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Schauder estimates for a system
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ABSTRACT: We study a linear problem of mized type and we prove existence,
uniqueness results and coercive estimates in Holder spaces. Moreover we establish
weighted estimates in Holder spaces and a stability result for a non-linear system of
mized type.

0 — Introduction

We consider the initial-boundary value nonlinear problem

ut—i-A(x,%)u—i—R(u):f, xreNCR" te(0,T)

0
B <x,%> v

in a bounded, smooth, n-dimensional domain €2, for the vector field u = (v, w),
V=(V1,." s Vmy), W= (W1,...,Wm,), M1, My €N, my +mg =m.

The data of the problem, f(x,t) and ug(z), have a similar structure: f =
(g,h), 9= (91, s9my,)s h = (h1,..., hmy), ug = (vo,wo), vo = (Vo1s- -+, Vom, ),

(0.1)

eon =0, wu(z,0)=1up(x),
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wo = (Wo1, - - -, Wom, ). Here A is a matrix differential operator of the form
0
L|x,— 1 (x
(0.2) A= ( &v) (@)
12169 £(x)

where El( ), l2(x), €(x) are my X ma, ma X M1, Mo X Mo matrices, respectively,
L(z,2) = (Lij(x,2))ij=1,.,m, is an my x my matrix second order elliptic
operator, and R(u) = (P(u ), Q(u)) is a vector field of non-linear terms. We
assume that P = (P;(v, Vv, D*v,w))iz1,... m,, Q= (Qr(v,w))k=1,... .m, and P;,
Q. are polynomlals of degree h > 2 with respect to their arguments.

By B(z, dw) (Bij(z, a%))i,jﬂ,...,ml we mean an m;j X mp matrix operator
of the boundary conditions. For simplicity we assume that the B;; are first order
operators and that the coefficients of the operators A and B are sufficiently
regular. The initial data should satisfy the compatibility conditions (see (1.2)).

This type of problems comes from biological applications (see [11], Chap-
ter 13, [12], Chapter 1, Chapter 13 and [9]) and from ecological applications as
studies of forestry ecosystems (see [3], [4], [5], [8] and [15]). Moreover similar
systems have been used to treat various problems in physics (see [6], and [13]).

A simpler version of problem (0.1) is introduced in [12], Chapter 13, as
a model of rabies epidemics. The population consists of two types of foxes:
infective ones I(x,t) and susceptibles S(z,t), which interact with each other.
The vector u = (v, w) is the couple (I, S) and the system (0.1) reads

{It—DAI—rIS+aI:O,

(0.3)
St +rlS = 0,

where D,r,a are (positive) constants with biological meaning: 1/a is the life
expectance of an infective fox, r is a measure of transmission efficiency of the
disease from infectives to susceptibles, D is the diffusion coefficient of infected
foxes. Finally, the initial data Iy, Sy and zero Neumann boundary condition on
the infected foxes are given (i.e., the migration of cubs seeking their own territory
is excluded).

Coercive Schauder type estimates for linear parabolic systems have been first
estabished by Solonnikov in [14] and extended by Belonosov in [1] to weighted
Holder spaces. Stability results have been obtained for a large class of non-linear
parabolic systems, by Belonosov and Visnevskii ([2]): they also follow from an
abstract approach of Henry ([7]).

Recently, Mulone and Solonnikov ([10]) have studied stability and instability
of a stationary solution for problem (0.1) (in the case of more general boundary
conditions) and proved a linearization principle in Sobolev-Slobodetskii spaces
with an exponential weight.

Their paper ([10]) concerns the problem in two spatial dimensions and a
large class of non-linear operators P and Q. In the present paper we study
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problem (0.1) in n spatial dimensions and for a larger class of non-linear operators
i.e., we admit a fully non-linear operator P (see Theorem 3.1).

First we study a linear problem of mixed type (see (2.1)), and we prove an
existence, uniqueness result and coercive estimates in the Holder spaces for the
solution (see Theorem 2.1). Assuming suitable conditions on the spectrum of
the operator A and on the eigenvalues of “—¢” (see (2.2)) we establish weighted
estimates in the Holder spaces (see Theorem 2.2). These estimates, that we
think are interesting in themselves, are “crucial” for proving the stability result
for the non-linear problem (0.1) (see Theorem 3.1).

1— Preliminaries

We consider the linear initial-boundary value problem

vt+L<:c,8>vg, reQCR” te(0,T)

0
(1.1) ) v
B (x, %) Y o0 = 0, wv(z,0)=wvo(x)
in a bounded n-dimensional domain €, for the vector field v = (v1,...,Vm,),
my € N. The data of the problem, g(x,t) and vo(z), have a similar structure:
g =1(91,---s9m,)s vo = (Vo1,...,v0m,); L(x, %) = (Lij(=, %))i,j:l,...,ml is an

my X mq matrix second order elliptic operator.

By B(xz, 8—‘1) = (Byj(=, a%))ivjzl,--<7m1 we mean the mq X m7 matrix operator
of the boundary conditions. For simplicity we assume that the B;; are first order
operators. The coefficients of the operators L and B are sufficiently regular.

From now on we assume that problem (1.1) is a well-posed parabolic prob-
lem, i.e. the operator % + L is parabolic in the sense of Petrovskii and the
operators (2 + L, B) satisfy the Lopatinskii condition (see [14]).

In particular, we can have

L (x, g) = —diag(D1,...,Dyn)A, D; >0,
ox
Blz 9 I2 (the Neumann condition)
"0x ) " on " '

We introduce standard Hélder spaces C*(Q), C“*/?(Qr), where Qr = Q x

(0,T), and also the spaces C*°(Qr), C%*/?(Qr) with the norms

U|| ra0 57y = sup ||u(-, ¢ (TN
lllomogry = sup I O lou

Hullco,m(@) = sup [|u(z, ')chz[o,T]a
Q



120 M. G. GARRONI - V. A. SOLONNIKOV - M. A. VIVALDI [4]

moreover, we define the weighted spaces Cf’a/z(@), C’g’o(@), C,?’a/z(@),
b > 0, with the norms

HU”C;%”/?(@) = ||6bt“|‘ca,a/2(m)a
Il = e ullgonigry:
el gonera gy = €%l o)

In the proof of our results we will use the following Proposition (see [14]).

PROPOSITION 1.1. If the coefficients of L € C*(Q), the coefficients of B €
Cot(99), g € C2(Qr), vo € C*t2(Q), and the compatibilitity condition

0
(1.2) B <x, %> vols =0

is satisfied, then problem (1.1) has a unique solution v € C*t*1+2/2(Qr), and

(1.3) ||U||c2+a,1+a/2(@) < C(T)<||g||ca,a/2(@) + ||”0Hca+2(ﬁ))-

Moreover v(x,t) satisfies the inequality

(14)  Nollgrranrarnigr) < €1 (19 canra@r + Ivollcass) ) + c2sup o(a, )]
Qr

where the constants c¢1 and co are independent of T'.

2 — The linear problem

In this section our objective is to establish existence, uniqueness results and
coercive Schauder estimates for the solution of problem (2.1). These estimates,
which in our opinion are of interest in themselves, are “crucial” for proving the
stability result for the non linear problem (0.1) (see Theorem 3.1).

We consider the linear initial-boundary value problem

ut—l—A(gc,ag)u:f, xreQCR" te(0,T)
x

0
B (I,m‘)’v

in a bounded n-dimensional domain {2, for the vector field u = (v,w), v =
(V15 Umy )y, W = (W1y...,Wiy), M1, me € N, my + my = m. The data
of the problem, f(z,t) and ug(x), have a similar structure: f = (g,h), g =

(2.1)

v =0, u(z,0)=ug(x)
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(gl7 s 7QM1)7 h = (hla cee vhma)a Up = (U07w0>7 Vo = (’0017 s 7U0m1)7 Wo =
(w()la s 7w0m2)'
By A we mean a matrix differential operator of the form
0
Llx,— ly(x
(2.2) A= ( 83:) 1)
la(x) t(z)

where ¢1(z), l3(x), £(x) are my X ma, mg X My, Mg X mq matrices, respectively,
and L(z, %) = (L;j(z, %))i,jzl,...mﬂ is an my X m; matrix second order elliptic
operator. By B(z, %) = (Biyj(z, a%))i,j:l,...,ml we mean the m; X m; matrix
operator of the boundary conditions. For simplicity we assume that B;; are the
first order operators. The coefficients of the operators A and B are sufficiently
regular.

We recall that problem (1.1) is a well-posed parabolic problem, i.e. the
operator %JrL is parabolic in the sense of Petrovskii and the operators (%JrL, B)
satisfy the Lopatinskii condition (see [14]).

Our first result is

THEOREM 2.1. If the coefficients of A € Ca(ﬁ),_the coefficients of B €
CO‘+1(8Q)7 vy € 02+Q(Q)7 wo € CQ(Q)7 g € Ca,a/z(QT)v h € Ca,O(QT)’ a €
(0,1), and if compatibility condition (1.2) is satisfied, then problem (2.1) has a
unique solution v = (v, w) with v € C*+*1T/2(Qr), w,w; € C*°(Qr), and the
following estimate holds:
||U||cz+a,1+a/2(Q_T) + ”cha,O(@) + ||wt||ca,0(@) <
< @) (Iglgeragr) + Ihllcaogr + [0l oara@) + uoll o) )

The proof of Theorem 2.1 is based on the analysis of the Cauchy problem
(24) wt(xvt) + é(x)w(x,t) = @(Ivt% w|t:0 = wo(l‘)7 T e Qa te (OaT)

and of the parabolic initial-boundary value problem (1.1).
We start by proving the following proposition

PROPOSITION 2.1. If wy € C%(Q), { € C’i(ﬁ) and p € C*°(Qr), then
problem (2.4) has a unique solution w € C*%(Qr), possessing time derivative
wy € C¥(Qr), and satisfying the inequality

25)  lwllgeogr + ol gmogr < @ (lwollcam + 19l0ao@r)):
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PROOF. It is well known that the solution of problem (2.4) is given by the
formula

¢
(2.6) wlat) = V(Ouo(a) + [ V(e pla.rdr

0
where V() = e~ is the resolving operator of problem (2.4). It can be expressed

by means of the contour integral:

(2.7) V (t)wo(z) L/Fe"t(é(as) +oI) two(z)do = w'(2,t),

~ omi

where I is a simple closed contour enclosing the set S of all the eigenvalues of
—{(z) for all z € Q. Indeed,

1
wy(x, t) + 4(z)w'(z,t) = — / e“two(x)do =0
211 r
and
. 1 _ _
a.0) o) = i 5E [ (@) o) o~ Duntaris =0,

where T',, is a sequence of the contours expanding towards infinity. Estimate (2.5)
follows easily from (2.6) and (2.7). Proposition 2.1 is proved, let us note that in
general, ¢(T') grows exponentially, as T' — +o00.

PROOF OF THEOREM 2.1. We start by the reduction of the problem (2.1)
to the problem (1.1) with an additional non-local lower order term in the system
of equations for v. We consider w as a solution of (2.4) with ¢ = h — l3(z)v,
which yields the following expression for w:

w(z,t) = V(t)we(x) Jr/o V(t—71)h(z,7)dr — /o V(t — )l (x)v(z, 7)dr.

When we plug this expression into the first m; equations of the system (2.1), we
obtain the initial-boundary value problem for v:

v(x,t)+ L (:v, %) v(z,t) — l1(x) /0 V(t — 1)l (x)v(z, 7)dT =
(28) = d(Iat)7 (‘T,t) € Qr,

=0, v(z,0) =vo(x),

v
rEIN
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where

(2.9) d(z,t) = g(x,t) — £1(x) <V(t)w0(z) —|—/ V(t— T)h(x,T)dT) .
0

Let us show that d € C**/2(Qr). By (2.5), we have

lllgeo@r) < 19l + (w0l e + 1l oo m) )

||d||co,a/2(m) < ||9||co,a/2(Q_T)+

t
+c|V(H)wo(z) + / V(t—7)h(x,7)dr <
0 C(J,lm)
< l9lloarzigyy + ¢ (SEP lwo(z)| + sup |h($,t)|> :
Q Qr
Hence
(210) Nl anra@ry < N9lcern@r +e(lwolloe@ + Ilceo@n) )

The problem (2.8) differs from (1.1) by the presence of the integral operator of
the Volterra type

v = —{ (.73)/0 V(t — 1)l (x)v(z, 7)dr

in the system of equations. Let us estimate the norm ||Iz;||C(1,()l/2(@)7 for any
t <T. We have

120l geogny < Ol
||IU||co,a/2(@) < C(T)”IUHCOJ(@) <c(T) sup lv(z,7)l,

Q1
hence
(2.11) 120l ey < ATl oo
and also
(2.12) 120l sy < ellvllosan gy + cle T) suplo(a, 7)

Q:

for arbitrarily small ¢ > 0. This inequality allows one to prove the solvabil-
ity of problem (2.8) by successive approximations, using the Gronwall lemma,
according to the following scheme.
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8]

We define v; as the solution of the problem

81}1 0
e + L(z, %)vl =d(z,t), z€Q,te(0,T),

0
B(x, %)01\1669 =0, v1(x,0) = vo(x)
and for m > 1

ava 8 o ¢
5 +L (x, %) Uma1 = £1(2) /0 V(t — )l (x)vm(x, 7)dT + d(z, ),

xeQ, te(0,T),

0
B (x, %> Umtilzeon =0, Umii(x,0) = vo(x).

Set
£m+1 = Um+4+1 — Um, M > 1

and
&1 = 1.

The function &,,,11 is a solution of the problem

3§m+1 0 _
ot +L (.73, 8_$> §7n+1 - _I€m7 T E Qa te (O’T)7
Bz, 2 | =0 (2,0) =0
z, 89: §m+1 z€eo2 — Y, §m+1 x, — Y.

From Proposition 1.1 (see (1.3)) and (2.12) we obtain

||fm+1||cz+a.1+a/2(@) < e||€mHC2+a,0(@) +c(e,T) sup |&m (2, T)[, m =1,
Qt

which implies

M M
Z ||§m+1|‘cz+a,1+a/2(@) <€ Z ||fm||cz+a.1+a/2(@) + ||fl||cz+a,1+a/2(@)+

0 m=1
t M
o) [ Memloasassoryir
0 m=1

Using the Gronwall lemma, we obtain

M
Z HgmHCHa,Ha/z(@) < C(a,T)||§1“C2+a71+a/2(@).
m=1
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We deduce that the sequence {v,,} converges in the Holder space C+%2/2+1(Qr)
to a solution of problem (2.8). Consequently also problem (2.1) admits a solution.
The uniqueness of the solution follows from inequalities (1.3) and (2.12) applied
to the difference of two solutions v and v’ of (2.8). These inequalities yield

[0 = 0llcarzaressgry < (& D0 =0 | gareiania gy,

hence there exists a positive time Ty such that v = v’ for ¢ < Tp. In a finite
number of steps we prove that problem (2.8) (and then also problem (2.1)) admits
one and only one solution in the space C*t2:2/2+1(Qr) for any fixed time T.
Moreover, the estimate

(213)  [olasarsarngn < o) (lllguarnn + Iollcrragm)

of the solution is obtained. Inequality (2.3) follows from estimates (2.13), (2.10)
and (2.5). Theorem 2.1 is proved.
Our second result is w

THEOREM 2.2. Assume all the hypotheses of Theorem 2.1. Moreover, sup-
pose that the following conditions are satisfied

(a) the eigenvalues of —(, i.e. the solutions of the equation det(¢(x) +ol) =0
have negative real parts for all x € §;

(b) the spectrum of the operator A defined in the space of functions u = (v, w)
satisfying the boundary conditions Bv|ycoa = 0 is located in the left half
plane Re\ < 0.

Then the solution w = (v,w) of problem (2.1) is such that v €
Crr o 2@Qr), we C0@Qr), we € C°(Qr), and

(214) ||UHC§+%1+@/2(@) + ||w||c§v°(@) + Hthcg(@) <
< C(HQHCEHWZ(@) + ||h||c§»0(@) + ||UO||cz+a(§) + ||w0||ca(§))

with the constant ¢ independent of T. Here T < +00 and b is a suitable positive
number.

PROOF. In [10] it is shown that (assuming conditions (a) and (b)) the solu-
tion of the problem (2.1) with f = 0 satisfies the inequality

(s )l a0y < ce™ P luoll (e
with a suitable By > 0 independent of T'. This inequality is equivalent to

(2.15) e | £y @)= Loy < ce™F,
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where A is the operator (2.2) defined on the set of vector fields u = (v, w) such
that v € W2(2), w € Ly(2) and Bol|sg = 0.

It follows that the solution of a non-homogeneous problem (2.1), that is
given by the formula

t
u=e Py + / e*(t*T)Af(T)dT
0

satisfies the inequality
216) e ulO)l1ae < e luolla) + 0P € )l aco)

with 8 € (0, 5p) and with the constant ¢ independent of T' (see also [7]).

We will prove (2.14) using this inequality. We go back to the formula w =
V(t)wo for the solution of the problem (2.4) with ¢ = 0. If all the eigenvalues of
the matrix —¢(z) are located in the left half-plane of the complex plane C, then
the contour I' can be drawn in the same half-plane, and in this case

o)l e < ce™luwoll e

with a suitable 8; > 0. For the solution of the non-homogeneous problem (2.4)
we obtain

@17 wlogogm + lwdloyogr < e(lwollon + 19llcs o@m) )

where 5 € (0, 1) and c is independent of T'.
Now we choose b € (0, min{fy, 51}). Taking into account (2.17), we prove
the weighted estimates for d defined in (2.9), namely,

Hd”cavo(@) < ||9||cav0(@) + C(Hwo\lca@ + ||h‘|ca10(m))a
ldllo.or2gmy < Nolgoragmy + e(lwoll @) + Mllso@m )
ldll o2 gmy < Ml nnva gy + € lwoll sy + IRl oo ) )

with the constant ¢ independent of T'.
Next, we apply Proposition 1.1 (see inequality (1.4)) to the solution v, (z,t) =
v(x,t)e’ of the problem

9y

5 + L (m, 6(1) vp + €PTv = etd + by,

0
B (937 8_x> Vplzcan =0, vp(z,0) = vo(z).
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Proceeding as previously and using assumption (a), we prove that
tb
(2.18) lle IU”ca,aM(@) < C””Hcgvo(m)
with the constant ¢ independent of T'. Hence we obtain (see (1.4))
||v||cf+a,l+a/2(@) S
219) < er(lwollgngm) + Ivollara + 1hlloaogr) + I9lgperegr) )+
=+ C2||U||c;¥f0(@)

with constants independent of T'.
Estimates (2.19) and (2.17) (with ¢ = h — {5v) yield

lwllepogr +lwellopor) + vl garantar gry <
< ¢(lwollgm @y + Iv0ll o @y +

Il oo )y + 9llgeor2 ) )+

+ e||ebtv||02+a,o(@) + c(e) sup 1€ 0 (-, )| 1o () -

When we choose € sufficiently small and estimate the norm [e"7v||1, ) by in-
equality (2.16), we obtain (2.14) and complete the proof of Theorem 2.2.

REMARK 2.1 Theorem 2.1 and Theorem 2.2 hold true under more general
assumptions concerning the operator B (in particular, we can choose B = I,
i.e., the Dirichlet boundary conditions), but then compatibility condition (1.2)
should be modified.

3 — The nonlinear problem

In this section, we apply Theorems 2.1 and 2.2 to the analysis of the non-
linear problem discussed in the Introduction (see (0.1)). More precisely we con-
sider the mixed type problem

ut+A<x,%>u+R(u):f, xe€QCR" te(0,T)

0
B (m,a—x) v

where A is a linear operator of the same type as A (see (2.2)) and R(u) =
(P(u), Q(u)) is a vector field of nonlinear terms.

(3.1)

€0 . u(@,0) = uo(@),
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We assume that P = (P;(v, Vv, D*v,w))iz1,.. mi, Q= (Qr(v,0))k=1,... m,
and P;, Q. are polynomials of degree h > 2 with respect to their arguments. In
this section, we assume that the datum f(z) is independent of ¢ and it belongs
to the Holder space C(€2).

We refer to the Introduction and to the references cited there for a discussion
of (mixed type) systems modelling biological phenomena, ecological studies and
physical problems.

Assume that problem (3.1) has a regular, stationary solution u, = (vs, ws),
i.e.

9

32) A (x a%) Us +R(uy) = f(z), z€Q, B <33 a%) Vo

We are interested in the problem of stability of this solution. We perturb it at
the initial time ¢ = 0 by a small u; = (v(, wy) and consider the evolution problem
for the perturbation v’ = u — u, with u’ = (v/,w’), which can be written in the
form

=0.
€N

ui—i—A(m,%)u’—i—R(u'):O, z€QCR" t>0,

AW
B(x,%)v

0 r 0 ’ ’
(34) A <x, %) u = Az, %)u + IR (us)u’,

(3.3)

P 5 ’U,(l‘, ) UQ(JU),

where

’r_ i /
(3.5) IR (ug)u" = dSR(ug + su') e

(3.6) R(u') = R(uy +u') — R(uy) — IR (uy)u’ = (P(u'), Q(u')).

We will prove the following stability result.

THEOREM 3.1. Assume that the operator A, defined in (3.4) and the op-
erator B satisfy all the assumptions of Theorem 2.2, including (a), (b). There
exists § > 0 such that if

(3.7) ||v6||ca+2(§) + ||w6||ca(ﬁ) <9

then problem (3.3) has a unique solution v’ = (v',w’), v’ € C§+a’l+a/2(Q—oo),
w' € C°(Quo), wh € C2°(Qoo), and the following estimates hold

(39) [/l gzresrers gy + ' llop @y +tllop @ <
< C(||v6HC2+a(ﬁ) + Hw6‘|ca(ﬁ))~
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PROOF. The proof is based on inequality (2.14) and on the estimate of
non-linear terms.

The components P;, Q of P and (Q that are sums of homogeneous polynomi-
als of degree j = 2, ..., h with respect to v/, Vo', D?v',w’ and v', w’, respectively,
satisfy the inequalities

J
! /
<c (Hv lasensars e, + Il ||C:,Q/Q(Q_w)) :

-

/|
o

1Pl @y
J

J
/ /
(1 log oy + 1 logo@my) -

-

[
N

[e% <
HQkch’O(Qm) =¢
J

As a consequence, we have

mi ma h
z; 1Pill govr2 gy + kZ 1Qkll ooz <DV,
i= =1

Jj=2

where

Cco% (@) + ||w£|

V(ul) = ||11/||C§+a,1+a/2(Q—oo) + ”w/‘ C%(Qoo)”

The solution of (3.3) can be constructed by successive approximations according
to the following scheme. We define w; as the solution of the linear problem

8u1 0 o
W—I—A(x,%)ul—O, CL’GQ,tG(O,T),

0
B (x, %> vilzcon =0, wui(z,0) = ug(z)

and form > 1

8um+1 0 _
ot + A (Q]‘, 8_18) Um+1 = _R(u’m)7 T e Qa te (OvT)v

0
B (% %> VUmt1lzean =0, Umy1(2,0) = Uf)(ff)-

It is clear that the w,, are defined for all m and that the V,, = V(u,,) satisfy

the inequalities
h

Ving1 <Y Vi + F = 0(V,),

=2
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where

F:cl(

We will show that, if the norm F is small, then the norms V,,, are uniformly
bounded.
Let & be a (positive) root of the equation

ohllcmea @ + lblon ) )-

h
(3.9) 1-®'(¢)=1-c)y j& ' =0
=2

It is clear that this root is unique. The equation £ = ®(£) has a solution if and
only if £y — ®(&) > 0. Since

h
fo— (&%) =cY (-1 —F
j=2

this is the case if
h .
1 (Il oy + bl ougy ) < €6 =18,

j=2

and this condition is satisfied if ¢ in (3.7) is sufficiently small. Let &; be the root
of £ = ®(§) such that 0 < & < &. If V;,, < &, then

h h
(3.10) Vm+1SCZVﬂL+FSCZf{+F:§1-

=2 j=2

Since V7 < F < &, (3.10) holds for all m, i.e., successive approximations are
uniformly bounded in the norm V(). We note that the value of ; depends in a
continuous way on F' (i.e. on ¢) and then we can make the value of &; as small
as we need ( by choosing § sufficently small).

In order to show that the sequence {u,,} converges to the solution of (3.3)
we consider the difference Uy, 1 = Umt1 — tm with Upmi1 = (Gmt1, Mmt1). The
function U, 1 is the solution of the problem

aUvm«%l
ot

+A (:v, 8%) Un+1 = R(tum—1) — R(uy,), z€Q,te(0,T),

0
B (% (’)J;) Cmt1lzcoa =0, Unm1(z,0) =0.

Let Xpn41 = V(Un+1). Repeating the above arguments, we can prove that

(3.11) Xoni1 < 61X, m > 2.
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Now we set YV, = > _ X,,, and we derive from (3.11) that

m=2
(312) Yn+1 — 3/2 < Cflyn, n 2 2
and
Yo
3.13 Y, < —>— n>3
( ) 1 _ Cé-l n

if & is so small that c& < 1.

From estimate (3.13) we deduce that the sequence {u,,} converges in the
Holder space C’?H’a/zﬂ(@w) to a solution of (3.3). The uniqueness proof fol-
lows from the estimate of the difference of two solutions of (3.3), as above. Thus,

Theorem 3.1 is proved.

REMARK 3.1. Theorem 3.1 holds true under more general assumptions con-
cerning the operators P=(P;(vNVv,D?*v,w))i=1, .. m, and Q= (Qx(v,w))k=1,... ms
where P;, Q. are polynomials of degree h > 2 with respect to their arguments.
In particular we may assume that the polynomials P;, Q) have coefficients be-

longing to the Holder space C%(Q) with respect to the space variable z and
independent of ¢.

REFERENCES

[1] V. S. BELONOSOV: Estimates of the solutions of parabolic systems in weighted
Hélder classes and some their applications, Adv. Math. USSR Sbornik, 110
(1979), 163-188.

[2] V. S. BELONOSOV — M. P. VISNEVSKIL: On the stability of stationary solutions
of nonlinear parabolic systems, Adv. Math. USSR Sbornik, 33 (1977), 465-484.

[3] L. H. CHUAN — A. YAGL: Dynamical systems for forest kinematic model, Math.
Sci. Appl., 16 (2006), 393-409.

[4] L. H. CHUAN — T. TSUJIKAWA — A. YAGIL: Asyptotic behavior of solutions for
forest kinematic model, Funkcial Ekvac., 49 (2006), 427-449.

[5] L. H. CHUAN — T. TSuJIKAWA — A. YAGL: Stationary solutions for forest kine-
matic model, preprint.

[6] S. V. GUREVICH — H. U. BODEKER — A. S. MOSKALENKO — A. W. LIEHR
— H. G. PUurwINS: Drift bifurcation of dissipative solutions due to change of
shape: experiment and theory, Physica D, 199 (2004), 115-128.

D. HENRY: Geometric theory of semilinear parabolic equations, Lectures Notes
Vol. 840, Spriger New York, 1981.

[8] Yu. A. KUTzNETSOV — M. YA. ANTONOVSKY — V. N. BIKTASHEV — A.
APONIMA: A crossdiffusion model of forest boundary dynamics, J. Math. Biol.,
32 (1994), 219-232.

[9] D. S. JoNES — B. D. SLEEMAN: Differential Equations and mathematical biol-
ogy, Allen and Unwin, London, 1983.

7



132

M. G. GARRONI - V. A. SOLONNIKOV — M. A. VIVALDI [16]

(10]
(11]

(12]

(13]

(14]

(15]

G. MULONE — V. A. SOLONNIKOV: Linearization principle for the system of
equation of a mized type, to appear on Nonlinear Analysis.

J. D. MURRAY: Mathematical biology I. An introduction, Third edition. Inter-
disciplinary Applied Mathematics 17, Springer-Verlag, New York, 2002.

J. D. MURRAY: Mathematical biology I1. Spatial models and biomedical applica-
tions, Third edition. Interdisciplinary Applied Mathematics 18, Springer-Verlag,
New York, 2003.

C. V. Pao: Nonlinear parabolic and elliptic equations, Plenum Press, New York,
1992.

V. A. SOLONNIKOV: On boundary value problems for linear parabolic systems
of differential equations of general form, Proc. Math. Inst. Steklov, 83 (1965),
3-162.

L. Wu — Y. LIN: The stability of steady states for a model with diffusion and
spatial average, J. Math. Anal. Appl., 232 (1999) 259-271.

Lavoro pervenuto alla redazione il 1 dicembre 2008
ed accettato per la pubblicazione il 2 febbraio 2009.
Bozze licenziate il 18 marzo 2009

INDIRIZZO DEGLI AUTORI:

M. G. Garroni — Dipartimento di Matematica G.Castelnuovo — Sapienza Universita di Roma
— Piazzale A. Moro — 00161 Roma, Italy
E-mail: ggarroni@mat.uniromal.it

V. A. Solonnikov — Petersburg Departement of Steklov Institute of Mathematics — 27 Fontanka
— 191023 St. Petersburg, Russia
E-mail: solonnik@pdmi.ras.ru

M. A. Vivaldi — Dipartimento di Metodi e Modelli Matematici per le Scienze Applicate —
Sapienza Universita di Roma — Via A. Scarpa 16 — 00161 Roma, Italy
E-mail: vivaldi@dmmm.uniromal.it



