (®y,...P,) € (D(Q2))". From (2.3) and (2.4) one gets

AV — Co|[2aiq) < /Q A% (Vs — C°®) (Vil — C°®) da

(4.14) = /Q

— | A% (C*®)Vuidx +| A (C°®)(C*D) dx.
0f 01

A*VuiVus do — / A*Vui (C°®) dx
Q

£ £
1 1

From Proposition 3.5, Theorem 2.7 and convergence (4.12) one has

lim ( ATVEVE do — | A (C50) Vs da +[ A% (C°) (C° D) dx)
e—0 0e (o5 (953
(4.15) ! ! !
= / A u YV, de — / A'®Vu, dx +/ A'D dz,
Q Q Q

where for passing to the limit in the second term of the left-hand side we used
the same argument as that used to prove (4.11).

It remains now to pass to the limit in the second term on the right-hand
side of (4.14). As in the proof of Theorem 2.5, we write this term as follows:

n

lim / ATV (C°9) dz =) lim / A*Vui (@;Vwy) d
0 Joe 70 Ja:
(4.16)

- Z(lim ATV V(9 %F) do — lim | ATVUE VD, @ d:v).
— e—0 Qs e—0 Qs
Let w$ be defined by (4.5). Choosing here v; = ®; @5 and v = 0 as test function
in (2.21), one has
AVui V (P, @5 ) de = —&7 [ h®(uf — u§)®,w; do + | f{ ®; w; dx
(4.17) { Jos . o

Now, observe that from (2.22)iii), (4.5) and a change of scales one has

& / B (uf, — u5)®,% do < & [Ju§ — uS | paqrey 185 zaqre)
£

< cele /2712 = cg(v—l)/Z’
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where ¢ is independent of . Consequently, we have

lime” [ A% (uf — u5)®;(w0; — x;) do =0,
e—0 Te

since here v > 1. Then, passing to the limit in (4.17) as ¢ — 0 and using (2.22)ii),
(2.17) and (4.7) one derives

lim AEVui \Y ((I)z ’l/lj\f) dr = / 01f1 P, x; dr+ < g, P, x; >H*1(Q) HY(Q) -
e=0 Jo Q 770

Thanks to (4.16) and convergences (2.22)ii) and (4.7), this gives

lim A*Vui (C°®) dx

e—0
Qf

= Z(/ 01f1 @i xi de+ < g, Qi xi >p-1(),m51(2)
i=1 70

- / AV VP, dr).
Q
From this equality, using ®; ; as test function in (2.23), we have

(4.18) lim [ A°VuS (C°®) do = [ A°Vu; ® da.
€20 Jos Q

This, together with (4.14) and (4.15) gives (4.13) and concludes the proof. 0O
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