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A convection-diffusion elliptic system
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ABSTRACT: We study a convection-diffusion elliptic system, with Dirichlet bound-
ary conditions. In some cases, we will prove that we have more informations (with
respect to the case of a single equation) about the summability of the solutions and of
their gradients, thanks to the structure of our system.

1 — Introduction

Let € be a bounded, open subset of RN, N > 2, and
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Note that p, ¢ > max(N/4,1).
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Here we study the following nonlinear system

)
—Au= f(z)—a E D (ulz]®) in Q,
i=1 "

Y
~Az=g(z)—-b Z a—x(z\u|7) in Q,
i=1 "

u=2z=0 on 0N

where a, b € R.
In the case of a single linear equation like

{ —div(M (z2)Vu —uw E(z)) + B(x)Vu + pu = f(z) in Q,
u=0 on 0%

existence results can be found in [8], [2], [3]; nonlinear problems are studied in
[6] (see also [1]) and the G-convergence is studied in [5].

The main difficulty in the study of our problem is due to noncoercivity of
the differential operator. Our approach hinges on the Divergence Theorem and
on the Dirichlet boundary condition.

In some cases, we will prove that we have more informations (with respect
to the case of a single equation) about the summability of the solutions and of
their gradients, thanks to the structure of our system.

We recall the following definition

(4)

|
we set fn(z) = Tn(f(2)), gn(z) = Tn(g(z)) and we consider the approximate
problems

Ay = fulz)—a S 8?% ([% + Tn(un)} H + |Tn(zn)r> in Q,

Az = galr) — b i (|5 +m)[1+ |Tn<un>]r) in 0,

Up = 2, =0 on 0f)

Note that a weak solution u,, of (5) exists thanks to Schauder fixed point theorem.
Moreover, since for every fixed n, the right hand sides belong to W~=1°(Q),
every U, z, is bounded (see [8]), so that we can use as test functions nonlinear
compositions of u,,, z,. Furthermore we need the term % in the right hand sides
in order to apply the Divergence Theorem; if r, s > 2 % is not necessary (in (5)
and in the choice of the test functions).
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2 — Existence

THEOREM 2.1. Assume (1), (2). Then there exists a distributional solution
N
(u, z) of the system ( ) the function u belongs to W, T (Q), the function
z belongs to W, L (Q).

PRrROOF. We use

r [% + |Tn(un)”T72[% + Tn(un)] - (%)Til
a r—1 ’
s [+ Ta(20) [P 2[5 + Ta(zn)] — ()57
b s—1

as test functions in (5). We have

/ VTR |+ 17, <un>|y2§

1
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(r=1)p’
gy | [ 3+ Tt + o)

Q

—|—1"Z/[ + | T (un, ] _2[%+Tn(un)} HHT,L(%)@S%.

1= 1Q
and
s—2
f/WT )P [2 4+ Tl <
b n n n n n _—
Q
1 (5*1)‘1/ a
CSugnm) / [Wm(zn)]
Q
s—2 T
1 1 0T (2zn)
i= Q

We add the two inequalities. The Divergence Theorem implies that the sum of
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the last two terms is zero, since
N "Iy
> g ] |1+ T

/[ + [T (un)]r—z{l +Tn(uﬂ)} {1 o (Zn”raj;igm

Lo

+s§;/[ T zn)|r_2[%+Tn(zn)} E+|Tn<un)|y87(;”4§”).

S

Then we have

-2

P YO T R OS] Q/ VT o) [+ (o)

Q
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1 (r=1)p’ 4
<elfll gy | [ |5+ Tt
Q _
1
1 (s—=1)q" | ¢
reulal i | [ 5+ Tt
Q .

Thanks to Sobolev inequality and to an elementary 1nequahty on the left hand

SN
side and to Holder inequality on right hand side, since W > 1 and W >1
(as a consequence of (1)), we can deduce again that the sequences {7} (uy)},
{T, (zn)} are bounded in L~¥"2 (Q), L% (€2). Then in the two right hand sides
of (5), Tn(un)|Tn(z,)|® is bounded in LY(Q)) with v = % (v > 1, if
r> =2 and T),(2,)| Ty (un)|" is bounded in L# () with p = WI\M (> 1,
if s > %) Thus, with the Calderon-Zygmund theory, we conclude that the
sequences

N ____sN____
{un}, {zn} are bounded in WOL(T“’(N_Q) (Q), WOL(S“)(N”) Q).

Then there exist two functions u, z and two subsequences {un, }, {z,, } such that
1, N
Uy, converges weakly in W, """ (Q) and a.e. to u, z,, converges weakly

sN
in W()l"‘“’“)(N’z) (Q) and a.e. to z. Of course Tp,, (un, )(x) converges a.e. to u(x)
and T, (zn, )(z) converges a.e. to z(z), which implies, thanks to the estimates
in L7(2) and L*(Q), that T}, (un,)(x) converges weakly to u(x) in L7(Q2) and
T, (#n,)(z) converges weakly to z(z) in L*(Q).
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Then it is possible to pass to the limit in (5) and we prove the existence of
1, —N 1, i .
uwe Wy "TVETE(Q) and 2 € W, TV (Q) solutions of (3). 0
REMARK 2.2 Note that the solutions belong to W,*(Q) only if N = 3.

REMARK 2.3 If in (3) we consider differential operators whose principal part
is —div(M (z)Vv) and —div(N(x)Vw) instead of —Av and —Aw, it is possible
to repeat the proof of Theorem 2.1 if the matrices M and N are elliptic and
sufficiently regular so that it is possible to use either the classical Calderon-
Zygmund theory or the results recently proved by Haim Brezis (see [7]).

Moreover if the matrices M and N are elliptic and bounded, we can repeat
the proof of Theorem 2.1, but we cannot use the Calderon-Zygmund theory.
Then we can prove the existence of solutions u, z in Wol’z(ﬂ), if v, p > 2, which
is possible only under the assumptions r, s > 2 and N = 3.

3 — More summability

LEMMA 2.1 Assume that the sequence {w,} converges weakly to w in
Wy () and that ||T,(w,)|. < R with 1 < v < A. Then w belongs
0 W,

to Wy ().

ProOF. Thanks to the properties of the truncation, for every k > 0, Tx(wy,)
converges weakly to Tx(w) in W7 (Q). Moreover, for every k > 0, we have

/|VTk(wn)|A < /|VTn(wn)|>‘ <R n>k

Q Q

Mo

Thus Ty (w,) converges weakly to T, (w) also in W, A(€2) and we have

/|VT;c(w)|A < R.
Q
Then the Fatou Lemma (as k — oo) implies that

/|Vw|)‘ < R.

THEOREM 2.5.If 2(N —2) >r > max( -1 2) the solution u belongs

0

1, —N 1, ——tN
not only to Wy "V N=2(Q), but also to W, T(NA)*(NJ“)( ) If 2(N—-2)>s5>

’m( ), but also to

max ( -1 2) the solution z belongs not only to W),

WIS
0 Q).
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PROOF. Let r > 2. Define Wjj(]\/—z) = « and note that 1 < a < 2, if
r > 2. Inequality (6), Holder inequality and 2/« > 1 imply that

[ IVEa )

Q

a(r—2)
2

VT, (up)|® 1
ol e LS O]

2
”[#Hﬂqu
a(r—2) —a

, (on 2
gc{!(n+nmm0 ]

Since N”jz = ay:;), the right hand side is bounded, as we proved in Theo-
rem 2.1. Remark that o > %, if 2(N —2) > r, so that the proof is
complete using Lemma 2.4. O

Nr
THEOREM 2.6.If 2 > r > max (% - 1,1), then u € WOLN’“'”(Q). If

Ns
2> s> max (% — 1,1), then z € T/VOLN’“S ().

PRrROOF. If 1 < r < 2, then (6) implies that
|V T (un)[?
/ 1 5= < Crs g
(% +1T(w)))

Now we follow [4]. Let p = NiV2T+r (note that 1 < p < 2), then p* = 5 =
%. We have

VT, (u)]" 1 G
/ VL) (L7, )

Q &t T (un)) "

[CE

17 * 17
I3 P B 12
<07, [/ +|Tun|> ] C?, [/ +|Tunl)] :
a Q
So that
Nr
/|VTTL(U7L)|N_2+T < CT,Syﬁg'
Q
Note that N <

IV S Neagr if N > 3, so that the proof is complete using
Lemma 2.4. O
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