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Approximate solutions to hyperbolic partial differential
equation with fractional differential and fractional integral
forcing functions

Nishi Gupta® and Md. Maqgbul

Abstract. This manuscript deals with a hyperbolic partial differential equation with fractional
differential and fractional integral forcing functions. Semidiscretization method is used to estab-
lish a unique strong solution and also approximate solutions. Error estimates and continuous
dependence of the strong solution on the given conditions have also been discussed. At the end,

we illustrated the results with an example.

1. Introduction

The fractional calculus is a versatile method to demonstrate different types of
physical developments in science and engineering. Many real-world problems such
as earthquake design, allometry in biology, control processing, diffusion processes,
etc., can be modelled as fractional differential equations.

In this manuscript, we study the existence of a unique strong solution and
also approximate solutions to the following hyperbolic partial differential equation
with fractional differential and fractional integral forcing functions

Pu  J*u ou ., .3
w—@—fe,ma,thIt 'LL), tG(O,T], .’L'E(O,].), (11)
for a given initial and integral conditions as
Oou
u(0,2) = Up(x) and E(O,x) =Ui(z) on (0,1), (1.2)
1 1
/ u(t, z)dx :/ zu(t,z)dr =0, tel0,T], (1.3)
0 0

by usings Rothe’s method, where "> 0, 0 < a < i, B8 > 1, and Di'u is the Caputo
fractional o' order derivative of u with respect to t, If u is the Riemann-Liouville
fractional integral of u with respect to ¢ of order 3, and f, Uy and U; are some
appropriate given functions.
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Equations of the kind (1.1) have been used in various physical situation, such
as, in the theory of transmission lines and wave-guides, fractional-order hyperbolic
telegraph equations, and time-fractional diffusion-wave equations, for instance, we
refer [15, 17, 24, 35, 40, 41, 45] and references listed therein.

Khan et al. [24] established analytical solutions to fractional-order hyper-
bolic telegraph equations by using natural transformation based decomposition
technique. Mollahasani et al. [35] provided an approach based on hybrid func-
tions of Legendre polynomials and Block-Pulse-Functions to solve fractional order
telegraph equation. Shah et al. [40] established analytical solutions of diffusion
equations of fractional order using natural transform technique.

Many authors opted several numerical methodology for solving fractional order
differential equations. Zhou and Xu [45] studied numerical solutions of diffusion-
wave equations of fractional order using Chebyshev wavelets collocation method.
Zhao et al. [43] considered integro-differential equations of fractional order with
weakly singular kernels and established numerical results by using piecewise poly-
nomial collocation methods. Hu et al. [22] constructed an algorithm for solving the
parabolic equation of Caputo-type with fractional Laplacian in one dimensional
space by applying finite difference method. Mockary et al. [34] solved fractional
partial differential equations numerically by using operational matrices of Cheby-
shev polynomials. Li and Chen [27] discussed many types of numerical methods
like finite difference methods, Galerkin finite element methods and spectral meth-
ods for solving partial differential equations of fractional order.

The Rothe’s semidiscretization technique is a very powerful tool which allows
to establish the existence of a unique solution and also helps in constructing algo-
rithms for approximate solutions. Rothe’s method has always been an interesting
topic among researchers to solve functional and fractional differential equations,
see [1, 2, 3, 4, 5, 6, 7, 8 9, 10, 11, 12, 14, 16, 17, 18, 19, 20, 21, 23, 25, 26,
28, 29, 30, 31, 32, 33, 36, 37, 38, 42]. Bahuguna and Jaiswal [1] considered an
integro-differential equation of fractional order in a Banach space and established
the existence and uniqueness of a strong solution by applying Rothe’s time dis-
cretization method. Chaoui and Hallaci [13] considered a diffusion equation of
fractional order with a second-order differential Volterra operator and fractional
integral condition, and obtained existence of a unique weak solution and some reg-
ularity results by using Rothe’s method. Bahuguna and Jaiswal [2] considered a
fractional differential equation of Riemann—Liouville type in a Banach space whose
dual space is uniformly convex, and proved existence of a unique strong solution
by considering the method of semi-discretization in time.

In this manuscript, we use Rothe’s time-discretization technique to study ap-
proximate solutions and the existence of a unique strong solution of (1.1)—(1.3).
We shall also discuss some error estimates and continuous dependence of the strong
solution on the given conditions. This article has been organized in five sections
(2-6). In Section 2, we provide few notations and presumptions. Section 3 presents
discretization technique and some estimates. Section 4 presents convergent results
and error estimates. Section 5 has been given full consideration in establishing the
main results. An example to support the results is discussed in Section 6.
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2. Preliminaries and assumptions

Let T > 0, and let I7 be the interval [0, 7). Let L?(0,1) be the real Hilbert of all
real square integrable functions defined on (0, 1) and let Cy(0, 1) be the space all
continuous functions defined on (0,1) with compact support in (0,1). Let Sg be
the completion of Cy(0,1) with the inner product defined by

(w1, us) 5 = / € (2)Eus (2)de, (21)

where {v(z) = [ v(z)dz for x € (0,1). If w € L*(0,1), then

1
lwllf < 5 flwl*. (2.2)
2

Also, consider the Hilbert space W introduced in [32] and defined by

1 1
W:{ﬁELQ(O,l): /ﬁ(w)dw:/ wﬁ(w)dsz}.
0 0
Deﬁneu:IT—>SB aIldf:ITXSBXSBXSBXSB—)SB by

u(t)(x) = u(t, ),
f(ta ¢1(t)a ¢2(t)a ¢3(t)7 (;54@))(%) = f(tv ¢1(t7 iL’), ¢2(ta x)v ¢3(t7 x)v ¢4(tv 1'))1

respectively. Consider the presumptions given below:

(H1) f:Ip x Sp x Sp x S x Sp — Sp holds the condition that 3 Iy > 0 such
that

||f(t1,U17V17¢17¢1) - f(t27v27 1/27¢27,(/)2)||B
<ly([tr = tao| + [Jvr —vallB + [[v1 = v2llB + |61 — ¢2llB + [[¢1 — Y2lB)

for all t1,ty € I, for all vy, vy, ¢1,91,v2, V2, d2, 92 € Sp.
(H2) Uy, Uy € W, and Uj is a twice differentiable function.
(H3) 0 << ;and 1< f.

Definition 2.1 ([44]). Let o > 0. Then, the Caputo fractional derivative of func-
tion g(t) of order « is defined by

L t g(ﬁ)(w) dw Y—1<a<d¥eN
(D)t = { T o o s

7(t)7 a=19eN.
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Definition 2.2 ([44]). Let 8 > 0. Then, the Riemann-Liouville fractional integral
of function h(t) of order § is defined by

(I°R)(t) = ﬁ /0 h(w)(t — w)P~du. (2.4)

Definition 2.3. A function w: Iz — Sp defined by u(t)(x) = u(t, x) is called a
strong solution of (1.1)—(1.3) on Iy if u is continuous on Iy, u and v’ are differ-
entiable a.e. on (0,7], u(0) = Uy, ditl =Up att =0, u(t) € W for all t € I,
and

82 82 du
agagg—f(t,u() e D}, Iﬁ ) a.e tely. (2.5)

3. Discretization method and priori estimates

Assume that (H1)—(H3) hold in the rest of this manuscript. Divide Ir into n
subintervals [t ;,¢7] with h, = L for every n € N, where tJ = 0, t% = jhn, for
j=1,2,...,n. Let u} = Up(z) and u™; = Up(x) — h,,U1(z) for all n € N. Defining
{u?} successively as the unique solution of the equation

2 ay,n n
o raxzzmm 5 1)
/ uidr = zuidr =0, (3.2)
where
n n n uj —uj_y n wy —2ul | +ul_,
uj :u(th)’ 5Uj =4 = 52%‘ — J J > i=2
o n
0%u"™ = (t?)l_a u?—l _U?—Q _ (t?)l_a Su”_ Cﬁun (tn) u
Sy R P Ry A A () N

The existence of a unique solution u? of (3.1)—(3.2) is a consequence of [7,

J
Lemma 3.1].

Lemma 3.1. Forne N, n>2 j=2,...,n

(i) |(t7) > =1 < (1 — a)hy, ™« for all t € [t]_,, 7],
(ii) [(t7)? —t°| < Bhn TP for all t € [t7,,17],

I /\

(iii) 167w = 0%, || < rgty (T hall 0Pyl + (1 = )L 0u_y 1),

(i) [I¢Pu} — ¢Pult_y B

\ /\

risy (TP hallowiy Il + Bha TPty 1),
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Moreover, if n € N, then |(#7)1=% — 1= < b1~ and |(t})? — | < Bh, TP~ for
all t € [th,t7].

Proof. By the mean value theorem, there exists ¢ € (t, t?) such that

()17 = 1170 = (L= (£} = )(e}) ™

Therefore,
() =7 < (1 = a)hn(c]) ™
< (1= a)ha(t2y)™
= (1= a)hn(j—1)"%h,"
< (1—a)h, ™

Similarly, for ¢ € [t]_;,t}], we have

n\pj3 B n\B8—1 B—1
[(7)7 — 7| < Bha(t]) < Bh, TP
Consider,
[0%u} — 6%uf 4B
1

= m”(t?)k%u?q — (t]_ ) 0ul s

1 n 11—« n n
< m(( i-1) ||5uj71 - 5“;‘72”13
() = () 6w 1)

1 —Q n — n
(T hall6e_s 15 + (1 = )k 0wy |15).

[
“I'2-a)
Now, consider

167w — ¢Puf_y |1

1
= mll(t?)ﬁu}ll —( 5'11)6“?72”3
e ()P — s 1650 — ()Pl )
— F(l +/8) J J J J J J
1 n —1 n
< tg gy (T 0wl + BT a1

If n € N and ¢ € [tf, 7], then
|(t§z)1—a _ tl—al — (t?)l—a _ tl—a < (t?)l—a _ hl—a

n

and by the mean value theorem, there exists ¢} € (¢,¢]) such that

|(t7)7 =17 = (¢ = )B(c!)’ ™ < Bha T
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Lemma 3.2. Letn,meN,let1 <j<nandl1<][<m.
IF [t 71O [ty 1] # 0, then

(i) 1)1 = (1) =] < Ao + b,

(ii) [(t7)° = (t7)P] < B(hn + hm)TP1.

Proof. Let t € [t]_q,t}]N[t",,4]"]. Suppose j > 2 and [ > 2, then, by Lemma 3.1,

G e () i B () R Al o S (0 R
< (L= a)(hy ™+ hy )
<R+ hp (3.3)
and
(#5)7 = ()P < ()7 = 7]+ [¢7 = (t7")°] < Blhn + h )T (3.4)
If j=1and ! > 2, then, by Lemma 3.1,
() = @) T =) T = (@)
<) = 7 e e

< By~ (1= a)hy,
<h, *+h (3.5)

and
()7 = () = [(#1)7 = (6"
<) =)+ [t = ()°|
< B(hn + hy)TP1. (3.6)

Similarly, if 5 > 2 and [ = 1, then, by Lemma 3.1,
() ()0 = () — () o < v hl ()

and
(#1)7 — ()P = ()7 = (t7)°] < Blhn + hin )T (3.8)

If j=1and [ =1, then,

()12 = ()12 = () = () 0] < ()0 4+ ()12 = hb e

(3.9)
and
(t7)° = (") = [(¢1)° = (¢7)"
<) =) + [t = (¢7)”|
< By + ) TPL (3.10)
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Therefore, by (3.3), (3.5), (3.7) and (3.9),

()1 = ()] < L e
and by (3.4), (3.6), (3.8) and (3.10),

|(#1)7 = ()] < B(hn + hyn) T
forall j=1,2,...,nand [ =1,2,...,m. O
Lemma 3.3. ForneN, j=1,2,...,n,

[6uillB + [lufll < C, (3.11)

where C' is a positive constant, independent of both n and j.

Proof. Notice that ||ug| = ||[Uo|| and ||0ug|| = ||U1]| for all n € N. If v € W, then

a2u7} 1
< 3:52] ,U>B = _/0 ujvdr = —(uj,v), (3.12)

therefore, by (3.1),
<52u§‘,v)3 + <U§L,U> = <f( 7o ? 176u] 176a naCB ) >B. (313)
Put v = duf in (3.13), then

(82l ul) g + (ul!, 6ult) = <f(t;z ury, sul oy, 5%u, P ) 5u;>B
Therefore,
(00 =8y, ) o+ () = ho (£ (8,0 0y, 07, P ) g )

Since
2(w1, @1 — w2) = [l@]® — w2 + w1 — @, (3.14)
therefore,

160 115 + |1

< g 13+ e 12+ 2| £ (17w, 6y 5% P )

Rz

Thus,
163 (1 + [l |1

< 2hn Z(Hf( ul Sl |, 8% f,gﬁuy)

< h ZHf(w Wiy, oy, 0%u, Pt

| I6ulls) + [T + U3

9 J
|+ ko DT 6w B+ 1Tl + [T 15
i=1

(3.15)
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Since
2
I )

2
< 2| (1t upr By 07, P ) = £(0,0,0,0,0)[ -+ 201£(0,0,0,0,0)[3
GO (&) >
m||5uj—1||3 + m”u] 1||B]

<2 [|tg| + w5 + [[6ul_y |5 +

+2[|£(0,0,0,0,0)|%

<1607 [T + |luf_y || + 16w 1% +

T2-a)2z ' T0+8)?

T2 5ul_ 1% Twnu;un%]

+2[|£(0,0,0,0,0)|3,
therefore, by (3.15),

605113 + [l ]2

Iﬂﬂ
23 2 2
< 160517 + (16lfT(1 + 7(F(1 5))2) + 1)HUo||

22«

T
+ (1657 (1+ g —ag) + )10l +271£0,0,0,0.0[,

<.

2—2a 28
+ 1 (16 (2+ oy * F ) )Zléu?lléﬂlu?II%)

(T(1+8))? P
Thus,
J
[uf |7 + 16uf 1B < ax + bihn > (w1 + [loup(|3), (3.16)
=1
where
273 2T L 2
=1 1 I+ —— ) +1
a = 1657 + (1657 (1+ ) + 1) 1ol
7072a
2 s 2 2
H6BT (14 iy —ag) + VIO +27150,0,0,0,0) [,
2—2a j@ﬂ
by = 1612 (2 + + +1.
= 1003 T2 —a))? (F(1+/3))2>
By Gronwall’s inequality,
bi(j — Dhn
n2 sul2 < ai 1
[uf]l” + l6uf Iz < T oh, P\ T o,
aq bﬁT

< . 3.17
_1—b1hneXp<1—b1hn> (3:17)

Therefore, |[u?|| + [[0u} || is uniformly bounded for alln € Nand 1 <j<n. O
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Lemma 3.4. Forne N, j=1,2,...n,

162} | 5 + [|6uf || < C, (3.18)
where C' is a positive constant, independent of both n and j.
Proof. Put v = §*u} in (3.13), then

<5 — 5% ul_ 1,6 u")B—i—(u- ul_ 1,52u;-l>

<f(t?7 ;l 175’&] 1, 0%u n7<B n) (3.19)
(1w oy g P ) 6%

y (3.14),

0% 13 + w12 < 1oa_a 3 + 0w |12+ 2| £ (17 s 60— 5% P
— () 00 Py )| 6% 6]

Therefore, for j =2,3,...,n

6% 1% + o |2

J
<18 + o +2 3 [ (e i, oy, 62, P
ff(t?_l,u?_z,au?_m wly, Py )| 6% s]-
By using Cauchy inequality for € = h,,, we get
6% 1% + w12

J 2
< 1623 + 10wt + b Y 02|
=2

1 J
+E Z |:Hf<t?7u?71’ 5“?717 50‘114?; Cﬁu;n)

=2

2
(B g w0y, Py )] (3.20)
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By (H1) and Lemma 3.1, we obtain

2
Hf(tj,uj Loul 6o, P ”)—f(tj LU Sul_y, Ul Pl )HB
< 8132 + RIS 1% + B2 0% G + 67 — 8wy, I

IR — Py 3]

062T2672 TQ,QOZ
<163 [n2 + W gy (1+ m) 6% 1
% 728 1 .,
+hi ’ (1 T (T(1+ B))2 + T(2- a))z)Héujle%] (3.21)

Put j =1 and v = 6%u} in (3.13), then
(0%, %t + (ul, 0%up) = (F (87, up, ug, 6ut, Pu), %) . (3.22)
Therefore,

[8%uF B + (6uy, duy — Un)

_ <f(t§zug,5ug, goun, (5u¥>,§2u7f>B + <d2;]0752u1>B. (3.23)

Thus,

16%ur || B + [ dua ||
23 2— 20

s1&ﬂT?+@+(ﬁ§f@pNWM%+(r+ﬁ%;57ﬁNWNﬂ
il

012 + 211£(0,0,0,0,0)[3 + | (3.24)
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By (3.21), (3.24) and (3.20), for j =1,2,...,n,

672 13 + 16wy 2

1 052T2B 2 T2—2a
16 Z[mw e a1l

IN

+h2‘2“<1+ L )Hé" II2]+h zj:Hé? oy
" T+ a2 =) Imle] + i 2 107

#1612+ (14 () 100l + (1 (g 0313

@,

T +201£(0,0,0,0,0)[3 + | 22|

2 T2ﬁ 1 12« ! n 2
<163 (1+ Tasapt (F(Q_a))Q)hn ;Il&ti_lll]g

%2 1-2a ! 2 2 Cp2T2h-1
+(1+ To—ar a))Q)hn ; R R e B))Q}

+1613 [TQ + (1 + ((1T_iﬁg))2) U1 + (1 + (F(T;_M))Q) ||U1||23}

a n d? Uy
SRS I 4 I 4 21500,0,0,0,0 W+ 52
1=2
Therefore,
J
15w |2 + 1627 % < a+ b2 S (|6uf | + [6%u} %),
=1
where
CIBQTQ,(E—I T2,6’
= U 12P+162| T +T2+ == (14 —— Uy
«= W #1605 [T+ T+ g + (14 ) 100l
7220 d?Uj |12
+(1+7(F(2_ 7 )||U1||B] +2/1£(0,0,0,0,0)||2 + H il HB
T2,@ 1 T2—2a
b=1+1612(1 )
+165(1+ gt T T T aR)

By Gronwall’s inequality,

n2 2, m|2 a b = Dhy, 2
[0uf||” + [|6%u][|” < T pal2e XP (W>
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Since

b(j — 1)h}L~ 2“)

a anaT1—2a
1— phl20 P ( 1 phl2 )

a
=1 _ppiooe €xp (nl—Za Tl 2a

- a pTi—2
=1 _ppiza P (n1—4a _ le—Zan—Za)

and 0 < a < }, therefore, [|6u}||* + [|6*u}|| is uniformly bounded for all n € N
and 1 <j<n. O
4. Convergence and error estimates

Define Y,, (), Z(t), ®,,(t), ¥, (), D(t) and Z7(t) by

_Joug if t=0,
¥a(t) —{ Wy (-t )6 i te (17, t7), (4.1)
_f duy if t=0,
Zn(t) = { ouf 4 (t =t )0%ul if e (17,17, (4.2)
ugy if t=0,
{ b i te (0, ], (4:3)
_f bug if t=0,
—{ sur i te (7,1, (44)
1f t=0,
—{ i te (1], (4.5)
and
0 i t=0,
—{ ur i te (1) (4.6)
For t € (t7_y,t}], 1 < j <n, define F,(t) by
Fult) = £ (6 g 6wy, 6%, Pt ). (4.7)
o d- .
Denote the left derivative by o then (3.1) can be written as
d-Z 0?®,
=(t) = S5 (t) = Fu(t), te€(0,T]. (4.8)

dt
For t € (0,T], we have

tachn = — t s)ds
,/O o (s)ds = Uy Zn(t)+/0 Fo(s)ds. (4.9)

0x2




Hyperbolic partial differential equation with fractional differential 213

Lemma 4.1. There exists u € C(Ir; L*(0,1)) with the properties

du d?u o
EEL (IT,SB)ﬁC(IT,SB)7 EGL (IT,SB)
such that
Y, (t) = u(t) in C(Ir; L*(0,1))
and

Zn(t) — %(i) in C(IT; SB).

u
Furthermore, u(t) and —(t) are Lipschitz continuous functions on Ir.

dt
Proof. By (4.8) and (3.12), we get
(2 o (1) = (1)) |+ (B (t) — Bon(0), T(t) — (1)
= (Fu(t) = Fu(t), Y (t) = U (1)) - (4.10)
Consider,
dz, dZ,,
<W - qujn(t) - \Ilm(t)>B
- <% (zn<t> = Z0a() s ¥alt) = Za(t) + Zn(t) = ¥un(t)) (4.11)
b5 1Z0(t) ~ Zn(D)
and
<(I>n(t) - ‘I)m(t)a \I/n(t) - \I/m(t»
= (2 (Valt) = Yul), @ut) = Yal) + V) = () (419)
1d
+ 5 ZIYa(®) = Yo 0P,
By (4.10), (4.11) and (4.12),
S Z00) ~ Zn (O + 5 IYalt) = VDI
= (2 (2.0 - ()) Zalt) = Walt) + V(1) ~ Zn())
S (Yalt) = Ynl)), Yalt) = @u0) + @(t) — Yorl1))
+(Fut) = Fnl0), W (t) = Wa(1)) . (4.13)

For t € (t]_y,t}] and t € (¢]21,t7'],1 < j <n,1 <1< m, consider

[uf 1 — w18 < Clhn + han) + Yo () = Y ()], (4.14)
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1001 = duis [l < C(hn + hin) + 1 Z0(t) = Zin(1)l| 5, (4.15)
6wy — 8uplls = | oujy — po—oui

r2—a) 7' T(@2-a)

1 n —x n m
T3 —a L) 10 — s

) = ) 0w .

Therefore, by (4.15) and Lemma 3.2,

<

1975 = 84 < s [OT' (b o) + T21Z0(0) = Zus ()]
+O(R + h}n—“)] (4.16)
And,
. )

B n_ B m|| =
6Py = ¢Fuill = Hr1+ﬂ)“j LT

< ﬁ [ [ PR G L (O L [T P
Therefore, by (4.14) and Lemma 3.2,
Byn _ Bym 1 8 5 _
167 = P < g7 [OT (o om) + TP ¥a(t) = Y ()] o
+ CBhn + hm)Tﬁ—l].
And also,
[Un(t) = U ()]s < [¥nlt) = Zu(@)llB + 1 Zn(t) — Zn(t)| B
+1Zm(t) = U ()| B (4.18)
< QC(hn =+ hm) + ”Zn(t) - Zm(t)”Bv
<% (Zn(t) - Zm(t)),Zn(t) — W () + U (t) — Zm(t)>B
< (| %= HdZ’” N (1206) 0Ol + 1Z0(0) — 2 (0)]15)
< AC%(hy + him (4.19)

<£ (Yn(t) - Ym(t)) LYo (8) — @4,(8) + @ (t) — Ym(t)>

dt
(H HdYMH)(n W(6) = Ou(0)]| + [Yam(t) = @ (1))
< A4C% (hyy 4 ). (4.20)

IN
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By (4.14), (4.15), (4.16) and (4.17), we get

[Fn(t) — Fr (1) || 5
(67 w5 0y 07w, P ) = f (87w w07 P )|
Uj U B

< p[ltg = 87+ gy — i + 6wy

¢ty - P ]

cT'-@ cT? CBRTA1
S Ut h) (14204 1o 4w T T R)
11—« 11—« 3
+W +(1+ ﬁ) 1Yo (t) — Yo (8)]]

11—«

(14 5=y ) 120 = Zu 1))

Therefore, by (4.18),

[Fn(t) = Fin (D)6 ¥n(t) — n ()5
CT'—« cT? CpTh—1 )

<l [2C(hn + hun) (A + han + 1)(1 +20+ T2—a) [ TA+8) TU+5)

T T
T2—a)  T( +5))

(B + B ) o+ o +1)]

e 8
415 (5+ t—a * m ) (10 ~ Yl
1 Za(t) = Zum(®)]%). (4.21)
By (4.13), (4.19), (4.20) and (4.21),
L 1Y) = Y P + 1200) ~ Zon(0) 1)

< Koo+ K (Y0 (8) = Y D2 4 1Z0(0) = Zua(D]3 )

F4C? (hny + ) (2 +

207

T —a)

where
Ko = 207 [2C(hn + o) (i + o + 1) (142C + rf2T 1—oc> ! F(ﬁﬁ@
p-1 e i
+§(€T+B)> +4C%(hn + hm)(2 + p(z; o) " F(1T+ /3))
B )+ )] 41602+ ),
11— B
K= lf(3+ FQ(Z— a) + F(f+ﬁ))
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Therefore,

1Y () = YOI + 120 (t) = Zi ()]

t
< TR + K / (I Z0(t) = Zu®)I% + [Va(t) — You (1) 2}t
By Gronwall’s inequality,
1V () = Yo (D)2 + | Z0n(t) = Zin ()| < TK et < TK T (4.22)

for all t € Iy. Thus, there exist u,v € C(Ir;L?(0,1)) such that Y,, — u in

C(I7; L*(0,1)) and Z, — v in C(Ir;Sp) as n — oo. Since ||V, (t1) — Yy (t2)|| <
d

Clty — to] and || Zn(t1) — Zn(t2)|lz < Clt1 — tal, u(t) and d—zz(t) are Lipschitz

continuous functions on I7. Thus, %7; € L>(Ir; Sp) and %’ € L>®(Ir; Sp). Since
|1Zn(t) = O, ()]l < Chy, ¥, (t) = v(t) in C(I7; Sp) as n — co. For w € Sp,

o;@%u»B‘At<{;%s%u>Bds+<uau»B

:/0 (U,(8),w)pds + (Up, w) p.

Therefore,
t
(ult)w)s = [ (0(s).w)nds + Vo, w)
0
du d?u
Hence, a(t) =(t) a.e. on I, and 2 € L (Ir; Sg). O

Now, we provide some results for the limit function w.
Lemma 4.2. %(t) — D%u in C(Ir;Sg), and IP(t) — I'u in C(Ir; L2(0,1)).

Proof. For j =1,2,...,n,n €N, let t € (t]_,t}]. Then,

[uf_1 = uw@) < [lufy = Ya @ + [[Yn(t) = u(@®)]]

(4.23)
< Cha + [[Ya(t) — u(t)]],

20~ G,

Znt) = %HB’

n du "
Jous = G < 191 = 2@l + |

(4.24)
gcm+]
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195 (t) = Diful| s

1 g sum t du
~ vl [ e [ ]
FA—a)llJy (&7 —s)* o (t—s)o B
boou? t du
<l [ e | e
FA-a)ll /o (t] —s)* o (t=9)> liB
1 o (5u?_1
s
JrF(l—a)H/t (tr —s)= S| 5
1 t 1 1
< - n
- a) /o <(lf’-I — 5)@ (t — s)”‘)Héui—l”Bds
/ [[ou_ ||B
ds
I'(l—a) t— s)
[[6uy_ 1||B
+ / - ds. (4.25)
F(l — Oé) (t] — 5)

By Lemmas 3.1 and 3.4, and by (4.24), we get

1975 (8) = Diulls

Chl*(x Tlia du
T T(1-a) " I'2-a) (C " ses[l(lJI,)T] (s) ds B)
Chl=@
+m~ (4.26)

Therefore, by Lemma 4.1, ©%(¢t) — Dfu in C(I1;Sp).
Now, consider

I 5() Il

ool | o | i

T H/ i)l Bds_/ot : ug |
ol w

i, ((tg R T L

I Ol A ([
+F(3) o (t—s)t=F d”r(g)/t (t?_s)l—ﬁds' (4.27)

IN
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By Lemmas 3.1 and 3.3, and by (4.23), we get
IZ5 (8) = 17|
Ch,TP~! n 8 (
G Ir'(1+5)

Chy+ sup_[[Yu(s) = u(s)]])

s€[0,T]
ChP
——n 4.28
M) (4.28)
Therefore, by Lemma 4.1, Z2(t) — I in C(Ir; L2(0,1)). O

d
Lemma 4.3. The errors |Yo(t) — u(t)|, || Z(t) — di:HB, o — u(en)]
|D2(t) — Dgul| g and ||Z8(t) — I’BuH satisfy the following estimates:

(1) ||Yn(t) — u(t) H for allt € It and n € N, and for
some M; > 0,

(i4) |lu? — u(t})]| < M2 forallj =1,2,...,n, n € N and for some My > 0.
Moreover, [lu} — u( )| < M2 2 fordlte ( Tt

(iii) | D2 (t) — Dful|p < 2 for allt € It and n € N, and for some Mg > 0,
(iv) |ZP(t) — IPu| < Ma s Jorallt € It and n € N, and for some My > 0.

Proof. Apply limit m — oo in (4.22), then

I¥a(6) = (e ) <M (1.29)

for all n € N and ¢ € Iy, and for some M; > 0. Hence, ||Y,,(¢) — u(t)|| < % for all
te Ir and n € N.

For j =1,2,...,n,n € N, if t € (¢t7_,t?], then, by (4.23) and (4.29),

J=17y
cT M1 CT + M,
T —u(t — =< ——. 4.30
”ujfl ’LL( )H = + \/* = \/ﬁ ( )
Therefore, by Lemma 3.4,

[uf —u@)]] < lluf —wfi] +[lufy —u(@)]
< Chy + [luf_y —u(®)]|

2CT + M,

oV

Thus, [[u} —u(t)| < % for all ¢ € [t" {,t7], 7 = 1,2,...,n, n € N, where

<

J—1%]
My = 20T + M. In particular, [[u} —u(t})] < 2.
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Let ¢t € Ir. Then, by (4.26) and (4.29),

. . Chi—e Tl M\  Chl—
(|D5(t) — DUHB_F( )+F(2—a)(0hn+ﬁ)+m
< Ms
— \/ﬁ,
_ [My+O(T +2)]T'
where M3 = T2 —a) .
Now, by (4.28) and (4.29),
Ch,TP1 T8 M ChP
2(t) — IPu)| < =2 Chn, L) 4
120~ 120l < G+ i (O ) Y RE B
My
—_ \/ﬁ7
M+ C(T+ B+ 1)T?
where My = (E) L]

5. Main results

In this section, we will prove that the function u € C(I7; L?(0,1)) which is ob-
tained in Lemma 4.1 is a strong solution of (1.1)—(1.3) on I, and also discuss
continuous dependence of v upon Uy, U; and f.

Theorem 5.1. Suppose that (H1)-(H3) are satisfied.

5 T8 2T
i Tlf(§ TGy s  Te—a

solution on Ip.

Proof. For j =1,2,...,n,n € N, let t € (t]_,,1]

) < 1, then (1.1)~(1.3) has a unique strong

1. Then,
Fo(t) — f(t u(t), Ccll Do, IPu )H
o CRRR R, ﬂw%ﬂ f@w>%wy 2,

<5 (Jt =71+ ey — w(®)lp + oy -

§%uj — Di'u

b
e =1t
<1y (a4 oy = Ya(®)ls + [1¥a(8) = u®lls + 0051 = Za(0)]

| ~ 1)
B B

d
—“H +H®a (t) — D&u

al,

+[|za ) - ‘%HB +|Jost) - Dy

<l [hn(l +20) + ||V () — u(t)

’

—Ifu (H (5.1)
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By Lemmas 4.1 and 4.2,

du
Fo(t) — f(t,u(t), . Dfu, Ifu)

as n — oo uniformly on Ip.
Apply limit as n — oo in (4.9), then

t 82U du t du
— -— = - — [ B
/O ooz (8)ds = Uy = — (1) +/0 f(s, u(s), ==, Dfu, I u) ds.

This implies that

Qu(t) 0%u du ., .3
se g = (bu®) gy Diw 1)

a.e. t € Ir. Therefore, u(t)(xz) = u(t,x) is a strong solution of (1.1)—(1.3). To
prove uniqueness, consider that uy,us are two strong solutions of (1.1)—(1.3). If
w = uy — ug, then for any v € W,

<(§TZJ,U>B + (w,v) = <f<t,u1(t), %,Df‘ul,_ftﬂul)

_f(t7u2(t)7 %a

i Dqu,IEU2),v>B. (5.3)

d
Put v = 97, then

sarl a2 o

< Hf(t,ul(t) Dto‘ul,lﬂug) - f(t,ug(t), @,

% Dm,m)u %1,

T8
o sup [t >||B} sup

duy
’dt)

<y [ sup llo(®)1 + sup
telr

telr ” T2-a) tEIT

dt HB

L1+ 8) terr telr
5 T8 T2 dw 1|2
<1,(2 12 —H . 5.4
= f(4+4r(1+3)*r(z-@)(fﬁ,ﬁ””()” T ») (54)
Therefore, for t € I,
2
i+ |51,
9710 duw |2
<172 2 H . 5.5
=Y (2 (1+ﬁ)+r(2—a))(f§§”“<)“ A ») (5:5)
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11—«
1 0T(3 + sy + foay ) < 1 then

sup
telr

de2 9
— ||+ sup ||jw(f)||” =
IR Ol

Therefore, sup ||w(t)|| =0 and sup H H
telr t€[0,T)

Thus w1 (t) = us(t) for all t € Ip. O
Now, we provide a result of continuous dependence of solution u upon Uy, Uy
and f.

Theorem 5.2. Consider that u and v are two strong solutions of (1.1)—(1.3)
corresponding to (Uy, Uy, f*) and (Vo, Vi, f**,) respectively. Assume that
(Uo, U, [*) and (Vo, Va, [**) satisfy (H1)-(H3), then the following inequality

Ju(e) — v + | S~ 2]
< (I~ Vol + s~ Va2 + /Hf ) = £77(5)Fpds)

holds for all t € I, where

Fott) = £ (ute), 5, D, ),

ok Kok d
) = f (t,v(t),E,D?v,Itﬂv).
Proof. Let w = u — v, then by (1.1), we have

(G ) () =

that is,

S5+ he@l?) < 20520 - 2 @ls |57 57)
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Therefore, for ¢t € I,

du dv)?
0 -0l +|Z - Fl
Jut) = o0 + | - )
<106 Voll + 103~ Vil +2 [ (1536 — ]| e~ 2] Yas
- 0 “ v ds dS B

t
< Us = Vil + U2 — Va3 +/0 172(5) — £2(5)| B ds

o[ 5 - Gl
o lds dsliB

t
< Vo — Vol + I1U: - Va3 +/O 172() — £2(s)| % ds

«f (1) = o) P+ |2~ 2 Vg,

By Gronwall’s inequality,

Ju(e) — o0l + || S — 2%

T
< (IlUo = Vol + l1tr = Va3 + / 1F2(s) = £ () s ) !
1 T
< (100 = VoIl + 510 = VilE + [ 1£0(s) = 1570 )

which gives the required result. O

6. Applications

Example 6.1. Consider the following hyperbolic partial fractional differential
equation with fractional integral forcing function

O%u  Ou . Osu 0%u 3

subject to the initial conditions

u(0,z) = 62 — 62 +1; and %(o,x) =102% — 1222 + 3z on (0,1), (6.2)
and the integral conditions
1 1
/ u(t, z)dx :/ zu(t,x)de =0, te€][0,T), (6.3)
0 0

where a, b, ¢ are nonzero real numbers and 7T is a positive real number and g :
[0,T] x B(0, 1) satisfies the condition that 3/, > 0 such that

lg(tr,ur) = g(ta, u2)llp < Ly(ftr = t2] + [lur = uz|B)
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for all t1,to € [0,T] and for all uy,us € B(0,1). Here, f(t,mw,y,z) = g(t,z) —
aw — by — cu, Up(x) = 62% — 62 + 1, and Uy (x) = 102> — 1222 + 3z. Clearly,

/Oon( )dx—/l(Gx — 6z + 1)dx =0,

/ 2Up(z)dr = | (62° — 6% + z)dr = 0, (6.4)
1
/ Uiz z/ 1023 — 1222 + 3zdx = 0,
/ 2Uy (z)dx / (10z* — 1223 + 322)zdx = 0. (6.5)
0 0

Let A = max{ly, |a|, |b], |c|}. Then,

‘ / (f(t1,ur,wr,y1,21) — f(ta, ua, wa, ya, 22)(s)ds
0 xT
S/‘U@h%ﬂhﬂha)—ﬂbﬂmwmmﬂﬁﬂﬁws
0

< [ gkt = tal + Ilfun — ual + lallw — wal + pllys ~ 32
0
Hglz1 — 22|)(s)ds
xr x T
)\[a?|t1—t2|+/ |u1—u2|(s)ds+/ |w1—w2|(s)d8+/ ly1 — yal
0 0 0

+/0Z 2 — 22\(s)ds].

Therefore,

(Aﬂmhmwmma>f@mwmm¢m@@f

<aX [l — o + /|u1—u2| ds /|w1—w2| ds)
([ = weleras) ([ |z1—z2\<s>ds)}

<80 221t — 12 + (& — wa)(@) + (&l — wal) )

el —9D@) + (&l - 2D@) | (6.6)
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Since
| £(t1, ur, wi, 91, 21) — f(ta, ug, wa, Yo, 22)||%

1
= / (fz(f(tl,uhwhyl,zl) - f(t27u27w27y2,Z2))(33))2d$
0

1 x 2
=/ (/ (f(tlaulywlaylazl)_f(t27u27w27y2a32))(3)d5) dz,
0 0
therefore, by (6.6),

| f(t1,un, wi,y1,21) — ft2, us, wa, Yo, 22) || %

<s2 (3=t + [ (el - wed@) dr+ [ (@l - ) @

# [ (el @) ar s [ (602 - 2bw) @]

<83 (Jtr — taf? + lur — wall + s — wsllf + llyn = wall + 121 — 23 )
Thus,

|f(t1, ur, w91, 21) — ft2, uz, wa, Y2, 22)|| B
<2X([t1 — to| + [[ur — u2llp + [[w1 —w2l[B + ly1 — v2llB
+ll21 = 22|l B)- (6.7)

5 2TVT 5T%
il ) <1,
3yr - 20(3)

Since (H1)-(H3) are satisfied, by Theorem 5.1, if 2>\T(§ +

then (6.1)—(6.3) has a unique solution.
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