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Solvability of some Stefan type problems with L!-data

Youssef Akdim, Mohammed El Ansari* and Soumia Lalaoui Rhali

Abstract. In this paper, we focus on some class of Stefan type problems. We prove the existence
and uniqueness of renormalized solution in anisotropic Sobolev spaces with data belonging to
L'-data, based on the properties of the renormalized solutions and the generalized monotonicity

method in the functional spaces.

1. Introduction

As of late, anisotropic elliptic equations have received much attention in different
fields due to their time dependent versions [5, 8, 14, 17, 22]. These latter have
been used as mathematical models to describe the spread of an epidemic disease
[9]. Also, these evolution models arise in fluid dynamics when the media has
different conductivities in different directions [5, 6], and electrorheological fluids
as an important class of non-Newtonian fluids [31].

Our main task is to study the behavior of solutions for a class of Stefan-type
problems that have the form:

B(u) — div(a(z, Du) + F(u)) 3 f in Q,

(E. /) {u =0 on 0.

where € is a bounded domain in RY(N > 1) and 09 its Lipschitz boundary if
N > 2, a right-hand side f which is assumed to belong to L>(Q2) or L(Q) for
(E, f). Furthermore, F : R — R is locally Lipschitz continuous and 3: R — 2%

is a set valued, maximal monotone mapping such that 0 € 8(0) and
a: O x RY — RN is a Carathéodory function satisfying the following assumptions:

(H;)— Coerciveness: there exists a positive constant A such that

N N
=1 =1

holds for all ¢ € RN and almost every = € , and for the assumptions on p; see
Section 2.1.

(H3)— Growth restriction:
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jai (@, €)| < y(di) + €7 71))

for almost every z € € and every & € RY, ~ is a positive constant for
i=1,...,N, d; is a positive function in LP: ().

(H3)— Monotonicity in & € RY:

(a(z,€) — alz,n)).(€ —n) >0,

for almost every = € Q and for £, € RN.

Due to the possible jumps of 8, problem (E, f) belongs to the class of Stefan
problems for wich there exists a large number of references, among them [19], [24].
Here we use the notion of renormalized solution developed by DiPerna and Lions
[21], for first order equations for L!-data in [29], and for Radon measure data in
[20]. Tt was then extended to the study of various problems of partial differential
equations of parabolic, elliptic-parabolic and hyperbolic type, we refer for instance
to [15, 13].

Our problem has been studied in variable exponents spaces and Orlicz spaces
by Wittbold et al. [33, 25] and in weighted Sobolev spaces by Akdim and Allalou
[3]. Other works in this direction are in [4, 11, 2].

In this work, we prove an existence result of (E, f) in anisotropic Sobolev
spaces, this notion was introduced by Nikolskii [30] and Troisi [32]. The main
tools in our proofs are Poincaré inequality and embedding theorems in anisotropic
Sobolev spaces [27, 18].

The paper is organized as follows: In Section 2, we recall the standard frame-
work of anisotropic Sobolev spaces and some notations which will be used fre-
quently. In Section 3, we introduce the notion of weak and also renormalized
solutions for the problem (E, f) for any L'-data. In Section 4, we give our main
results on the existence and uniqueness of renormalized solutions and we discuss
the existence of weak solutions. We devote Section 5 to the existence of renormal-
ized solutions in the case where f € L°°(2). Based on this result, the existence
and uniqueness of a renormalized solution in the case where f € L'(Q) is shown
in Section 6. In Section 7, we will prove the existence of a weak solution. Finally,
we give an example to illustrate our results.

2. Function spaces

2.1. Anisotropic Sobolev spaces

Let © be a bounded open subset of RN, (N > 2) andlet 1 < py,...,py < cobe N a

real numbers, p* = max(p1,...,pn), p~ = min(p1,...,py) and P = (p1,...,pN)-
The anisotropic spaces (see [32])

WhP(Q) = {uec WhH(Q) : p,u € LP(Q),i=1,...,N}.
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is a Banach space with respect to norm

N
[ullws7 )= llullLr@y+ D102l Lo (@) (2.1)
i=1
The space Wg’?(Q) is the closure of C§°(2) with respect to this norm.
N
The dual space of anisotropic Sobolcv space WO ?(Q) is equivalent to W =17 (Q),
where p = (ph,...,ply) and p; = for alli=1,...,N.

The expression

%

N
el = lally17 = S 10s,ullrecon
=1

is a norm defined on W," ?( ) and equivalent to the norm (2.1).

We recall now a Pomcare—type inequality:
Let u € Wol’?(Q), then for every ¢ > 1 there exists a constant C}, (depending on
q and 7 (see [23]), such that

Hu”Lq(Q)S CpHarZU”Lm(Q) fOI‘ 7= 1, ey N. (22)
Moreover a Sobolev-type inequality holds.

1
Let us denote by p the harmonic mean of these numbers, i.e. — Z . Let
P N

uwe Wy ’?(Q), it follows from [32] that there exists a constant C such that

T, ol
el € [T 190ull o (2.3)
i=1
where ¢ =p* = —7 P_if p < N or q € [1,+oo[ if p > N. On the right-hand side of
(2.3) it is p0551ble to replace the geometric mean by the arithmetic mean:
let aq,...,an be positive numbers, it holds

1

H“ SNi_V:

which implies by (2.3) that

N
C
lullzay< 7 > 110, ull Lo () (2.4)
=1

Note that when the following inequality holds

p<N, (2.5)
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inequality (2.4) implies the continuous embedding of the space WO1 ?(Q) into
S? for every q € [1,7*]. On the other hand, the continuity of the embedding
) <= et (Q) with p* := max{py,...,pn} relies on inequality (2.2).
It may happen that p* < p* if the exponents p; are close enough, then
Poo := max{p*, pT} turns out to be the critical exponent in the anisotropic Sobolev
embedding (see [32]).

Proposition 2.1. If the condition (2.5) holds, then for q € [1,ps] there is a
continuous embedding W&’?(Q) — L(Q). For q < pso the embedding is compact.

WEP (Q) s LI(Q). (2.6)

2.2. Notations and functions

Before we discuss the concept of solution we introduce some notations and func-
tions that will be frequently used.

We begin by introducing the truncature operator. For given constant k£ > 0
we define the cut function T: R — R as

—k, ifr<-—k,
Te (r) =<, if |r| < k,
k, if r >k,

and for r € R, let us define the functions: r — r* := max(r,0) and r — signg(r)

T(r)

constant
linear

Figure 1: Trunction function

the usual sign function which is defined by

-1, on]—o00,0],
r — signo(r) :==< 1, on ]0,00],
0, ifr=0.
and
1, ifr>0
r— signd (r) =< ’
gng (r) 0, ifr<o.
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Let h; : R — R be defined by hy(r) := min((I + 1 — |r|)™", 1) for each r € R.

h,(r)

€1 4 4 1 r

Figure 2: Function h(r)

For 6 > 0, we define ng: R — R by

0, ifr<o,
H;(r) = %r, if0<r<é,
1, ifr>4.
and Hs: R — R by
-1, if r < =4,
Hs(r) = %T, if —6<r<y,
1, if r> 4.

3. Notion of solutions

3.1. Weak solutions

Definition 3.1. A weak solution of (E, f) is a pair of functions (u, b) € Wol’?(Q) X
LY(Q) satisfaying F(u) € (L}, (2))™,b € B(u) almost everywhere in Q and

loc

b— div(a(z, Du) + F(u)) = f in D'(Q). (3.1)

3.2. Renormalized solutions

Definition 3.2. A renormalized solution of (E, f) is a pair of functions (u,b)
satisfying the following conditions:

(R1) u: © — R is measurable, b € L}(Q),u(x) € D(B(z)) and b(z) € B(u(x))
for a.e. x € Q.
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(R2) For each k > 0, Ty (u) € Wé’?(ﬂ) and
[ vtwor+ [ (ate. D) + P).Dw)s) = [ fhwo.  32)
Q Q Q
holds for all & € C1(R) and all ¢ € W7 (Q) N L™(Q).

(R3) / a(x, Du).Du — 0 as k — 0.
(k<|u|<k+1}

4. Main results

In this section, we will first state the existence and uniqueness of renormalized
solutions for (FE, f). Then, we will prove that the renormalized solution of (E, f)
is a weak solution.

Theorem 4.1. For f € LY(Q), there exists at least one renormalized solution

(u,b) of (E, f).

Theorem 4.2. Let §: R — 28 be strictly monotone for almost every x € Q. For

f € LY(Q), let (u,b), (u,b) be renormalized solutions of (E, f). Then u = 4 and
b=b.

Proposition 4.3. Let (u,b) be a renormalized solution of (E, f) for f € L>=(Q).
Then u € W1’7(Q)QL°° (Q) and thus, in particular, u is a weak solution of (E, f).

To prove Theorem 4.1, we will introduce and solve some approximating prob-
lems. To this end, for f € L'(Q2) and m,n € N we define f,,,: @ — R by

fmn(z) = max(min(f(x),m), —n)

for almost every z € €. Clearly, fn,n, € L>®() for each m,n € N, |fnn(z)] <

|f(z)| a.e. in Q, hence li_>m li_I>n fmn = fin LY(Q) and almost everywhere in Q.

The next theorem will give us existence of renormalized solutions (@ rn, bm,n) of
(E, fm,n) for each m,n € Q.

5. Case where f € L>(Q)

Theorem 5.1. For f € L*>(Q), there exists at least one renormalized solution

(u,b) of (E, f).

The following section will be devoted to prove Theorem 5.1, and we will divide
the proof into several steps.
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5.1. Approximate solution for L>°- data

First we will introduce the approximate problem to (E, f) for f € L*°(£) and
for which the existence can be proved by standard variational arguments. For
0 <e <1,let B: R — R be the Yosida approximation of S (see [16]). We
introduce the operators

1,7 o
A W P(Q) = W HP (Q),
u = Be(Ty /- (u)) + € arctan(u) — diva(z, Du)
and N
1,7 —1,p’
Ay e WP (Q) = WTHP (Q),
u — —divF (Ty /. (u)).
Because of (Hz) — (Hs) , Ay . is well-defined and monotone (see [28] for instance).
Since 3. o T/ is bounded and continuous and thanks to the growth condition
(H2) on a, it follows that A; . is hemicontinuous (see [28]). From the continuity
and boundedness of F'oT ., it follows that Az . is strongly continuous. Therefore
the operator A, := Ay . + Ay is pseudomonotone. Using the monotonicity of e,
the Gauss-Green Theorem for Sobolev functions and the boundary condition on

the convection term fQ F(Ty:(u)).Du, we show by using similar arguments as in
[12] that A, is coercive and bounded. Then it follows from [28] Theorem 2.7 that

A, is surjective, i.e., foreach 0 <e <1 and f € w-Lp (Q) there exists a solution
Ue € W(}’?(Q) of the problem

Be(T1/e(ue)) + e arctan(ue ) — div(a(z, Duc) + F((T1/(ue)))) = f in €,
(Esvf){ Ue:(/) / on 012,

such that the following identity holds for all ¢ € VVO1 ?(Q)

/Q(ﬂe(Tl/a(ua)) + e arctan(u))¢p + /Q(a(x,D(ue)) + F(T1-(ue))).Do =< f, ¢ >
. (5.1)
where < .,. > denotes the duality pairing between Wol’?(Q) and W12 ().

Proposition 5.2. For0 < e <1 fized and f, fe L>(Q), let ue,u. € W&’?(Q) be

solutions of (Ec, f) and (E., f), respectively, then, the follwing comparison prin-
ciple holds:

. /S (aretan(u) — arctan(i.))” < /Q (f = Pysigng (ue — ). (5.2)

Proof. We use the test function ¢ = Hy (u. — @) in the weak formulation (5.1)
for u. and u.. Substracting the resulting inequalties, we obtain

1 2 3 4 5
Lis+1Iis+ 1 s+ 15 =15,
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where
= [ (700 - BT @) (0 7 2
11275 = /Q(E arctan(u.) — e arctan (. )) Hy (ue — Ue),
Iis = /Qa(x,Dug) —a(z, Du.).DH{ (ue — ) > 0,
Iy = [ (P(Ts(ue)) = (T3 (@) DH; (0 =) = 0
s = [ (= D (0o~ ).
Passing to the limit with § — 0, (5.2) follows since Hy — signg . O

Remark 5.3. Let ﬁf € L>(Q) be such that f < f almost everywhere in €,

e > 0and ug, u. € W(}’?(Q) be solutions of (E., f) and (E., f), respectively, then
an immediate consequence of Propsition 5.2 is that u. < u. almost everywhere in
2. Furthermore, from the monotonocity of 3. o T} . it follows that also

/BE(TI/E(UE)) < Ba(Tl/e(ae))

a.e. in €.

5.2. A priori estimates
Lemma 5.4. For 0 <e <1 and f € L>®(Q) let uc € WS?(Q)) be a solution of
(Ee, f). Then:

i) There exists a constant C1 = C1(||f]locs s 0i, N) > 0, not depending on e, such
that

[[luelll < Ch. (5.3)
1) for all 0 < e < 1, we have
||B€(Tl/s(u6))”oo < flloo (5.4)
1it) for all0 <e <1 and all I,k > 0, we have
/ a(x, Dug).Du. < k:/ |f]- (5.5)
{I<]u|<k+1} {luc|>1}

Proof. i) Taking u. as a test function in (5.1) we obtain

/(ﬁs(Tug(Ue)) + e arctan(ue ) )u.dx +/ a(z, Dug).Du.dx
Q Q

+/QF(T1/E(UE)).Dusdx:/qusdx.
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As the first term on the left-hand side is nonnegative and the integral over the
convection term vanishes by (H;), we have

Oou al Oou
83; Pidy < ;/Qai(m,DuE).ajdx

?

N
ou
< | fucdz < C||fllo E / IUe \p; g\ 1/ Pi
/Q |‘ ” (i:1 Q |815| )

Pi< Oy ||Juell|], where Cs is a positive con-

due to Holder inequality.
stant. Then we can deduce that v, remains bounded in VVO1 Q) ie.,

uell] < Ch.

i1) Taking %[TkH(BE(Tl/g(us))) — T3 (B(T1 2 (uc)))] as a test function in (5.1),

passing to the limit as 6 — 0 and choosing &k > || f||, we obtain 7).

i7i) For k,1 > 0 fixed we take Ty (u: — T;(uc)) as a test function in (5.1).
Using [, a(x, Duc).DTy(ue — T(uc))dz = f{l<|u€‘<l+k} a(x, Du.).Ducdz, and as
the first term on the left-hand side is nonnegative and the convection term vanishes,
we get

/ a(:z:,DuE).DuES/ka(uE—Tl(uE))de/ |fldz.  (5.6)
{I<|ue|<k+1} Q

{lue>1}
O

Remark 5.5. For k > 0, from i) in Lemma 5.4, we deduce that

Cs
el 2 1) < 2 (5.7)
Co(k

/ (e, Duz).Due < K| fllol (el > 1 < 28 (5

{I<|uc|<k+1} 7

for any 0 < € <1 and a constant C2(k) > 0 not depending on e.

Indeed, let [ > 0 large enough we have:

Ty (u
{[uc| > 1} :/ m (ue)|dz < c( /
{lus‘ Z ‘ 81'7

which implies that |{|uc| > }| < Col'/P~1. Then

1/pi
) < 0211/17

| .
Jim [{fuc] = 1} =0

Therefore, (5.7) follows from (5.8).
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5.3. Basic convergence results

Lemma 5.6. For 0 < e <1 and f € L*>(Q), let u. € Wol’?(ﬂ) be a solution

of (Ee, f). There exist u € WOI’?(Q),b € L>(Q) such that for a not relabeled
subsequence of (ue)o<e<1 ase — 0:

Us = U in WOL?(Q) and a.e. in Q, (5.9)
Ti(ue) = Te(u) in W&’?(Q) and strongly in L(Q), (5.10)
Be(Th/e(ue)) = b in L>(Q). (5.11)
Moreover, for any k > 0,
N
DTy(ue) = DTi(u) in []LP(Q), (5.12)
i=1
N ’
a(x, DTy (ue)) — a(x, DTk (u)) in HLpi(Q). (5.13)
i=1

Proof. By combining Lemma 5.4 and Rem. 5.5, we obtain (5.11). From (5.7), (5.3)
and (2.6), we deduce with a classical argument (see [1]) that for a subsequence still
indexed by ¢, (5.9) — (5.10) and (5.12) hold as ¢ tends to 0, where v is a mesurable
function defined on 2.

Tt is left to prove (5.13). For this, by (Hs) and (5.3) it follows that given

any subsequence of (a(z, DTy (u.)).), there exists a subsequence, still denoted by
N

(a(x, DTy (ue))e), such that a(z, DTy (ue)) — P in H v (€©2). We will prove that
i=1
Oy, = a(x, DTy (u)) a.e. on §. The proof consists of three steps.

Step 1: For every h € WH°(R),h < 0 and supp(h) compact, we will prove
that

lim sup/ﬂa(:r, DTy (ue)).D[h(ue) (T (ue) — Tk (u))]dz < 0. (5.14)

e—0

Taking h(ue)(Tk(ue) — Tx(u)) as a test function in (5.1), we have
/Q(BE(Tl/E(ug) + earctan(ue))h(ue) (T (ue) — T (u))
+ / a(xv D(ue))'D[hs(Tk(us) - Tk(u))] + / F(Tl/e(us))'D[he(Tk(Us) - Tk(u))]
Q Q

:/th(ug)(Tk(ue)*Tk(u))'
(5.15)
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Using |he (Ti(ue) — Ti(u))] < 2E||h||oo, by Lebesgue’s dominated convergence
theorem we find that liH[l) Jo Fh(ue)(Ti(ue) — Ti(u)) = 0 and then
E—r

Eli_{% o F(T1 e (ue))-Dlhe (ue)(Th (ue ) — Ti(uw))] = 0.

By using the same arguments as in [4], we can prove that

timsup. | 5Ty (u0) () (Ti(u) = Tiw)) e > 0.

e—0

Passing to the limit in (5.15) and using the above results, we obtain (5.14).

Step 2: We now prove that for every k > 0,

lim sup/Qa(x, DTy (ue)).[D(Tk(ue) — DT(u))]dz < 0. (5.16)

e—0

Indeed, for k > I, take h;(uc)(Tk(ue) — Tk (u)) as a test function in (5.1). Letting
€ — 0 and then [ — 0o, we obtain

limsup/ﬂa(x, DTy (ue)).D[hy(ue)(Tg(ue) — Tk (u))]dx = Ey + Eo + Es.

e—0
where

E, = f{lus\ék} hi(ue)a(z, DTy (ue)).[DTx (ue) — DTy (u)]dz,
E, = f{lus\>k} hi(ue)a(z, DTy (ue)).(— DTk (u))]dz,

Es = [ hy(ue)(Th(uze) — T(uw))a(z, DTy (u. ). Du.da.

Since [ > k, on the set {|u.| < k} we have hj(u.) = 1 so that we can write
limsup E; = lim sup/ a(x, DTy (ue)).(DTk(ue) — DTk (u))dz.
e—0 e—0 Q

For FEs, using Lebesgue’s dominated convergence theorem, we get

e—0

lim Fy = / hi(w)®)41. DTy (u)dz = 0.
{lue|>k}
For Fs, we have

_ /Q B () (T (2) — T () )a(z, DT (ue)) Duedz

< Qk/ a(x, Du.)Du.dzx.
{i<lue| <141}
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Using (5.8), we deduce that
lim sup lim sup (—/ h;(ua)(Tk(ug) — Tk(u))a(x,DTk(ug)).DuEdm) <0.
=00 e—0 Q
Applying (5.14) with h replaced by h;,l > k, we get
lim sup/ a(x, DTy (ue)).[ DTk (ue) — DTy (u)]dx
Q

e—0

< lim sup(— /Q Ry (ue) (Te(ue) — Ti(w))a(ax, DTy (us)). Ducdz).

e—0

Now letting | — oo, (5.16) yields.

Step 3: In this step, we prove by monotonicity arguments that for k& > 0,

@y, = a(z, DT (u)) for almost every z € Q. Let ¢ € D(Q) and o € R. Using
(5.16), we have

alim [ a(z, DTy (ue)).Dodx > a/ a(x, D(Ty(u) — ag)).Dodx.
e—=0 Jo Q

Dividing by o > 0 and « < 0 and letting a — 0, we obtain

lin%) a(x, DTy (ue)).Dodr = / a(x, DTy (u)).Dodx. (5.17)
E—r Q Ie)
This means that for all k& > 0, / D, .Dodx = / a(x, DT (u)) D¢, and then @) =

Q Q
a(z, DTy (u)) in D'(Q) for all k > 0. Hence @), = a(z, DT (u)) a.e. in  and then
N

a(w, DTy (u.)) = a(w, DTy (u)) weakly in [ L7 (€2). 0

=1

Remark 5.7. As an immediate consequence of (5.16) and (Hs) we obtain

;ii% 5 a(x, DTy (ue) — a(z, DTi(u)).(DTx (ue) — Ti(u)) = 0. (5.18)

Let us see finally that

lim a(x, Du).Dudz = 0. (5.19)
l=00 Ji<|u|<i+1

Indeed, for any [ > 0 fixed we have

/ a(z, D(ue).D(u:)dx = / a(x, DTi4+1(ue).(DTi41 (ue) — DTy (ue))dx
I<|ul<i+1 Q

:/a(x,Dﬂ+1(us)).Dﬂ+1(us)dx7/a(z,DTl(uE)).DTl(us)d:r.
Q Q
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By (5.18) and passing to the limit as ¢ — 0 for fixed [ > 0 we obtain

gii% a(z, D(ue)).D(us)dx
{I<ue|<i+1}

- / a(, DTy 1 (u)). DTy (u)da — / o(z, DTy(w).DTy(w)dz  (5.20)
Q Q

= / a(z, Du).D(u)dz.
{I<]ul<i+1}

Therefore, taking | — +oo in (5.20) and using the estimate (5.8) shows that
satisfies (R3).

5.4. Proof of the existence result

We are now in position to conclude the proof of our main result presented in
Theorem 5.1:

Proof. Let h € CY(R) and ¢ € W&’?(Q) N L>(Q). Taking hi(ue)h(u)p as a test
function in (5.1), we obtain

I;-,l + Isz’l + Ig,l + I;l’l - IES,I (521)

where

1= [ Bl (b,
IEQJ = E/Qarctan(ua)hl(ug)h(u)go,
1= [ ol Du).D(utuh(u)e).
1= [ FTye(0) Dutuc i),
2= [ (o

Step 1: Letting € — 0 obviously, we have

lim 12, =0. (5.22)

Using the convergence results (5.9), (5.11) from Lemma 5.6 we can immediately
calculate the following limits:

lim I}, = /Q bhy(u)h(u)ep, (5.23)

gi_%lgl:/gfhl(u)h(u)@. (5.24)
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. 31, 13,2
We write ISJ =1y + 1} where

3= hj(ue)a(x, Dug).Duch(u)ep, 32 = hi(ue)a(x, Due).D(h(u)e).

el T el T
Q Q

Using (5.8), we get the estimate

| i 724/ < ||Al|oc] [l oo Cal = 7H/P). (5.25)
£— ’
By Lebesgue’s dominated convergence theorem it follows that for any ¢ € {1,..., N},
we have
hi(u )i(h(u) ) — hy(u) 0 (h(u)p) in LP* as € >0
I\ Ue 8:@ ¥ 1 8.’131‘ ¥ .

Keeping in mind that 1537’[2 = [oli(ue)a(z, DTy (ue)).D(h(u)p) and by using
(5.13), we get

hm@fz/mmmmpnﬂw»Dmmm) (5.26)
Q

e—=0 =

4,2
I*

. » Where

Let us write I‘f’l = If’ll +

= / B (ue) F (T e (ue)). Duch(u)e,

2 = /Q hi(ue) F(Ty e (). D(h(u)).
For any [ € N, there exists eo(l) such that for all € < g¢(1),
14 = [ W ) F (T ) bl (5.27)
Q

Using the Gauss—Green theorem for Sobolev functions in (5.27), we get for all
e < eo(l),

4,1 Tinalue) |
JE /Q / B (r)F(r)drD(h(w)). (5.28)
0
Now, using (5.9) and the Gauss—Green Theorem, after letting ¢ — 0, we get
lim I = /Q h(u) F (u). Duh(u)ep. (5.29)
Choosing ¢ small enough, we can write
188 = [ W) F (T (0)-D(0()e), (5.30
Q
and conclude that

lim 127 = /Q hi(u)F(u).D(h(u)g). (5.31)

e—0
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Step 2: Passage to the limit with [ — co. Combining (5.21) and (5.22) — (5.31)
we deduce that

D+ R+ 4+ + =10 (5.32)
where
I} = Jobhu(u)h(uw)e, I} = [o h(u)a(z, DTi41(u)).D(h(u)p),

117 < Co|tm PRl | lllloos I = fo u(w)F(u).D(h(u)p),

I} = [ hj(u)F(u).Duh(u)p, I = [, fhu(u)h(u)e.
Obviously, we have

lim I} = 0. (5.33)

E—> OO

Choosing m > 0 such that supp h C [-m,m], we can replace u by Tp,(u) in
INIE ... 1P, and

hj(u) = hy (T (u)) =0 if 14+1>m, h(u) = h(Tp(u) =0 if 1 >m.
Therefore, letting [ — oo and combining (5.32) with (5.33) we obtain

/ bh(u)gp—i—/(a(m,Du) + F(w)).D(h(u)p) = / fh(u)e (5.34)
Q Q Q
for all h € C1(R) and all p € WP (Q) N L=(Q).

Step 3: Subdifferential argument. It is left to prove that u(z) € D(8(x)) and

b(x) € B(u(z)) for almost all z € . Since 8 is a maximal monotone graph, there
exist a convex, l.s.c and proper function j : R — [0, 00|, such that

B(r) =04(r) forall reR.
According to [16], for 0 < & <1, jo: R — R defined by je(r) = [, B:(s)ds has the
following properties as in [33]
i) For any 0 < ¢ < 1, j. is convex and differentiable for all € R, such that
ji(r) = Be(r) for all r € R and any 0 < e < 1.

i1) je(r) — j(r) for all r € R as € — 0.
From 1), it follows that for any 0 <e <1

jE(T) > js(Tl/s(us)) + (’I“ - Tl/s(uf))ﬁs(Tl/s(ue)) (5'35)

holds for all » € R and almost everywhere in €.

Let E C Q be an arbitrary measurable set and y g its characteristic function.
We fix g9 > 0. Multiplying (5.35) by h;(uc)x g, integrating over 2 and using 1),
we obtain

i) /E ha(ue) > /E oo (T () () + (r — Torha(ue)Bo(Th e (us))  (5.36)
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for all » € R and all 0 < & < min(eg, 1/1).
As ¢ — 0, taking into account that F is arbitarily chosen, we obtain from
(5.36)

J(r)ha(u) = jeo (Tia (w)ha(u) + bhy (u)(r — Tiga (u)) (5.37)

for all » € R and almost everywhere in 2.
Passing to the limit with [ — co and then with g — 0 in (5.37) finally yields

J(r) = j(u(x)) + b(z)(r — u(z)) (5.38)

for all » € R and almost everywhere in €2, hence v € D(8) and b € B(u) for almost
everywhere in ). With this last step the proof of Theorem 5.1 is concluded. [

6. Case where f € L'(Q)

6.1. Approximate solution for L'-data

The comparison principle from proposition 5.2 will be the tool in second approx-
imation procedure. For f € L'(Q) and m,n € N let f,, ,, € L>°(Q) be defined as
in Section 3. Using Theorem 5.1, we deduce that for any m,n € N, there exists

Umn € Wol’?(Q), b, € L(Q), such that (W, pn, bm,»n) is a renormalized solution
of (E, fm,n). Therefore

/ bt ) + / (@& Dt ) + F(ttn))-D (Bt 2)0) = fon ot )
. . (6.1)

holds for all m, n € N, h € CL(R), ¢ € W(}’?(Q) N L>°(Q). In the next lemma, we
give a priori estimates that will be important in the the following:

Lemma 6.1. Form,n € N, let (U n, bm,n) be a renormalized solution of (E, fum.n)-
Then:

i) For any k > 0 we have,

N k
> [ DTt < 2l (6:2)
=1 JQ v

i1) for any k > 0, there exists a constant C3(k) > 0, not depending on m,n € N,
such that

N
Z/Q |DTk(um,n)|pi < 03(]{1) (63)

iii) For m,n € N, we have:
[bmnlls < (£l (6.4)
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Proof. For I,k > 0, we choose hy(tm,n)Tk(tm,n) as a test function in (6.1). Then
1) and %) follows with similar arguments as used in the proof of Lemma 5.4. To
prove #ii), we neglet the positve term

/ a(x, DTy (wm n)) DTk (Um,n)
Q

and keep
/bm,nTk(um,n)S/fm,nT(um,n) (65)
Q Q

Since by n € B(um,n) a.e. in Q, it follows from (6.5) that

/um,n|>k bl < /Q |- (6.6)

and we deduce iii) by passing to the limit with & — 0. O

By definition we have

fm,n < fm+1,n and fm,nJrl < fm,n‘ (67)

From Propostion 5.2 it follows that

I I 1> 1>
U SUpirn and  Ug, g S U, (6.8)

m,n — —

almost everywhere in €2 for any m,n € N and all ¢ > 0. Hence passing to the limit
with & = 0 in (6.8) yields

Um,n S Um+1,n and Um,n+1 S Um,n, (69)

almost everywhere in 2 for any m,n € N.
Setting b. := B (T /c(uc)), using (6.8), Remark 5.3 and the fact that b7, , —
bm,n in L>°(Q) and since this convergence preserves order we get

bm,n < bm-i-l,n and bm7”+1 < bmv” (610)

almost everywhere in Q for any m,n € N. By (6.10) and (6.4), for any n € N
there exist o™ € L'(Q) such that b,,, — b™ as m — oo in L'(Q2) and almost
everywhere and b € L'(Q), such that b™ — b as n — oo in L*(2) and almost every
where in Q. By (6.9), the sequence (upm, n)m is monotone increasing, hence, for
any n € N, u,, , — u™ almost everywhere in (2, where u™: Q — R is a mesurable
function. In order to show that w is finite almost everywhere we will give an
estimate on the level sets of uy, , in the next lemma:

Lemma 6.2. Form,n € N, let (Wn, n, bm,n) be a renormalized solution of (E, fm n)-
Then, there exists a constant Cy > 0, not depending on m,n € N, such that

{ [t n| > U} < Calo ™! (6.11)
for alll > 0.
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Proof. With the same arguments as in remark 5.5 we obtain

N
[ltmnl = 11 < CE NP [ DT 102 (612)

for all m,n € N where C(p, N) is the constant from Sobolev embedding in (2.6).
Now we plug (6.2) into (6.12) to obtain (6.11). Note that, as (tm, n)m is pointwise
increasing with respect to m,

{2 1} = [{u" > 1} (6.13)
and
i {um,, < =1} = [{u” < =1}, (6.14)
Combining (6.11) with (6.13) and (6.14) we get
{u™ < =1} + [{u" > 1} < Cyl5 (6.15)

for any [ > 1, hence u™ is finite almost everywhere for n € N. By the same
arguments we get
1
Hu < =D 4+ [{u > 1} < Cylr ™t (6.16)

from (6.15), hence u is finite almost eveyrywhere. Now, since by € B(tUm,n)
almost everywhere in 2 it follows by a subdifferential argument that o™ € g(u™)
and b € B(u) a.e. in Q.

O

Remark 6.3. If (4, n,bm,»n) is renormalized solution of (E, f,, ,,), using
Ry (W) Ti (Wi, n — T1(Um,n)) as a test function in (6.1), neglecting positive terms
and passing to the limit with ¥ — co we obtain

/ a(, Dt ) Dt < [ / 1+ / Ifl]
{i<|um,n|<i+k} {lum,n|>30{|fI<o} {lf1>o}

(6.17)
for any k,o > 0,1. Now applying (6.11) to (6.17), we find that

/ a(z, D, p)-Dtiy p < O‘k‘C4l%71 +k | (6.18)
{l<‘um‘n‘<l+k} {‘f|>‘7}

holds for any k,o > 0,1 > 0 uniformly in m,n € N.

6.2. Basic convergence results

Lemma 6.4. Form,n € N let (um,n, bmn) be a renormalized soltuion of (E, Fy, ).
There exists a subsequence (m(n)), such that setting fn := fimn)n> On = bmn)n
Up = Up(n),n WE have

up, = u almost everywhere in €. (6.19)
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Moreover, for any k > 0,

Tio(un) — Ti(u) in LP(Q), (6.20)
N
DTy (un) = DTy(u) in [] L7 (%), (6.21)
N /
a(z, DTk (uy)) — a(z, DTk (u)) in HLPi(Q), (6.22)

as n — oo.
Proof. We construct a subsequence (m(n)),, such that

arctan (U, (n),n) — arctan(u),
by == bm(n)’n — b,

fn = fm(n),n — f

as n — oo in L1(2) and almost everywhere in Q. It follows that (6.19) and (6.20)
hold. Combining (6.20) with (6.3) we get Tx(u) € W&’7(Q),Tk(un) — Ti(u) €
Wol’?(ﬂ) and (6.21) holds for any k& > 0. From (6.2) and (H3), it follows that for

fixed k > 0, given any subsequence of (a(z, DT (uy)))n there exists a subsequence,
still denoted by such that a(x, DT (uy))n, such that

N
a(x, DTy (up))n — P in HLPQ(Q)

i=1
as n — oo. Since hy(un)(Tk(un) — Ti(u)) is an admissible test function in (6.1),
lim sup/ a(x, DT (un))D (T (un) — Ti(u)) < 0. (6.23)
n—oo Q
Then, (6.22) follows with the same arguments as int the proof of Lemma 5.6. [

Remark 6.5. With the same arguments as in Remark 5.7, we have

lim [ a(x, DTy (upn) — a(x, DTk (w))).D(Tk(un) — Tk(u)) =0, (6.24)

n—oo Q

lim a(x, Du).Du = 0. (6.25)
oo Ju<jul <ty
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6.3. Conclusion of the proof of Theorem 4.1
It is left to prove that (u,b) satisfies

/Qbh(u)d)Jr/( a(z, Du) + F(u)).D /fh (6.26)

for all h € CL(R) and ¢ € Wol’?(Q) N L>®(Q). To this end, we take h € C(R)
and ¢ € Wol’? () N L (Q) arbitrary and plug h;(un)h(u)¢ into (6.1) to obtain

Ly + 10+ Iy = Iy, (6.27)

where
I, = /Q bl (1) (0)
2, = /Q a(z, D). D () h(w)),
13, = / F(un).D(u(un)h(0)9),

Iﬁ,l :/Qfnhl(un)h(u)(lS

Step 1. Passing to the limit as n — oo, applying the convergence results from
Lemma 6.4 we get

lim I}, = / bl (w)h(u)p,  lim I3, = / fh(wh(w)s.  (6.28)

Let us write

2, =12 + 127, (6.29)
where
12! —/hl wn)a(z, Dun) D(h(u)g), 12 —/h’ wp)a(, D). Dun (1)
(6.30)
With similar arguments as in the proof of (5.26) it follows that
lim. I = /Q hi(w)a(x, Du).D(h(u)p). (6.31)

By (6.18), we get the estimate

. 1_
| tim 722] < [|A]lolllloc (mzp Ly / |f|>, (6.32)
oo {IfI>d}

forallm e Nand all [ > 1, 6 > 0. Next, we write

3 _ 731 3,2
Lio=1 + 1)

n,l
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where

lim Ig’l :/hl(u)F(u).D(h(u)¢), lim I /h;(u)F(u)Duh(u)d), (6.33)
Q Q

n—roo n— oo

follows with the same arguments as in (5.27) — (5.31).
Step 2. Passing to the limit as | — co. Combining (6.27) with (6.28)—(6.33) we
get for all 6 >0 and all [ > 1

'+ R+ R+ 1+ 17 =17, (6.34)

where

. /Q bhu(wh(u)p, I = /Q hu(wa(e, DT (w)).D(h(u)@)

Il oo ||@]] oo (6C. 5y )
1I3] < 1Bl sol|6]0 (6C4 /{ Ly
for any § > 0 and
- / B (u)F(u)h(u)$Du, I} = / ha(u)F(u). D(h(w)), |If] = / Fhu(u)h(u)g
Q Q Q

Choosing m > 0 such that supph C [—m,m], we can replace u by T,,(u) in
Ill,IlQ, . ,Il6 hence

Jim 1} = / bh(u lim 1% = / a(z, D). D(h(w)e), (6.35)
l—o0 Q
lim |17] < (| 6] / il lim If =0, (6.36)
=00 {lf‘>o-} l— o0

Jim 1= [ P@.Dme), i (17 = [ fris, (637

for all 6 > 0. Combining (6.34) with (6.35)-(6.37) we finally deduce that (6.1)

holds for all h € CL(R) and all ¢ € Wol’?(ﬂ) N L> ().
Hence (u,b) satisfies (R1),(R2) and (R3) and the proof of the theorem is com-
pleted.

6.4. Proof of Theorem 4.2 (Uniqueness)

Lemma 6.6. For f,f € L'(Q) let (u,b), (ﬂ,g) be the renormalized solutions of
(E, f) and (E, f) respectively, then

/ (b —b)Signg (u — w)dz < / (f — ))Signg (u — @)dz, (6.38)
Q Q

Proof. For § > 0 let Hj ¥ be a Lipschitz approximation of the szgn function.
Since (u,b), (&, b) are renormalized solutions, it follows that



302 Y. Akdim, M. El Ansari and S. Lalaoui Rhali

Tyar (w), Trpa (@) € WEP () 0 L(Q) for all I > 0.

Hence Hjf (Tyar (u) — Ti () € WP (Q) N L(Q) for 1,5 > 0.
Now, we choose Hj (Tj41(u) — Ti+1(@)) as a test function in the renormalized

formulation with h = hy for (u,b) and for (@,b) respectively. Subtracting the
resulting equalities, we obtain

Ls+ s+ s+ I+ I = I, (6.39)
where K = {0 < Tj41(u) — Tj41 < ¢} and

I = [ O6m() =B @) (T3 (1) = T (),

1% = /Q (hl(w)a(z, Du).Du — hy(@)a(z, DG).Da).Hy (Ti(u) — T (3))de,
185 = 5 [ (u(wa(e. D) = hu@ae. DD).D(TLa(w) ~ Toss (1) da,

Iy = [ (H00)F(0).Du = K@) F @) DDH (T (w) = T (@)

185 = 5 [ (n(@)F () =~ W@F @)D () = Tia @)

18 = [ () = Fu@)H (Tis ) = Ta @)

Using the same arguments as in [33] i.e., neglecting the nonnegative part of I l?’ 5
and using the fact that F' is locally Lipschitz continuous, we can pass to the limit
as 0 — 0.
Using the energy dissipation condition (Rg) we can pass the limit as [ — oo and
obtain (6.38).

Now we are in position to give the proof of Theorem 4.2:
Assuming f = f, from Lemma 6.6 we get

/ (b —g)signg(u —u)dx <0, (6.40)
Q

hence (b — Al;)signar (u — @) = 0 almost everywhere in Q. Now, let us write Q =
Q1 U Qg, where Q; := {x € Q : signd (u(x) — u(z)) = 0}, Q := {z € Q:
(b(x)—b(x)) = 0}. Since r — B(r) is strictly increasing for # € 2, we can define the
function 37!: R — R such that 871(r) = s for all (s,7) € R? such that r € 3(s).
For a.e. o € Q we have b(z) = b(z), hence u(z) = 871 (b(z)) = S~ (b(z)) = U(z).
Therefore, u(z) = u(z) a.e. in Qg and signd (u — @) = 0. Interchanging the roles
of u and w and respeating the arguments, we get signa' (t—u) =0 ae. in Q and
we finally arrive at v = u a.e. in 2. Now, we write the renormalized formulation
for (u,b) and (u, b) respectively. Substracting the resulting equalities, we obtain

/(b — b)h(u)pdz =0
Q
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for all h € CY(R) and all p € C°(Q). Choosing h(u) = hy(u) and passing to the
limit with [ — oo we find b =b a.e. in (2.

7. Proof of Proposition 4.3

1
Note that for e,k > 0, hy; (u)gTE(u — Tk (u)) as a test function in (3.2). Neglecting

positive terms and passing to the limit with [ — oo, we obtain

1 N
D3 Y
€ i1 Jk<|u|<k+e

where ¢(k) := |{|u| > k}| for & > 0. Now we use similar arguments as in [33].
We apply the continuous embedding of W' () into L¥/N=1(Q) and the Holder
inequality to get

/(™) 1/p~
T T < [d’(k)‘“’“”] [1/ » |Du|p] ,

< f v (@ (k) NI, (7.1)

eCn € €
(7.2)
where Cy > 0 is the constant coming from the Sobolev embedding.
Notice that
N N

1 - k) — ok 1

,Z/ | Dul? §w+72/ \DulPi,  (7.3)

€15 Jk<|ul<k+e € €1 Jk<|ul<k+e

hence, from (7.1), (7.2) and (7.3) we deduce that

T = i)

N—-1

/() /(")
S[¢<k>—¢<k+a>] [¢<k>—¢<k+e>+|f||N(¢(k))(N_1>/N] |

3 €
(7.4)
From (7.4) and Young’s inequality with « > 0 it follows that
1 _ aP _ o(k) — ok +¢)
= (b(k (N-1)/N _ & p)W-1/N P T ORT S )
0k +2) &l (9(k) WL <o, (75)
where

1 af
C=——+—1|>0.
<a(p)’(p—)/ + P~ )
The mapping (0,00) 3 k — ¢(k) is non-increasing and therefore of bounded vari-

ation, hence it is differentiable almost everywhere on (0, 00) with ¢’ € L}, (0, c0).
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Since it is also continuous from the right, we can pass to the limit with € | 0 in
(7.5) to find
C"(p(k)) N TIN ¢/ (k) < 0 (7.6)

for almost every k£ > 0 and « > 0 choosen small enough such that

CN Oép_
", _

Now, the conclusion of the proof follows by contradiction. We assume that ¢(k) >
0 for each k > 0. For k > 0 fixed, we choose kg < k. From (7.6) it follows that

1// d 1
O+ = (6(s) ) <0 (7.7

for almost all s € (ko,k). The left hand side of (7.7) is in L'(kg, k), hence we
integrate (7.7) over [ko, k]. Moreover, since ¢ is non-increasing, integrating (7.7)
over (ko, k) we get

(BN < (ko) N + -C" (ko — B) (7.9

and from (7.8) the contradiction follows.

8. Example

This section is devoted to an example for illustrating our results. Let us consider
the special case:

5(7“) = (T—1)+—(T—1)_, F:R— (Fi)izl’m’N ERN,
where F is locally lipshitz continuous function, and

N

ai(z,€) = |G sgn(&), i=1,...,N,

i=1

the a;(z,&) are Carathéodory function satisfying the growth condition (Hz), and
the coercivity (Hj). On the other the monotonicity condition is verified. In fact

(a2 ~ ai2.)) (6 - &)

] =

1

N
> (lelsgn(e) — 1l sgn(é) ) & - &) = 0,

i=1

.
Il

for almost all z € Q and for all &, € RN, This last 1nequahty can not be strict,
since for € # € with &y # v and € = £, i = 1,...,N — 1. The corresponding

expressmn is zero.
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Therefore, for all f € L*(£2), the following problem:
Ty (u) € WEQ) for (k>0);0e€ LY(Q) and b(z) € B(u(z)),

limy s 00 f{l<|u‘<l+1} a(x, Du).Dudz = 0,

pi—1 Ju\ Oy
Jo bh(u)edz + [o h(u) >, pr sgn(—axi ) e dz
du |pi—1 duy 0
’ N 9y
oS |5 s n( ax)' 5.1+ Jo (1) D(h(u)e)da

= [ £.D(h(u)g), Yo e WEP(Q)NL®(Q) and he CLR),

N 8u

has at least one renormalized solution.
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