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Riemannian geodesics of semi Riemannian
warped product metrics

ORIELLA M. AMICI - BIAGIO C. CASCIARO

ABSTRACT: Let (Mi,g1) and (Ma,g2) be two C°—differentiable connected, complete
Riemannian manifolds, k : M1 — R a C*-differentiable function, having 0 < ko < k(z) <
Ko, for any x € My and g := g1 — kg2 the semi Riemannian metric on the product manifold
M := My x Ms.

We associate to g a suitable family of Riemannian metrics G, + g2, with r > —KO_I, on M
and we call Riemannian geodesics of g the geodesics of g which are geodesics of a metric
of the previous family, via a suitable reparametrization.

Among the properties of these geodesics, we quote:

For any z0 = (xo,y0) € M and for any y1 € M there exists a subset A # 0 of M,
such that all the geodesics of g joining zo with a point (x1,y1), with 1 € A, are Rie-
mannian. The Riemannian geodesics of g determine a "partial” property of geodesic con-
nection on M. Finally, we determine two new classes of semi Riemannian metrics (one
of which includes some FLRM-metrics), geodesically connected by Riemannian geodesics

of g.

1 — Introduction

Let (Mj,g1) and (Ma, g2) be two connected, complete, Riemannian manifolds.

For the greater part of the paper, we shall use the assumption of the completeness
of the two manifolds only to avoid to write a long and trivial series of inequalities.

Let k£ : M7 — R be a C*-differentiable function, bounded from below away from
Z€ero.

We consider the semi Riemannian warped product metric g : g1 — kg2 and the
family of Riemannian metrics G, + go on the manifold M := M; x M, where
Gy = (k7' +1)g1 and r > —K;' := ky, being Ko := sup,cyy, {k(z)}, if k is
bounded from above and r > 0 := k; in the other case.

KEY WORDS AND PHRASES: Semi Riemannian warped product — Geodesics
A.M.S. CLASSIFICATION: Primary 53C22, Secondary 53C50.
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Then we prove that M is complete with respect to the metric G, + g2 and that
the geodesics of G, + g2, belonging to a suitable subset, determine geodesics of g,
via a suitable reparametrization, for any r > k.

We call them Riemannian geodesics of g.

We prove some properties of these geodesics and here we quote some of them as
examples.

Let us consider zg = (zo,%0) € M and a geodesic ¢ = (v,7) : [0,1] = M of g,
with 7(0) = 20, 7(0) = yo, #(0) = X and 7(0) = Y. If k is bounded and

5% %) > Koo, 7) K00,

then ( is a Riemannian geodesic of g.

An analogous statement holds, if k is unbounded from above.

A surprising property, being the Morse theory of Riemannian and semi Rieman-
nian metrics quite different, is the following.

Since M7 and M, are connected and complete with respect to the respective
Riemannian metrics ¢g; and go, the manifold M is positive and negative geodesi-
cally connected with respect to g; i.e., for any real number r > ky, for any zp =
(zo0,y0) € M, for any z7 € M; and for any geodesic v : R — Mj of go, having
v(0) = yo, there exists tp € R such that the point zy and the point (z1,v(t)) (and
the point (z1,v(—%p))) can be joined by a Riemannian geodesic of g, obtained by
reparametrizing a suitable geodesic of G, + ¢go.

Analogously, the manifold Ms is positive and negative geodesically connected with
respect to g, too.

Hence, we shall say that M is partially Riemannian connected with respect to g.

More surprising are the following two results.

If My and My are connected and complete with respect to the respective Rieman-
nian metrics g, and go, if the dimension of My is greater than one and M is simply
connected, if g1 has a negative sectional curvature, if k is bounded from below away
from zero and if the Hessian of k verifies a
suitable inequality (see (4.2), below), then M is geodesically connected by means
Riemannian geodesic of g.

If My = R, then g is an FLRW-metric (with speed of light ¢ = 1) and M is
geodesically connected by Riemannian geodesic of g, provided My connected and
complete with respect to go and k bounded from below away from zero.

The FLRW-metrics are used in cosmology to study the early universe (see, e.g.,
[9)

The paper ends with an Appendix in which we determine a sufficient condition
such that G, has negative sectional curvature, for any r € (kq, +00).

We conclude by noticing that the Levi-Civita connection of g is not used in
this paper, because it hides all the relations between the metric tensor g and the
Riemannian metric G, + go.
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In this case, the Levi-Civita connection of g; + g allows us to use these rela-
tions.

Hence, we consider this paper as a first application of the results obtained in
[1, 2] and [3].

2 — Preliminaries

This section contains the main geometric objects, which are needed in the following.
We also state some straightforward results.

Let (M1,¢1), (M2, g2) be two connected, complete, Riemannian manifolds and
1 2
V, V the Levi-Civita connections determined by the metrics g; and gs, respectively.

Let k£ : M7 — R be a smooth map.
We suppose

0<kp:= mlenﬂf;[ {k(x)} . (2.1)

On the manifold M := M; x M, we consider the tensor g := g1 — k - g2, which
defines a semi Riemannian warped product metric, having the signature equal to
the dimension of M.

The geometry of warped product metrics is described in details in [7].

‘We shall set )
Gr = (}C+T) g1

and G, is a Riemannian metric on M, for any r > ki, being ki := —Kgl if kis
bounded and Ky := sup,¢ s, {k(2)}, and k1 := 0 in the other case.

Finally, we set I := [0, 1].

From [3], it follows.

LEMMA 2.1. A differentiable curve { = (y,7) : I — M is a geodesic of g, if and
only if it satisfies the following system of ordinary differential equations

Lo ..

Vit = —592(7,7) - gi(dk) oy (2.2)
R B

Vit = 7koydk(7) T (2.3)

where g§ :T*My — T M is the canonical isomorphism of bundles induced by g;.
From [3], we also get:

LEMMA 2.2. The map p: I — M is a geodesic with respect to the metric G, if
and only if

1

Ve =

st CLUNV AR {COLY] SRCE)

We conclude this number by two lemmas needed in the following.



4 ORIELLA M. AMICI - BIAGIO C. CASCIARO [4]

LEMMA 2.3. Let M be a topological space equipped with two distance functions
d1 and ds. Suppose that any Cauchy sequence of ds is also a Cauchy sequence of
di. Then the completeness of di implies the completeness of ds.

A proof of the above lemma is straightforward and we omit it here.

We observe that if there exists a positive number L such that di(z1,22) >
Ldy (1, %2), for each 1,z € M | then each Cauchy sequence of ds is also a Cauchy
sequence of dj.

COROLLARY 2.4. Suppose that the inequality (2.1) holds.

The manifold (M, g1) is complete, if there exists an r > ki such that (M1, G,)
is complete.

Vice versa, if (My,g1) is complete, then (My,G,) is complete, for any r €
(kl, +OO) .

Proor. We shall denote by dg, , dg, the distance functions associated with the
Riemannian metrics g; and G, respectively.
For any X € T,,,M; and x¢ € My, we have

k(o)

91(XaX):m

Go(X,X) and G, (X, X) =

for any r > k.
The functions fi, f2 : (kg, +00) — R defined respectively by setting

t 1+rt

fl(t):m and f2() : ;

Vr € (kl, +OO)

are bounded.
Hence, there exist two positive real numbers ko and ks such that

dg1(aj1a$2)< \/ dG .Z’l,.Z’Q) and dG .%’1,%2 \/ dg1 .Z‘l,,Z‘Q

for all T1,x0 € M.
Then our corollary follows immediately from Lemma 2.3. |

Finally, we recall that connected, complete, Riemannian manifolds are geodesi-
cally connected (see, e.g., [5]).

3 — Geodesics of (M, G, + g2) and (M, g)

In this Section we shall use the geometric objects and the notations introduced in
the previous one.
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LEMMA 3.1. For any p : I — My and for any r > ki, there is a uniquely
determined diffeomorphism o, : I — I such that

501"(0) =0, 907"(1) =1
147k (3.1)

Sb?“:ar A O 4O Py

where a, is a suitable real number.

PROOF. We shall determine ¢, ! and then we shall obtain ¢, as the inverse of

-1
ot
Condition (3.1) is equivalent to

R ((C))

ds ~ a;(L+rk(u(s))’

Hence the map ¢! is defined by

~1(g) i/s Eoopde a= [ F ouae (2
Pr “ayJy 147k 1ass "y 14k pass '
for any s € I.

As a consequence, ¢! is a smooth strictly increasing diffeomorphism from I
onto I. N

We need the following lemma, too.

LEMMA 3.2. For any differentiable curve vy : I — M, there is a uniquely deter-
mined diffeomorphism 1 : I — I, such that

¥(0)=0, ¥(1)=1
b (3.3)

where b is a suitable positive real number.

ProOOF. The map 9 is defined by

W(s) ::b/os kiydf, bie (/01 ki7d£>_1’ (3.4)

for any s € I. (I

The previous lemma implies:
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THEOREM 3.3. Let y: I — My and v, 7 : I — My be smooth curves and suppose
T =v o1, being ¢ defined by the previous lemma.

Then, T satisfies (2.3), if and only if v is a geodesic of gs.

Moreover, it results 7(0) = v(0) and 7(1) = v(1).

PROOF. In fact, it results

2

Vit = W) (Vai) o +p- 0

. 2 b
WP (Vi) 0wt g (dR)(E) ooy
. 2 1
= W)z (Vypr)odh — mdk(ﬂ) T
and we have the assertion. O

LEMMA 3.4. Let py, 7y, : I — My be two smooth curves, such that v, = p, o .,
being @, the mapping defined by Lemma 2.3, with p = p,.

Then, W, is a geodesic with respect to the metric G, if and only if the curve v,
satisfies the equation:

% L —1
o= 2k oy (1 + 1k 0y

oG ) gk (dk) 0 7. (3.5)

Moreover, we have u,-(0) = 7,-(0) and p,(1) = ~,(1).

PROOF. In fact, we have

Vi A = (ﬂbr)z : (Vﬂr/lr) ° @r + G - (f1r © 07)
(2:4) _903 .. #
= Ty M r dk r r
21{70#7‘o‘pr(l-ﬁ*?”ko,uro@r)gl('u H )O<‘0 gl( )Op, oY
¢2
- dk(fi) © Op - ir © Oy
+kroﬂro¢r(1+7’kroprogpr) (r) 0 pr - fir 0 p
+@p - fir © Py
(3.2) -1 o
= v Vr) g1 (dk) ©
2/<:r0%(1+rkrow)gl(ry Ar)gr(dk) o
1
——————dk(%y) - Y + Pn(dk(A .
t o5 ko) WO - Ar & Gu(dk(in)) - fin © o
(3.1) -1

AV (dke
rio'yr(l+Tk70’7r)gl(%ﬂ’%)gl( Jor

Since the vice versa can be proved in an analogous way, our lemma follows. ]
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LEMMA 3.5. Under the assumptions of the previous lemma, if either p, is a
geodesic of G, or v, verifies 3.5, we have

5 (1 +7k(xo))(L+rko,)
" k(xo)k o v,

91(%7’%) =a 'gl(Xer)a (36)

being ,(0) = zo and X, = [,(0).

Proor. In fact, it results

g1 (¥, ¥r) = (‘pT)Q “ g1 (for © Py fir © 07)
(3.2) o2 147k
k

”

2
O fy © w) “g1(fir © Py fir © pr).

Then, under the assumptions of our lemma, it follows

1+rkoy,
91 (%, ) = ag—;,,;i,;,y * Gy (fur 0 r, fur 0 ).
From which (3.6) immediately follows. O

From the above lemma and Lemma 3.4, we get the following

LEMMA 3.6. Under the assumptions of the previous lemma, if p, : I — My is a
geodesic with respect to the metric G, then

Lo —a2(1 + rk(zo)) f
Vi Ap = —————— - g1(X0, Xo) - g7 (dk - 3.7

i) 2k(1‘0)k207r gl( 0 O) g]( )O’)/ ( )
The next lemma characterizes the norm of the vector field 7,.. We skip the proof of
this lemma for it is very similar to that one of Lemma 3.5.

LEMMA 3.7. Let p, : I — My and 7.,v : I — Ms be three smooth curves such
that 7. = v o, being ¢, defined as in Lemma 3.2, by means of u,. If either v, is
a geodesic of go or T, is a solution of Equation 2.2, then

.. b2
g2(7,7) = o - 92(Yo, Yo); (3.8)

Ir

with v(0) = yo and v(0) = Y.

With the previous notations, we have:
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THEOREM 3.8. Suppose that the curve (p,,v) : I — M is a geodesic with respect
to the metric G, + g2 and

1+ rk(x
@2 THE0) o) (X0, Xo) = Bgn(Y, Yo) (39)
k(zo)
with - (0) = xg, -(0) = yo, fr(0) = Xo and .(0) = Y.
Then, the curve (V.,7) : I — M, obtained as in the previous Lemmas is a
geodesic with respect to the metric g.

We have (1,(0), v (0)) = (w0,90) and (1, (1), v, (1)) = (3, (1), 7 (1), too.

ProoOF.  Since (ur,vp) : I — M is a geodesic of the metric G, + g2 then
e+ I — My is a geodesic of G, and v,. : [ — My is a geodesic of go. Hence from
Theorem 3.3 it follows that the curve (v,,7,) satisfies Equation (2.3).

As a consequence, we need only to prove that (v,,7,) satisfies Equation (2.2).
In fact, we have

Lo @ —ai(1+rk(z))

4 . gf
Vs, A 2%(20)k2 07y 91(Xo, Xo) - 91 (dk) o vy
o —b :
= 92e %92(3/0, Yo) - g1(dk) o yr
3.8) —1 ..
= B) 92(7r, 7r) ~g§(dk)oryr. g

Hence, we put the following definition.

DEFINITION 3.9. Let (up,v,) : I — M be a geodesic of G, + g and let (v, 7,)
be the geodesic of (M,g) obtained via the reparametrization by the functions ¢,
and 9, from (g, vr).

Then, (v, ) is called Riemannian geodesic of (M, g).

REMARK 3.10. Under the assumptions of the previous theorem we set:
pr(0) = 2o = 1(0) , j1r(0) = Xo = X, , 4,(0) = X, (3.10)

and

V’V‘(O) =Y = T’!’(O) > Dr(o) =Yy =Y, 77.'7“(0) =Y, (3'11)

Then we have:

%, = o Lt rk(m)

X, and fﬁ:

Ho) k:(xo)YT' (3.12)
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With these notations, the first identity of 3.9 can be written as

o1+ rk(zo)

: X, Xp) = b2 Y, Ye);
Q. k(l’o) gl( ’ ) 7«92( )

and it is equivalent to
91(Xr, X;) = k(o) (1 + rk(20))g2(Yr, V7). (3.13)

The previous equality implies that the geodesic (y,7,) of g, having (z¢,y0) and
(aX,,aY;) as initial conditions, is a Riemannian geodesic of g, for any a € R.

From Equation (3.13) we get

REMARK 3.11. Let (. = (v, 7) and (s = (7s, s) be two Riemannian geodesics
of g, with 7, s > ki, such that (.(0) = {s(0).

Then (. = (s, if and only if r = s.

THEOREM 3.12. Suppose k bounded and let { = (v,7): I = M be a geodesic of
g, such that ¥(0) = Xy and 7(0) =Yy # 0.

If
s = ~ o Ko —k(x
(. X) > k(o) go(V, 7) K0 HT0), (314)
0
the curve Z is a Riemannian geodesic of g.
Proor. We set
9(X,X) 1

r= —

k2(20)g2(Y,Y)  K(zo)

Then a symple calculation shows that r > k.

Now we consider the curve 7 and we set v, = 7o~ L. I — M, being ), defined
by v as in Lemma 3.2.

Since the curve 7 verifies Equation (2.3), the curve v, is a geodesic of gs.

Analogously, we set . = v o ¢!, with ¢, defined by Lemma 3.1, and p, is a
geodesic of G, in the obvious way.

Finally, the previous contruction implies that (v, 7) is a Riemannian geodesic of
g obtained from the geodesic (p, V) of G + ga. O
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REMARK 3.13. If k is unbounded from above and one replaces (3.14) by
7(X, X) > k(zo)g2 (Y, Y );

the previous theorem holds, again.

4 — Some properties of Riemannian geodesics

REMARK 4.1. Let p, : I — M; be a geodesic of G,., with r > k.

We recall that there exist a geodesic o, : R — M of G, and tg € R such that
(o+([0,t0]) = pr(I), being G, a complete Riemannian metric.

Moreover, it results f1,-(0) = to6,-(0).

An analogous statement holds for gs.

This implies that the mappings ¢, and 1), defined respectively by Lemmas 3.1
and 3.2 can be extended to diffeomorphims from R onto R.

THEOREM 4.2. Let (pur,vy) : R = M be a geodesic of G + ga, with r > k.

Then, for any a € R, there exist two real numbers +5 € R, such that the point
(1+(0),1,-(0)) and the point (- (), v (£5)) can be joined by Riemannian geodesics
of g.

Proor. We put f,(0) = X, and 2,,(0) =Y, and suppose | X, |1 = ||Yo|l2 = 1,
with the obvious meaning of the used symbols and without loss of generality.

Then, for any o € R (8 € R), the point p,.(a) (v-(8)) is the end point of the
geodesic of G, (g2), determined by the vector a X, (5Y;).

We shall denote by a, and b, the constants of Lemmas 3.1 and 3.2 determined
by means of the geodesic having (zg,aX,) as initial condition, respectively.

Then, X,, and Y, verify Condition (3.9), if and only if

1+ rk(xo)
o2, LETR@0) o2 g2 11
F(z0) B (4.1)
Hence, the assertion follows by computing § from (4.1). |

THEOREM 4.3. Let (pr,vy) : R — M be a geodesic of Gy + ga, with r > k.

Then, for any B € R, there exist two real numbers +a € R, such that the point
(11-(0),v-(0)) and the point (ur(Fa),v-(8)) can be joined by Riemannian geodesics
of g.

PrOOF. The proof is analogous to the previous one. (Il
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COROLLARY 4.4. For any xg,z1 € My, for any r > ki, for any geodesic i, :
I — M of G, joining x¢ and x1 and any geodesic v, : R — My of go, there exists
B € R such that the points (zo,v(0)) and (x1,v(£8)) can be joined by a Riemannian
geodesic of g, obtained in the obvious way from the previous two geodesics.

An analogous statement holds for any yo,y1 € M.

DEFINITION 4.5. Since Corollary 4.4 holds, we shall say that M is positively
and negatively geodesically connected with respect to g.

Analogously, we shall say that My is positively and negatively geodesically con-
nected with respect to g.

Finally, we shall say that M is partially geodesically connected, when the previous
two definitions hold.

THEOREM 4.6. Let us consider xg,x1 € M and let us suppose that there exists
a continuous map X : (ki,+00) — Ty My, such that for any r € (ki,+00) the
geodesic pyr : I — My of G, determined by the initial condition (zg, X (r)), joins
xo and x1 and that p, is minimizing.

Then, for any yo,y1 € My, there exists a Riemannian geodesic of g joining
(z0,90) and (z1,41).

ProOOF. Under the assumptions of the theorem, we consider the function
B : (k1,00) = R defined by setting

1

2

gl<X<r>7X(r>>) :

ﬁw)_ar<1+rﬂmﬂ_

br k(:l?())

where a, and b, are obtained respectively by (3.2) and (3.4) along the geodesic
wr 2 I — My of G, for any r € (ky,+00).

Then, 8 is continuous, too.

Let v : I — M be a minimizing geodesic of ¢; joining xy and x; and let us set
4(0) = X.

Since all the involved geodesics are minimizing, we have

o (X, X)a-! < LETRE0)

dt
T k(o)

@ (X (1), X (1) < g1 (X, X) /0 %&’;Y”
and .
(X X)5 < 70 < ax 03 [

The first of the previous inequalities and ko > 0 imply

k
. 2> . 0 — . 2: .
R ¢ T Y S L
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Hence, it results
’r'ligcll B(r) =400 and Tlg_noo B(r)=0.

As a consequence of the well known generalization of the Weistrass 3 is onto.

Now, we consider two points yg,y1 € Ms.

If yo = y1, the point (xg, yo) and the point (z1, y1) can be joined by a Riemannian
geodesic of g in a trivial way.

Suppose yg # y1, then there exists a geodesic v : R — Ms of go and there exists
Bo € (0,400), such that v(0) = yo, g2(2(0),2(0)) = 1 and v(By) = v1.

Then, the geodesic of go having (yo, 502(0)) joins yo and y;.

Finally, we can consider ry € (k1,+00) such that B(rg) = Bp. With this choice
the vectors X, and Y,, = B(ro)r(0) verify (3.9) and the assertion follows in a trivial
way. O

THEOREM 4.7. Suppose that the manifold My is connected, has dimension higher
than one, non positive sectional curvature and that it is simply connected.

Suppose that My is connected, too.

Moreover, suppose that ko > 0 and that

1
k(1 +rk)

1+4rk

(L) |dkl|2 = k(1 +rk) K (0);  (4.2)

(Vdk)(e, ) < e(k)? +

for any e,es € T, My, such that gi(e,e) =1, gi(ea,e2) =1 and g1(e,e3) =0, and
for any x € My, being 0 =< e, ey > the two dimensional subspace spanned by e and
€.

If My and My are geodesically connected with respect to the metrics g1 and go,
respectively, then for any zo, 21 € M there exists a Riemannian geodesic of g joining
z1 and zo.

PrOOF. From the Appendix it follows that the sectional curvature of G, is
negative, for any r > kj.

Since M is simply connected, the exponential mapping of G,
expl : T, My — My, is a diffeomorphism, for any « € M; (see, e.g. [5]).

Because of a theorem on the families of systems of ordinary differential equations
continuously depending on a parameter, expl, is continuous with respect to r > k,
too.

Let us consider xzp,21 € M; and the map X : (k1,00) — Ty, M; defined by
setting X (r) = (expl, )~ (z1), for any r € (k1,00).

Then, X is continuous and the assertion follows from the previous theorem. [
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REMARK 4.8. Obviously, under the assumption of the previous theorem, for r
tending to ki the contribution of k(o) is zero, but the contribution of the second
summand tends to +oo.

Suppose that M; = R and that g; = dt? is the standard metric on R.

In this case the metric g = dt*—k(t) g2 coincides with the FLRW-metric (Friedman-
Lemaitre-Robertson-Walker metric), with speed of light ¢ = 1, used in the Big Bang
theories and we have:

THEOREM 4.9. If My is complete with respect to the metric ga and k is bounded
from above and bounded from below away from zero, then for any zg,z1 € M =
R x Ms there exists a Riemannian geodesic of g joining z1 and zo.

PROOF. In this case, the metric tensor G, on R is given by G, = (k=1 +r)dt?,
for any r > —Ko_l.
Let be r > —Ko_l, then the Equation (2.4) of a geodesic of G, becomes

1

. ! .2
fr = 2(k o) (14 rko uy) ("0 par )it

The previous equation admits a first integral given by

o kou, \?
Hr= S\ Tt rkop )

Because of Corollary 2.4, R is complete with respect to the metric G,..
Hence, we can determine ¢, as a solution of the equation

¢r = (21 — x0) </01 <%)édt)_

As a consequence, the mapping p, : I — R is strictly increasing, for z; > xg and
strictly decreasing, for x1 > xg, because the function k is bounded from below by
ko > 0.

This implies that exp}, : R — R is a diffeomorphism.

Since exp}, depends with continuity from r € (—Kg ! 400), the proof follows
as in the previous case. O
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REMARK 4.10. The previous theorem holds again, if one replaces the metric dt?
on R by the Riemannian metric fdt?, being f : R — R a C*-differentiable function
such that 0 < f(t) < ¢, for any t € R, with ¢ € R.

Now we return to the general case.

THEOREM 4.11. Let us consider r € (k1,+00), a geodesic u, : R — My of G,
and a geodesic v, : R — My of go.

If (1r)(j0,4+00) has mo auto intersections, there exists a map 0, : 1,([0,+00)) —
vr([0,400)), such that the points (u,(0),v-(0)) and (p-(t),0-(vr(t))), can be joined
by a Riemannian geodesic of g obtained from the geodesic (p,,vr) : R — M of
G, + g2 in the obvious way and the mapping 0, is onto.

Moreover, if v, has no auto intersections, the mapping 0, is one to one,
too.

PrOOF. Under the assumptions of the theorem, we set f1,-(0) = X, 2,.(0) =Y,
and we suppose || X,||; = ||V ]2 = 1.

We recall that, for any ¢ € R, the geodesic p]. of G, determined by the initial
conditions (4,-(0),tX,), has u.(I) C p-(R), joins u,-(0) and u,-(¢) and the obvious
quantities a]. and b/, are

I ' k P = 1 1
ay '_/0 T3 O (&t g and  (by) 1 _/0 de'

An analogous statement holds for v;.

Now, we notice that, since p, has no autointersections, we can consider the map
pr o ([0, +00)) = [0, 400).
Moreover, the Condition (3.9) determines the mapping £ : [0, +o0) — R, defined
by:
a, 1+ rk(xg
Bt) =+ 1+ rklzo)

= ko) t, Vte]l0,400).

Then, we can set 0, = v. 0 B0 u-': p.([0,+00)) = v,.([0, +00)).

Let us consider z; € u,-([0, +00)), then exists ¢ € [0, +00), such that . (t) = 21,
hence t = p; (z1).

Then, B(t) is such that the vectors tX, and 3(¢)Y; verify (3.9).

As a consequence, the points (u,(0),7-(0)) and (u,-(t),v-(8(t))) can be joined
by a Riemannian geodesic for g obtained from the geodesic (p., v) of G, + g2, with

ve(B(t) = vr(Bpy (1)) = Or(21).
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5 — Appendix
In this Appendix we prove the following lemma:

LEMMA 5.1. Suppose that the dimension of My is higher than one and that g1
has negative sectional curvature.

Then, if k wverifies (4.2), G, has negative sectional curvature, for any r €
(kl, +OO) .

PROOF. Let E(M;) be the Lie algebra of vector fields on M.
Let us consider a connection V" of M; and let us suppose V" = V + 1L

Then, the curvature tensor field R” of V/* and the curvature tensor field R of V
are related by

RMX,Y)Z = R(X,Y)Z + (X, TI(Y, Z)) — TI(Y,TI(X, 7)) +
(VxID(Y, Z) — (VyI)(X, Z), VX.Y,Z € Z(My).

Now we suppose that h : M7 — R is a C*°-differentiable function and that h(z) > 0,
for any x € M.
We also suppose that V" is the Levi-Civita connection of the metric tensor hg.
Then, we have

1
MX,Y) = o | X(h)Y +Y(R)X — g1(X,Y)gi(dlogh)
VX,Y € Z(My).

The two previous identities imply

RMX,Y)Z = R(X,Y)Z
+ % (Vdh)(X, 2)Y — (Vdh)(Y, Z)X
— 01(Y. 2)g (Vxdh) + g1 (X, 2)gi (Vydh)
_ 4—}112[3Y(h)Z(h)X _3X(W)Z(h)Y
~Y()g1(X, Z)g}(dh) + X (h)g (Y, Z) g} (dh)
+91(Y, Z)||ldlog hl|IX — g1(X, Z)||dlogh|[}Y] , VX,Y,Z € E(M,).

Let 0 =< {e1,e2} > be a two dimensional subspace of T,, M, with x € M; and let
us suppose ||e1]|1 = [le2|l1 = 1 and g1(e1,e2) = 0.
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Then, the sectional curvature of V" is

K(0) = 1 K(0) ~ 55 (Vdh)(er,e1) + (Vah)(ex, )]
— L Ber()? + Bea(h)? — [|dh|2];

4h3

1 1
being K the sectional curvature of V.
Now we suppose h = k~! 4 7, where k is the mapping used in the previous
numbers and r > K ' = k.

Then, dh = —k~2dk and Vdh = 2k 3dk ® dk — k—2Vdk.
Hence, the sectional curvature of G, is

[(Vdk)(er, 1) + (Vdk)(ea, e2)]

K. (o) = K(o) + 5

k
1+rk (14 rk)?
1+ 4rk 9 9
4k(1 +7’]€)3 [61(k) + eQ(k) ]
1

2.
7m||dk“17

for any two dimensional subspace o C T,,M;, for any (e1,es) basis of o such that
llerlls = |le2l]s = 1 and g1(e1,e2) = 0 and for any x € M.

As a consequence, the sectional curvature of G, is negative, for any r > ky, if
and only if

(Vdk)(e1, e1) + (Vdk)(ea, e2)

< 21:(;rirrkk) [e1(k)* + e (k)7] (5.1)
+ m\\dknf — 2k(1 + rR)K (o).

We notice that, if the sectional curvature Il( of g1 is positive, then the Inequality
(5.1) can not hold for any r > k.

Hence, we are forced to suppose the g; has either a negative or null sectional
curvature.

In this case, the Inequality (5.1) holds, if and only if, it results

1
4k(1 + k)

1+ 4rk

(LT rh) ldk|2 — k(1 + rk)K (o), (5.2)

1
(Vdk)(e,e) < e(k)? +
for any e € T, My, such that g1(e,e) = 1, for any ex € T, My, with ¢1(e2,e2) = 1
and g1 (e1,e2) =0, and any = € My, being o = (e1, e2). O
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