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Optimality and duality for a weakly efficient solution of
bilevel multiobjective fractional programming problems
with extremal-value function

Ahmed Rikouane

Abstract. The purpose of this paper is to establish necessary and sufficient optimality con-
ditions and some duality results for weakly efficient solutions of a constrained bilevel multiob-
jective fractional programming problem (P) with an extremal-value function. Using parametric
approach, the problem (P) is first equivalently transformed into a parametric problem (P*) with
n € RP, for which we construct then a dual problem. This is achieved in terms of conjugate
duality theory. Under appropriate assumptions, the weak and strong duality results for (P*)
are presented. These results permit us to give dual characterizations for the weakly efficient

solutions of the problem (P).

1. Introduction

Bilevel programming problems are hierarchical optimization problems in which
their constraints and/or the objective function of the so-called upper level prob-
lem is determined implicitly by the solution set of another parametric optimization
problem called the lower level problem. This class of optimisation problems plays
an important role in a variety of fields, such as electricity markets [25], trans-
portation planning and management problems [26], medical engineering [10] and
optimal allocation of water resources [2]. When the set of solutions of the lower
level problem is a singleton, the bilevel problem is called bilevel programming
problem with extremal-value function. Among the large number papers treat
bilevel problems [1, 9, 24]. Dempe [9] studied a bilevel programming problem
with an extremal-value function and developed necessary and sufficient optimality
conditions. Aboussoror and Adly [1] considered a bilevel nonlinear optimization
problem with an extremal value function and obtained necessary and sufficient op-
timality conditions under constraint qualifications and via the Fenchel-Lagrange
duality approach. Recently, Wang et al. [24] considered a bilevel multiobjective
program with extremal-value function, and obtained optimality conditions and
duality results under a generalized Slater-type constraint qualification.
Fractional multiobjective programming problem has many applications such
management science, operational research, economics and information theory (see
Stancu-Minasian [19, 20]). Many researchers have made contributions in the field
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of fractional multiobjective programming, one can see for example [4, 5, 6, 12,
16, 18, 21] and the references therein. Bector et al. [4] presented a duals and
duality results for multiobjective fractional problems under some differentiability
assumptions. Singh and Hanson [18] established various duality results associating
properly efficient solutions for a multiobjective fractional programming problem.
Kim et al. [12] gave e-optimality conditions for multiobjective fractional optimiza-
tion problems by using the concept of epigraphs of conjugate functions in terms
of e-subdifferentials computed at a optimal solution. Ram U. Verma [6] reformu-
lated the multiobjective fractional programming problem as a scalar optimization
problem and obtained a necessary and sufficient e-optimality conditions for it.
Recently, Moustaid et al. [16] established sequential approximate weak optimal-
ity conditions for multiobjective fractional programming problems via sequential
subdifferential calculus.

The aim of this paper is to extend the approach in [1, 24] to a bilevel multi-
objective fractional programming problem (see [14])

{ flz, o) fplz, v(@)) }
gr(z, (@) gyl v(@)) |7

(P) v— min

where C' = {z € X, G(z,v(x)) <w? 0} and v(x) is the optimal value of the
following problem parametrized by x

(Py) gleig f(z,y).

The notation ”v—min” refers to a vector minimum problem. By using the paramet-
ric approach of Dinkelbach [8], we transform the problem (P) into the nonfractional
multiobjective bilevel convex optimization problem (P*) with parameter p € R?
(see, for instance [3, 5, 6, 11, 12]), and by applying a linear scalarizing functional
to the objective function of the problem (P*). A necessary and sufficient opti-
mality conditions are established. The structure of the scalar problem gives an
idea about how to construct a multiobjective dual problem of the problem (P*).
Under a standard constraint qualification and some convexity and monotonicity
assumptions, the weak and strong duality results for (P*) are proved. These re-
sults permit us to give dual characterizations for the weakly efficient solutions of
the problem (P).

This paper is organized as follows. In Section 2, we recall some notions and
definitions and we give some preliminary results which are used later. In Section 3,
by using the parametric approach, we attach to the bilevel multiobjective fractional
problem (P) a parametric problem (P*) with 4 € RP, and by using the scalar
method, we associate the problem (P*) to a scalar problem (P{), A € RP. A
strong duality theorem and optimality conditions are established. In Section 4,
we construct a dual problem to (P*) by using the dual of the scalarized problem.
Under appropriate assumptions, the weak and strong duality results are presented.
In Section 5, we present an example illustrating the main result of this study.
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2. Preliminaries and basic definitions

In this section, we give some definitions and preliminary results which will be
used throughout this paper. Let X be nonempty subset of R”. We denote by
1i(X) the relative interior of the set X, by z7y the inner product of the vectors
z=(x1,...,%p), ¥y = (y1,-..,Yp) € R” and by R” the non-negative orthant of R?,
defined by

RY = {u=(u1,...,up) €RP, u; >0, i=1,...,p}

For z,y € RP we denote z <wr Y (ory >Ry z)ify—z e R,
For a function f: R" — R := RU {40}, the set defined by

dom(f) :={z e R", f(x) < +o0}

denotes the effective domain of f. We say that f is proper if dom(f) # @ and
f(z) > —oo for all z € R™. We shall denote by dx and ox the indicator and the
support functions of a nonempty subset X C R"”, respectively, defined on R" by

L 07 if reX £\ . «T * n
x@)={ O e o) = swp T v € R

The normal cone to X at € X is defined by
N(z,X):={z* €eR", 2*T(x — 7) <0, Vo € X}.
A function f: R® — R is said to be R -increasing if for each z,y € R", we have
T <pry = f(z) < fy)
The function defined by

fRY — R, f*(z*):= sup {z*Tz — f(2)}.
TER™

is called the conjugate function of f. We have the so-called Young-Fenchel in-
equality
fr@*) + f(z) > «*Tx, Vo, 2" € R™. (2.1)

It is well known that for a non-negative real number A,

AfF(50), i A >0,
(Af)(a) =
6{0}(1*), if A=0.

Let K C R? be a convex cone. The dual cone K* of K is defined by

K*:={z* €RP, 2*Tx >0, Vo € K}.
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Lemma 2.1 (cf. [7, Lemma 2.1]). Let K C R? be a conver cone and h : RP — R
a proper and K -increasing function. Then h*(x*) = +oo for all x* ¢ K*.

Let g : R? — RP U {4oogs } be a given vector valued function. The function
g is called R -convex if for all 2,y € R? and all ¢ € [0, 1] we have

gtz + (1 —t)y) <pr tg(z) + (1 —t)g(y).
Furthermore, g is called (R%, RY )-increasing if for each x,y € R? we have
T <p1 Y= g(z) <r? 9(y).

Let h : R® — R? U {+o0g«} be a mapping, then the composed mapping g o h :
R™ — RP U {+oogs } is defined by

g(h(x)), if x € dom(h),
(goh)(z) =

+oorr, otherwise.

It is easy to see that if g: R? — RP U{+oog»} is RY} -convex, (R}, RY )-increasing
on dom(g) and h: R" — R7 U {+o0gs } is RY-convex with h(dom(h)) € dom(g),
then the composed mapping g o h is R -convex.

In this paper we adopt the conventions that 0x (+00) = 0 and ax (+00) = +o0,
for all a > 0.

Let us recall the following lemmas can be found in [13, 17].

Lemma 2.2 (cf. [17, Theorem 16.4]). Let g;: R* — R (i = 1,...,m) be proper
convez functions. If N ri(dom(g;)) # 0, then

(i) (L1990 (%) = inf {37 gf (a7) » 2™ = 21 a7}
(i) for all x* € R", the infimum in (i) is attained.

Lemma 2.3 ([13]). Let h = (hy,...,h,) with hi: R™ — R (i = 1,...,n) be
convex functions, and g : R" — R be proper conver and R} -increasing function.
If h(NP_, dom(h;)) N int(dom(g)) # O, then

h * * — : f * th * ,
(g0 h)*(a") Tgﬁm{g (7‘)+<;T ) (:v)}
where for any x* € R™ the infimum is attained.

Let T be a feasible point of (P) i.e., T € C' and v(%) is the optimal value of the
lower level problem (Pg). We will denote the set of the feasible solution of (P) as
Q, that is

Q:={zx e X, Gz,v(x)) <gs 0and v(x) is the optimal value of (P;)}.
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Definition 2.4. An element Z € € is said to be
- efficient solution for (P) if there is no x € Q such that

filz,v(x)) _ fi(@, 0(T)) .
orle 0@ < gl o@y oreachi € {L...p},

fiwv(@) _ fi@oe@) oo .
63, 0@) < @ o@)” je{l. ok

fi(z,v(z)) < fi(f’v(i)), for each i € {1,...,p}.

gi(x7v(x)) gi(f,v(f))

3. Problem formulation

In this section, we consider the following bilevel multiobjective fractional program-
ming problem with an extremal-value function

fila, v(z)) fp(%v(w))}

gi(z,v(@)” " gplw, v(@))

(P) v — min {
where C := {z € X, G(z,v(x)) <gq 0} # 0 and v(x) is the optimal value of the
lower level problem

(P) min f(z,y),
Herein, X is a nonempty convex subset of R™, A is a nonempty subset of R™
compact and convex, f;,—g;: R" xR —R,i=1,...,p,G;: R" xR —R, j=
1,...,q are convex functions and Ri“—increasing, f:R" xR™ — R is a con-
vex function. Moreover, we assume that for any © € C, fi(z,v(z)) > 0 and
gi(z,v(z))>0,i=1,...,p.

We mention that the functions f;, g, ¢ = 1,...,pand G;, j = 1,...,¢
are all continuous since int(dom(f;)) = int(dom(g;)) = R**1, i = 1,...,p and
int(dom(G;)) = R*™', j = 1,...,q. Moreover, one can see that the function
v : R®™ — R is finite, convex, continuous and for each z € R™ there exists y € A
such that v(z) = f(z,y).

The following notation will be considered in what follows

) _
i = ——— 7€ Qand u=(u1,...,u,) €REL.
0@ (@) by oo ip) € R
Using the parametric approach of Dinkelbach [8], we transform the bilevel multi-

objective fractional programming problem (P) into an equivalently bilevel vector
convex nonfractional programming problem defined as follows

(P*)  v—min{fi(z,v(z)) - oz, v(@)),.... oz, v(@)) = pgp(e, v(z))},
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where
TeQ={zxeX, Gx,v(x)) <g: 0and v(x) is the optimal value of (P,)}.
Let us consider the following auxiliary functions defined by (see [16])

F,: RPxR — R

(x;y) — Fz(l'yy) = fl(‘r?y)_ﬂzgz(x7y) (Z: 1,...7]))

Then, the problem (P*) may be written equivalently as

(PH) v — min F'(z,v(x)),

zeC

where
F: R*xR — RP

(x,y) — F(x’y) = (Fl(xvy)""’Fp(x’y))'
Let h : R® — R™*! be a function defined by (see [1])
h(z) := (hi(x),..., hApt1(x)) = (z,v(x)),

It is clear that the function A is R"*!-convex, continuous and h(dom(h)) C R"*H+!
since the function v: R®™ — R is finite, convex and continuous. Then, the problem
(PY") will be like the following

(PH) v — grgg F(h(x)).

Definition 3.1. An element T € €2 is said to be a weakly efficient solution for
(P*) if there is no x € 2 such that

F;(h(x)) < F;(h(7)), for eachi € {1,...,p}.

In order to characterize the weakly efficient solutions of (P*), we consider the
scalar problem corresponding to (P*) as follows

) { TR0

where A = (Aq,...,\p) € RE\{0}.
A point T € Q is called an optimal solution of the scalar problem (P{’) if

M FE(h(zZ)) < ATF(h(z)), Yz € Q.
We will need the following lemma.

Lemma 3.2 (cf. [18, Theorem 2]). The point T € Q) is an efficient solution of

(P) if and only if T is an efficient solution of (P") where p = (u1,...,up) and

_ fi@e@)
b = gmo@y L= 1P
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The relationship linking (P), (P*) and (P{') which will be useful for our pur-
poses are stated in the following result.

Lemma 3.3. Suppose that T € Q. Then the following statements are equivalent
(i) T is a weakly efficient solution for problem (P) ;
(ii) T is a weakly efficient solution for problem (P*) where p; = %, 1=
1,...,p; '

(iii) T is an optimal solution for problem (PY') where p; = %, i=1,.

and for some A € RE\{0}.

..,p

Proof. (i) = (i4) Assume that T is not a weakly efficient solution of (P*), then
there exists x € €2 such that

(fi(z, v(2)) = pigi(z,v(x))) < 0= (fi(T,v(T)) — pigi(T,v(T))), Vi € {1,... ,(szz}i)
Since g;(z,v(z)) > 0, it follows from (3.1) that .

filw o) _ @)
Y\ My = —F—
gi(z,v(z)) 9:(T,v(T))
this leads to a contradiction.

(#9) = (i) The proof of is similar to (i) = (i), so that (i) is equivalent to (i7).
(15) = (iti) Let T € Q be a weakly efficient solution of (P*) where p; =

fi(@ (@)
9i (fvv(i)) ’

, Vie{l,...,p},

i =1,...,p. Then, there exists no x € €2 such that
Fy(h(x)) < Fi(h(z)) = 0, Vi € {1,...,p},

i.e,

F(h(2)) N (—intRY ) = 0.

Since F(h(Q)) is RE -convex ( F(h(2)) + R% is convex), therefore, it follows from
separation theorem that there exists A = (A1,...,A,;) € RE\{0} such that

p p

N'F(h(x)) = > NiF(h(z)) > 0= NFi(h(@)) = \"F(h(z)).

i=1 i=1

Y

Thus, T is an optimal solution of (P}').
(#91) = (4#) Assume that T € 2 is not a weakly efficient solution of (P*), then
there exists x € €2 such that

F;(h(z)) < 0= F;(h(z)), Vie {1,...,p}.
For A = (A1,..., ) € RE\{0}, it follows

p

> NiFi(h(z)) < 0= XFi(h(T)).
=1

i=1

This contradicts the fact that T is an optimal solution of (P{'). O
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Obviously, the problem (PY') is a composed convex optimization problem.
Then, we can construct its Lagrangian dual problem as follows (see [1, 17, 22, 23]).

(DY) sup inf {()\TF + 771G (h(z)) + 0x (z)}, where A € RE\{0}.

TGRi reR™
It is easy to check that h; is a finite convex function for every i € {1,...,n+1}, and
since A € R7\{0} and r € R%, therefore it follows that the function ATF +rTG

is finite valued convex and Riﬂ—increasing. It follows from Lemmas 2.2 and 2.3

that the dual (DY) will be, then

(r,s,w,t)€Y

p p
(DY) sup {—ZAZ-F;(W) - (TTG)*(S - inwi) — (sTh)*(t) — JX(—t)}
im1 i=1
where
Y= {(rswt), reR] se Rﬁ“,t eR" w=(wq,...,wp),
w; € RML G = 1,...,p}.

Since the functions f;, (—u;g:), i = 1,...,p satisfy all the assumptions of Lemma
2.2, then for each i € {1,...,p}, we have

Fif(wi) =(fi + (—pg:))" (wi) = inf{ " (wi) + (—pigi)" (vi), wi + v = wi}
= —sup{—f{"(u;) — (—pig:)" (vi), wi +vi = w;}.
Hence, the problem (DY) rewrites as
P

o { N i Nillfi (ui) + (=pigi)*(vi)] = (7 G)* (s - Z Ai(ui + Ui))

(r,s,u,0,t)EY A

where
YA = {(r;s,u,v,t), reRL, s € Rt e R™ u = (uq, ..., up),
v=(v1,...,0p),u;,v; € R"T i = 1,...,p}.

We denote by val(P{') and val(D) the optimal values of the problem (P}')
and (DY) , respectively. The weak duality always holds, i.e.

val(P{') > val(D{). (3.2)

In the following, to derive the strong duality theorem and the optimality con-
ditions, we need a so-called constraint qualification

Gi(h(Z)) <0, ifie L
(CQ) IT € ri(X) such that
G;(h(z)) <0, ifi € N,
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where L ={i € {1,...,q} : G;oh is an affine function} and N = {1,...,¢}\L.
In what follows, we will need the following strong duality theorem (see [23,
Theorem 3.2]).

Theorem 3.4 (Strong duality for (P{')). If (CQ) is fulfilled and val(PY) is finite,
then the problem (DY) has an optimal solution and it holds

val( PY') = val(DY).

For A = (A1,..., ) € REN{0}, let I = {i € {1,...,p}, A\; > 0}. Now, we
derive a necessary and sufficient optimality conditions for the problem (P{') and
its dual (DY).

Theorem 3.5. (1) Let T € C and pn = (p1, ..., pp) € RY with p; = %, 1=
1,...p. Suppose that the constraint qualification (CQ) is satisfied at T. If T is a
weakly efficient solution of (P*), then there exist A € RE\{0}, 7 € RY, 5 € R},

t € R" and u;,v; € RT’l, i € I such that the following optimality conditions hold
(i) fi(h(@)) + f; (@) =ui h(T), Vi€ L,
(i) (—pigi)(h(@)) + (—pigi)* (W;) = v} h(z), Vi € I,
L _ T (= _ _ . _WT, -
(iii) TTG(h(Z)) + (TTG)* (8 = Xiep, M@ +1:)) = (5 = Xiep, MW +704)) h(T),

(iv) 3T h(Z) + FTh)* () =1 7,

(v) ox(~1)=-1'T,

(vi) FTG(h(z)) = 0.

(2) Let T € C, = (p1,---, pp) € RE with p; = %, i=1,...p. fT€Q
such that for some A € RE\{0}, T e RY, 5 ¢ RT‘I, t € R™ and u;,v; € RT‘I, i€
I, the conditions (i) — (m) are satisfied, then T is a weakly efficient solution of

(PH).

Proof. (1) Let T be a weakly solution of (P*). According to Lemma 3.3, there
exists A = (A1,...,Ap) € RE\{0} such that T is an optimal solution of the scalar
problem (P{'). Because the constraint qualification (CQ) is fulfilled, by the The-
orem 3.4, there exist 7 € RY, 5 € Rﬁﬁ*l, t € R" and w;,v; € ]Ri“, 1 € Iy, such
that

D oNEGR@) == Y Nl @) + (—pig)” (@)] - (7TG)” (5 = N +@))
i€l LISTON i€ln

— (5"h)*(t) — ox ().
(3.3)
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The last equality is equivalent to

0_{Z>\ ih(@) + 77 (@) — WAz >]}

i€l

{Z Ail(=piga) (M(T)) + (—pigs)* (Vi) — 'UiTh(l’)}}

i€ln
+ {rTg(h(x)) + (Fra)* (§ - Z (@i + m)) - (g — Z i (T, —&-vi))Th(m)}
i€y i€l
+ {ETh(T) + (5Th) () — %Tf} + {JXH) +sz} — 7T G(h(T).
(3.4)

It follows that from the Young-Fenchel inequality (2.1), the following relations
hold:

fi(h(®)) + £ (W) —u] h(T) >0, Vi € I;
(—pigi) (W(T)) + (—paga)* (0:) — 0] b(T) > 0, Vi € Iy;
TG(W@)) + FTG)* (s - Z (T + 75 ) - (5— Z i (T +@))Th(f) > 0;

ST N i€y

ox (D) +1 T >0.

(3.5)
Since 7 € RY and 7 € C, there is =77 G(h(z)) > 0. By the inequalities (3.5), it
follows that all the terms of the sum in (3.4) must be equal to zero. Then, the
equalities (i) — (vz) hold.
(2) Assume that T € Q such that for some A € RE\{0}, 7 € RY, 5 € R e R”
and u;,7; € R, i € I, the conditions (i) — (vi) are satisfied. Then, we have

- Z )\zfz*(uz Z )\ Mzgz ’L) (FTG)*(E - Z Az(ﬂz +@z))
i€l i€y i€y
— "R (E) —ox (1) = > _ MFi(h(
i€y
and, since val(P{') = inf(P{") and val(DY) = max (DY), we get

val(D¥) Z i fF () Z Ni(—pigi)* (@) — (FLG)* <§ — Z i (s —|—@-))

i€l i€l i€l
- (’Th)*(f) - Ux(—f)
= " NFi(h(T)) > val(Pf).
i€l

This proves the equality (3.3) results and shows that T is an optimal solution to
(P{"). Apply Lemma 3.3, 7 is a weakly efficient solution of (P*). O
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4. The multiobjective dual problem

For a given A = (A1,...,A,) € RE\{0} let be |A| :=>"F , A;. In this section, we
establish under constraint qualifications the weak and strong duality theorems of
the problem (P*) and its dual multiobjective optimization problem (D*) defined
by

(D" v —max H(r,s,u,v,t,\, a),
st (r,s,u,v,t,\,a) € B

where
Hiy(r,s,u,v,t,\, )
H(r,s,u,v,t, \, ) :=
H,(r,s,u,v,t,\, @)
with
* * 1 T *
Hi(r,s,u,v,t, N\, ) i= — f(u;) — (—pigi)* (v;) — o {(r G) (s - Z Ai(u; + vi))

i€l
+ (sTh)*(t) +aX(_t)] tag, Vie{l,...,ph
and the set of constraints
B := {(r,s,u,v,t,)\,a) creRi,se Riﬂ,t eER™ u=(ug,...,up),
v=(V1,...,0p), Ui, ; ERT‘l,i =1,...,p, A e RE\{0},
a=(a,...,0p) ERP,ZP:)\iai—O}.
i=1

Definition 4.1. An element (7,5,%,,t,\,@) € B is said to be a weakly efficient
solution of the problem (D*), if there exists no (r, s, u,v,t, A, a) € B such that

Hi(r,s,u,v,t,\,a) > H;(7,5,0,0,t, \,a) for alli = 1,...,p.

The following theorem states the weak duality assertion between the bilevel
multiobjective problem (P*) and its dual (D#).

Theorem 4.2 (Weak duality). There is no z € Q and no (r,s,u,v,t,\,a) € B
such that F;(h(x)) < H;(r,s,u,v,t, A\, ) for alli=1,...,p.

Proof. In order to prove the theorem, assume that there exist (r, s, u,v,t, A\, ) € B
and z € Q such that Fj(h(x)) < H;(r,s,u,v,t,\,;a) for all ¢ = 1,...,p. This
implies that

p

p
> NFi(h(z)) <> NHi(r,s,u,v,t, 0, 0), VA € RE\{0}. (4.1)
i=1 i=1
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On the other hand,

P
Z MNH;(r,s,u,0,t, N o) = Z MNH;(r, s,u,0,t, )\ @)
i=1 IST N
=" M| = ) — (i) ()
i€l
1 P
B )
+(sTh) () + UX(—t)) +ail,
and as [\ =2V A = 30,0 Aiand 30 Ny = Y07 Ny = 0, we obtain
Z)\Hrsuvt)\a Z/\f u;) Z)\ —1:g:)" (v;)
i€y i€y i€y
TGy (s 3 N+ vi))
i€l

= (s"h)"(t) — ox(~t).

From the Young-Fenchel inequality (2.1), the following relations hold

_ZAzfz*(uZ Z)‘fz

iEL\
Th(z) — t"a;

= (sTh)"(t) <

—ox(— t)gt

and adding them up, we have

Z)\H (r, s, u,v,t, A\, @)

i€l

i€l i€l
- Z Ai(_ﬂigz z Z >\
i€l i€l

Tayx (s - Z Ai(u; + UL)) <rT'G(h

Z)\uTh

i€y
—igi)(h(x)) = Y Al h(z
i€l
_ (5— Z/\ u; + v; ) h(z);

i€y

= > NS (W) = Y Ni(—pagi)* (v)
LISYON [ISYON
Tayr (s - Z Ai(u; + UZ))
=N
— (s Th)*(t) - ffx(—t)~
<Y NE(h(@) + TG (h(x)).

i€l
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Since rTG(h(x)) < 0, there follows the inequality

p P

S ONHi(ros,u,v,t, M a) < Y0 NE(h(x) =Y NF(h(2)). (4.3)

i=1 i€l i=1

Then, the inequality (4.3) contradicts the relation (4.1). Thus, the weak duality
between (P*) and (D*) holds. O

The following theorem provides the strong duality between the problem (P*)
and its dual (D*).

Theorem 4.3. (Strong duality) Let (CQ) be fulfilled and T € Q be a weakly
efficient solution to (P*). Then a weakly efficient solution (F,3,7,v,t, \,@) €
B to the dual problem (D") exists and for all i = 1,...,p applies F;(h(T)) =
H;(7,3,u,v,t,\,@).

Proof. Since T € 2 is a weakly efficient solution for (P*) and the constraint
qualification (CQ) is fulfilled at Z, from Theorem 3.5, there exist A = (A,...,\,) €
REN{0}, r € RY, s € RTT' ¢t € R™ and w;,v; € Riﬂ, 1 € I, such that the
optimality conditions (i) — (vi) are fulfilled. For i ¢ I. Since f;, (—p;g;) are
proper convex functions (because f;, (—p;g;) are finite convex functions), the
functions f}*, (—p;g;)* are proper and convex ( see [17]). According to Lemma 2.1,
there exist @;,v; € R such that f7(;) € R and (—u;g;)*(v;) € R. We consider
the following notations

— _ w;, 1 €1 v, 1 €1
A=\ Ti=r, 5:=s, t:=t, U =< _ A vii=14 A
Uq, Z¢I/\a Vi, Zglkv

and

ﬁ [(rTG)* (s — D i, Nilwi + v;)) + (sTh)*(t) + ox (—1)]
+(ui + ’Ui)Th(f), 1€ I)\,

A (TG (5 = Tiep, Milws + 00)) + (sTh)*(8) + ox ()] + fi(h(T))
+ 15 (w) + (—pi9:) (W(T)) + (—pags)* (i), @ & L.

It is clear that @; € R for all ¢ = 1,...,p. By using the conditions (i) — (vi)
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established in Theorem 3.5, we obtain

= i

wﬂw@—;Mw+m)(%uymﬂo
+;Mw+bh@

=(FTG;* (§ - Xi(mi+ m)) +77t-35"h@E) —7"t

icrx

+§;X@+QFM@

:ﬂ@@@»+wbr@—%;&w+mg
—(g—-E:XAni+v))Th@»

=0. -

Now, we show that F (h(* ) = H,(7,3,u,v,f,\,@) foralli=1,...,p. Foric I,
from Theorem 3.5, we have,

Hr 51088 = = 70— (g (0~ o [076)" (5 - 3 N +m)

ielx
H?W®+wPﬂ+@

= = 1700 = (=19 () = 157 [676)" (3= 2 A+ v0)

T\ * 1 T *
TR O +ox (0] + 076 (s - Z Xiui + vy) )
+ (sTR)*(0) + o (=) | + (i +v) T h(@)
= — fi (i) = (—pigi)*(v:) + (us +v:)"W(T)
=F;(h(T)).
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For i ¢ Iy, by definition of @, we have

Hr 5108 8) = = 70— (g ()~ o [076)" (5 - 3 A +7)
icly

H?W®+wPﬂ+@

= = 1700 = (-9 @) = 157 (676" (3= 2 A+ v0)

i€l

(TR (1) + ox (=6)] + £ (@) + fi(h(D) + (—puige)(72)

+ (g () + 157 (676" (3= 2 M+ v0)

i€l
+ (TR (t) + ox (—1)]
=fi(h(Z)) + (~pigs) (h(F)) = Fi(h(@)).

According to Theorem 4.2, it follows that (7,35,%,,%,\, @) is a weakly efficient
solution of (D*) and for all i = 1,...,p, we have

H;(7,35,u,0,t,\, @) = F;(M(T)).

Now, we give example illustrating Theorem 4.3.

5. An example

Consider the following bilevel multiobjective fractional problem

(A ba@)) e
F) v 1\ e v o) |- M€= (€ X, Gt <03,

where f;,0;: RxR — R, (i=1,2),G:RxR — Rand f: RxR — R are
defined as follows

filz,t) ==2x+t+3, g1(z,t) =2z —t+1,
fa(z,t) =2z +t+4, ga(x,t) := —2x —t + 2,
f(z,y) = -z +y*—1, G(z,t) :==2x +t.

Let X :=R,, A:=[0,1]. For any = € R, we have

v(x) = Z}Iellqu(x,y) = —z —1and h(z) = (z,v(z)) = (z,—x — 1).
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Hence, the functions f;, g;, i = 1,2 and G become

filz,v(z)) =z + 2, g1 (z,v(x)) = —x + 2,
fo(z,v(z)) =2+ 3, ga(z,v(x)) = —x + 3,
Gz,v(x)=2—-1

Then, the problem (P) rewrite as

2 3
(P) v —min rhs , T ,
zeC\—xr+2 —x+3

where C ={z € X, z—1<0} =[0,1].
The corresponding parametric problem (P*) will be

(P*) v —min F(h(z)) = (1 + p)z +2 = 2, (1 + p2)e +3 = 3uz),

where 1 = (p1, p2) € R3.
Clearly, f is convex, f;,—¢g;, ¢« = 1,2 and G are convex functions and IR%_—
increasing. Moreover, one can see that f;(z,v(z)) > 0 and g;(x,v(z)) > 0 for
allz e C,i=1,2.

To formulate the dual problem (D*), we need to determine the conjugate
functions as presented below

o -3, =2t =1,
fl(xvt):{ .

+o00, otherwise,

-4, z*=2 t*=1,
f2( ’ ):{ .

otherwise,

#17 I*:Z,u‘h t*:,u‘h

(z",t") =
(=#mg1)" otherwise,
( M292 (L‘ t — 2/127 Tt = 2/127 = M2,
otherwise,
(rG)*( =

¥ =51 — S9,

oo, otherwise,

0, x* <0,

+00, otherwise.

0, ¥ =2r t*=r,
otherwise,
)

Consequently, the dual problem (D*) takes on the following form

Hl(?", S,U,U,t, A’ Oé))

" — =
(D) v max H(r,s,u,v,t,\, ) (Hg(r,s,u,v,t,/\,a)

(r,s,u,v,t,\,a)EB
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where
Hi(T,S,U,’U,t, Ava) = fz*(u2> - (_;U'zgl)*(vl) |A‘ |: <3 - Z)\z u; + v; )

+ (sTh)*(t) + aX(—t)} Yai, (i=1,2).

Thus the two objective functions of the dual problem are greater than —oo if and

Only if uy = (27 1)7 Uz = (271)3 v = (2//‘17“1)7 Vg = (2/1'27/1'2)7 S — Z?:l )\i(ui +
v;) = (2r,7), t = 81 — 2 > 0. Then, the dual problem (D*) is written as follows

(D) v-— max <H1(7’,s,u,v,t,/\,a)> ’

(r,s,u,v,t,\,a)EB Hy (T, S, u,v,t, >‘a OL)
where

Hi(r,s,u,v,t,\,a) =3 — g —

+ aq,
/\1+)\2 !

S9
H t,ha)=4—2uy — ———
2(T353u5v7 ) 7a) 2 )\1_’_)\2 +
and
B := {(r,s,u,v,t,)\,a) >0, s=(s1,82) GRi, t=81—82>0, u=(ur,us),
v = (v1,v2),u1 = (2, 1)» =(2,1), v1 = (2p1, 1), v2 = (22, p2),

S—Z)\ u; +v5) = (2r,7), a = (a1, az) € R,

2
A=A, M) € RIV{0}, ) Ny = 0}.
i=1
It is easy to check that the feasible point T = 0 is a weakly efficient solution to
the problem (P*) and that (C'Q) is fulfilled (since G(h(Z)) = G(0,—1) = -1 <0).
By the Theorem 4.3, there exists an efficient solution (7, %,7,3,, \,@) € B to the
dual problem (D*) such that

Fl(h(f)) = Hi(?agaﬁ7§,iaxaa)v Vi € {1,2}7

= (Nl»ﬂ?) _ (fl(m U( )) fg(.’L' ’U(.Q?))) — (171).

91(T,0(T))" 92(F, v(T))
An efficient solution for (D*) can be found through simple calculations as follows
T = 0, 5 = (51,32) (4 2) t= §1 — 89 = 2 u = (UI,EQ) = ((2,1),(2,1)), v =
(01,72) = ((2,1),(2,1)), A= (A1, X2) = (1,1) and @ = (0,0).
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