
QUICK-AND-DIRTY INTRODUCTION TO THE CHOW GROUP

KIERAN G. O’GRADY

Contents

0. Preliminaries 1

1. The Chow group: definition and examples 1

2. Zero-cycles on smooth complex projective varieties and global holomorphic forms 5

3. The Bloch-Beilinson conjectures 9

References 11

0. Preliminaries

Schemes are of finite type over a field k. Unless we specify differently a point of a scheme X is a

closed point. A variety is an integral and separated scheme X (of finite type over k); we let k(X) be

the field of rational functions on X.

1. The Chow group: definition and examples

Let X be a scheme. The Chow group of X is similar to the (total) singular homology group of a

topological space1: we replace singular cycles by linear combinations of subvarieties ofX and boundaries

by sums of divisors of (non-zero) rational functions on sub varieties of X

A reference for the basics on Chow groups is [7].

1.1. The divisor class group. Let X be a normal variety. Let D be an integral codimension-one

subscheme of X (a prime divisor). The local ring OX,D is a DVR: let t ∈ OX,D be a generator of the

maximal ideal. There is a well-defined homomorphism

k(X)∗
ordD−→ Z

f 7→ n such that f = u · tn in with u a unit in OX,D.
(1.1)

(The operation on the left-hand side is multiplication of rational functions.) In words: ordD(f) is the

order of vanishing of f along D. Let 0 6= f ∈ k(X); we let

div(f) :=
∑
D∈X1

ordD(f)D (1.2)

where X1 denotes the set of prime divisors of X. Let Z1(X) be the free abelian group generated by the

prime divisors of X: an element of Z1(X) is given by a formal sum
∑
D∈X1 nDD. Since ordD(f) = 0 for

all but a finite set of prime divisors D (it suffices to check this for X an affine variety and 0 6= f ∈ k[X]:

it holds because the zero-set of f has a finite set of irreducible components) we get that div(f) is an

element of Z1(X): such an element is a principal divisor. Thus we have a homomorphism of groups

k(X)∗
ordD−→ Z1(X)

f 7→ div(f).
(1.3)

Since (1.3) is a homomorphism the set B1(X) of principal divisors is a subgroup of Z1(X). The

quotient Z1(X)/B1(X) is the divisor class group of X: we will denote it by CH1(X). If X is smooth

or more generally locally principal then CH1(X) is identified with the Picard group Pic(X) i.e. the

Date: December 15 2012.
1To get a satisfactory analogy one should consider Borel-Moore homology, see Ch. 19 of [7].
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set of isomorphism classes of invertible (i.e. locally-free of rank 1) sheaves on X. Suppose that X is a

smooth projective complex curve. We have the degree homomorphism

Z1(X)
deg−→ Z∑

P∈X nPP 7→
∑
P∈X nP

(1.4)

(notice that X1 = X because X is a complex curve). Since for f ∈ k(X)∗ we have deg(div(f)) = 0

the degree homomorphism descends to a homomorphism deg : CH1(X) → Z. The kernel CH1(X)hom

(identified with Pic0(X) ⊂ Pic(X), the subgroup of sheaves with vanishing first Chern class) is identified

with the Jacobian

J(X) := H0(Ω1
X)∨/H1(X;Z) (1.5)

(the inclusion H1(X;Z) ↪→ H0(Ω1
X)∨ is given by integration, the Jacobian is an abelian variety) via

the Abel-Jacobi map

CH1(X)hom
AJ−→ J(X)

[D] 7→ (ω 7→
∫
γ
ω)

(1.6)

where γ is a piecewise smooth 1-chain such that ∂γ = D (there exists such γ precisely because degD =

0). Abel’s Theorem asserts that (1.6) is well-defined i.e. that AJ(div(f)) = 0 and that AJ is injective,

Jacobi showed that it is surjective: thus (1.6) is a bijection. Summarizing: the group CH1
hom is

completely determined by the Hodge structure on H1(X) and CH1(X) is determined by H1(X) and

H2(X) (for a purist the degree map takes values in H2(X)).

1.2. Higher-codimension Chow groups. One may define div(f) for 0 6= f ∈ k(W ) for an arbitrary

variety W either by going to its normalization or directly, see 1.2 of [7]. Let X be a scheme (of finite

type over k). We let Zr(X) be the free abelian group generated by codimension-r subvarieties of X

and Br(X) ⊂ Zr(X) be the subgroup generated by div(f) where W ⊂ X is an arbitrary codimension-

(r − 1)subvariety and 0 6= f ∈ k(W ). One sets

CHr(X) := Zr(X)/Br(X). (1.7)

A codimension-r cycle Z is rationally equivalent to 0 if it belongs to Br(X). Given A,B ∈ Zr(X) we

write A ≡ B if (A− B) is rationally equivalent to 0. Sometimes it is convenient to index CHr(X) by

the dimension of cycles: we set

CHs(X) := CHdimX−s(X). (1.8)

(We also let Zs(X) := ZdimX−s(X) and Bs(X) := ZdimX−s(X).)

Example 1.1. (1) Let X be a scheme and Xred be the associated reduced scheme (if X is affine,

say X = SpecR then Xred = Spec(R/
√

(0)). There is a natural identification CHr(X) ∼=
CHr(Xred) for every r.

(2) Let X be a variety of dimension n. Then CHr(X) = 0 for r > n and CH0(X) is freely generated

by X (viewed as an element of Z0(X)).

(3) CHr(Ank ) vanishes for all r with the exception of r = 0, in order to prove it one needs to use

some of the general results listed below, see Prop. 1.9 of [7].

(4) Let Lr ⊂ Pnk be a linear subspace of codimension r. Then CHr(Pnk ) is freely generated by Lr,

see Expl. 1.9.3 of [7].

The examples of Chow groups given above are deceptively simple, CHr(X) for 2 ≤ r ≤ dimX is

generally “huge” and mysterious: one of our aims will be to convince the reader of this point. Below

we will review some of the basic properties of the Chow group.

1.2.1. Cycle associated to a subscheme. Let W ⊂ X be a closed subscheme of a variety. Let W1, . . . ,Wa

be the irreducible components of W . For i = 1, . . . , a the local ring OW,Wi
has finite length as OW,Wi

-

module (i.e. it is an Artinian local ring): we let mi := `OW,Wi
(OW,Wi

) and we set

[W ] :=

a∑
i=1

miWi ∈ CH∗(X). (1.9)

This is the cycle associated to the subscheme W .
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1.2.2. Proper push-forward. Let f : X → Y be a proper morphism of varieties. Then we may define a

homorphism f∗ : Zr(X)→ Zr(Y ) as follows. Let W ⊂ X be an r-dimensional subvariety (in particular

W is closed). Then f(W ) is closed because f is proper, and it is irreducible because W is irreducible:

thus k(f(W )) makes sense. We set

f∗W :=

{
[k(W ) : k(f(W ))]f(W ) if dim f(W ) = dimW ,

0 if dim f(W ) < dimW .
(1.10)

We let f∗ : Zr(X) → Zr(Y ) be the unique homomorphism which takes the values given by (1.10) on

subvarieties. One proves, see Proposition 1.4 of [7], that f∗ descends to a homomorphism

f∗ : CHr(X)→ CHr(Y ). (1.11)

1.2.3. Flat pull-back. Let f : X → Y be a flat morphism of varieties. Examples that we will consider

are the inclusion U ↪→ X of an open subset, the projection A × B → B. Let W ⊂ Y be a subvariety

of codimension r: we let f∗W ∈ Zr(X) be defined by f∗W := [f−1W ] where f−1W is the scheme-

theoretic inverse image (notice that f−1W has pure codimension r because f is flat). Let f∗ : Zr(Y )→
Zr(X) be the unique homomorphism which takes the assigned values on subvarieties. One proves, see

Theorem 1.7 of [7], that f∗ descends to a homomorphism

f∗ : CHr(X)→ CHr(Y ). (1.12)

1.2.4. The localization exact sequence. Let X be a scheme and i : Y ⊂ X be a closed subscheme. Let

U := (X − Y ) and j : U ↪→ X be the inclusion map. The localization map

CHr(Y )
i∗−→ CHr(X)

j∗−→ CHr(U)→ 0 (1.13)

is exact for every r (notice that i∗ is well-defined because i is proper and j∗ is well-defined because j

is flat), see Proposition 1.8 of [7].

1.2.5. Cycle class. Suppose that X is a smooth complex variety. Then we have a cycle class map

cl : CHr(X) −→ H2r(X;Z). (1.14)

There is more than one definition of cl, see Ch. 19 of [7] or I.1 of [6]. One definition goes through

the result that a complex projective variety admits traingulations: via a triangulation of a sub variety

W ⊂ X one associates to W a homology class in H2n−2r(X;Z) (here n := dimX) and cl(W ) is its

Poincarè dual. Then one extends linearly to get a homomorphism cl : Zr(X)→ H2r(X;Z); it remains

to prove that a cycle which is rationally equivalent to 0 maps to 0. A fundamental fact is that

cl(CHr(X)) ⊂ Hr,r(X;Z). (1.15)

We recall that Hr,r(X;Z) is the inverse image of Hr,r(X;C) via the change of coefficients map

Hr,r(X;Z)→ Hr,r(X;C).

1.2.6. Chern classes. Let E be a locally-free sheaf on a variety X. One defines Chern class operators

CHr(X)
ci(E)∩−→ CHr+i(X) (1.16)

which satisfy properties analogous to the operator on H∗(M ;Z) (here M is topological space) given

by (cup) multiplication with ci(F ) ∈ H2i(M ;Z) for a (topological) vector-bundle F on M , see Ch. 3

of [7]. Standard results that hold for topological Chern classes, e.g. Whitney’s formula, the splitting

principle, extend to Chern classes in the Chow ring. Suppose that X is smooth and let F be a coherent

sheaf on X. Then F has a finite locally-free resolution; building on this result one may defined Chern

classes of F , see Ch. 15 of [7].

1.2.7. Intersection product. Let X be a smooth variety. There is an intersection product

CHr(X)× CHs(X) −→ CHr+s(X)

(α, β) 7→ α · β (1.17)

with the following property. Let V,W ⊂ X be subvarieties meeting properly i.e.

cod(V ∩W,X) = cod(V,X) + cod(W,X). (1.18)

Then V ·W = mV ∩W with m ≥ 1 and m = 1 if and only if V and W intersect transversely (in

particular both V and W are smooth at the generic point of every irreducible component of V ∩W ).

On a smooth X we may interpret the Chern class operators of Subsection 1.2.6 as “intersection with
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a cycle class”. In fact given a locally-free sheaf (or more generally a coherent sheaf) E on X let’s set

ci(E) := ci(E) ∩ [X] ∈ CHi(X); by Ex. 8.1.6 of [7] we have

ci(E) ∩ α = ci(E) · α, ∀α ∈ CH∗(X). (1.19)

We will denote ci(E) by ci(E). If X is a smooth complex variety the intersection product commutes

with the cycle class map of Subsection 1.2.5.

1.2.8. Rationally equivalent effective cycles. Let X be a smooth proper variety. Suppose that W ∈
Z1(X) is a codimension-1 cycle: then the set of effective cycles rationally (i.e. linearly) equivalent to

W has a natural structure of projective space and its dimension is given by the Hirzebruch-Riemann-

Roch formula (if the higher cohomology of OX(W ) vanishes). What about the analogous question for

higher-codimension cycles? The picture is not as simple. We explain this in the case of Z0(X) (there

is an analogue for cycles of any dimension). Let A,B ∈ Z0(X): then A ≡ B if and only if the following

hold:

(1) There exists C ∈ Z0(X) such that A+B and B + C are effective cycles of degree d.

(2) There exists a map f : P1
k → X(d) such that f(0) = A+ C and f(∞) = B + C.

Now suppose that that A,B are effective. If dimX = 1 (and hence A,B have codimension 1) there

is no need for C: if A ≡ B then there exists f as above with C = 0. If dimX ≥ 2 then one may not

dispense with C (in general), a simple example is provided in Ex. 1.6.3 of [7]. We will give an example

with X a K3 surface. We assume that k = C. Let p ∈ X be a very generic point. Since X is not

uniruled

p does not belong to any rational curve on X. (1.20)

(By a rational curve we mean an integral curve of geometric genus 0). If we did not need the “extra”

C in order to decide whether p is rationally equivalent to a given q ∈ X we would get that no q 6= p is

rationally equivalent to p. Let us show that if X and p are generic (X generic means generic among

K3 surfaces with ample primitive divisor of a given self-intersection) there does exist q 6= p rationally

equivalent to p (for a much stronger result see [12]). By our genericity assumptions there will be an

integral singular nodal curve E of geometric genus 1 containing p (start with a very ample complete

linear system |H| with smooth curves of genus g, since dim |H| = g we expect that there is an i-

dimensional family of curves in |H| of geometric genus i for every 0 ≤ i ≤ g, see [13, 5] for details). By

genericity we may assume that E is smooth at p. Let π : Ẽ → E be the normalization. Let p̃ ∈ Ẽ be

the unique point mapping to p. Let q ∈ singE and π−1{q} = {q1, q2}. The linear system |OẼ(q1 + p̃)|
has dimension 1 and is base-point free because Ẽ has genus 1. Thus there exists p̃ 6= r̃ ∈ Ẽ such that

on the curve Ẽ we have the rational equivalence (q2 + r̃) ≡ (q1 + p̃). Let r := π(r̃). Translating into

the language of Item (2) above: the 0-cycles (q+ p) and (q+ r) are connected by a map f : P1 → X(2)

and we get the rational equivalence p ≡ r that cannot be captured by a rational map P1 → X (recall

that (1.20) holds).

Let A ∈ Z0(X) and let d := degA. One can prove that the set

|A| := {E ∈ X(d) | E ≡ A} (1.21)

is a countable union of closed subsets of X(d) (use the criterion above for rational equivalence of

0-cycles). Thus we may define

dim |A| := maximum dimension of a closed subset of |A|. (1.22)

A natural question one may ask is to estimate the dimension of |A|. A Theorem of D. Mumford,

see Theorem 2.6, gives an upper bound for dim |A| when X is a smooth complex projective surface

with pg(X) > 0 (on the other hand a celebrated conjecture of Bloch, see Section 3, would give a

precise answer when pg(X) = 0 and degA is sufficiently large). Voisin [20] has an interesting result in

this direction for X a K3 surface.

1.3. Intermediate Jacobians and the Abel-Jacobi map. Let’s assume that X is a smooth com-

plex projective variety of dimension n. Let CHr(X)hom(X) ⊂ CHr(X) be the kernel of the cycle class

map cl : CHr(X) → H2r(X;Z). One defines an analogue of the Abel-Jacobi map (1.6) with domain
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CHr(X)hom(X) by proceeding as follows. We recall that given a (pure) weight-n Hodge structure

H =
⊕
Hp,q one lets F • be the filtration of H defined by

F rH :=
⊕
p≥r

Hp,q. (1.23)

The r-th intermediate Jacobian of X is given by

J2r−1(X):=H2r−1(X)/(F rH2r−1(X)+H2r+1(X;Z))∼=(Fn−r+1H2n−2r+1(X))∨/H2n−2r+1(X;Z). (1.24)

The Abel-Jacobi map is defined by mimicking (1.6):

CHr(X)hom
AJ−→ J2r−1(X)

[W ] 7→ (ω 7→
∫
γ
ω)

(1.25)

where γ is a piecewise smooth (2n − 2r + 1)-chain such that ∂γ = W . The functional appearing

in (1.25) is an element of J2r−1(X) because of the isomorphism in (1.24). Warning: it is not clear

a priori that the integral appearing in (1.25) does not depend on the representative of the class in

Fn−r+1H2n−2r+1(X). The reason is that

Fn−r+1H2n−2r+1(X) = (Fn−r+1A2n−2r+1(X) ∩ ker d)/dFn−r+1A2n−2r(X). (1.26)

where Ai(X) is the space of global complex-valued C∞-forms of degree i and F sAi(X) is the subspace

of Ai(X) of forms which are sums of (p, q)-forms with p ≥ s, see Proposition 7.5 of [18].

Remark 1.2. When r = n = dimX the intermediate Jacobian J2n−1(X) = H0(Ω1)∨/H1(X;Z) is called

the Albanese variety of X, we denote it by Alb(X). The corresponding Abel-Jacobi map is called the

Albanese map:

CH0(X)hom
albX−→ Alb(X)

Z 7→ (ω 7→
∫
γ
ω)

(1.27)

where γ is a piecewise smooth 1-chain such that ∂γ = Z.

If r = 1 then the Abel-Jacobi map is an isomorphism (identify CH1(X) with Pic0(X), the group of

isomorphism classes of invertible sheaves with c1 = 0), in general it will not be an isomorphism.

1.4. Aim of these notes. We anticipate the points that will be emphasized in the following notes.

The Abel-Jacobi map for higher-codimension (meaning higher than 2) in general captures a very small

piece of the Chow group, in fact higher-codimension Chow groups are generally huge, i.e. they are

not finite-dimensional. Moreover the nature of higher-dimensional Chow groups should depend on the

field of definition k: one expects totally different behavior for k algebraic/transcendental over its prime

field. One phenomenon that has been understood for some time is that the Chow groups of a smooth

complex projective variety X are controlled by the Hodge structure on H∗(X). More precisely it has

been proved that the non-vanishing of certain Hodge summands implies that certain Chow groups are

“huge”. The Bloch-Beilinson conjectures postulates a sort of converse: to exemplify it predicts that if

hp,q(X) = 0 for all p 6= q then the cycle class map CHr(X)⊗Z Q→ H2r(X;Q) is injective for all r.

2. Zero-cycles on smooth complex projective varieties and global holomorphic forms

In the present section schemes are defined over C. Our main reference is Voisin’s book [18].

2.1. Representable CH0. Let X be a smooth projective variety of dimension n. Let G < CH0(X)

be a subgroup. We will explain what it means that G is finite-dimensional (we follow [19]). First we

introduce a piece of notation. Suppose that T is a smooth variety and Z ∈ CHn(T ×X). Let t ∈ T .

Since T ×X is smooth the intersection Z · ({t} ×X) is a well-defined element of CH0(X): we denote

it by Zt.

Definition 2.1. The subgroup G ⊂ CH0(X) is finite-dimensional if there exist a smooth variety T

and Z ∈ CHn(T ×X) such that G is contained in

{Zt | t ∈ T}. (2.1)

Notice that if G is finite-dimensional then it is contained in CH0(X)hom.

Definition 2.2. CH0(X) is representable if CH0(X)hom is finite-dimensional.
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Examples of (projective) surfaces with representable CH0 are given by rational and (birationally)

ruled surfaces, Enriques surfaces. We will see below that if a smooth projective surface X has a non-

zero canonical form then CH0(X) is not representable. It turns out that having CH0 representable

implies that CH0(X)hom → Alb(X) is an isomorphism - this is a Theorem of Roitman [16]. We will

sketch the proof of a result of Voisin [19] which generalizes Roitman’s Theorem. Let X,M be smooth

projective varieties and Γ ∈ CHn(M ×X) where n = dimX. Then Γ defines a homomorphism

CH0(M)
Γ∗−→ CH0(X)

α 7→ πX,∗(Γ · π∗Mα)
(2.2)

where πM and πX are the projections of M ×X onto M and X respectively. (See (3.2) for the general

picture.)

Theorem 2.3 (C. Voisin). Let X,M and Γ be as above. Suppose that Γ∗(CH0(M)hom) is finite-

dimensional. Then there exists a factorization of Γ∗|CH0(M)hom as follows:

CH0(M)hom
albM−→ Alb(M) −→ CH0(X)hom. (2.3)

Before sketching the proof of Theorem 2.3 we give the following corollary.

Corollary 2.4 (A. A. Roitman). Let X be a smooth projective variety such that CH0(X) is repre-

sentable. Then the following hold:

(1) The Abel-Jacobi map CH0(X)hom → Alb(X) is an isomorphism.

(2) There exists a smooth curve Y ⊂ X such that CH0(Y )→ CH0(X) is a surjection.

Proof. (1): Apply Theorem 2.3 with M = X and Γ ⊂ X × X the diagonal. (2): Follows from (1)

and the Lefschetz Hyperplane Section Theorem. �

We will need the following lemma in order to prove Theorem 2.3. The proof consists of an

application of Picard-Lefschetz Theory regarding the monodromy representation of a Lefschetz pencil.

Lemma 2.5. Let Y ⊂ PN be a smooth projective variety of dimension m. Let D1, . . . , Dm−1 ∈ |OY (r)|
be very generic divisors2 intersecting transversely and C := D1∩. . .∩Dm−1. The kernel of the Albanese

map Jac(C)→ Alb(Y ) is a simple Abelian variety3.

Sketch of proof of Theorem 2.3. (See [19] for details.) We need to show that if Y ∈ CH0(M)hom is

in the kernel of AlbM then

Γ∗(Y ) = 0. (2.4)

By hypothesis there exist a smooth variety T and Z ∈ CHn(T ×X) such that

Γ∗(CH0(M)) ⊂ {Zt | t ∈ T}. (2.5)

Let m := dimM and r � 0. Let C ⊂M be the transverse intersection of very generic D1, . . . , Dm−1 ∈
|OM (r)|. Let

K(C) := ker(Jac(C) −→ Alb(M)). (2.6)

Since r � 0 we have dimK(C) > dimT : it follows that there exist t0 ∈ T and a closed subset

W ⊂ K(C) ⊂ Pic0(C) of strictly positive dimension such that Γ∗(α) = Zt0 for every α ∈W . Let

〈W 〉 :=

{∑
i

cipi | ci ∈ Z,
∑
i

ci = 0, pi ∈W

}
. (2.7)

Then 〈W 〉 is a subgroup of K(C) of strictly positive dimension and hence 〈W 〉 = K(C) because K(C)

is a simple abelian variety. Since Γ∗(〈W 〉) = {0} it follows that

Γ∗(K(C)) = {0}. (2.8)

We have proved that (2.4) holds if Y is represented by a 0-cycle supported on a very generic curve C as

above. Consider the 0-cycles (A−B) where A,B ∈M (d) for a fixed d ≥ 0. The set of those which are

supported on a very generic curve C as above is the complement of the union of a countable collection

of proper closed subsets of M (d) × M (d): it follows that (2.4) holds for all Y which are rationally

equivalent to (A−B) where A,B ∈M (d) - see Fact 1.5 of [19]. �

2That means that (D1, . . . , Dm−1) belongs to the complement of the union of a countable collection of proper closed

subsets of |OY (r)|m−1.
3That means that it contains no non-trivial abelian subvariety.
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2.2. Mumford’s Theorem on CH0. The result of Mumford [14] stated below was one of the first

significant results (the first?) on higher-codimension Chow groups.

Theorem 2.6 (D. Mumford). Let S be a smooth projective surface with pg(S) > 0. Then CH0(S) is

not representable.

We will sketch a proof of Mumford’s Theorem. Let S[n] be the Hilbert-scheme parametrizing length-

n zero-dimensional subschemes Z ⊂ S. We recall that S[n] is a smooth projective variety of dimension

2n. We have the cycle map (usually called the Hilbert-Chow morphism)

S[n] γ−→ S(n)

Z 7→
∑
p∈S `(OS,p)p

(2.9)

Thus γ(Z) is nothing else but the cycle associated to the scheme Z, see Subsection 1.2.1: we use

the notation γ rather than [Z] because the latter will denote the point of S[n] which corresponds to Z.

There is a natural map on global regular 2-forms

Γ(Ω2
S) −→ Γ(Ω2

S[n])

σ 7→ σ[n] (2.10)

characterized by the following property. Let Z ⊂ S be a reduced subscheme, say Z = {p1, . . . , pn}:
then we have a natural isomorphism of tangent spaces

Θ[Z]S
[n] ∼=

n⊕
i=1

ΘpiS. (2.11)

The value of σ[n] at [Z] is identified with σ(p1) + . . . + σ(pn) - this makes sense by (2.11). We will

state a result that is an analogue of the first half of Abel’s Theorem (i.e. that if divisors D1, D2 on a

curve are linearly equivalent then their Abel-Jacobi images are equal). Let T be a smooth variety and

W,Z be subschemes of T × S which are flat over T , with Zt := Z ∩ {t} × S and Wt := W ∩ {t} × S
zero-dimensional of length n. Thus W and Z induce classifying regular maps fW : T → S[n] and

fZ : T → S[n] such that fW(t) is the point parametrizing Wt and similarly for fZ . Now let σ ∈ Γ(Ω2
S):

we let

σW := f∗Wσ
[n], σZ := f∗Zσ

[n]. (2.12)

Proposition 2.7. Keep notation as above and suppose that γ(Wt) ≡ γ(Zt) for every t ∈ T . Then

σW = σZ .

Sketch of proof. Use the description of rational equivalence given in Subsection 1.2.8 and the fact

that for a smooth variety V pull-back of 2-forms defines an isomorphism Γ(Ω2
V )

∼−→ Γ(Ω2
V×P1). �

Corollary 2.8. Suppose that T ⊂ S[n] is a closed subset such that γ(Zt1) ≡ γ(Zt2) for all t1, t2 ∈ T .

Let σ ∈ Γ(Ω2
S): then σ[n] restricts to 0 on the open dense subset T sm ⊂ T of smooth points.

Sketch of proof of Mumford’s Theorem 2.6. Suppose that T ⊂ S[n] is a closed subset such that

γ(Zt1) ≡ γ(Zt2) for all t1, t2 ∈ T . We claim that

dimT ≤ (dimS[n])/2 = n. (2.13)

(The above inequality will prove that CH0(S) is not representable: in fact it gives that the dimension

of the subset of CH0(S)hom given by the classes of γ(Z)− np where [Z] ∈ S[n] and p ∈ S is fixed is at

least equal to n, since n → ∞ ...) We may assume that T is irreducible. Let σ ∈ Γ(Ω2
S) be non-zero.

By Corollary 2.8 the restriction of σ[n] to T vanishes. The regular 2-form σ[n] is non-degenerate over

the dense open subset U ⊂ S[n] parametrizing Z not intersecting the degeneracy locus div(detσ). Now

suppose that T ∩U is not empty: then (2.13) holds because the dimension of a lagrangian subspace of a

symplectic vector-space is at most half the dimension of the symplectic space. We claim that the same

upper bound holds even if T does not intersect U : the point is that the parameter space for length-i

subschemes of S intersecting a curve in S (such as div(detσ)) has dimension at most i (this is trivial

for the component of the parameter space parametrizing reduced subschemes and their limits, it holds

also for other components by results of Iarrobino describing parameter spaces for zero-dimensional

subschemes of S of fixed length and fixed support). �
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2.3. The Bloch-Srinivas Theorem. The argument below, given by Bloch and Srinivas in [4], has

been quite influential. We let ∆X ⊂ X ×X be the diagonal.

Theorem 2.9 (S. Bloch - V. Srinivas). Let X be a variety of dimension n. Suppose that Y ⊂ X is

a closed subset such that CH0(Y ) → CH0(X) is surjective. There exist m ∈ N+ and a codimension-1

closed subset D ⊂ X such that

m∆X ≡ Γ1 + Γ2 (2.14)

where Γ1 is an n-cycle supported on X × Y and Γ2 is an n-cycle supported on D ×X.

Sketch of proof. We think of ∆X as a family of 0-cycles on X parametrized by X: the 0-cycle

corresponding to p is p itself. Let p ∈ X. By hypothesis there exist Wp ∈ Z0(Y ), an effective 0-cycle

Cp ∈ X(dp) and a map fp : P1 → X(1+dp) such that

fp(0) = p+ Cp, fp(∞) = Wp + Cp. (2.15)

(See Subsection 1.2.8).) By a Baire category type of argument there exist an open dense U ⊂ X

and a finite map φ : Ũ → U such that the choices above can be done uniformly on the pull-back to

Ũ ×X of the family ∆X ∩ (U ×X). More precisely let ∆̃ := (φ, IdX)−1(∆X): then there exists a cycle

W ∈ Zn(Ũ × Y ) such that we have the rational equivalence in Zn(Ũ ×X)

∆̃ ≡ W. (2.16)

The map (Ũ×X)→ (U×X) is proper and hence we get that (φ, IdX)∗∆̃ ≡ (φ, IdX)∗W in Zn(U×X).

Let m := deg φ: then (φ, IdX)∗∆̃ = m(∆X |U×X) and hence we get that

m(∆X |U×X) ≡ Γ0
1, Γ0

1 ∈ Zn(U × Y ). (2.17)

Let Γ1 ∈ Zn(X×Y ) be a cycle such that Γ1|U×Y ≡ Γ0
1. Then (m∆X −Γ1) restricts to 0 on U ×X: by

the localization exact sequence (1.13) we get that (2.14) holds with an arbitrary codimension-1 closed

subset of X containing (X \ U). �

Remark 2.10. Bloch and Srinivas [4] gave a statement and proof valid for a variety over an arbitrary

field.

Corollary 2.11. Let X be a complex smooth projective variety. Suppose that Y ⊂ X is a closed subset

such that CH0(Y )→ CH0(X) is surjective. Then Γ(ΩpX) = 0 for every p > dimY .

Proof. By Theorem 2.9 we have (2.14): applying the cycle class map we get an equality of cohomology

classes

mPD(∆X) = PD(Γ1) + PD(Γ2) (2.18)

where PD stands for “Poincaré dual” (we take complex cohomology). A class α ∈ H∗(X ×X) defines

a linear operator

H∗(X) −→ H∗(X)

γ 7→ π1,∗(α ∧ π∗2γ)
(2.19)

where πi : X × X → X is the projection to the i-th factor. Let σ ∈ Γ(ΩpX): viewing (2.18) as an

equality of operators we get that

σ = m−1 PD(Γ1)(σ) +m−1 PD(Γ2)(σ). (2.20)

Now PD(Γ1)(σ) = 0 because p > dimY and hence σ|Y = 0, while Im PD(Γ2) ∩Hp,0(X) = 0 because

the push-forward map H∗(D)→ H∗(X) is a morphism of Hodge structures and hence it maps Hr,s(D)

to Hr+1,s+1(X). It follows that σ = 0. �

Remark 2.12. Let X be a complex smooth projective variety: Corollary 2.11 and Corollary 2.4

give that if Γ(ΩpX) 6= 0 for some p > 1 then CH0(X) is not representable. Thus we get a result which is

stronger than Mumford’s Theorem 2.6 because it applies to varieties of arbitrary dimension, on the

other hand the proof of Mumford’s Theorem 2.6 gives a result on the dimension of |A| for a 0-cycle

A on a surface.
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2.4. Torsion in CH0. The following is a beautiful result of Roitman [17], see also [1] or pp. 189-192

of [8].

Theorem 2.13 (A. A. Roitman). Let X be a complex smooth projective variety. The restriction of

albX to the torsion subgroup of CH0(X)hom is an isomorphism onto the torsion subgroup of Alb(X).

An example: if X is regular Roitman’s Theorem states that the torsion subgroup of CH0(X)hom is

trivial.

3. The Bloch-Beilinson conjectures

Let X be a smooth complex projective variety. Let T (X) ⊂ CH0(X)hom be defined by

T (X) := ker albX . (3.1)

Bloch conjectured (see [2]) that T (X) is controlled by the transcendental part of H2(X) i.e. the Hodge

substructure of H2(X) given by the perpendicular of the Néron-Severi group NS(X) = H1,1
Z (X).

Sometime later Beilinson formulated a set of (very ambitious) conjectures on motives. Beilinson’s

conjectures imply that the Chow ring of smooth projective varieties is not chaotic and unpredictable,

on the contrary it is as well-behaved as the divisor class group. In particular Beilinson’s conjectures

imply Bloch’s conjecture on 0-cycles of surfaces.

3.1. Correspondences. Let X and Y be smooth projective varieties. A correspondence between X

and Y is a class Γ ∈ CHr(X × Y ). The class Γ defines maps between the Chow groups of X and Y as

follows. Let πX : X × Y → X and πY : X × Y → Y be the projections: we define

CHs(X)
Γ∗−→ CHr−s(Y )

α 7→ πY,∗(Γ · π∗Xα)
(3.2)

(Notice that by our hypotheses the projections are flat and proper, and since X × Y is smooth the

intersection is defined.) Reversing the rôles of X and Y we get

CHs(Y )
Γ∗−→ CHr−s(X)

β 7→ πX,∗(Γ · π∗Y α)
(3.3)

Now suppose that varieties are defined over C. The cohomology class cl(Γ) ∈ H2r(X×Y ) defines maps

between the (singular) cohomology groups of X and Y . Let m := dimX, n := dimY . Then we have

Ht(X)
cl(Γ)∗−→ Ht+2r−2m(Y )

α 7→ πY,∗(cl(Γ) ∪ π∗Xα)
(3.4)

(Here cohomology is with arbitrary coefficients.)

Ht(Y )
cl(Γ)∗−→ Ht+2r−2n(X)

β 7→ πX,∗(cl(Γ) ∪ π∗Y β)
(3.5)

If cohomology is with coefficients in a field then cl(Γ)∗ is the transpose of cl(Γ)∗ (consider the Künneth

components of cl(Γ)). Notice that Γ∗ and cl(Γ)∗ commute with the cycle-class map and similarly for

Γ∗ and cl(Γ)∗. Correspondences are generalizations of regular maps. In fact let f : X → Y be a regular

map and Γf ∈ Zn(X × Y ) be the graph of f . The maps on Chow groups defined by [Γf ] are identified

with f∗ and f∗ respectively and similarly for the maps on cohomology defined by cl(Γf ) .

3.2. Shadows of the Bloch-Beilinson conjectures. Beilinson’s conjectures are formulated for

smooth projective varieties over an arbitrary field - see [11]. We will limit ourselves to the case of

complex (smooth projective) varieties, see [18]. Let X be a variety: the rational Chow groups of X

are given by CHs(X)Q := CHs(X) ⊗Z Q for s = 0, . . . ,dimX. Suppose that Γ ∈ CHr(X × Y ) is a

correspondence: tensorizing (3.2) and (3.3) by Q we get Q-linear maps Γ∗ : CHs(X)Q → CHr−s(Y )Q
and Γ∗ : CHs(Y )Q → CHr−s(X)Q.

Conjecture 3.1 (Bloch, Beilinson). There exists a decreasing filtration by Q-subspaces of the rational

Chow groups

CHt(X)Q = F 0 CHt(X)Q ⊃ . . . ⊃ F i CHt(X)Q ⊃ . . . (3.6)

of complex smooth projective varieties X such that the following hold:
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(1) F 1 CHt(X)Q = CHt(X)Q,hom where CHt(X)Q,hom is the kernel of the rational cycle class map

CHt(X)Q → H2t(X;Q).

(2) F t+1 CHt(X)Q = 0.

(3) The filtration is respected by correspondences: if Γ ∈ CHr(X × Y ) then

Γ∗(F
i CHs(X)Q) ⊂ F i CHr−s(Y )Q. (3.7)

(4) If Γ ∈ CHr(X × Y ) and dimX = m the map

(F i CHs(X)Q)/(F i+1 CHs(X)Q) −→ (F i CHr−s(Y )Q)/(F i+1 CHr−s(Y )Q) (3.8)

induced by (3.7) vanishes if the restriction of cl(Γ)∗

Fm−sH H2m−2s−i(X;C) −→ H2r−2s−i(Y ;C) (3.9)

vanishes (here Fm−sH H2m−2s−i(X;C) is the relevant term of the Hodge filtration, see (1.23)).

(5) F i(CHr(X)Q) · F j(CHt(X)Q) ⊂ F i+j CHr+t(X)Q (compatibility with intersection product).

3.3. The case of curves and surfaces. We will examine the implications of Conjecture 3.1 for

complex smooth projective curves and surfaces. The first term F 1 CHt(X) is identified explictly by

the conjecture for any X. Notice that this determines completely the filtration for (complex smooth

projective) curves. The next term should be the kernel of the Abel-Jacobi map (to be clarified). For

CH0(X) this has been proved: if the Bloch-Beilinson filtration exists then

F 2 CH0(X)Q = T (X), (3.10)

see Lemma 2.10 of [11]. Thus if Conjecture 3.1 holds the filtration is completely determined for

surfaces as well. The question arises: is it true that for X,Y curves or surfaces (and the filtrations

given above) all the items in Conjecture 3.1 are valid ? Items (1) and (2) are trivially verified. One

checks easily that Item (3) holds. Item (5) has to be checked only for CH1(S) where S is a surface.

The regular group homomorphism

Pic0(S)× Pic0(S) −→ Alb(S)

(D,E) 7→ (ω 7→
∫
S

(D · E)
(3.11)

vanishes on {0} × E and on D × {0}: it follows that it is identically 0 and this proves that Item (5)

holds. The crucial point is to check that Item (4) holds, i.e. that a correspondence Γ ∈ CHr(X × Y )

acts on the graded terms of the filtration as predicted by Bloch and Beilinson. This is true if X (or

Y ) is a curve because Isomorphism (1.6) for a curve X identifies H1(X) with H1(J(C)) via pull-back.

Now let’s assume that X,Y are surfaces. The non-trivial case is r = 2. The homomorphisms

Γ∗ : CH1(X)hom −→ CH1(Y )hom, Γ∗ : (CH0(X)hom/T (X)) −→ (CH0(Y )hom/T (Y )) (3.12)

behave as predicted (the first because the Abel-Jacobi map (1.25) is an isomorphism for r = 1, the

second by definition of T (•)). The remaining case is the homomorphism

Γ∗ : T (X) −→ T (Y ). (3.13)

It is not known whether (3.13) behaves as predicted i.e. whether it vanishes under the hypothesis that

cl(Γ)∗(H
2,0(X)) = 0. We will discuss a few instances of the “prediction”.

3.3.1. Surfaces with vanishing geometric genus. Suppose that S is a complex smooth projective surface

such that pg(S) = 0. Let ∆ ⊂ S × S be the diagonal. Item (4) of Conjecture 3.1 predicts that

∆∗ : T (S) → T (S) vanishes. On the other hand ∆∗ is the identity: thus Conjecture 3.1 gives in

particular the (older) conjecture of Bloch stated below.

Conjecture 3.2 (Bloch). Let S be a complex smooth projective surface such that pg(S) = 0. The

Albanese map

CH0(S)hom
albS−→ Alb(S)

is an isomorphism.
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What is the status of Conjecture 3.2 ? Bloch, Kas and Liebermann [3] proved that the Albanese

map is an isomorphism if S is not of general type (and pg(S) = 0 of course). The conjecture has

also been verified for certain surfaces of general type with pg = 0, for example the classical Godeaux

surfaces obtained as quotients of a quintic surface acted on by a cyclic group of order 5, see 23.1.4

of [18]. Notice that a surface S of general type with pg(S) = 0 is regular and hence Conjecture 3.2

predicts that the degree map deg : CH0(S)→ Z is an isomorphism.

3.3.2. Automorphisms of K3-surfaces. Let S be a K3 surface. Since S is regular we have T (S) =

CH0(S)hom. Suppose that f ∈ Aut(S) is symplectic i.e. it acts trivially on H2,0(S). Let Γf ,∆ ⊂ S×S
be the graph of f and the diagonal respectively. The cycle [Γf −∆] ∈ CH2(S ×S) sends H2,0(S) to 0:

thus Conjecture 3.1 predicts that

f∗(A) ≡ A ∀A ∈ Z0(S)hom. (3.14)

The above result has been proved in a series of papers by Huybrechts, Kemeny and Voisin, see [9, 10, 19].

3.3.3. Caveat. Conjecture 3.1 predicts the action of a correspondence Γ ∈ CHr(X×Y ) on the graded

pieces of the (conjectural) Bloch-Beilinson filtration of CH(X), it does not predict the behaviour on

the whole Chow group. An explicit example. Let S be a complex smooth projective surface and

C ⊂ S a smooth curve. Suppose that S is regular. Let ∆C ⊂ C × C be the diagonal and p ∈ C. Let

j : C × C ↪→ C × S be the inclusion. Let

Γ := [j(∆C)− j(C × {p})] ∈ CH2(C × S).

The induced maps on the graded pieces of CH0(C) (i.e. CH0(C)/CH0(C)hom and CH0(C)hom) vanish

(as predicted by Conjecture 3.1), on the other hand if pg(S) > 0 and C is sufficiently generic then

Γ∗ : CH0(C)→ CH0(S) does not vanish.
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