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Existence and Ulam stability for two orders delay fractional
differential equations

Houssem Eddine Khochemane, Abdelouaheb Ardjouni* and
Salah Zitouni

Abstract. In this paper, we study the existence and uniqueness for nonlinear delay fractional
differential equations with two orders of Caputo’s fractional derivative using the Banach fized
point theorem. Also, we establish the Ulam stability of solutions. Finally, we give an example

to illustrate the results.

1. Introduction

The original motivation of the area of fractional calculus has started when L’Hospi-
tal in 1695 wrote a letter to Leibniz related to the generalization of differentiation
and raised the question about fractional derivative. After, Leibniz, Euler, Laplace,
Lacroix and Fourier made mention of fractional derivatives or arbitrary order but
the first use of fractional operations can be found in Abel’s 1823 paper [4] that
was considered as chapter II in his posthumous Euvres completes de Niels Henrik
Abel [5] compiled by L. Sylow and S. Lie in 1881. Abel applied the fractional
calculus in the solution of an integral equation which arises in the formulation of
the tautochrone (isochrone) problem. However a rigorous investigation was first
carried out by Liouville in a series of papers from 1832-1837, where he defined
the first outcast of an operator of fractional integration. Later investigations and
further developments by among others Riemann led to the construction of the
integral-based Riemann-Liouville fractional integral operator, which has been a
valuable cornerstone in fractional calculus ever since. To learn more about the
chronological progress of fractional calculus from 1695 to 1900 (see [38]). Along
side with Riemann-Liouville, Professor Michele Caputo introduced an alternative
definition in his paper in 1967 [14] and in his book [15] in 1969, which has the
advantage of defining integer order initial conditions for fractional order differential
equations.

Fractional differential equations (FDEy) have gained considerable attention in
various fields of applied mathematics and engineering such as physics, polymer
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rheology, regular vibration in thermodynamics and biophysics, etc. For more de-
tails, see the monographs of Kilbas et al. [28], Podlubny [32] and Samko et.al. [39].
The theory of (FDEg) has attracted the attention of many mathematicians and
many works has been released in this area (for example [3, 6, 7, 11, 22, 30]). On
the other hand, delay differential equations arise in many processes and describe
a lot of phenomena emanates from physics and life sciences (populations biology,
physiology, economics and epidemiology). In [41] we can find many applications
of delay differential equations in biological science, economic and physiology. In
[10] Belair et al. obtained a system of delay differential equation concerning the
production of red blood cells by the stem cells in the bone marrow. Also we can
find more application of delay differential equations on the regulation of blood cell
in [19, 20]. Recently, the topic of delay fractional differential equations (DFDE;) is
growing interest among mathematicians and physicists, which explains the emer-
gence of a large number of papers in this area. Among the first investigations
about (DFDEy) we cite the work of Y. Chen and K. L. Moore [18] where they
established the analytical stability bound for a special class of delayed fractional-
order dynamic systems by using Lambert function. Also, the asymptotic stability
of linear (DFDEy) has studied by using different methods such as the final-value
theorem of the Laplace transform [21] and a Gronwall inequality approach [31].
Other investigations has appeared regarding the existence of solutions by exploit-
ing the fixed point theorems (see [2, 13, 16, 25, 29, 30, 42]) and the references
therein.

In 1940, Ulam [44] proposed a general stability problem in the talk before the
Mathematics Club of University of Wisconsin in which he discussed a number of
important unsolved problems: “Under what conditions does there exist an additive
mapping near an approximately additive mapping?” (for more details see [43, 44]).
In the following year, Hyers [24] gave the first answer to the question of Ulam in
the case of Banach spaces. In fact, let Ey, F5 be two real Banach spaces and € > 0.
Then for every mapping f: F; — Ey satisfying

If(@+y) = f (@)= F@l <e

for all x,y € E7, there exists a unique additive mapping g: £ — F5 with the

property
IIf (z) —g(x)]| <€ forall x € Ej.

Thereafter, this type of stability is called the Ulam-Hyers stability and it means
that one does not seek the exact solution for an Ulam-Hyers stable system but
it is required to find a function which satisfies a suitable approximation inequal-
ity. This approach can guarantee that there exists a close exact solution useful in
many applications. Further in 1978, Rassias [33, 35, 36, 43] provided an exten-
sion of Ulam-Hyers stability by introducing new function variables. As a result,
another new stability concept, Ulam-Hyers-Rassias stability, was named by math-
ematicians. For more details on the recent advances on the Ulam-Hyers stability
and Ulam-Hyers-Rassias stability of differential equations, one can see the books
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[17, 33, 34] and the research papers ([23, 26, 27]). Moreover, many investigations
were realized concerning Ulam-Hyers stability and Ulam-Hyers-Rassias stability
of (FDEy) such as [1, 9, 12, 16, 37, 42] and the references therein.

For example in [9], Atmania and Bouzitouna discussed the existence of the
unique solution and the Ulam stability for the following nonlinear fractional dif-
ferential equation with two orders

{ Dy, (p()° Dy (®) + (B u(t) = f (tu(®), te 0,71,
w(t)=o(t), te[-r0),

where CDB is the Caputo fractional derivative, a, 8 € (0, 1) such that 0 < a+3 <
1.

In [2], Abbas established the existence of solutions using Krasnoselskii’s fixed
point theorem for the following delay fractional differential equation

%u(t)zf(t,u(t),u(t—ﬂ), telo,T],
u(t)=9¢ @), te[-7,0], 0<a<l,

where — denotes the Riemann-Liouville fractional derivative.

In [8 ], Ardjouni, Boulares and Djoudi showed the asymptotic stability of the
zero solution for the following nonlinear fractional differential equation with vary-
ing delay

{ “Dg.u(t) =k

w(t)+ f (tu(t),u(t =7 () +9 Dgitg (tu(t =7 (1), t >0,
2 (0)=0, z(t) = ¢

(t), t € [mo, 0],

where CDg+ is the Caputo fractional derivative, £k € R, 1 < a < 2, ¢ is real
function defined on [mg, 0] where my = i[%fT] {t —7(t)}, and 7 : RT — R7"is the
tefo,

delay variable.
Motivated to the above problems, we consider the following nonlinear delay
fractional differential equation with two-orders

DG, (p()° Dvu (1) — g (tult —7 (1)) = F(Lu(t) ult—7 (1), ¢ € [0.7],
(1.1)
subject to the initial history condition
u(t)=o(t), te€mo,0], (1.2)
where «, 8 € (0,1) such that 0 < a+ 8 < 1, p and ¢ are real functions defined
respectively on [0, T] and [mq, 0], mo = i[%fT] {t—7()}, 7:[0,T] — R4 represent
telo,

the delay term, f: [0,7] x R xR — R and g: [0,7] x R — R are given real
functions.
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In this paper we study the existence of the solution of (1.1)-(1.2) using the
Banach fixed point theorem and we establish the four types Ulam stability for this
problem.

The paper is organized as follows. In Section 2, we introduce some preliminaries
concerning the hypothesis and several lemmas needed throughout this work. In
Section 3, we prove the result of existence and uniqueness of solutions by using
the Banach fixed point theorem. In section 4, we give and prove our main results
on stability. Finally, we give an example to illustrate our results.

2. Preliminaries

In this section, we present some definitions and properties from fractional calculus
that used throughout this paper. For more details see [28, 32, 39, 45].

Definition 2.1 ([28]). The Riemann-Liouville fractional (arbitrary) integral of
order a > 0 of the function f € L' ([0,T],R) is formally defined by

1 ! a—1
ﬂaéﬁﬂ)f@m

where I' is the classical Gamma function.

I(()l+f (t) =

Definition 2.2 ([28]). The Caputo fractional derivative of order o > 0 for a given
function f on [0, 7] is defined by

=
%%mw:&Pw— fg%ﬂ, (2.1)
k=0 :

where n = [a]+1, [a] means the integer part of aw and D, is the Riemann-Liouville
fractional derivative operator of order o defined by

1 ar
I'(n— a)dt

¢
D& f(t) = / (t—3)"" "' f(s)ds =D I’ *f (t) for t > 0.
0

The Caputo fractional derivative D, f exists for f belonging to AC™ ([0,T7,R)
the space of functions which have continuous derivatives up to order (n — 1) on
[0, T] such that f(*~1 € AC* ([0,T],R). AC" ([0, T],R) also denoted AC ([0, T],R)
is the space of absolutely continuous functions. In this case, Caputo’s fractional
derivative is defined by

“Dg f(t) = ! ] /Ot (t— )" ) (s)ds = IT7D"f (t) for t > 0.

F'n-—«a

Remark that when a = n, we have “ D2, f(t) = D" f (t).
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Lemma 2.3 ([28]). The fractional integration operator is bounded on C ([0,T],R),
in the sense that for each f € C([0,T],R) there exists a positive constant a such
that

1465 flloe < @[l fllo
Furthermore,
a i r (ﬂ + 1)
R R -ITRERY
['(a+p+1)
Lemma 2.4 ([28]). Let f € AC™ ([0,T],R), then the Caputo fractional derivative
of order o > 0 such that n = [a] + 1 is continuous on [0,T] and

t*TE u>—1, a > 0. (2.2)

o f(k)
Y os f (t)=r(@), 15+ Dy Z : (2.3)

In particular, when 0 < a < 1 we have ISE DS, f (t) = f (t) — £ (0).

To define four types of Ulam stability, we consider the following fractional
differential equation

Du(t) = f(t,u(t), 0<a<l, te0,T]. (2.4)

Definition 2.5 ([45]). The equation (2.4) is said to be Ulam-Hyers stable if there
exists a real number K¢ > 0 such that for each € > 0 and for each y € AC ([0,T],R)
solution of the inequality

|CD0+y( ) f (tvy(t))‘ S €, te [OvT] ) (25)
there exists a solution u € AC ([0,T],R) of the equation (2.4) with
ly (1) —u(t)] < Kye, t€][0,T].

Definition 2.6 ([45]). The equation (2.4) is generalized Ulam-Hyers stable if
there exists 1 € C ([0,7],R4) with ¢ (0) = 0 such that for each ¢ > 0 and for
each solution y € AC ([0,T],R) of the inequality

“Dgy(t) = f(ty ()| <e te[0,T],
there exists a solution u € AC ([0, T],R) of the equation (2.4) with
ly(t) —u(t) <v(e), tel0,T].

Definition 2.7 ([45]). The equation (2.4) is Ulam-Hyers-Rassias stable with re-
spect to ¢ € C([0,7],R4) if there exists a real number Jy, > 0 such that for
each € > 0 and for each y € AC ([0,7T],R) solution of the inequality

“Diey () — f(ty ()| <ew(t), te[0T],
there exists a solution u € AC ([0, T],R) of the equation (2.4) with
[y (@) —u@)] < Jppep (t), t[0,T].
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Definition 2.8 ([45]). The equation (2.4) is generalized Ulam-Hyers-Rassias sta-
ble with respect to ¢ € C'([0,T],Ry) if there exists J;, > 0 such that for each
solution y € AC ([0,T],R) of the inequality

“D§ey (t) = fty M) <v (1), te0,T],
there exists a solution u € AC ([0, T],R) of the equation (2.4) with

ly (@) —u @] < Jrpy (t), t<[0,T].

Definition 2.9. A function y € AC ([0,7],R) is a solution of the inequality
(2.5) if and only if there exists a function h € AC ([0,T],R) such that for every
1€ 0.7]. |h (5] < e and D,y (1) =  (t.y (1)) + h (1)

Lastly in this section, we state the Banach fixed point theorem which enable
us to prove the existence and uniqueness of a solution of (1.1)-(1.2).

Definition 2.10. Let (X, ||-||) be a Banach space and A : X — X. The operator
A is a contraction operator if there is an A € (0,1) such that z,y € X imply

[Az — Ay|| < M|z —y]|.

Theorem 2.11 (Banach [40]). Let KC be a nonempty closed convex subset of a
Banach space X and A: KK — K be a contraction operator. Then there is a unique
x € K with Ax = z.

3. Existence and uniqueness
In this section, we are concerned with the existence of a unique solution for the
problem (1.1)-(1.2). Let us start by recalling what we mean by a solution.

Definition 3.1. A function u € AC ([mo,T],R) is said to be a solution of the
initial value problem (1.1)-(1.2) if it satisfies the equation (1.1) on [0,7] and the
initial condition (1.2) on the small interval [my, 0].

In the sequel, we introduce the following assumptions

(H1) p € AC([0,T],R) such that p(t) # 0, t € [0,T], p (0) = po, ¢ € C*([mo, 0], R)
with
6(0) = g and DG, 6(0) = pu, (3.1)
where ¢g, po and ¢, are real constants.

(H2) f: [0,T] xR x R— R and g: [0,7] x R — R are continuous functions.

(H3) There exist positive constants Li, Lo, L3 such that for any ¢ € [0,7] and
u1, 1, U2, V2 € R, we have

If (t,ur,u2) — f(t,v1,v2)] < Ly |ur — 1| + Lo Jug — v,

and
|g (t,U1) - g(t7’l)1)| S L3 |U’1 - /Ul‘ .



Existence and Ulam stability 147

(H4) For q = inf |p (t)| with g # 0, we have

t€[0,T]
Ls L1+ Lo T«
k.= T | — < 1. 3.2
(F(a+1)+F(a+ﬂ+1) ) 7 (3:2)

Now we convert the initial value problem to an integral equation which is
also used in the existence and the stability studies. Indeed, we are interested in
the solution of the problem (1.1) with (3.1) on the interval [0,7] in view of the
supplementary data of u on the interval [myg, 0].

Lemma 3.2. Assume that (H1) and (H2) hold. A function u € C ([mo,T],R) is
a solution of the following fractional integral equation for t € [0,T)

(t _ S)Oé*l :

I'(a)p(s)

tﬂ S, U(s —T7I(s S
+ [ e ()

t (t_s)a—l s (S_O_)B—l L -
+/o F(a)p(s)/0 T (8) flosu(a),u(o —7(0)))dods, (3.3)

with go = ¢ (0,u(—=7(0))) and u(t) = ¢ (t) for t € [mo,0] if and only if u is a
solution of the two-orders delay fractional initial value problem (1.1)-(1.2).

u(t) = ¢o + (Poda — go)/o

Proof. First, we apply CDS‘+ to (3.3) and obtain with CD3+ $0=0

Poda —go , g(tu(t—7(1))) L s u wlt — T
OB N0 t o lor e, ut=7(#).

Then, we apply CD§+ to p (1) Dg§u(t) to get (1.1). For t = 0, u(0) = .
Furthermore, under (H1) and (H2) we conclude that u € AC ([mo, T],R).

Conversely, we apply the fractional integral I + to (1.1) to obtain, in view of
Lemma 2.4,

“Dfu(t) =

C PO u(t) = p(0)° D2 u(0) — g (0,u(—7(0)  g(tu(t—r(t)
Do+ ()— O] + o (@)
1 (t—s)t
" p(t) /0 T (5) f(s,u(s),u(s —7(s)))ds. (3.4)

Using the fact that u € C ([mg,T],R) and ¢ € C* ([mg,0],R), we obtain
“Dg.u(0) = “Dgru(t)],_o = “D§rd (B)],y = Ga-

We apply the fractional integral I, to (3.4), we get (3.3). This completes the
proof. O
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Now, we give the existence and uniqueness result based on the Banach fixed
point theorem.

Theorem 3.3. Assume that (H1) — (H4) are satisfied. Then the problem (1.1)-
(1.2) has a unique solution.

Proof. First, we denote by X = C ([mg,T],R) the Banach space of all continuous

functions from [mg,T] into R with the sup norm |u||,, = sup |u(?)
S m(),T

Define the operator A: X — X for all t € [0,T]

(Au) (t) = ¢o + (PoPa *90)/0 gf(a;;(s) ’

—|—/0 ﬂg (s,u(s—171(s)))ds

I'(a)p(s)
bt - S)ail S (s — U)Bil
) T Ty el @) dos

and (Au) (t) = ¢ (¢) for t € [mg,0]. It is clear that the fixed points of the operator
A are solutions of the problem (1.1)-(1.2).
Now, we define the nonempty convex closed set of X as follows

Br={ueX:|u-dol, <R},

such that

1Podal + 90| + ¢4 cs 5) Ta

where Cf = Sup |f (t>¢07¢0)| and Cqg = Sup |g (ta¢0)‘
te[0,T] te[0,T]

To show that ABr C Bg for each u € Bg

|(Au) (£) = ¢ol

S(|po¢a|+|90|)/0 r(t(a)ﬁam

tw S, u{(s —7I(s S
+ [ gy o s = @)l

t(t_s)OHl 8(8_0)671 ulo),ulc—1(oc oas
+/0 F(a)|p<s)|/0 v M (@u(@)ulo =7 (@)ldods.  (3.6)

ds
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On the other hand, we have

|f @u(t),ut—7(t)))
<|f(tu(t),ut—71()) — f(t o, P0)| + | f (£ b0, Po)l
< Lifu(t) — ¢ol + Lafu(t — 7 (t)) — ¢ol + | f (£, b0, o)
< Ly flu— ol + L2 [lu — doll o, + ¢
< (L1+L2)R+Cf,

By the same technique, we obtain the following estimation
g (t,u(t =7 ()| < LsR + cqg.

Therefore the estimate (3.6) becomes

|(Au) (t) — ol
< ontul Hloo) + 1R ey [0 9
q 0 ' (a)
tp a1l s _ \B-1
+(L1—|—L2)R+cf/ (t—s) / (s—o0) dods
q 0 IN(Y 0 r'(s)

(Ipodal +190l) + LsR +cg o (L1t L2) R+ ctaig
- ol (a) q gl'(a+p+1)
< (|p0¢a|+|go|)+L3R+cha (L1+L2)R+CfTa+,3
- ql' (e +1) qU'(a+8+1)

We conclude from (3.5) that
lAu— gol, < R

Then Bp is stable by A. We proceed to prove that A is a contraction mapping.
For each u,v € By and for all ¢ € [mg,T] we have

(t—s — o)t
o I'(e) |/ IN0)
x |f(07U(0)»U(U—T(U))) — flo,v(0),v (0 —7(0)))|dods.
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By using (H3), (H4) and (2.2), we get
|(Au) (t) = (Av) (2)]
L

t
3 a—1

< u—v t—s ds

< islu—ol [ =9

(quFJEﬁL)Q) |u_””°°/0t (7:;(2)‘;‘1/0 (s — o)’ dods
et () 1)) = vl

+
L Li+L
_ ( 3 o 4+ 1 2 )taJrﬁ) HU_UHOO

ql' (a + 1) gl'(a+p+1
Ly LitLo g\ T°
)

7 [lu — U||oo .

T(a+t1) T(atpf+1

Thus,
JAu— Av| . < kllu—o]..

Then, A is a contraction by (3.2). The conclusion of the theorem follows by the
Banach fixed point theorem. This completes the proof. O

4. Ulam stability

In this section, we study four types of Ulam stability of the problem (1.1)-(1.2)
which are Ulam-Hyers, generalized Ulam-Hyers, Ulam-Hyers-Rassias and general-
ized Ulam-Hyers-Rassias stabilities.

Lemma 4.1. If y € AC ([mo,T],R) is a solution of the fractional differential
inequality for each € > 0

9D, (p (O Dgey (1) g Lyt =7(1) = F by 1),y (t =T 1) <& (A1)

and the initial condition (1.2) then y is a solution of the following integral inequal-
ity

(t— S)Q_ld

y(t)_¢0—(p0¢a—90)/0 m S

t —s a—1
—/0 =) (s (s — 7 (s))) ds

['(a)p(s)
t —s a—1 s s— o B—1
‘/o (rt<a>;<s>/o : r(ﬂ)) o,y (o), y (o —7(0))) dods
TotB

= qF(a+6+1)6'
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Proof. Let y € AC ([mg,T],R) be a solution of the inequality (4.1) and (1.2) for
each € > 0. Then, from Definition 2.9 and Lemma 3.2 for some continuous function
h such that |h(t)| <€, t € [0,T], we have

(t _ S)(x—l

y(t)=¢0+(po¢a—go)/o o) s

t _ s a—1
+/0 (If(a)l)j(s)g@,y(s—ws)»ds

Pit=s)"t P (s—a)! )
+/o r(a)p(s)/o T (8) [f (0,9 (0),y (0 = 7(0))) + h(0)] dods.

Then, we use the properties of If% to get

o (L g5 -9 [ (s—0)" N dords
o+ (p(t)I0+h(t))‘ S/O F(a) |p(s)|/0 F(ﬁ) |h( )|d d
- 5)a_1 (s — 0)6_1
Se/o F(a)p(s)/o T (3) dods

To+8
< —e¢.
“ gl (a+8+1)

The proof is complete. O

Theorem 4.2. Assume that the assumptions (H1)—(H4) hold. Then the problem
(1.1)-(1.2) is Ulam-Hyers stable.

Proof. Under (H1) — (H4), (1.1)-(1.2) has a unique solution in AC([mg,T],R).
Let y € AC ([mo,T],R) be a solution of the inequality (4.1) and (1.2), then for
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each t € [mo,T]
ly (t) —u(®)]
Y (t) — ¢o — (PoPa — go)/o (t =)

= T'(@)p(5)

ds

—/0 U)oy (s — () ds

I'(a)p(s)
t _Sa—l s S—O’ﬁ_l
_/0 (rt(a);(s)/o ( 1"(5)) f(o,y(0),y(0 —7(0)))dods

=8 ) a(s (s ()] ds
[ S e gl - )]

Pt—s)*t [F(s—0)!
+/o I (a) p<s>/o I (8)
x|f(o,y(0),y(c—7(0))) = f(o,u(0),u(c —7(0))) dods
Tot+B L Li+ Lo T
STe+srn T <F(a+1) F(a—h@’—&-l)TB) < vl

Thus, in view of (H4)

Toth
— < .
Iy “HOO—qr(a+ﬂ+1)(1—k)6

Tat+B
Then, there exists a real number K¢ = > (0 such that
T qra+8+1)(1—k)
ly(t) —u(t)] < Kre. (4.2)
Thus (1.1)-(1.2) has the Ulam-Hyers stability, which completes the proof. O

Corollary 4.3. Suppose that all the assumptions of Theorem 4.2 are satisfied.
Then the problem (1.1)-(1.2) is generalized Ulam-Hyers stable.

Toth ,
Proof. Let ¢ (e) = Kpe = Ttirna _k)e in (4.2) then ¥(0) = 0 and

problem (1.1)-(1.2) is generalized Ulam-Hyers stable. O

In the next, we introduce the following hypothesis
(H5) ¢ € C([0,T],R) an increasing function which satisfies the property
10 (1) < Mgt (), 0 <y <1,

for some constant Ay, > 0.
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Lemma 4.4. Assume that ¢ satisfies (H5). If y € AC ([mo,T],R) is a solution
of the inequality for each € > 0

D (p () Dy (1) =g by (t =7 (1) = F Ly )y (=7 O] < e 1),
(4.3)
and the initial condition (1.2) for t € [mg,0], then y is a solution of the following
integral inequality

y(t)f%*(po(ﬁa*g())/o S(ojg)o(s) ’

—/O U)oy (s —7(s))) ds

I'(a)p(s)
t — s a—1 S(s— o B—1
_/0 (I?(a);(s) /0 ( F(ﬁ)) f(o.y(o),y(o—r7(0)))dods
A
ST YO (4.4)

Proof. Let y € AC ([mg,T],R) be a solution of the inequality (4.3) and (1.2) for
each € > 0. From Definition 2.9 and Lemma 3.2, for some continuous function h
such that |h(t)| < ey (¢) for each € > 0, t € [0,T], we have

(t _ S)ozfl )
I'(a)p(s)

t
y () — 6o — (boba — 90) /

*/0 mg(s,y(sﬂs)))ds

t 750471 s 570_[571
7/0 gf(oz)z)o(s)/o ( F(B)) floyy(o),y(o—7(0)))dods

Et—s)*t [F(s—0)! .
<[ Fope ) CrE el
1 (t—S)a71

€ tﬂ B S S € ti S S
< / T (a) [p ()] 0+ (W () ds < AW/o CSTRIO TR

)\2
< QBN gy < Doy 1),
q q

where Ay, = max (Ay 8, Ay, ). This completes the proof. O

Theorem 4.5. Assume that the assumptions (H1) — (H5) hold, then the problem
(1.1)-(1.2) is Ulam-Hyers-Rassias stable with respect to 1.
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Proof. Under (H1) — (H4), (1.1)-(1.2) has a unique solution in AC([mg,T],R).
Let y € AC ([mo,T],R) be a solution of the inequality (4.3) and (1.2), then for
each ¢ € [mo, T

ly (t) —u ()|

t(p_ gL
< y(t)*(i)o*(PoQM*gO)/o g(oz);)(s)ds

7/0 ;t(a;;)(s)g(s,u(sr(s)))ds

t 7804—1 s 5705_1
_/0 gf(oz)])o(s)/o ( F(ﬁ)) floyu(o),u(o—7(0)))dods

)\2 t (t_s)a—l
< Fe¢(t)+/0 mlg(s,y(s—f(sm—9(57U(S—T(S)))\d8

_S)Q 1 O_B 1
/ )lp(S)l/ I'(5)
|f(0’7y(0),y(0—7(0))) floyu(o),u(o —7(0)))|dods

X Ls Li+Ls .\ T°

)\2

Hence, it follows that there exists a real number J¢ = q(lifk) > 0 such that
)\2
ly (1) —u(®)] < ai- )61/1( ) = Jrue (t), t €[mo,T].
This gives the wanted result and completes the proof. O

Corollary 4.6. Under the hypothesis of Theorem 4.5, the problem (1.1)-(1.2) is
generalized Ulam-Hyers-Rassias stable with respect to ¢ € C ([0,T],R).

2

P
q(1—F)
(1.2) is generalized Ulam-Hyers-Rassias stable. O

Proof. Set e =1 and J¢, = it directly follows that the problem (1.1)-

5. Example

Consider the following nonlinear delay problem
Dy, (75 DG u(t) - 1Losm( (t-2=1/4)))

cosu (t —t* —1/4) + ismu(t) teo,1], (5.1)

t
S 30(t+1) 20

u(t) =e!, t €[-0.25,0],
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where

ﬁzl,p(t) !

— 1 —
) 3 R
g(tu(t—t*—1/4)) = f—osin (u(t—t*—1/4)), ¢ (t) =€,

f(tu),u(t—1*—1/4))

& T(t) =t* +1/4,

1
—_— t—t*2—1/4 — si t).
300+ 1) cosu ( / )+2Osmu()

The unique solution exists for

1 1 1 1
L — L g L, = — = —
1 207 2 307 3 107 q )

satisfying the condition (3.2)

_ ( L (L1 + Lo) T,@) ™
Fla+1) T(a+p+1) q
=0.4028 < 1.

It follows from Theorem 4.2 that the problem (5.1) is Ulam-Hyers stable on
[—0.25,1]. Also, by Corollary 4.3, the generalized Ulam-Hyers stability is obtained.

Now, we choose v (t) = t which satisfies (H5) and in view of (2.2) we have

L(2) e 1

4 () = t,0<~y<l.
=y Serorarnt T
For o = ~ and A=+ we b
OrOé—2a.n —3We ave
1 1
Mo = g = 0747, Ays = 7—— = 08398,
—I'|{=+1 Il =+1
(5 (51

then we take A\, = 0.8398 to get (4.4) satisfied. Hence, by Theorem 4.5, the
problem (5.1) is Ulam-Hyers-Rassias stable with respect to 1 and by Corollary
4.6, it is generalized Ulam-Hyers-Rassias stable with respect to 1.

Remark 5.1. In the case where oo+ 5 > 1, we distinguish four cases (o > 1 and
0<p<l),(fzland0<a<1),(a>1and f>1), (a« <1and S <1), which
requires to equipped the problem by two initials history conditions. Furthermore,
according to (2.3), the integral equation will be changed but the Lipshitz constant
k remains the same and we will have the same results concerning the Ulam types
stability.
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6. Discussion

We can consider the following neutral (DFDE)

D3 (p(0)° DGy [u(t) — g (tu(t =7 (D)) = £ (Lu(B) ult =7 (1)t € 0,7),

subject to the initial history condition

u(t)=¢(t), t €[mop,0].

The theory of neutral (DFDE) is even more complicated than the theory of non-
neutral (DFDEy). In the case of the above neutral (DFDEy), we can use another
technique to establish the existence of solution, for example Krasnoselskii’s fixed
point theorem. Also, we can consider the same problem of (1.1)-(1.2) involving
Hadamard fractional derivatives or Prabhakar derivatives which might be the in-
teresting object of research.
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