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Chapter 0

Introduction

In the beautiful paper [39] Getzler studies the problem of integrating nilpotent dg Lie algebras
to oo groupoids in a way which generalizes the classical way a nilpotent Lie algebra integrates to
its exponential group via the Baker-Campbell-Hausdorff product, where in a loose, homotopical,
sense we are using, at least for the moment, oo groupoid as a synonym for Kan complex (cf. e.g.
[73] for a justification). He notices that there is a “homotopically right” answer given by rational
homotopy theory (a la Sullivan [100], cf. [39], Proposition 1.1): namely, the functor MCqy (—)
sending a nilpotent dg Lie algebra algebra L to the simplicial set MCoo (L) := MC(Q(Aq; L))
of Maurer-Cartan forms on the standard cosimplicial simplex A, with coefficients in L, that is,
n-simplices of MCy. (L) are 1-forms w € QY(A,; L) = (Q, ® L)}, where Q,, = Q(A,) is the de
Rham-Sullivan algebra [100, 11] of polynomial differential forms on the n-th standard simplex A,
satisfying the Maurer-Cartan equation

1
dw + i[w,w} =0, (0.0.1)

where the bracket is induced by the one on L via scalar extension by €,,. The functor MCo(—) had
been previously studied by Hinich [45] in the context of deformation theory, more about this later:
on the other hand this is bigger than what we wanted, for instance if g is an ordinary nilpotent Lie
algebra then the nerve N(exp(g)) of its exponential group is only a deformation retract of MCo (g).
We review Getzler’s solution from a point of view to our knowledge not covered in the literature.

After Whitney [108] and Dupont [30], integration of forms over simplexes induces a simplicial

/
contraction ( Q(Ae; L) ——= C(A,; L), K) from the simplicial dg Lie algebra Q(A,;L) to the

simplicial complex C(A,; L) of non-degenerate cochains on A, with coefficients in L: the standard
theorem on homotopical transfer of L., structures says then that there is an induced simplicial
nilpotent L., algebra structure on C(A,; L), for which it makes sense to consider the Maurer-
Cartan equation. The solution given in [39] is to consider the simplicial subset e (L) C MCqo (L)
of Maurer-Cartan forms in the kernel of Dupont’s Gauge K : Q(As; L) — Q(Al; L)[—1]: by a
formal analog of Kuranishi theorem, also due to Getzler (it will be reviewed in Section 2.3, notice
that the enunciate given there is a bit more general than the ones we found in the literature, the
proof on the other hand is essentially taken from [39]), this is isomorphic to the simplicial set
Deloo (L) := MC(C(A,; L)) of Maurer-Cartan cochains on A, with coefficients in L, where the
isomorphism is again induced by integration of forms over simplexes. In fact, for a nilpotent Lie
algebra g we have this time an isomorphism Del,(g) = N(exp(g)), but more is true: if L is a non
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6 CHAPTER 0. INTRODUCTION

negatively graded nilpotent dg Lie algebra® then Dely, (L) is isomorphic to the nerve N(Del(L)) of
the Deligne groupoid of L (see e.g. [27, 42, 77, 34]), look at Section 5.2.2 for a proof, explaining
the notation and establishing an important bridge towards deformation theory; again, more on
this later. On the other hand, one of the main results of [39] is the existence of a natural weak
equivalence of simplicial sets Delo (L) — MCoo (L), thus in the complementary case where L is
negatively graded Dels, (L) represents the simply connected rational homotopy type associated to
L, establishing this time a bridge towards rational homotopy theory.

In Section 5.2 we review some important results by Getzler [39] and Berglund [6] on the structure
of the simplicial set Delo,(L). From [39] we review the existence of the natural weak equivalence
Deloo (L) = MCy (L) and the proof that Dely (L) is an oo groupoid?. From [6] we review the
computation of the homotopy groups m;(Dels (L), z) for all base points © € MC(L) = Delo(L)o
and the following theorem. Given a simplicial set X and a nilpotent dg Lie algebra L we can
form, again via homotopy transfer from the dg Lie algebra Q(X; L) = Q(X) ® L along Dupont’s
contraction, the nilpotent Lo, algebra C(X; L) of non-degenerate cochains on X with coefficients
in L: then the simplicial set Delo (C(X; L)) (this makes sense, cf. below) is naturally weakly
equivalent to the simplicial mapping space SSet (X, Del(L)). In [6] this latter fact is used to
deduce that if X is finite and L is a Lie model for the rational homotopy type of Y, then C(X; L)
is an Ly model for the rational homotopy type of the mapping space SSet(X,Y): notice that
mapping spaces are usually not connected, so they are beyond the scope of classical rational
homotopy theory (much recent work has been devoted to the rational homotopy theory of mapping
spaces, cf. [6, 15, 68]).

In Section 5.2.1 we look at the role of the functor Del,,(—) in the Lie approach to disconnected
rational homotopy theory developed by Lazarev and Markl [70]. It should be clear by the above dis-
cussion that all we need to define Del,, (—) are scalar extension, homotopy transfer and the Maurer-
Cartan equation, so more in general Del, (L) can be defined for any complete (that is, pronilpotent)
L algebra L. We take a pause to recall another construction by Sullivan [102] and Cheng-Getzler
[22]. If X is a simplicial set, then via homotopy transfer from the dg commutative algebra Q(X) it
is induced a C, algebra structure on the complex C*(X) of non-degenerate cochains on X, that is,
a commutative dg algebra structure which is associative only up to system of coherent homotopies.
If X is moreover finite it is induced a dual Cy coalgebra structure on the complex C,(X) of non-
degenerate chains on X: the latter is by definition a dg Lie algebra structure on the complete free
Lie algebra L(C,(X)[—1]). It can be checked that this defines a colimit preserving functor from the
category of finite simplicial sets to the category DGLA of complete dg Lie algebras, which extends
uniquely to a colimit preserving functor L(—) : SSet — DGLA: for instance, L(A1) is the well

1We work with cohomological gradation.

2We have already said that this should mean in particular that Delo (L) is a Kan complex, that is, every horn
Al — Delso (L) admits a filling o € Deloo (L) n, but again more is true: we can select a set of distinguished simplexes
Tn Deloo (L) C Deloo (L)r for all n > 1, the thin simplexes (namely, the Maurer-Cartan cochains evaluating to zero
on the top dimensional simplex), such that every degenerate simplex is thin and every horn admits a unique thin
filling. In the theses of Ashley [1] and Dakin [26] it is studied in great detail the notion of a T-complex. This is
a simplicial set X together with subsets of distinguished simplexes T, X C X, n > 1, called as before the thin
simplexes, satisfying the previous two conditions and moreover the third one: if all the faces of a horn are thin, then
the remaining face of the unique thin filling is also thin. For instance, if L is a quantum type dg Lie algebra, that is,
L is concentrated in degrees > —1, then Delo (L) is a T-complex, cf. [39]. In general only the first two conditions
are satisfied, and Delo (L) is what we call a weak T-complex: in [39] this is simply called an co groupoid. Although
we won’t really have an use for this fact, we believe that it is important to keep it in mind: weak T-complex, and
even more so actual T-complexes, are (the nerve of) oo groupoids in a much more precise sense than Kan complexes,
cf. [1] and [26] where it is proved that T-complexes are the nerves of crossed complexes in groupoids: in fact, hidden
in their definition there is a rich algebraic structure given by filling procedures (cf. again [1] and [26] as well as the
discussion in Remark 5.2.23) where the remaining axiom for a T-complex plays the role to impose regularity to this
structure.



known [67, 16, 17, 85, 22] Lawrence-Sullivan model of the interval. We show (cf. Proposition 5.2.27:
this result appears to be new, at least to our knowledge, of course it is just another appearance of
the well established mechanism of Koszul duality and twisting cochains [72, 13, 84]) that L(—) is a
left adjoint functor, whose right adjoint is Delo (—) : DGLA — SSet. For instance, this recovers
the observation [17] that to give a morphism of dg Lie algebras L(A;) — M is the same as to
give Maurer-Cartan elements z,y € MC(M) and a Gauge equivalence e® x y = z. The adjunction

L(—):SSet ——= DGLA : Dely (=) , which is induced via Koszul duality and homotopy transfer

from the adjunction Q(—): SSet”” ——= DGCA : (—) usual from Sullivan’s approach to ratio-
nal homotopy theory [100, 11] (in the disconnected version developed in [70], where we do not
restrict to non negatively graded algebras), should play an analog role in Quillen’s Lie theoretical
approach. To enforce this point we recover the model category structure on DGLA introduced in
[70], modeling disconnected rational homotopy theory (cf. Theorem D in loc. cit.), by transferring

the usual model category structure on SSet along L(—) : SSet ——= DGLA : Delo(—) , this also

automatically shows that the the model category structure on DGLA is cofibrantly generated and
the adjunction is a Quillen adjunction?.

Now for the deformation theory side of the story: as we said the functor MCy (—) had been
studied by Hinich in this context, the reason was to prove the important property of descent of
Deligne groupoids [45]. We make yet another digression to sketch the nowadays standard approach
to deformation theory via dg Lie algebras [27, 42, 58, 76, 77, 34, 51, 35]. Given a nilpotent dg Lie
algebra L, its degree zero part L integrates via the classical Baker-Campbell-Hausdorff product
to the exponential group exp(L°), moreover, the latter acts in a natural way on the set MC(L)
of solutions z € L' of the Maurer-Cartan equation (0.0.1) via the Gauge action (cf. the previous
references or Definition 5.2.33) * : exp(L°%) x MC(L) — MC(L) : (e*, ) — €® * z. The Deligne
groupoid Del(L) is the action groupoid associated to the Gauge action: that is, objects are Maurer-
Cartan elements x,y € MC(L), while the arrows from z to y are the a € L° such that e xz =y,
finally, the composition of arrows is given by the Baker-Campbell-Hausdorff product. In classical
situations, a formal moduli problem is encoded in a formal groupoid M : Artx — Grpd, where
Artg is the category of Artin K-algebras with field of residues isomorphic to K (by a formal
groupoid we mean precisely a functor F': Artx — Grpd such that moreover F(K) is the trivial
groupoid): given A € Artg , typically M (A) will be the groupoid whose objects are deformations of
the structure we are considering over the fat point Spec A, and and whose arrows are isomorphisms
of deformations. We say that a dg Lie algebra L controls the deformation theory if there is an
equivalence of formal groupoids between M and Dely, : Artg — Grpd : A — Del(L ® m4), where
m4 C A is the maximal ideal and L ®my4 has the nilpotent dg Lie algebra structure given by scalar
extension.

It is usually a hard task to find a dg Lie algebra controlling a given deformation problem: to
this end several (homotopical) methods have been developed [45, 77, 51, 34, 53, 54, 2] and, as
we try to illustrate in the final chapter, descent of Deligne groupoids is a powerful one. To see
a typical situation where it applies, we consider a complex manifold X and the deformations of
the complex structure on X, that is, the formal moduli problem Defy : Artc — Grpd sending
A € Artc to the groupoid whose objects are deformations of X over Spec A and whose arrows
are isomorphisms of deformations. We denote by ©x the tangent sheaf on X, with the standard
structure of sheaf of Lie algebras. As a well know consequence of Kodaira-Spencer’s theory and

3 Although we won’t elaborate more on this point, we believe that the utility of this approach should be to get rid
of the finite assumptions in [70], Theorem D, which should become unnecessary in a Lie-Quillen version of rational
homotopy theory, cf. [89].



8 CHAPTER 0. INTRODUCTION

Cartan’s Theorem B, when X is Stein every deformation of X over A is isomorphic to the trivial
one X x Spec A, so the deformation groupoid Def x (A) has (essentially) only one object, and every

automorphism of the trivial deformation is of the form X x Spec A X x Spec A, where 7 is a
global vector field n € H°(X;©x)®m4: in other words, there is an equivalence of formal groupoids
Defx ~ Delgo(x;0x). In general, if U = {U;}icr is a covering of X by Stein open sets, then
every deformation of X over A is isomorphic to one obtained by gluing the trivial deformations

U; x Spec A along a family of transition automorphisms U;; x Spec A e, Ui; x Spec A on
double intersections, where 7;; € @X(Uij) ®my and as usual Us; := U; NUj, satisfying the cocycle
condition e ek = ek on the triple intersections U, jx: in a slightly fancier language, cf. [45, 34, 2]
and Definition 5.3.10, this says that Defx is equivalent to the (formal) groupoid of descent data
Tot(Defy,) of the formal semicosimplicial groupoid

Defy, : HDeri — HDerij —= H Defy,,,

2%} 4,3,k

where the faces are induced by the restrictions U; — Uj;, Uy — Uyj, etc., as in the usual Cech
construction, cf. [45, 34, 2], and by what we said this is equivalent to the formal semicosimplicial
groupoid

Del@X(u) : HDGIG(Ui) *: HDG]@(Uij) — H Del@(Uijk) s
i i,] 0,5,k

This should be enough motivation to see the importance of the following theorem by Hinich [45],
in the refined form given in [34, 35]. Given a semicosimplicial non negatively graded dg Lie algebra

L, : LOH>L14>L2"'

there is an L., algebra structure on the total complex Tot(L,), the usual Cech totalization
[1,,50 Ln[—n] of Lq regarded as a semicosimplicial dg space, and an isomorphism of formal groupoids
Delrot(r,) & Tot(Delz,)*. In the final chapter of the thesis we apply the previous yoga to study
several deformation problems in holomorphic Poisson geometry, more about this in the next para-
graph. We remark that it is essential for the validity of the theorem that we are working with
non negatively graded dg Lie algebras. In section 5.3, Theorem 5.3.6, we prove the analog descent
theorem for the functor Dely,(—), more precisely, we prove that given a semicosimplicial complete
L, algebra L, with no grading restrictions there is a natural weak equivalence of simplicial sets
Dely (Tot(L,)) =~ Tot(Dels (Ls)), where again Tot(L,) in the left hand side is the Cech totaliza-
tion of Lo with its natural L., algebra structure, while this time Tot(—) in the right hand side
is the Bousfield-Kan totalization [9]°. We recover the descent theorem from [45, 34, 35] for the
ordinary Deligne groupoid in the sequent Section 5.3.1.

In Chapter 6, to illustrate the utility of Hinich’s theorem on descent, we consider several de-
formations problems in holomorphic Poisson geometry: this is the content of the paper [2] by

4To make sense of the formal groupoid Delrot(z,). we remark that for any non negatively graded nilpotent Lo
algebra L it is easy to see that Deloo(L) is the nerve of a groupoid (as every horn A% — Deloo (L), n > 2, admits
a unique filling), so in this case we can define Del(L) as (with our conventions, the opposite of) this groupoid, and
according to Theorem 5.2.37 this is consistent with the usual definition in the dg Lie algebra case.

5Possible applications of this more general result, which we hope to give elsewhere, should include descent of
Deligne 2-groupoids, cf. [38, 110], where in the second reference the result is used to study deformation quantization
of algebraic Poisson varieties. What we are missing is a rigorous comparison between the Deligne 2-groupoid as
defined in [38, 110] and the one implicitly encoded in the structure of Dels (L), where L is a dg Lie algebra in
degrees > —1. To this regard cf. also [110], Remark 8.11.



the author and M. Manetti. Recall that a holomorphic Poisson manifold is a complex manifold
X equipped with a Poisson bivector m, that is, a global section 7 € HY(X; /\2 Ox) satisfying
the integrability condition [r,7] = 0, where the bracket is the Schouten-Nijenhuis bracket, and
that a closed submanifold Z C X is coisotropic if 7 is in the kernel of the natural projection
/\2 Ox — /\2/\/Z|X, where NZ‘X is the normal sheaf of Z in X. In particular the Lichnerowicz-
Poisson differential d, = [r, ] (Schouten-Nijenhuis bracket) induces a dg structure on the Gersten-
haber algebra A ©x of holomorphic polyvector fields on X: if Z C X is coisotropic this factors
to a dg structure on the graded algebra AN, z|x- We study deformations of holomorphic Poisson
manifolds, of a pair (Poisson manifold, coisotropic submanifold) and finally embedded coisotropic
deformations, and using descent of Deligne groupoids in all cases we determine controlling dg Lie
algebras, see Theorems 6.2.4, 6.3.3 and 6.3.6. As a first application of these results, we show in
Corollary 6.3.4 an analog of Kodaira stability theorem for coisotropic submanifolds. Other appli-
cations are given in Section 6.4. Recall that the anchor map 7% : Qx — A ©x is the morphism
of sheaves of dg Ox-algebras, where Q0 x is the sheaf of holomorphic differential forms, uniquely
defined so that 7#(f) = f for all f € Ox®: if Z C X is coisotropic this factors to a morphism of
sheaves of dg Oz-algebras 7# : Q7 — A\ Ny x. In [47] Hitchin proves that, if (X, ) is a compact
Kihler Poisson manifold, then every element in the image of 7#: H'(X, Q%) — HY(X,Ox) is
the Kodaira-Spencer class of a deformation of the pair (X, 7) over a germ of smooth curve. We
recover and extend this result in Theorem 6.4.11, following the method of [33], and we consider
the analog situation for embedded coisotropic deformations. We show in Theorem 6.4.10 that
under some mild additional assumption (namely, if the Hodge to de Rham spectral sequence of Z
degenerates at E', in particular if Z is compact Kihler) then every element in the image of the
anchor map n# : H(Z; Q) — H°(Z; Ny x) is the Kodaira-Spencer class of a coisotropic embed-
ded deformation of Z in (X, ) over a germ of smooth curve. Such result applied to a compact
Kaéhler Lagrangian submanifold Z of a holomorphic symplectic manifold X shows that every small
deformation in X of Z is Lagrangian and the Hilbert scheme of X is smooth at Z; when X is
compact Kéhler we recover in this way a classical result by Voisin and McLean [82, 104].

Up to now we have been trying to talk about dg Lie algebras when possible, mainly for simplicity,
but already at some points we couldn’t avoid to use the language of L., algebras. It seems
a bit late now to recall the definition, but here it goes: an L., algebra structure on a space
L is equivalently the datum of a dg coalgebra structure on the reduced symmetric coalgebra
S(L[1]) = ®p>1L[1]®" (where L[1]®" is the n-th symmetric power, and we remark that we work
with coinvariants). We will denote by CE(L[1]) the graded Lie algebra of coderivations of S(L[1]),
thus an Lo, structure on L is the datum of Q € CE(L[1]) such that @ has degree one and squares to
zero. As the coalgebra S(L[1]) is cofree, the projection p : S(L[1]) — L[1] induces an isomorphism
CE(L[1]) = [1,,>; Hom(L[1]°",L) : @ = (q1,---,qn,-..) of graded space, thus @ € CE(L[1]) is
determined by the sequence of Taylor coefficients g, € Hom'(L[1]®", L[1]). To see the link with
dg Lie algebras we shift again the gradation, then the ¢, go into a sequence of higher brackets
l, € Hom®> ™ (L"", L) (where L™ is the n-th exterior power), and the identity [Q, Q] = 0 translates
into a series of identities for these brackets: the first few say that i, : L’ — L*t! is a differential
on L satisfying the Leibniz identity with respect to the bracket I : L* ® I’ — L**J, and the latter
satisfies the Jacobi identity up to the homotopy I3 : L' ® L7 ® L*¥ — L**i+F=1 In particular, a
dg Lie algebra structure on L is the same as an L, structure Q € CE(L[1]) such that ¢, = 0 for
all n > 3. The utility of dealing with L., algebras rather than dg Lie algebras is that while they
have the same homotopy category (once we have defined the appropriate notions of L, morphism
and weak equivalence, cf. [46]) L., algebras are better behaved with respect to to homotopical

6This determines ©# on Q)S(l, since we must have 7# (df) = [r, f] for all f € Ox, and thus 7#, since Q)S(l is a
set of generators of the algebra Qx.
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constructions. For instance two L, algebras are isomorphic in the homotopy category if and only if
there are quasi-inverses weak equivalences between them. As another example, if M C L is a quasi-
isomorphic subcomplex and L carries a dg Lie algebra structure, in general there is no induced dg
Lie algebra structure on M: on the other hand every L., algebra structure on L transfers naturally
to a weakly equivalent L., algebra structure on M, and moreover we have explicit formulas for
the transferred structure and the weak equivalence. This is the content of the already mentioned
homotopy transfer theorem, which will be reviewed in Section 2.2, following the proof we learned
from the arXiv version of [31]7: as homotopy transfer will be a fundamental tool throughout the
thesis, we spend some time proving some technical necessary lemmas.

The price we paid to obtain this more flexible theory is of course that we complicated the
structure of dg Lie algebra by adding an infinite number of higher brackets and an infinite number
of higher Jacobi relations they must satisfy, which makes it hard to exhibit explicit L., algebra
structures on a given space: another part of this thesis deals with certain explicit constructions of
higher brackets and L., structures and the study of their homotopical properties.

In Section 3.3 we study and generalize Fiorenza-Manetti’s construction of an L, structure on
the mapping cocone coC(f) of a morphism of dg Lie algebras f : L — M [31]. More in general, we
study homotopy equalizers of a pair of oo morphisms between two oo algebras, by which we mean
either Ao, (dg algebras associative up to a system of coherent homotopies), Co, (their commutative
version) or L., algebras: we prove existence of the homotopy equalizer (Theorem 3.3.1), which is
not trivial since the category of oo algebras and oo morphisms is not complete. Together with the
computations in [31], cf. also [51, 22], we can deduce explicit formulas when the target oo algebra
is a dg (resp.: associative, commutative, Lie) algebra: as an example, we give explicit formulas for
the mapping cocone of an L., morphism of dg Lie algebras, generalizing the ones from [31].

In Section 4.1 we study Th. Voronov’s construction(s) of L., algebra structures via higher
derived brackets [105, 106], for instance this has been successfully applied to the study of coisotropic
deformations in differentiable Poisson geometry® [19, 20, 36, 91, 92] and simultaneous deformations
of algebraic structures [37]. The algebraic setup requires a graded Lie algebra M together with
graded Lie subalgebras L, A C M, with A abelian, such that M = L @& A as a graded space; we
denote by P : M — A the projection with kernel L. In these hypotheses, let D € Der(M) a
derivation of the Lie algebra structure such that D(L) C L, in [106] Voronov defines a sequence
of higher derived brackets ®(D),, : A®" — A, n > 1 on A associated to D° by the formula
®(D)p(a; ® -+ ® ay) = P[--[Day,as] - ,a,] (graded symmetry follows from the hypothesis
that A is abelian, cf. loc. cit.). We denote by Der(M, L) C Der(M) the graded Lie subalgebra of
derivations D such that D(L) C L, thus higher derived brackets define a morphism of graded spaces
® : Der(M,L) — CE(A) : D — (®(D)1,...,®(D),,...). This construction of higher derived
brackets is similar but slightly different to another construction also due to Voronov [105]: in the
above setup, this time we associate a sequence of higher derived brackets ®(m),, : A" — A, n > 0,
to every m € M, always by the formula ®(m),(a1 © --- ©® a,) = P[---[[m,a1],az2] -+ ,a,] when
n > 1, with moreover the 0-th bracket ®(m)y : A°° = K — A :1 — Pm. The difference between
the two constructions is that this time we get a morphism of graded spaces ® : M — CE(A),
where CE(A) is the graded Lie algebra of coderivations of the non reduced symmetric coalgebra
S(A) = @,50A®"™ over A (the difference will become more apparent in the non-abelian case). In
[106] the following two facts are proven, which are the key to our approach:

"The only thing we add is the extension of the argument to see homotopy transfer for Cis algebra structures.

8The method fails in the holomorphic setting since it depends essentially on the choice of an identification of the
normal bundle Nz x and a tubular neighborhood of Z in X. See Corollary 6.3.8 for a comparison with our methods
in the (rare) case that such a choice is nonetheless possible.

9Notice that we use a different notation than the one in [105, 106].
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1. In Theorem 3 of loc. cit. it is proved that that the correspondences ® : Der(M, L) — CE(A)
and ® : M — CE(A) are morphism of graded Lie algebras: in particular, this tells us that
if D has degree one and D? = 0 (in most applications D = [I, —] for some degree one [ € L
such that [I,1] = 0) then ®(D) is an Lo, structure on A[—1].

2. Moreover, in Section 4 of loc. cit. it is proved that in this case the Lo, algebra (A[—1], ®(D))
is a homotopy fiber of the inclusion of dg Lie algebras i : (L, D, [-,*]) — (M, D,[-,-])'", in
other words, it is weakly equivalent to Fiorenza-Manetti’s mapping cocone coC(i).

As it is almost immediate to exhibit an explicit contraction from coC(i) to A[—1], this suggests
that ®(D) should be induced via homotopy transfer along this contraction, and in fact this is
the case as will follow from our results, but the interesting fact here is that the existence of the
contraction does not depend on the hypothesis that A C M is an abelian Lie subalgebra, showing
a possible way to generalize Voronov’s construction when we drop this hypothesis. This is what
we do in Section 4.1, following the paper [3] by the author. We maintain the assumption that
A C M is a graded Lie subalgebra but we drop the one that it is abelian''. Following a more
refined version of the sketched argument via homotopy transfer, depending also in an essential way
by the classification of Lo, extensions made in [24, 83, 69] (this will be briefly reviewed in Section
1.3.3), we define correspondences ® : Der(M,L) — CE(A) and ® : M — CE(A) in this more
general setup, reducing to the ones by Voronov when A is abelian and such that the above items
1 and 2 remain true (this is shown in Theorem 4.1.6 and Theorem 4.1.7: as for item 1 we prove
something more, that the correspondence Der(M, L) x M — CE(A) : (D,m) — ®(D) + ®(m) is a
morphism of graded Lie algebras, where Der(M, L) x M is the semi-direct product). See Definition
4.1.3 for explicit formulas, these involve Bernoulli numbers. Theorem 4.1.6 remains interesting
also in the case L = 0, where it clarifies some results from [7], Section 4. As a first application of
these theorems, we recover an L, generalization of the adjoint morphism of a dg Lie algebra and
a geometrically appealing criterion for homotopy abelianity due to Chuang and Lazarev [23], cf.
Example 4.1.18, as well as the construction by Getzler [40] of an L., structure on the suspension
of the negatively graded part of any dg Lie algebra, generalizing the well known construction of a
Lie algebra structure on the degree minus one part of a quantum type dg Lie algebra, cf. Example
4.1.23. Other applications are given in the sequent sections.

In Section 4.2 we study the classical [64] construction of the Koszul brackets K(A),, : A®™ — A,
n > 1, associated to an operator A € End(A) on a graded commutative algebra A. As observed in
[105, 106] these can be recovered in a natural way as higher derived brackets: as an application of
our non-abelian construction we introduce a similar sequence of higher brackets K(Q),, : L®" — L,
n > 0, associated this time to a coderivation @ € CE(L) on the symmetric coalgebra S(L) over
a graded left pre-Lie algebra L'?. We recover Koszul’s construction when L = A is a graded
commutative algebra and () = A is a linear coderivation. This works as follows: for all x € L we
denote by o, € Hom(L®%, L) C CE(L) the constant coderivation o, : L°° =K — L : 1 — x, and
by V., € End(L) C CE(L) the left adjoint V, : L — L : y — x>y, where b is the left pre-Lie
product. It is well known that to say that > is a left pre-Lie product on L is equivalent as to say
that oV : L — CE(L) : 2 — (04, V4,0,...,0,...) is a morphism of graded Lie algebras (where the
graded Lie algebra structure on L is given by the commutator), this sends L isomorphically onto

10This explains the utility of higher derived brackets in deformation theory, as homotopy fibers are naturally
associated to semi-trivial deformation probelms, see e.g. [77].

11 The main theorems remain true even if we assume that A is just a complement of L in M, but the explicit
formulas in Definition 4.1.3 don’t hold anymore, cf. Remark 4.1.14

I2Recall that a product b : LQ L — L is left (resp.: right) pre-Lie if the associator A(z,y, z) = (zby)>z—z>(y>2)
is graded symmetric in the first (resp.: last) two arguments: then the commutator [z,y] = x>y — (—1)1*1¥ly > 2 is
a Lie bracket on L. It is a trivial matter to translate the following discussion for graded right pre-Lie algebras, cf.
Definition 4.2.1.
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its image LY := oV (L). We have a decomposition CE(L) = CE(L) @ LV as in the hypotheses
of Theorem 4.1.6, thus a morphism of graded Lie algebras K : CE(L) — CE(LY) = CE(L),
where the first arrow is given by (non-abelian, if > is not graded commutative) higher derived
brackets; this is the desired K. In Proposition 4.2.6 we prove that K is an automorphism of the
graded Lie algebra CE(L): the inverse K~! : CE(L) — CE(L) generalizes the construction of
higher brackets on pre-Lie algebras given by the author in the paper [4], where they are called
Kapranov brackets. The reason for this is the following particularly interesting example of such
brackets. Given a compact Kdhler manifold X, there is a pre-Lie algebra structure on the complex
A%*(Tx) of Dolbeault forms with coefficients in the tangent bundle Ty, induced by the usual Chern
connection on T. In this case the Kapranov brackets K~1(9), where 0 is Dolbeault differential
on A%*(Tx), recover the L, algebra structure on A%*(Tx)[—1] introduced by Kapranov in [56],
which has recently attracted much attention [18, 21, 25, 44, 66] due to its role in derived geometry.
As an application of our results, we prove the expected fact that Kapranov’s L., algebra structure
on A%*(Tx)[—1] is homotopy abelian over the field C of complex numbers: cf. Corollary 4.2.10.
Coming back to Koszul brackets, in the case when L = A is a commutative graded algebra,
we recover as a byproduct of our analysis a recent result by Markl [79, 80], namely, that the
Koszul brackets K : CE(A) — CE(A) are the twisting K = F — F~! by a natural automorphism
F:S(A) — S(A). As a final application, in Section 4.2.1 we prove an interesting result also proved
by Braun and Lazarev [12] with different methods. This regards commutative BV, algebras, that
is, the homotopy version of Batalin-Vilkovisky (BV') algebras introduced in [65]: BV algebras and
homotopy BV algebras are important in algebraic topology, differential geometry and mathematical
physics. Associated to every BV algebra there is a dg Lie algebra, and similarly associated to a
commutative BV, algebra there is an L., algebra. In the paper [96] the authors prove that if a
BV algebra satisfies a certain degeneration property (examples include the de Rham algebra of
a symplectic manifold or the Dolbeault algebra of a Calabi-Yau manifold) then the associated dg
Lie algebra is homotopy abelian, and in [12] this result is extended to commutative BV, algebras
satisfying an appropriate analog degeneration property and the associated L., algebra: we give an
alternative proof of this latter fact as an application of Theorem 4.1.6 and a criterion for homotopy
abelianity by M. Manetti (cf. [53, 54] and Theorem 3.3.5), following the method of proof of the
original formality result in [96] we learned from the paper [52].

Warnings: We will always work over a field K of characteristic zero. Graded spaces are cohomo-
logically Z-graded.

Notation 0.0.1. Given a category C and objects X,Y in C, we will denote by C(X,Y") the set
of morphisms in C from X to Y.

Acknowledgments. I'm grateful to my Ph.D. advisor M. Manetti, for teaching me about L., algebras
and deformation theory, for suggesting me and helping me study the problems we consider in this
thesis, for making available to me private drafts of a book still in preparation that even if not in
the bibliography has been a continuous point of reference during the writing of this thesis, most
of all, for his constant overall support. It is with great pleasure that I thank Domenico Fiorenza
for several and always useful discussions, Jim Stasheff for numerous corrections and suggestions,
Damien Calaque and Marco Zambon for their courtesy and their interest in my work.



Chapter 1

Review of oo algebras

Roughly speaking, an algebraic structure is homotopy invariant if it can be transferred along
homotopy equivalences. The idea to consider these kind of structures goes back to the 60s in the
seminal work of Jim Stasheft [97, 98, 99], who introduced A, algebras and gave the first spectacular
application of these ideas by proving that a space admits an A, algebra structure if and only if it
has the weak homotopy type of an associative monoid. In the following decades homotopy invariant
algebraic structures were studied mostly in algebraic topology, notably in the works of Boardman-
Vogt [8], Kadeishvili [55] (Cw algebras), Schlessinger-Stasheff [94] (Lo, algebras) among others,
until the 90s when they started to find applications in other areas of geometry and mathematical
physics as well, cf. for instance the beautiful papers by Kontsevich on deformation quantization
[58] and homological mirror symmetry [59]: nowadays, as the relevance of higher (homotopical,
categorical) algebra in mathematics has been widely recognized, they are extensively studied and
an important tool in many situations.

In this thesis we deal mainly with L, algebras, that is, dg Lie algebras where the Jacobi identity
has be relaxed up to a system of coherent homotopies, but occasionally we will also consider A
algebras (algebras associative up to a system of coherent homotopies) and Co, algebras (their
commutative version). In Sections 1.1, 1.2 and 1.3 we review the basic definitions. We will spend
more time on L, algebras: in Section 1.3.1 we introduce complete L., algebras and the Maurer-
Cartan equation, in Section 1.3.2 we review convolution L., algebras and finally in Section 1.3.3
we review the classification of L., extensions from [24, 83, 69].

1.1 Review of graded spaces

We work over a field K of characteristic zero; graded means Z-graded. We denote by G the
category of graded K-vector spaces V = @;czV"* and degree preserving morphisms. An element
v € V will usually be a homogeneous one and its degree will be denoted by |v|.

G is a symmetric monoidal category (cf. [74]) via the usual tensor product (with the gradation
(VW) = @4 ,=i(VI@WP*)), the symmetry given by the Koszul isomorphism V @ W SWeVv:
VR W — (—1)‘””“"111 ® v and the unit K, seen as a graded space concentrated in degree zero. It is
defined an internal Hom(—, —) : G°? x G — G functor, sending spaces V and W to Hom(V, W) =
®iez Hom' (V, W), where Hom(V, W) is the space of all linear maps from V to W (forgetting the
gradation) and Hom®(V, W) is the space of those f such that f(V*) c W**+ Vk € Z: Hom(—, )

13
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and ® are related by the usual exponential law, saying that for each graded space V' the functors
—®V:G—=G:Hom(V,—) form an adjoint pair. We denote by End(V') := Hom(V, V).

We denote by DG the category of differential graded (dg) spaces (V,dy ) - dy € End*(V), d3 =
0 - and dg morphisms f : (V,dy) = (W,dw) - fdv = dw f - between them: it has a symmetric
monoidal category structure with tensor product (V, dy )@ (W, dw) = (VOW, dy ®idw + idy @dw )
and an internal Hom(—,—) : DG’ x DG — DG functor defined by Hom((V,dy ), (W,dw)) =
(Hom(V, W), duomv,w) (f) = dwo f — (—=1)/1fody ), again the two are related by the exponential
law.

For n > 0 we denote by V& the n-th tensor power over V, and by V" and V" the n-th
symmetric power and the n-th exterior power over V respectively, which are the space of coinvari-
ants of V®™ under the natural, resp. alternate, action of the symmetric group S,, (according to
the usual Koszul rule for twisting signs); VO0 = VA0 = v&0 .= K.

For a graded space V and an integer k we denote by V[k] the shifted space V[k] = V¥ * and
by s=* € Hom ™ *(V, V[k]) the shift map. We follow the convention according to which degrees are
shifted on the left, that is, we will always identify V'[] with K [i]® V: for instance this implies that
the canonical isomorphism V[1]®" 2 V" [n] sends s 101 ®- - -®@s L, to (—1)Zi=1"=Dlilg—n(y, @
.-+ ®vy). There is also a canonical isomorphism Hom(V, W)[—i + j] = Hom(V[i], W[j]), sending
f (more precisely 577 f) to the map V[i] — W[j] : s7%v — (=1)1s77 f(v).

Definition 1.1.1. Décalage is the composite isomorphism

o

déc: Hom(V®"™ W) — Hom(V®"[n], W[1])[n — 1] =N Hom(V[1]®™, W[1])[n — 1], (1.1.1)
explicitly given by
déc(f) (st @ - @ s twy,) = (_l)n\f|+2};1(n—j)lvjlsflf(vl ® @ vp).

This restricts to an isomorphism
déc: Hom (V™ W) = Hom(V[1]®", W[1])[n — 1]. (1.1.2)

We denote by GA and GA,, the categories of graded associative algebras and graded associa-
tive algebras with a unit v : K — A : 1 — 14 and an augmentation € : A — K respectively: recall
the reduced algebra functor GA,, — GA sending A to A = Ker e. We denote by GCA Cc GA
and GCA,, C GA,, the full subcategories of graded commutative algebras (Warning: in par-
ticular, when we talk about a commutative graded algebra we will always tacitly assume that it
is also associative). We denote by GC and GC,, the categories of graded coassociative coal-
gebras and graded coassociative coalgebras with a counit © : ¢ — K and a coaugmentation
€ : K — C respectively, and by GCC C GC and GCC,, C GC,, the full subcategories of
graded cocommutative coalgebras (with a similar warning as before). Let A : C' — C®?2 be the
coproduct, 1¢ := €(1) and C := Ker p (so that there is a splitting C = 1¢K @ C), and finally
A:C 0T ¢ Ale)~1e®c—c®1c: then the reduced coalgebra functor GCyuy — GC sends
(C,A, u,¢€) to (C,A). We denote by GNC C GC the full subcategory of coalgebras (C, A) which
are locally conilpotent, by which we mean that C' = J, -, Ker A", where A" : C' — C®"! is the n-
th iterated coproduct, and we denote by GNC,,, C GC,, the preimage of GNC under the reduced
coalgebra functor; similarly for the full subcategories GNCC C GCC and GNCC,, C GCC,,.
Recall that a graded bialgebra (B,m,A) is a graded space B with a graded associative algebra
structure m : B®2 — B and a graded coassociative coalgebra structure A : B — B®2 such that
A is a morphism of algebras and m is a morphism of coalgebras, where we consider B®? with the



1.1. REVIEW OF GRADED SPACES 15

induced (co)algebra structure. (B,m,A) is commutative if such is (B, m) and cocommutative if
such is (B, A). Graded bialgebras form a category GB, the category GB,,, consists of bialgebras
with a unit K — B and a counit B — K such that the first one is also a coaugmentation and
the second one is also an augmentation. The reduced bialgebra functor GB,, — GB is defined
by combining the algebra and coalgebra cases. Finally, we denote by GLA the category of graded
Lie algebras. All of the above categories have a dg analogous for which we use the same notation
preceded by a D, for instance DGLA will be the category of dg Lie algebras, DGC the category
of dg coassociative coalgebras, and so on: in this case the differential has to be a derivation (resp.:
coderivation, biderivation) of the corresponding algebraic structure. The reader unfamiliar with
these categories is referred to the first chapter of [101].

The (resp.: reduced) tensor space over V is the graded space T(V) = @,>0V®" (resp.: T(V) =
®,>1V®"), the (resp.: reduced) symmetric space over V is the graded space S(V) = @,>oV "
(resp.: S(V) = @,>1V®"). These spaces carry several algebraic structures as we now recall.
The tensor space T'(V') carries two standard bialgebra structures, one commutative and the other
cocommutative, both augmented with unit K = V® — T(V) and counit T(V) — V& =K the
natural inclusion and projection. We first recall the commutative bialgebra structure on T'(V): its
reduced bialgebra is given by the deconcatenation coproduct A : T(V) — T(V) @ T(V)

n—1
Ay @ @vy = Y (1@ Q)@ (Vi1 ® -+ D), (1.1.3)
=1

and the shuffle product ® : T(V) @ T(V) — T(V)

®: (1@ DV)® (U1 @ ®Uprg) > Y E(0)0em1(1) D+ D Vg1 (pig)s (1.1.4)
o€8(p,q)

where we denote by S(p,q) the set of (p,q)-unshuffles, i.e., those permutations o € Sy, such
that o(k) < o(k + 1) for k # p, and by €(o) = e(o;v1,...,v,) the Koszul sign. As for the
cocommutative bialgebra structure on 7'(V'), its reduced bialgebra is given by the concatenation
product ® : (V1 ®@ -+ Q@ Vp) ® (Vpt1 @+ -+ @ Vpiq) — V1 @ - -+ @ Vpyq and the unshuffle coproduct
Bop 01 @ @0 = L)' Y seg(inmi €0) (Vo) © - © Ug(i)) © (Ug(i41) © -+ © Ug(m)), we will
have less use for it. Finally S(V) carries a bialgebra structure which is both commutative and
cocommutative, and augmented as before by K = V®° — §(V) — V© = K, whose reduced

bialgebra is given by the concatenation product ® : S(V)® S(V) — S(V)
O (VO OU) B (Upt1 O+ O Uptg) P V1O OUptyg (1.1.5)

and the unshuffle coproduct Ay, : S(V) — S(V) @ S(V)

n—1
N1 @0y =Y > &(0) (Vo) @ ©s(1) @ (Vo(is1) @ @ Vg(n))-  (L.1.6)

i=1 g€S(i,n—1)

Remark 1.1.2. Symmetrization

sym:S(V) =T(V):v 0 --Ouv, — Z £(0)Vs(1) @+ ® Vg(n)
Uesn

is a morphism of bialgebras from S(V) with the (concatenation product, unshuffle coproduct)
structure to T(V) with the (shuffle product, deconcatenation coproduct) structure.
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Definition 1.1.3. The graded coalgebra (T'(V)),A), where A is the deconcatenation coproduct,
is called the reduced tensor coalgebra over V: this is the cofree locally conilpotent coassociative
coalgebra over V, that is, the functor (T(—),A) : G — GNC is right adjoint to the forgetful
functor (we remark that this is no longer true if we consider (T'(—),A) as a functor into the larger
category GC). The graded coalgebra (T'(V'), A) equipped with the deconcatenation coproduct is
called the tensor coalgebra over V, the functor (T'(—),A) : G - GNC,, is right adjoint to the

composition of the reduced coalgebra functor and the forgetful functor.

The graded cocommutative coalgebra (S(V),Agn) (resp.: (S(V),Asn)), where Agp is the
unshuffle coproduct, is called the (resp.: reduced) symmetric coalgebra over V: the functor
(S(=),As) : G — GNCC (resp.: (S(—),Aqn) : G — GNCC,,) is right adjoint to the for-
getful functor (resp.: composed with the reduced coalgebra functor).

The graded algebras (T(V),®), (T(V),®) and (S(V),®) (resp.: (T(V),®), (T(V),®) and
(S(V),®)) are called respectively the (resp.: reduced) tensor algebra, shuffle algebra and symmetric

algebra over V. The functors (T'(—),®) : G = GA, (5(—),®) : G - GCA are left adjoint to the
forgetful functor, the functors (T'(—),®) : G = GAgy, (S(—),®) : G = GCA,, are left adjoint
to the composition of of the reduced algebra functor and the forgetful functor.

Finally, the graded coalgebra (T'(V),Asn) (resp.: (T(V),Aspn)), where Agp is the unshuffle
coproduct, is called the (resp.: reduced) unshuffle coalgebra over V.
Notation 1.1.4. Given a linear map F : T(V) — T(W) (resp.: F : S(V) — S(W)) we denote by
Fk . ven WO (resp.: FF : VOr — WOF) the composition VE" — T(V) 5 Tw) —» wek
(resp.: VO — S(V) EiN S(W) — W) where the last arrow is the natural projection.

Given a graded associative algebra A let m,, : A" — A, n > 2, be the (n — 1)-th iterated
product.

Definition 1.1.5. For graded spaces V, W and an integer n > 2 extension of scalars by A is the
morphism (—)4 : Hom(V®" W) — Hom((A® V)®" A ® W) defined by

o~

()a:f = {fa: (A V)® 5 a8n g yen M0 4 gy,

More explicitly f4((a1@v1)®@- @ (an@v,)) = (—1)=i=t sl (F 520 il g an®@f (V1@ - @uy).
If A is graded commutative then extension of scalars by A restricts to morphisms

(=)a : Hom(VO™" W) — Hom((A®V)®™, AQW), (=) : Hom(V"", W) — Hom((A®V)"", AQW).

Lemma 1.1.6. Euxtensions of scalars by A commutes with the décalage isomorphism (1.1.1), if
moreover A is graded commutative it commutes with the décalage isomorphism (1.1.2).

Proof. This is a direct and straightforward verification: notice that we have to consider the iso-

morphism (A ® V)[1] 54w V1] :s Y a®v) = (-1)l*la ® s~'v to make the statement of the
lemma precise. O

1.2 A, and C, algebras

For a graded space V', we denote by Hoch(V') the graded Lie algebra Coder(T'(V')) of coderivations
of the tensor coalgebra T'(V') over V, then as a consequence of cofreeness corestriction induces an
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isomorphism of graded spaces

Hoch(V') = Coder(T(V)) = Hom(T(V),V) = H Hom(V®™ V) : Q — pQ = (90,q1, - - qns---),
n>0

where p: T(V) — V®! = V is the natural projection. We call the n-th component ¢, : V" — V
of @ under corestriction its n-th Taylor coefficient: in particular we have the constant Taylor
coefficient qg : K — V and the linear Taylor coefficient ¢; : V' — V', a coderivation is linear
(resp.: constant) if all Taylor coefficients but the linear (resp.: constant) one vanish. The inverse

to corestriction sends (qo,q1,---,qn,--.) to the coderivation
n n—t
Q(’U1®"'®Un)= Z(_1)|Q|Zk5j |vk"U1®"'®Qi('[}j+l®"'®Uj+i)®"'®vn7 (1.2.1)
i=0 j=0

with the understanding ¢o(2) := go(1) (so that for instance, for n = 0,1, Equation (1.2.1) reads
Q(1) = q(1), Qv) = ao(1) @ v + (=1)19"lv @ go (1) + g1 (v)).

We call the natural commutator bracket on Hoch(V'), as well as the induced bracket on
Hom(T'(V),V), the Gerstenhaber bracket. It is induced by a right pre-Lie product (cf. Definition
4.2.1 ) which we call the Gerstenhaber product and denote by o, sending coderivations @ and R
to the only coderivation @ o R which corestricts to pQ R. More explicitly: if f € Hom(V®% V) and
g € Hom(V®I V), then fog € Hom(V& =1 V) is given by

i—1
fogi®- - @uipj1) =Y (- X<kl f (0@ @g(vps1 @ ®Ukss) @B vig;1), (1.2.2)
k=0
with the same understanding as for Equation (1.2.1) if either ¢ or j equals 0 (in particular, if i =0
then fog=0).

_ We denote by Hoch(V') the graded Lie algebra of coderivations of the reduced tensor coalgebra
T(V) over V, then again corestriction induces an isomorphism of graded spaces

Hoch(V) = Hom(T(V),V) = [[ Hom(VE™, V) : Q = pQ = (q1,--- .- --)-
n>1

The natural inclusion

Hom(T'(V),V) = Hom(T(V),V) : (q1s- -, qns---) = (0,41, -, Gn, - --)

identifies Hoch(V') C Hoch(V') with the graded Lie subalgebra of coderivations @ € Hoch(V') such
that Q(1) = 0.

Remark 1.2.1. For v € V we denote by 7, the constant coderivation pr, = (j,,0,...,0,...), where
Jju : K =V :1— v. The above formula shows that 7, is explicitly 7, = v® — : T(V) — T(V),
where — ® — is the shuffle product (1.1.4). Constant coderivations span an abelian Lie subalgebra
Hochy (V) € Hoch(V) such that as graded spaces Hochg(V) = V' and Hoch(V') splits in a direct
sum Hoch(V) = Hoch(V') @ Hochg (V).

Finally, given graded spaces V, W, then by cofreeness of T(W) corestriction induces an iso-
morphism

1%

GNC(T(V), T(W)) = G(T(V),W) = [[ Hom*(VE", W) : F = pF = (f1,-. ., fu,--.).

n>1
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Again, we call the f,, the n-th Taylor coefficient of F', which is called linear if all Taylor coefficients
but the linear one fi vanish. The inverse to corestriction sends (f1,--+, fn,-..) to the morphism
of graded coalgebras F' : T'(V) — T(W)

F(U1®"'®’Un)zz Z fil(vl®"'®vi1)®"'®fik(vn—ik+l®"'®Un)~ (1.2.3)
k=1t1+4+ir=n

Remark 1.2.2. A morphism of graded coalgebras F : T(V) — T(W) is an isomorphism (resp.:
monomorphism, epimorphism) if and only if such is its linear part fi : V- — W (cf. [62]).

Definition 1.2.3. An A, [1] algebra structure on a graded space V is a dg coalgebra structure on
T(V), i.e., is the datum of a degree one Q € ﬁl(V) such that Q* = Qo Q = 1[Q,Q] = 0. An
A [1] morphism between A [1] algebras (V, Q) and (W, R) is a morphism F : T(V) — T(W) of
dg coalgebras, that is, FQ — RF = 0. A linear A[1] morphism is called strict. A [1] algebras and
Aso[1] morphisms between them form the category Ax[1], Aso[l] algebras and strict morphisms
between them form the subcategory Aoo[1] C Aoo[1]-

Example 1.2.4. Given an associative dg algebra (A, d, -), there is an induced A [1] structure @ on
the desuspension A[1], given in Taylor coefficients by ¢; = déc(d) : A[1] — A[1] : s~*a — —s~'da,
g = déc() - A[1]%%2 = A[1]: s~ ta @ s7'b — (—1)I%ls~1(ab) and q; = 0 for k > 3.

This motivates the following definition.

Definition 1.2.5. An A, algebra structure (A, ms,...,my,,...) on a graded space A is a hi-
erarchy of maps m,, € Hom? "(A®" A), n > 1, such that (déc(m,),...,déc(m,),...) are the
Taylor coefficients of an A [1]-structure structure on A[1]. A strict morphism between A, al-
gebras (A, ma,...,My,...) and (A’,m},...,m/,,...) is a morphism f : A — A’ of graded spaces
such that m! f®"* = fm,, ¥n > 1. An A, morphism between A and A’ is a hierarchy of maps
fn € Hom'™™(A®", A’"), n > 1, such that (déc(f1),...,déc(f,),...) are the Taylor coefficients of an
Aso[1] morphism (A[1],déc(my),...,déc(my),...) = (A'[1],déc(m)),...,déc(m]),...). A alge-
bras and A, morphisms between them form the category A, Ao algebras and strict morphisms
between them form the subcategory A, C Auo.

Remark 1.2.6. By construction décalage induces isomorphisms of categories déc : Ao — A[1],
déc : Aso = Axo[1].

Informally speaking, A, algebras are dg algebras which are associative only up to a coherent
system of higher homotopies. To explain this last assertion: (A, mq,...,my,...) is an A, algebra
if and only if the hierarchy of identities

Z déc(mp—;t1) o déc(m;) =0, n>1,

=1

(where o is the Gerstenhaber product) is satisfied. For instance, for n = 1 this says that m; is a
differential on A, for n = 2 it says that m; satisfies the Leibnitz rule with respect to the product ms :
A®? 3 A and for n = 3 it says that m, is associative up to a homotopy given by ms: in particular
my induces an associative product on H(A,m;). Similarly given a family f,, € Hom'™"(A®" A"
this defines an Ao[1] morphism F = (f1,..., fn,...): (A, m1,...,my,...) = (A\m],...,ml, ...)
if and only if a hierarchy of identities obtained by coresticting déc(M’)déc(F) = déc(F)déc(M) :
T(A[1]) — T(A'[1]) is satisfied: the first identity tells us that f1 : (A,mq1) — (A',m}) is a dg
morphism, the second identity tells us that f; commutes with the products mo, mf up to a
homotopy given by fo: in particular H(f1) : H(A,my) — H(A’,m/) is a morphism of graded
associative algebras.
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Definition 1.2.7. The tangent complex of an A, algebra (A,mq,...,my,,...) is the dg space
(A, m1). The tangent cohomology of A is H(A) = H(A, m1) with the structure of graded associa-
tive algebra induced by mg: tangent cohomology is a functor H(—) : A — GA sending an A
morphism F = (f1,..., fn,...) : A= A" to H(F) := H(f,) : H(A) —» H(A").

Definition 1.2.8. An A_, morphism F between A, algebras A and A’ is a weak equivalence if
H(F): H(A) —» H(A') is an isomorphism.

Next we consider U algebras, which are, informally speaking, strictly commutative A alge-
bras. We denote by Harr(V) C Hoch(V) the graded Lie subalgebra of biderivations of T'(V') with
respect to the (shuffle product, deconcatenation coproduct) bialgebra structure.

Lemma 1.2.9. Given Q € Hoch(V), then Q € Harr(V) if and only if the corestriction pQ vanishes
on the image of the shuffle product ® : T(V) — T(V). Similarly, a morphism between the tensor
coalgebras F : T(V) — T(W) is a morphism of the (shuffle product, deconcatenation coproduct)
bialgebra structures if and only if the corestriction pF vanishes on the image of the shuffle product.

Proof. Recall that given a morphism F : (C,A¢) — (T(V),A) of locally conilpotent coalgebras,
an F-coderivation R : C — T (V) is a linear map such that AR = (R® F + F ® R)A¢: we need
the fact that every F-coderivation as above is uniquely determined by its corestriction, hence the
local conilpotence hypothesis. Let @ € Hoch(V'), we want to know if () is a derivation with respect

to the shuffle product (1.1.4) Q® = ® (Q ® idg () +idp gy, ®Q): but ® is a morphism of locally

conilpotent coalgebras and both Q® and &® (Q ® idT(V) —&—idf(v) ®Q) are ®-coderivations, thus
Q € Harr(V) if and only if pQ® = p & (Q ® idgy,) +idp ®Q) =0, as p® = 0.

A similar argument shows the second claim of the lemma. The coalgebra morphism F is a
morphism of bialgebras if and only F® = @F®? : T(V)®? — T(W): since both F® and ®F®?
are morphisms of locally conilpotent coalgebras and T'(W) is cofree, this happens if and only if

pF® =p® F®? =0. O

Definition 1.2.10. A C.[1] algebra structure on a graded space V is a dg bialgebra structure

on T(V) with its (shuffle product, deconcatenation coproduct) bialgebra structure, that is, it
is the datum of Q € ml(V) such that Q2 = 0. C4[1] algebras span a full subcategory
Cooll] C Ax[l]. A Cx[1] morphism between Coo[1] algebras (V, Q) and (W, R) is a dg bialgebra
morphism F : (T(V),Q) — (T(W),R): Cxl1] algebras and C4[1] morphisms between span a
subcategory (not full) C[1] < Aso[1]. The categories Co, C A, Coxo C Ao, are the preimage of
Coo[1], Coo[1], under décalage.

Example 1.2.11. Let (A,d,-,0,...,0,...) be a dg associative algebra, seen as an A, algebra as
in Example 1.2.4: it is a Cy, algebra if and only if the product - is graded commutative.

Definition 1.2.12. Let (A,d,-) be an associative dg algebra: given an A [1] algebra (V,Q) =
(V,q1,-.-,Gn,-..) extensions of scalars by A (cf. Definition 1.1.5) induces an A [1]-structure Q4
on A® V given by

pQA = (d & 1dV +ldA ®Q17 (QQ)A7 FE) (qn>A7 .. )

It is a C[1] structure if such is @ and moreover A is graded commutative.

We close this subsection by recalling the dual definition of A, and C coalgebras. Recall that
the free Lie algebra L(V') over a graded space V is the smallest Lie subalgebra of T(V'), with the
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commutator bracket induced by the concatenation product, containing V: this is also the space of
primitives in its universal enveloping (bi)algebra, which is T'(V') with the (concatenation product,
unshuffle coproduct) bialgebra structure, cf. [101], namely, L(V) = Ker Ay, : T(V) — T(V)®2.

The reduced tensor algebra T(V') over V is filtered by FPT(V) = @,>,V®": the reduced com-
plete tensor algebra over V is the completion 7(V)) = lim T/(V)/FPT(V), thus as a graded space
f(V) = 11,5, V®". Let V* = Hom(V,K) be the dual of V, then transposition induces a mor-
phism of graded Lie algebras —! : Der(T(V)) — Hoch(V*): in fact we can identify Der(T(V)) =
Hom(V,T(V)) = [1,,>; Hom(V, V®™) and for each n > 1 transposition and pullback by the canoni-
cal (V*)®" — (V®")* induce a map —! : Hom(V, V") — Hom((VE™)*, V*) — Hom((V*)®", V*),
finally it is not hard to verify that

—t: Der(T(V)) — Hoch(V*) : (q1, - ns---) = (=, ..., —d, )

is a morphism of graded Lie algebras (notice that we have to take the minus sign since otherwise
we would get an antihomomorphism of graded Lie algebras).

The free Lie algebra L(V) over V is filtered by FPL(V) = L(V)( FPT(V), the completion
L(V) =1lim L(V)/FPL(V) is the complete free Lie algebra over V. As a graded space Der(L(V)) =
Hom(V, L(V)), the pushforward Der(L(V)) = Hom(V, L(V)) — Hom(V,T(V)) = Der(T(V)) iden-

tifies the graded Lie algebra Der(L(V')) with a graded Lie subalgebra of Der(T'(V)): moreover, given

Q=1(q1,-..,qn,...) € Der(L(V)), since the composition V =5 y®n EXIN T(V) ® T(V) vanishes,
dually we also see that the transpose ¢, vanishes on the image of the shuffle product, thus by Lemma
1.2.9 transposition restrict to a morphism of graded Lie algebras —* : Der(L(V)) — Harr(V*).

If V is finite dimensional (that is, each V* is finite dimensional and V* = 0 for |k| >> 0),
with a preferred choice of basis, likewise transposition defines isomorphisms of graded Lie algebras
Hoch(V') — Der(T(V*)), Harr(V') — Der(L(V*)).

Definition 1.2.13. An A coalgebra structure on a graded space V' is a dg algebra structure on
the completed reduced tensor algebra T(V[—1]). A Cy coalgebra structure on a graded space V
is a dg Lie algebra structure on the completed free Lie algebra L(V[—1]).

Remark 1.2.14. Taking into account the natural (V[—1])* = V*[1], the previous discussion shows
that transposition (together with décalage) sends Ao, (resp.: C) coalgebra structures on a graded
space to A (resp.: Co) algebra structures on its dual, as well as A, (resp.: C) algebra
structures on a finite dimensional graded space with a basis to Ay, (resp.: Cx) coalgebra structures
on its dual.

1.3 L., algebras

We denote by CE(V) the graded Lie algebra of coderivations of the symmetric coalgebra S(V') over
V, corestriction induces an isomorphism CE(V') =[], -, Hom(V®™, V'), we call the components of
pQ = (qo,q1, - - -, qn, - ..) the Taylor coefficients of the coderivation Q: we call ¢; and ¢g respectively
the linear and the constant Taylor coefficient of @, we say that @) is a linear (resp.: constant)
coderivation if all Taylor coefficients but the linear (resp.: constant) one vanish. The inverse to

corestriction sends (¢o, q1,---,qn,---) to

Qi 0u)=> >  £0)6en) @ O a() @ @ Vg(n), (1.3.1)
i=0 geS(i,n—i)
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(with the same understanding as for Equation (1.2.1), for instance for n = 0,1 Equation (1.3.1)
reads Q(1) = qo(1), Q(v) = qo(1) ® v + q1 (v)).

We call the commutator bracket on CE(V'), as well as the induced bracket on Hom(S(V'), V),
the Nijenhuis-Richardson bracket. It is induced by a right pre-Lie product which we call the
Nijenhuis-Richardson product and denote by e, where again () e R corestricts to pQQ R. Explicitly:
if f € Hom(V® V) and g € Hom(V®7 V), then f e g € Hom(V®*i~1 V) is given by

f.g(’Ul @"'@’UrH,jfl) = Z E(O')f(g(’l)g(l) QQ’UU(]))QQ’UU(H—J—D) (132)
oceS(j,i—1)

The graded Lie algebra CE(V) = Coder(S(V)) = [],~, Hom(V®", V) identifies, via the natural
embedding (q1,...,qn,--.) = (0,q1,...,qn,...), with the graded Lie subalgebra of coderivations
Q € CE(V) such that Q(1) = 0.

Remark 1.3.1. Let v € V, denote by o, the constant coderivation po, = (j,,0,...,0,...), where
Jjo : K =V :1 — v. Formula (1.3.1) shows that o, is explicitly o, = v© — : S(V) — S(V),
where — @ — is the concatenation product (1.1.4), and formula (1.3.2) shows that o, @ Q = 0 for

all @ = (q0,--+,4n,--.) € CE(V), while Qe o, = [Q,0,] = ([¢1,04],- -, [gn+1,00],...) is given in
Taylor coefficients by

g1, 00](1) = q1(v), [Unt1,00](V1 O Ovy) = quy1(V O VL O vp). (1.3.3)

Constant coderivations span an abelian Lie subalgebra CE¢(V) C CE(V), such that as graded
spaces CEy(V) 2V, and CE(V) splits in a direct sum CE(V) = CE(V) @ CEq(V).

Finally, given graded spaces V, W, then corestriction induces an isomorphism

GNCC(S(V),S(W)) = G(S(V),W) = [[ Hom*(VE", W) : F = pF = (f1,..., fa,.).

n>1

The f,, are the Taylor coefficients of F', which is linear if all Taylor coefficients but the linear one
f1 vanish. The inverse to corestriction sends (f1,..., fn,...) to the morphism F : S(V) — S(W)

F(Ul@-“@ﬂn):Z% Z Z E(U)fil(va(l)®"')®"'®fik("'®q)a(n)) (134)

k=1 i1+ +ik=n o €S (i1,...,ik)

Remark 1.3.2. A morphism of graded coalgebras F : S(V) — S(W) is an isomorphism (resp.:
monomorphism, epimorphism) if and only if such is its linear part f; : V. — W (cf. [62]).

Definition 1.3.3. A L, [1] algebra structure on a graded space V is a dg coalgebra structure
on S(V), that is, the datum of Q € @I(V) such that Q2 = Qe Q = %[Q,Q] =0. A L[l

morphism between L [1] algebras (V,Q) and (W, R) is a morphism F : (S(V),Q) — (S(W), R)
of dg coalgebras: a linear L.,[1] morphism is called strict. Lo[1] algebras and Loo[1] morphisms
between them form the category L£..[1], Loo[1] algebras and strict morphisms between them form

the subcategory Loo[1] C Loo[1].

Example 1.3.4. If (L,d,[,']) is a dg Lie algebra then there is a Ly[1] structure @ on the
desuspension L[1] given by q; = déc(d) : L[1] — L[1] : s~ — —s~!dl, the graded symmetric
bracket gy = déc([-,-]) : L[1]9? = L[1] : s~ ® s 'm — (=1)s71[I,m] and g, = 0 for k > 3.
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Definition 1.3.5. A L., algebra structure on a graded space L is the data of a hierarchy of
maps [, € Hom? "(L"",L), n > 1, such that the coderivation given in Taylor coefficients by
(déc(ly),...,déc(ly),...) is an Lyo[1] structure on L[1]. A strict morphism between L, algebras
(Ll ..oy lpy .. and (L7,04,... .0, ...), is a morphism of graded spaces f : L — L’ such that
I f"* = fl,, ¥n > 1. A Lo morphisms between L and L’ is a hierarchy f,, € Hom' " (L " L')
such that (déc(f1),...,déc(fn),...) are the Taylor coefficients of an Lo[1] morphism L[1] — L[1].
Lo, algebras and Lo, (resp.: strict) morphisms between them form the category Lo, (resp.: the

subcategory Lo, C Lo).

Remark 1.3.6. By construction décalage induces isomorphisms of categories déc : Lo, — Lo[1],
déc : Loo = Loo[1].

Informally speaking, L., algebras are dg Lie algebras where the Jacobi identity has been relaxed
up to a coherent system of higher homotopies. For instance, expanding the first few identities
Sordée(ly—it1) ® déc(l;), n > 1, we see that [; is a differential on L satisfying the Leibnitz
identity with respect to the bracket 5 : L"? — L, and the last one satisfy the Jacobi identity up
to the homotopy I3. If (f1,..., fn,...) i8 an Ly morphism, then f; : L — L’ is a dg morphism,
preserving the brackets up to the homotopy fs.

Definition 1.3.7. Given an L, algebra (L,ly,...,l,,...), its tangent complex and its tangent
cohomology are (L,l;) and H(L) = H(L,l;) respectively: the last one has a graded Lie algebra
structure induced by ly. Tangent cohomology is a functor H(—) : Lo — GLA, by putting
H(F):=H(f1): H(L) — H(L").

Definition 1.3.8. A L, morphism F = (f1,..., fn,...) s (Lyli,ooyln, o) = (L0, .0, .0)
is a weak equivalence between L and L' if H(F') : H(L) — H(L') is an isomorphism.

Definition 1.3.9. Given Ly[1] algebra (V,Q) = (V,q1,...,¢n,...) and a commutative dg algebra
(A,d,-) via extensions of scalars by A there is an L[1] structure Q4 on the tensor product AV,
given (as in the Ay [1] case, Definition 1.2.12) by

pQA = (d ® 1dV +ldA ®qj.7 (qQ)Aa R (Qn)A7 .. )

Finally, we recall the following definition: homotopy abelian L., algebras play an important
role in deformation theory, cf. Remark 6.4.4.

Definition 1.3.10. An L., algebra (L,l,...,l,,...) is abelian if [,, = 0 for n > 2, it is homotopy
abelian if it is weakly equivalent to an abelian one.

Remark 1.3.11. For graded spaces V', W, we still denote by sym : Hom(7'(V'), W) — Hom(S(V'), W)
the pullback by the symmetrization sym : S(V) — T(V). It is well known and easy to prove directly
(cf. also Remark 4.1.19) that when W =V the resulting

sym : Hoch(V) = CE(V) : (¢1,-- - Gn,---) — (sym(q1), .. .,sym(q,),-..),

sym(qn)(v1 © -+ O wvy,) = Z g(G)QH(UU(l) Q- ® Uo’(n))a
oSy

is a morphism of graded Lie algebras, in particular it sends Ay [1] structures on V to Ly[1] strue-
tures on V. It is also not hard to show that if FF = (f1,..., fn,...) is an Ay[1] morphism
F: Vg, .- sqn,---) = (Wyry,...,rpn,...), then sym(F) = (sym(f1),...,sym(f),...) is an
Loo[1] morphism sym(F) : (V,sym(q1),...,sym(qn),...) = (W,sym(ry),...,sym(ry),...), thus

symmetrization is a functor sym : A [1] = Lo[1]. Given Q € Harr(V), since sym : S(V) — T(V)
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is a morphism from the symmetric algebra over V to the shuffie algebra over V', Lemma 1.2.9
implies that the corestriction psym(Q) has to vanish on the image of the concatenation product
and since the latter is Y o, V®" this means that sym(Q) is a linear coderivation: thus Co[1]
structures symmetrize to abelian L., [1] structures - that is, complexes - and in the same way we
see that Cuo[1] morphisms symmetrize to strict Loo[1] morphisms - that is, dg morphisms.

1.3.1 Complete L, algebras

A complete graded space (V,F*V) is a graded space V equipped with a decreasing filtration
V =FW > ... D FPV O --- such that V is complete in the induced topology, i.e., the natural
morphism V' — lim V/FPV is an isomorphism. Continuous morphisms of complete graded spaces
are the ones compatible with the filtrations. We denote by G the category of complete graded
spaces and continuous morphisms between them. Likewise we can define the categories 15&, Iﬁ,
DGLA by requiring the differentials and the respective algebraic structures to be compatible with
the filtration in the usual way.

Definition 1.3.12. A complete L.[1] algebra is a complete graded space V = lim V/FPV with
an Lo [1] structure (V,q1,...,@Gn,...) which are compatible q,(F'V © .- ©® FinV) C Fat tiny,
Yn, i1, ...yt > 1. A Loo[l] morphism F = (f1,..., fn,...) : V. — W between complete L..[1]
algebras is continuous if f,,(F1'V®---@FnV) C Fat+inly is satisfied for every n, iy, ... i, > 1.
We denote by Loo[1] (resp.: Log[1]) the category of complete Log[1] algebras and continuous Lo [1]
(resp.: strict) morphisms between them.

Remark 1.3.13. Let (V,F*V,q1,...,qn,-..) be a complete Ly [1] algebra, then for all ¢ > 1 there is
an induced complete Lo [1] algebra structure on V/F?V such that the natural V' — lim V/FPV is
an isomorphism in the category Log[1]: the filtration on V/F4V is the induced one FP(V/F4V) =
FPV/F1V if 1 <p <qand FP(V/FV)=0ifp > q.

Definition 1.3.14. The curvature of a complete Ly[1] algebra (V,qi,...,¢qn,...) is the function

1 n
R:VO—>V1:v—>qun(v® ).

n>1

Sometimes we also denote it by Ry or R(v,g). An x € V0 is called a Maurer-Cartan element of
(V,Q) if R(z) = 0, we denote the set of Maurer-Cartan elements of V' by MC(V'), or sometimes
MC(V, Q). The Maurer-Cartan functor MC(—) : Loo[1] — Set sends the L.[1] morphism F =
(Froeeesfnne )1V W to

MC(F) : MC(V) = MC(W) :z = > %fn(xQ")

n>1

Remark 1.3.15. From the previous definition it is not clear that MC(F') sends Maurer-Cartan
elements to Maurer-Cartan elements, so we take a moment to show this well known fact. First of
all we consider more in general the forgetful functor —%# : L [1] — Set sending V to V" and a
continuous Lo[1] morphism F = (f1,..., fn,...) : (V,Q) = (W, R) to

1 n
FO# :VO—>W0:v—>z>:afn(u® ).
n>1

Functoriality is easy and left to the reader. We have to prove that F°# sends Maurer-Cartan
elements to Maurer-Cartan elements: let v € VO and w := F%(v) € W% Ry : VO — V1 and
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Rw : WO — W1 the respective curvature functions, this follows from

Rw (w) = r1(w) + Z %rn (FO#(U)GH) =

n>2

:Tl(w)-i-Z%rn Z M@@M _

I 1
n>2 " \giege>t U In
1 1 (n+ k) . _
=ri(w) + n+k)! "\ nl > g1l fal( Vo) OO fi, (W) | =
n>2k>0 Jit++jn=n+k
1 1 &
_ n On+ky _ k7 @n _
=r(w) + (n+k)!T"F"+k(v ) = erlfn ZEZ”F =
n>2 k>0 n>1 n>2 U k=2

= Z %pRF(vQ”) _ Z 1'pFQ @n Z — Z k' fn k+1(QK( @k) o U@nfk) _

n>1 n>1 n>1

=2 (nTl i /n(Rv () © v,

n>1

Remark 1.3.16. It is immediate to see that MC(—) seen as a functor Lo [1] — Set commutes with
small limits, as it commutes with both equalizers and arbitrary products. The category Eoo[l] is
not complete, since in general equalizers don’t exist, but one could still ask if MC(—) as a functor
EOO — Set preserves small limits whenever these exist. This is not the case, as the following
easy counterexample shows: let V = W = K with the trivial Lo[1] structure, and consider the
pair of Loo[1] morphisms F = (f1,..., fn,...) and G = (g1,...,9n,...) from V to W given by
fi=idk, fr = 0for k # 1, go : K®2 — K is the product and g = 0 for & # 2. In this case
MC(V) = MC(W) = K and MC(F) : K - K : ¢t = t, MC(G) : K — K : ¢t — 1¢2, thus the
equalizer of MC(F') and MC(G) is the inclusion of the two points set {0,2} — K: on the other
hand it is not hard to see that 0 — V is an equalizer for F' and G in the category Eoo[l}. This also
implies that MC(—) is not representable as a functor Eoo[l] — Set (it is representable as a functor
DGLA — Set by the complete dg Lie algebra L(Ag), cf. Section 5.2.1: this is the complete free

Lie algebra L(z) over a single generator z in degree one and with differential da = —1[z,z]).

It is possible to twist Lo [1] structures by Maurer-Cartan elements, cf. for instance [39, 109]. Let
(V, F*V) be a complete graded space, we denote by CE.(V) C CE(V) the right pre-Lie subalgebra

CE.(V)={Q = (90, --,qn,--.) € CE(V) s.t
gn (F"V - @ F"V) C FT iy vn iy, i, > 1},
The fact that CE. (V') is closed with respect to the Nijenhuis-Richardson product follows easily from
(1.3.2). Similarly we denote by CE.(V) C CE.(V) the right pre-Lie subalgebra of coderivations

with vanishing constant Taylor coefficient. The graded space CE.(V') is complete with respect to
the filtration F° CE.(V) = CE.(V), and for p > 1

FPCE(V) ={Q = (40, -+ ,qn,---) € CE(V) 5.t
q(1) € FPV, ¢, (F'V @@ F"V) C FO Yty Yn iy, i, > 1},
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and moreover this filtration is compatible with the Nijenhuis-Richardson bracket in the usual
way. As in Remark 1.3.1, for all x € V we denote by o, € F! CE.(V) the constant coderivation
with constant Taylor coefficient 1 — z. Since the inner derivation [0y, —] : CE.(V) — CE.(V)
sends F? CE.(V) to FPT!CE.(V), it is well defined the automorphism of graded Lie algebras
el=7:] : CE.(V) = CE.(V) : Q = Q, which we call the twisting by z. Remark 1.3.1 shows that

Qs = (42,0, -+ qun,---) is given explicitly by

1 1
quo(l) = Z EQk(ka)a qgc,n(vl (ORERNO] Un) = Z anﬁ—k’(z@k (OXYNORRRNO) Un)'
E>0 E>0

In particular, if Q@ € CE.(V) is a complete Ly [1] structure on (V, F*V) also [Q., Q] = 0, thus
Q. is a new complete Ly [1] structure on V' if moreover g, (1) = 0, that is, by the above, if
x € MC(V, Q).

Proposition 1.3.17. Given a complete L[1] algebra (V,q1,...,qn,...) and a Maurer-Cartan

element x € MC(V), there is a new complete Loo[1] algebra structure Qu = (qu.1s-- -, Qumn,---) ON
V, given by
1
qm,n(vl (OREENO) 'Un) = Z 7qn+k(x®k [OXHORRRNO! Un).
i
k>0
Proof. Given above. O

Lemma 1.3.18. MC(V,Q,) = {2’ € V? s.t. z + 2’ € MC(V,Q)}.
Proof. An easy computation shows that Rv,g.)(z") = R(v,q)(z + ') for all 2’ € V°. O

There is also a relative version of the previous proposition: given a continuous Lo, [1] morphism
F=(fi, ..., fns--.) : (V,Q) = (W, R) of complete L[1] algebras and a Maurer-Cartan element

z € MC(V), let F, : S(V) — S(W) be the morphism of coalgebras given in Taylor coefficients
Fw = (f1,17-~-’f;1;7n,.. ) by

1 .
f:v,n(vl (OREENO) ’Un) = Z EfnJri(l'@Z (O RORERNO) ’Un).
i>0

Proposition 1.3.19. F, : (V,Q.) = (W, Ryc(ry(x)) 8 a continuous Loo[1] morphism.

Proof. We prefer to omit a detailed proof: let y := MC(F)(x) € MC(W, R), the required identity
F,Q. = RyF, can be proved either by a direct computation, along the lines (but more involved)
of the one in Remark 1.3.15, or by making sense of the equalities @, = e~ 7*Qe’*, R, = e~ v Re%v,
F, = e 9vFe% (cf. [109], the problem in the latter case, of course, is that the coalgebra automor-

phisms e : S(V) — S(V), v : S(W) — S(W) are not well defined). O

Remark 1.3.20. Under some additional hypothesis Proposition 1.3.17 and Proposition 1.3.19 also
hold in the non complete setting, for instance if ¢, = r, = f, = 0 for n > 0: the following remark
is a bit pedantic but we will need it in section 4.1. Consider the following situation where (V, Q),
(W, R) are L[1] algebras (not complete ones) and F : (V,Q) — (W, R) is an Loo[1] morphism: a
given x € VO satisfies 0 = gy (29 © =) : VO =V and 0 = fripn(2®F © =) : VO — W for all
k>0 and n>> 0, likewise Y, <, 2 fo(2®") := y € WO satisfies 0 = rpyn(y®* © =) : WO - W
for all k > 0 and n > 0. It makes sense to say that z is Maurer-Cartan if 0 = Y - ¢, ("),
moreover in this case the computation in Remark 1.3.15 shows that also y is Maurer-Cartan. By
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the hypotheses the previous formulas well define coderivations Q, € CE(V), R, € CE(W) and a
morphism of coalgebras Fj, : S(V) — S(W). Claim: in the previous hypotheses the conclusions of
Proposition 1.3.17 and Proposition 1.3.19 still hold (in fact both could be proved by a cumbersome
but direct computation which continue to make sense).

We close this subsection with an useful proposition. Since for a complete Lo [1] algebra V =
lim V/FPV we have MC(V) = lim MC(V/FPV), it can be useful to study inductively the sets
MC(V/FPV), and this can be done using the following result.

Proposition 1.3.21. Lete : 0 = I =V — W — 0 be a central extension of complete Loo[1]
algebras, as in Definition 1.3.31, then there is an obstruction map o : MC(W) — HY(I) with
the property o(x) = 0 if and only if x lifts to a Maurer-Cartan element of MC(V). If the set of
Maurer-Cartan liftings of x is not empty it has the structure of an affine space over Z°(I): more
precisely given a Maurer-Cartan lifting T € MC(V') of © the set of all Maurer-Cartan liftings of
is in bijective correspondence with Z°(I) via Z°(I) — MC(V):Z — 7 + 2.

Proof. We denote by g, : VO™ — V the Ly[1] structure operations. Given z € MC(W) let ¥ € V°
be an arbitrary lifting of o, then R(Z) € Z1(I): in fact it is clear that R(Z) € I, and since I is an
abelian ideal we also see that

_ 1 ~on 1 - n! ~On—it1y ~ ~Oi—1
aRE) =2, @ = =2, o (2 Dl i e ETT 0 >> -
Y= E (RE) 07 ) =0

i>2

If 7 is another lifting of z, n > 2, then ¢, (Z°") — ¢, (T®") = Z::Ol 7, (%0 (F-7)0z°" 1) =0,
as £ — T € I and I is abelian, thus

R(@) - R(T) = (3 — T) (1.3.5)

Thus it is well defined o sending = to the cohomology class of R(Z), for Z an arbitrary lifting of
x. If R(Z) = q1(2), with zZ € I°, then (1.3.5) implies that R(Z — 2) = 0, thus x admits a Maurer-
Cartan lifting and the converse is obvious. Finally, the last statement also follows immediately
from Equation (1.3.5). O

Remark 1.3.22. The obstruction map defined in the previous proposition is natural with respect to
strict morphisms between central extensions of L.[1] algebras, that is strict morphisms between
the bases, the fibers and the total spaces of two given central extensions making the obvious
diagram commutative: this is immediate by construction.

1.3.2 Convolution L., algebras

In this subsection we associate to every pair of Ly [1] algebras (V, Q) and (W, R) an Lo[1] struc-
ture on the graded space CE(V,W) := Hom(S(V),W) = [],~, Hom(V®", W), called the convo-
lution Lso[1] structure. In fact this correspondence is induced by a morphism graded Lie algebras
CE(V) x CE(W) — CE(CE(V,W)) (where the graded Lie algebras structures are given by the
commutator bracket): this sends @ € CE(V) to the linear coderivation @* = (Q*,0,...,0,...) €
CE(CE(V,W)), with Q*(F) = —(=1)IQIFIFQ (here we are considering Q as a coderivation
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S(V) = S(V), and F, Q*(F) as graded morphisms S(V) — W), and sends R € CE(W) to
the coderivation Ry = (T4 1,...,Txm,...) € CE(CE(V,W)) defined by

ren(FL® -0 Fy) : S(V) 2 §(v)en D88, yyan _, yyon Ty

_ — Al
where: Fi,...,F, € CE(V,W), S(V) RN S(V)®™ is the iterated coproduct and W&™ — Wen
the natural projection. This is graded symmetric since so is r, and the coproduct on S(V) is
cocommutative.

Lemma 1.3.23. The correspondence CE(W) — CE(CE(V,W)) : R — R, is a morphism of graded
right pre-Lie algebras.

Proof. We have to prove that R, e R, = (Re R'), for all R, R’ € CE(W), where o i the Nijenhuis-
Richardson product: it suffices to consider R = r; € Hom(W®, W) and R’ = r; € Hom(W®7, W),
then 7, ; e 7 ; is given, for Fy,..., Fiyj1 € CE(V,W), by

o (P10 O Fiyga) = Y e(0)re (rhj(Fo) @ © Fo)) © -+ O Fogipjon) =
c€S(j,i—1)
—~J—1 —i—1
= Y. el (Tﬁ'(Fa(l) ® @ Fp)A ®-® Fff(i+j—1)) A=
ceS(3,i—1)
—iti—2
= Z e(o)r; (T;(Fg(l)®"'®Fg(j))®"'®Fg(i+j,1))A (g
ceS(j,i—1)

= (T’i ) ’)";)(Fl ® e ® Fi+j,1)zi+j_2 = (Ti [} T;)*(Fl @ e @ FiJrj,l).

Lemma 1.3.24. [Q*, R,] =0 for all Q € CE(V), R € CE(W).

Proof. Forn =1

(Q*, r1)(F) = Q* (1 F) — (—1)QIRl,| (_(_1)\QHF|FQ> -
— _(<1)IRIIRIHIED, P 4 (—1)IQIIRIHEFD,. pQ — o,

and, since Q : S(V) — S(V) is a coalgebra coderivation, for n > 2
Q" (rem(FL ® - @ Fy)) = —(—DIRQURFSIL B, (... @ F)A"'Q =

= n ] . i— . n—i\ xn—1
=3 () QAR IEDy (R @@ Fy) (ld%(v)l 2Q®id2"> ) A=

=1

n—1

= (fl)lQHRI Z(fl) i \QHF_HT”(Fl R ® 7(f1)|QIIFiIFiQ ® - QF)A =
i=1

= (~1)QIIEl Z(_l)z_’;;i QUL (FLe- @Q (F)® - 0 F,).
=1
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Lemma 1.3.25. The correspondence CE(V) — CE(CE(V,W)) : Q — Q* is a morphism of graded
Lie algebras.

Proof. Clear. O

Finally, putting all the lemmas together we see that as claimed

Proposition 1.3.26. The correspondence CE(V) x CE(W) — CE(CE(V,W)) : (Q, R) — Q* + R,
is a morphism of graded Lie algebras.

Definition 1.3.27. Given a pair (V, Q) and (W, R) of L.[1] algebras, by the previous proposition

Q* + R. is an Ly[1] structure on CE(V, W). We call the L, [1] algebra (CE(V, W), Q* + R.) the
convolution Loo[1] algebra of (V,Q) and (W, R).

The descending filtration
FPCE(V,W)={F = (f1,..., fn,...) € Hom(S(V), W) s.t. f; =0Yi <p},
turns CE(V, W) into a complete space, in fact
lim CE(V, W)/FPCE(V, W) = lim Hom(®?—'V® W) = Hom(colim @&~ VO W) =
= Hom(S(V), W) = CE(V, W).
Working out the definitions, given Fy = (f1,1,--, fins---)s-- s Fj = (fits--vs fim,--.) € CE(V, W),
r; € Hom(W®7 W), j > 1, we have
T j(F1 O O F)(v1 O Ouy) =
= > Yo @ik (o) @) @ O fiky (- © Vo))

ki+-+kj=noceS(ki,...,k;)

which shows that 7, ; is continuous. Moreover, given F' = (f1,..., fy,...) € CE(V,W) and Q =
(q15---+Gn,--.) € CE(V) we have

Q*(F)(Ul®"'®vn)zz Z €(0) fra—it1(2i(Vo(1) © - - O Ve(3)) @ -+ © Vo (n)),

i=1 oceS(i,n—1)

which shows that Q* : CE(V, W) — CE(V, W) is continuous as well. Thus the filtration F*CE(V, W)
turns the convolution L [1] algebra (CE(V, W), Q* 4+ R,) from the previous definition into a com-
plete Lo[1] algebra, in particular it makes sense to consider the Maurer-Cartan equation.

Proposition 1.3.28. A graded morphism F € Hom’(S(V),W) is a Maurer-Cartan element of
(CE(V, W), Q*+R.) if and only if it is the corestriction of an Lo [1] morphism F : (V,Q) — (W, R).

Proof. By the previous computations, F' is Maurer-Cartan if and only if for all vy,...,v, € V,
n > 1, we have

Yh X Y onUnm© )00y Ovm) =

J=1"" kit-4kj=noc€S(ki,....k;)

:Z Z €(0) frn—it1(€i(Vo(1) @ -+ O Vp(i)) O+ © Vg (n))s

i=1 oceS(i,n—1)
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which is exactly the equation for (fi,..., fn,...) to be the corestriction of an L,[1] morphism

F:(V.Q) = (W, R). -

We close this subsection by sketching a different construction of convolution L., algebras, this
time associated to a Cy, coalgebra C' and a dg Lie algebra M. We will need the following result
in Section 5.2.1.

Proposition 1.3.29. Given a Cw coalgebra structure on a space C, that is, a dg Lie algebra
structure on the complete free Lie algebra L(C[—1]), and a complete dg Lie algebra (M, F*M) there
is a complete Lo, algebra structure on Hom(C, M) with the induced filtration FP Hom(C, M) =
Hom(C, FPM). The natural identification

Hom'(C, M) = Hom®(C[~1], M) = G(C[~1], M) = GLA(L(C[-1]), M)

—

restricts to a natural identification MC(Hom(C, M)) = DGLA(L(C[-1]), M).

Proof. (sketch, cf. [84] for details, also notice that this is just another appearance of the well estab-
lished mechanism of twisting cochains and Koszul duality [72, 13]) We only recall the construction
of the Lo[1] algebra structure on Hom(C, M)[1] = Hom(C[—1], M). The transpose of the Cx
coalgebra structure on C gives a C[1] algebra structure on the space C*[1], hence via extensions
of scalars by the universal enveloping algebra U(M) there is an A [1] algebra structure on the
space C*[1] @ U(M) = Hom(C[-1],U(M)), thus via symmetrization also an L[1] algebra struc-
ture: finally one verifies that Hom(C[—1], M) C Hom(C[—1],U(M)) is an L.[1] subalgebra, cf.
[84], Lemma 3.3. The last assertion follows by unwinding the definitions, cf. [84], Section 3.2. O

1.3.3 L., extensions

The aim of this subsection is to review the classification of L[1] extensions from [24, 83, 69].

Definition 1.3.30. A L[1] ideal of an Ly[1] algebra (V,qi,...,¢qn,...) is a graded subspace
I C V such that g,+1(I ® V™) C I, for all n > 0: then @ restrict to an Lo [1] structure on I.
There is an induced Lo [1] algebra structure (V/I,71,...,7p,...) on the quotient V/I: if [v] € V/I
denotes the class of v € V, this is given by r,,; (V/I)®" = V/I : [v1] @O vn] = [gn(v1©- - Owy)].
A Lo[1] ideal I of V is abelian if moreover ¢, 1(I ® V©"*) =0 for all n > 1.

Definition 1.3.31. An exact sequence ¢ : 0 = (I,Q) — (V,S) = (W, R) — 0 of Ly[1] algebras
and strict morphism is called a (resp.: central) extension of L.[1] algebras of base (W, R) and
fibre (I, Q) if the image of the first arrow is an (resp.: abelian) Lo[1] ideal in (V,.5).

Given an extension € of L., [1] algebras as in the previous definition there is a unique isomor-

phism of graded spaces V S WxI making the diagram

Vv

N
N

W x I

w
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commutative, and correspondingly an induced Lo [1] structure Q. on W x I making the sequence

0— (1,Q) Qxidr, (W x I,Q.) 2% (W, R) — 0 into an extension of L.,[1] algebras: conversely,
each isomorphism class of L [1] extensions with a fixed base (W, R) and a fixed fiber (I, Q) (where
we consider isomorphisms given by diagrams as the one above) contains a unique representative of
this form.

Remark 1.3.32. 1t is convenient to decompose the symmetric powers of W x I into types (WxI)®t =
@;:0 W®i=i®I® . For any other graded space V, in particular for V' = W x I, we have correspond-
ing isomorphisms Hom(S(W x I),V) = [[;5, Hom((W x I)®", V) = | J P Hom(W®7 @ [9F V)

The coderivation Q. € CE(W x I) lies in the subspace

Hom(S(W), W) x Hom(S(I),I) x Hom(S(W) ® S(I),I) C Hom(S(W x I),W x I), (1.3.6)

and moreover the Hom(S(W), W) component has to be R and the Hom(S(I), ) component has
to be @, so the coderivation . is determined by its component

F. € Hom' (S(W) ® S(I), I) = Hom"(S(W), Hom(S(I), I)[1]) = CE (W, CE(I)[1]).
Remark 1.3.33. Explicitly Qc = (ge1,---:¢en,s-..) and Fo = (fe1,..., fen,...) : W — CE(I)[1]
determine each other via the formulas

Gei(w1 @+ Qw;) = (ri(w1 @ - O w;), sfei(wi © - ©w;)o(l)),
Gej(v1 © - O ;) = (0,¢5(v1 O -+ © ;)
Oe,iti(W1 O Qw; vy ©---Ov;) = (0,sfci(w1 @ OQw;);(v1 ©---Ou;)) ifi,j>1,

where we denote by sf-; the composition W®? LN CE(I)[1] = CE(I).

Proposition 1.3.34. The set of isomorphism classes of Lo[1] extensions of base (I,Q) and fiber
(W, R) is in bijective correspondence with the set of Lo[1] morphisms from (W, R) to the dg Lie
algebra (CE(I),[Q,-],[',+]), seen as an Loo[1] algebra via décalage. This correspondence is given
explicitly as in Remark 1.3.33.

Proof. We omit to give a detailed proof. By the results of the previous section the graded Lie
algebra structure on CE(I) given by the Nijenhuis-Richardson bracket [—, —] induces by convolution
a graded Lie algebra structure [—, —], on CE(W, CE(I)), moreover we have a morphism of graded
Lie algebras

CE(W) x CE(I) — Der(CE(W, CE(I))) : (R, Q) — R* +[Q, ..

hence we can form the semidirect product (CE(W) x CE(I)) x CE(W, CE(I)). We claim that the
inclusion (1.3.6), which we rewrite as

CE(W) x CE(I) x CE(W,CE(I)) c CE(W x I),

identifies this semidirect product with a graded Lie subalgebra of CE(W x I) with the Nijenhuis-
Richardson bracket: this could be seen by a direct and rather unpleasant computation'. In particu-
lar Q. is an Lo [1] structure, that is, [Q., Q-] = 0, if and only if R*(F.)+[Q, —].(F.)+ 3 [F., F.]. =

LOr more easily by passing to the dual picture where we consider Loo[1] algebra structure on a graded space as
dg commutative algebra structures on the completed symmetric algebra over its dual, cf. [24, 83, 69].
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0, that is, according to Proposition 1.3.28, if and only if F, € @1(1/1/, CE(l)) = @O(T/V, CE(I)[1])
is the corestriction of an L..[1] morphism from (W, R) to the dg Lie algebra (CE(I), [@Q, -], [—, —]),
seen as an Lo[1] algebra via décalage. O

Notation 1.3.35. Given an Lo[1] morphism F. : W — CE(I)[1] as in the previous proposition
we denote the Lo[1] algebra (W x I,Q.) also by W xp_I. We say that (W x I, Q.) is a semidirect
product of (W, R) and (I, Q) if F. factors through the inclusion CE(I)[1] — CE(I)[1], and in this
case we also denote it by W xp_ 1.

Lemma 1.3.36. Given an Loo[1] extension 0 — I — W xgo I — W — 0 and an Loo[1] morphisms

F: W' — W we denote by F*® the pullback F*® : W' 2 W 2 CE(I)[1]: there is a commutative
diagram

0——=1 ——W xpeep [ —= W' ——=0

Pk

O——1——=Wxosl w 0

where the Lo [1] morphism F is given by fu((w),i1) @ -+ © (wh,in)) = (fu(w} ©--- @ w),),0) for
n > 2, conversely if an Loo[1] extension 0 — I — W' xgI — W' — 0 fits into a diagram as the one
above then ¥ = F*®. Given an Loo[1] isomorphism G : I =5 I' we denote by G, ® : W — CE(I")[1]
the pushforward of ® by the isomorphism of graded Lie algebras G — G~ : CE(I) — CE(I'): there
18 a commutative diagram

0O—— I —Wxpgl —W—>0
e
0——=I'——Wxgoel —W—=0
where the Loo[1] morphism G is given by gn((w1,i1) ® -+ @ (wn,in)) = (0,gn(i1 © -+ © ip)) for

n > 2, conversely if an Lo[1] extension 0 — I' = W xg I’ = W — 0 fits into a diagram as the
one above then ¥ = G, ®.

Proof. Omitted, this could be seen by verifying through a direct computation that the L.o[1]
identities for the morphisms F and G exactly translates into commutativity of the diagrams

\/ /\

—GTC L CE()[

1.3.4 O algebras

To avoid to keep using constructs such as “A, (resp.: Co, Loo)”, especially in Chapters 2 and 3,
we establish the following

Convention: We denote by O (resp.: O ) a category which could be either one of the categories
A, Coo, Lo (resp.: Ao, Cooy Loo), and correspondingly we also talk about O, algebra and strict
(resp.: Os) morphisms between them.
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It is clear how some of the definitions we gave in this section for L..[1] algebras also apply
immediately, mutatis mutandis, to Os[1] algebras: for instance, we say that an O[1] algebra
V,q1,-.1Gn,-..) is homotopy abelian if ¢, = 0 for n > 2. It is also clear how to define the

category Oug[1] (resp.: Os[1]) of complete Ox[1] algebras and continuous strict (resp.: Oso[1])
morphisms between them.



Chapter 2

Homotopy transfer of co structures

As already remarked in several occasions, one of the most useful features of co structures is that
they can be transferred (unlike, for instance, dg algebra structures) along homotopy retractions.
In Section 2.2 we prove this fundamental fact in the A,., Co, and Lo, cases, following an argument
we learned from the arXiv version of [31], together with a series of technical lemmas we will need in
the sequel. In the L., case, if the homotopy retraction satisfies some side conditions (then we call
it a contraction) a formal analog of classical Kuranishi’s theorem hold, due to Getzler, specifying
the behavior of Maurer-Cartan sets under homotopy transfer: this is reviewed in Section 2.3, the
proof is a slight generalization of an argument from [39].

2.1 Homotopy retractions and contractions

P
Definition 2.1.1. A homotopy retraction of dg spaces is the data (V =—=W , K) of a pair of
K3

dg morphism p : V — W and i : W — V such that p is a left inverse to ¢ - pi = idy - and a
homotopy K € Homfl(V, V) between ip and idy - dy K + Kdy = ip — idy: in particular ¢ and p
are quasi-isomorphisms. Homotopy retractions form a category Horet, where a morphism

F(V==W K) = (V' ==W K

1 K3
is the datum of a dg morphism pry(f) : V — V'’ commuting with the homotopy operators -
P
pri(f)K = K'pri(f). A homotopy retraction (V=—=W ,K) is a contraction if it satisfies the
1

side conditions K2 = pK = 0: contractions span a full subcategory Contr C Horet.

p
Remark 2.1.2. Given a contraction ( V =———=W , K) then

(Ki)p = K(dyK + Kdy +idy) = Kdy K + K = (dy K + Kdy +idy)K = i(pK) = 0,

thus K¢ =0, as p is epi.
Remark 2.1.3. There are natural projection functors pr, : Horet — DG, i = 1,2: pr; sends

fif Vé W, K)— (V/ pﬁ W’ K') to the corresponding dg morphism pr(f) : V — V'
i v

?

33
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(cf. the previous definition), pry(f) : W — W' is the composition W Ay 2oy Py g
see that pr, is a functor we notice the identities pro(f)p = p’ pro(f) and pry(f)i = i’ pro(f): we
show the first one, the second one is proved similarly

pro(f)p = ppry(f)ip = p' pri(f)(dv K+ Kdy +idy) = p'(dv K'+ K'dy, +idy) pri(f) = p’ pry(f)-

7

14 P

Thus we also see pry(f)ip = i'p'pr,;(f). Given g : (V —=—=W' | K') - (V' —=W" ,K")
i, i/l

now it is easy

pro(g) pra(f) = p" pri(9)i'p" pry(f)i = (p"i")p" pry(g) pry(f)i = pro(gf),
thus pry is indeed a functor and moreover p : pr; — pry and 4 : pry — pr; are natural transforma-
tions.

The categories Horet and Contr are complete. The existence of products is clear, so we

’

P P
consider equalizers: let f,g: (V=—/=W ,K) — (V' =——=W' ,K’) be a pair of morphisms in
i i

Horet, and let V C V and W C W be the equalizers in DG of pr,(f), pry(g) and pry(f), pry(g)
respectively. We put i = iIW’ P =rw thus by naturality of p : pry — pry and ¢ : pry, — pr; we
see that i(W) C V and p(V) C W. If v € V also K(v) € V, in fact pry(f)K(v) = K'pr,(f)(v) =
K'pry(g)(v) = pry(9)K(v): we put K = Ky and we have just seen that K(V) C V, but now

J— p _ —
it is clear that ( V =———=W , K) is a homotopy retraction and an equalizer of f and g in Horet,
i

p1
moreover it is a contraction if such is ( V3 — W ,K 1). This shows that Horet and Contr are
i1
complete: in fact more precisely it shows that the functor pr; x pry : Horet — DG x DG creates
small limits (cf. [74]).

Homotopy retractions and contractions can be composed as in the following

p T
Definition 2.1.4. Given a pair of homotopy retractions (V =—=W ,K) and (W —=Z7 ,H)

their composition is

(Ve==W K)o(W=—x7 H):=(V==>2 K+iHp)

(2

Notice that the composite of two contractions remains a contraction.

Finally we need the fact that complete graded space structures on V' transfer along homotopy
retractions if some compatibility condition with the filtration is satisfied.

P
Definition 2.1.5. A complete homotopy retraction is a homotopy retraction (V —=W ,K)
1

and a complete dg space structure (V,F*V) on V = lim V/FPV such that K : V — V and
ip : V. — V are continuous. In these hypotheses W is complete with respect to the induced
filtration F*W = i~1(F*V) (notice that this is preserved by dy) and 4, p are continuous morphisms
of complete dg spaces: in fact by definition ¢(FPW) = ¢(W) () FPV and since ip is continuous also
p(FPV) = FPW, the remaining claim follows easily from the other two (if {wy,} is a Cauchy
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sequence in W, then {v,} := {i(w,)} is a Cauchy sequence in V, and w := p(v) := p(lim v,,) is the
limit of {w,} - in fact we only used continuity of ip, continuity of K will be used in Section 2.3).

A morphism f of homotopy retractions is continuous if such is pry(f) (and then so is pry(f)):
complete homotopy retractions and continuous morphisms form a category Horet, and similarly
one defines the full subcategory Contr C Horet of complete contractions.

2.2 Homotopy transfer theorems

O [1] algebra structures can be transferred along homotopy retractions as in the following theorem.
Theorem 2.2.1. Given an Ox[1] algebra (V,qu,...,qn,...) together with a homotopy retraction

g
((V,q1) — (W,r1) , K) there is a transferred O [1] structure R on W with linear part 1 and
f1

an O [1] weak equivalence F : (W, R) — (V, Q) with linear part fi. The higher Taylor coefficients
of F' are determined recursively by the equation

pF =f=fi+Kq.F, (2.2.1)

where we consider @ as a perturbation of the abelian Oy [1] structure g1 on V' and we denote by
Q+ = Q — q1 the perturbation and by g+ = pQ+ = (0,92, .., Gn,...) ils corestriction. The higher
Taylor coefficients of R are determined recursively by

pR=r=r1+ g1q+ F. (2.2.2)

Proof. We give the proof first in the L..[1] case, which is the one we are most concerned with.
Equation (2.2.1) determines the Taylor coefficients f,,, n > 2, recursively: in fact once expanded
it says

Pwo o =Y10 Y Y o) Kalfa o © ) OO i+ D).
k

=2 i1+ +ig=no€S(i1,...,ik)

In order to prove H := QF — FR = 0 it suffices to show pH = 0 (since H : S(W) — S(V) is an
F-coderivation, cf. the proof of Lemma 1.2.9).

Since 0 = pQ* = ¢Q = (q1 +¢+)Q = q1(q1 + ¢+) + ¢+ Q we see that g1y = —¢4+:Q : S(V) = V.
We use this fact in the following computation

pH =p(QF — FR) = q:(fi + K¢+ F) + ¢+ F — (fi + K¢ F)R =
=qfi+ (fign —idy —Kq1)q4 F + q+ F — fi(r1 + g1q4+ F) — Kq4 FR =
= (qufr = fir1) = Kqg4+ F — Kqu FR = Kq;.(QF — FR) = Kq H.
We can reconstruct the F-coderivation H explicitly from its corestriction pH = (h1,...,hy,...) as

n—i+1

Hi (0 0v)= > Y e0)hs0) @ © o)) © Fi (Vo(har) @+ © V()
k=1 oceS(k,n—k)

for instance

H(w) = hi(w), H(wy ® ws) = ho(w © wa) + hy(w1) © fi(wa) + (=) f1(w1) © by (ws),
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and so on. Thus pH = K¢y H implies inductively H = 0: in fact hy (w) = pH(w) = Kqyhi(w) = 0
Yw € W, since ¢ hy = 0, and if we know inductively that h; = --- = h,_1 = 0 then by the above
also H2 = --- = H =0, thus h, = >, _, KqHF = 0. This proves QF = FR, it remains to show
that B2 = 0: by the above

pR? = (r+g1¢+F)R =r1(r1 + 014+ F) + 910+ FR = 110104 F + 910+ QF = g1(q1q4 + ¢+ Q)F =

The Ax[1] case is treated in the exact same way. In the Ci[1] case, by Lemma 1.2.9 it only
remains to show that for all p,q > 1, v1,...,v,44 € V, the following hold

fp+q((vl @ ® Up) ® (Up+1 Q@ Up+q)) = Tp+q((1’1 - ® Up) ® (”p+1 K- Up+q)) =0.

Suppose we have proven inductively the above for p+ ¢ < n, the n = 1 case being empty. Consider

the morphism of coalgebras F.,, : T(W) — T(V) defined by pF.,, = (f1,--+, fa-1,0,...,0,...):
by the inductive hypothesis and Lemma 1.2.9 F.,, is a morphism of the (shuffle product, decon-
catenation coproduct) bialgebra structures. Suppose p + ¢ = n, then

Trrg((01® - ®vp) ® (Vp11 ® - R Upyq)) =pF (11 @+ B Vp) ® (Vpg1 @+ D Upyyg)) =

= KqyF((vn ®"'®Up) ® (Up-‘rl ®"'®Up+q)) = Kqy Fopn((01 ®"'®Up) ® (Up+1 ®"'®Up+q)) =
=K (Fen(v1® - Qvp) ® Fep(Vpp1 @+ @vpyq)) =0,

since @ is supposed to be a Cuo[1] structure. 7p14((v1 ®@ - @ vp) ® (Vpy1 Q@ - -+ @ Vpyq)) = 0 is
proved in the same way. O

Remark 2.2.2. It is not hard to see that (2.2.1) and (2.2.2) are just compact forms of the tree
summation formulas by Kontsevich and Soibelman, cf. [60].

We need a series of technical lemmas on homotopy transfer.
Lemma 2.2.3. Giwen Ou[1] algebras (V,q1,...,Gn,...), (V' ¢\, ..,¢,,...) and homotopy retrac-
g1 9
tions ( Vf<:>W LK), ( Vi —=W KN let F: (W,R)— (V,Q) and F' : (W', R') — (V', Q')
1

i
as in Theorem 2.2.1. If

g/
h:(V%W,K)—NV’éW’,K’)
1 fi

is a morphism of homotopy retractions such that pry(h) : V. — V' is a strict O [1] morphism, then
pro(h) : W — W' (¢f. Remark 2.1.3) is a strict O[1] morphism between the transferred Ouxo[1]
structures R and R’: moreover F' pro(h) = pry(h)F : (W,R) — (V',Q’).

Proof. Consider for instance the A [1] case, the others are treated similarly. We have to prove
the identities pry(h)f; = f/pro(h)®® and pry(h)r; = ripry(h)®® for all i > 1. We begin the
with the first identity, suppose inductively we have proven it for ¢ < n, then by (1.2.3) also
pry (h)®FF* = F'* pr,(R)®" for 2 < k < n, but then (cf. Remark 2.1.3)

n

pr1<h)fnzzpr1 hKqpF)y = ZK/PH i Fy —ZK/ F' n Pra(h)E™ = fr, pry(h)®".
k=2
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Similarly
pry(h)rn = > pry(h)g1anFl = of pry (h)gr FY Zg G F" ) pra(h)®™ = 1), pry(h)®".
O

By the lemma homotopy transfer can be seen as a functor O [1] Xpg Horet — O [1], where
the fibred product is taken over the projection functor pr; : Horet — DG and the tangent complex
functor Ox[1] = DG : (V,q1,.. . qn,-..) = (V,q1).

Remark 2.2.4. The lemma also tells us that F' from Theorem 2.2.1 is a natural transformation
of functors O [1] xpg Horet — O [1] from homotopy transfer to the projection onto the first
factor (both followed by the inclusion Oy[1] < Ox[1]). In the proof of Theorem 5.2.16 we will
also need a natural transformation in the opposite direction. Unfortunately, the previous proof of
Theorem 2.2.1 does not give an Oy [1] morphism G : V' — W right inverse to F' and with linear
part gi: although it is not hard to prove indirectly that such a G exists it is more difficult to show
that we can choose G with the required naturality properties. In the A, [1] case there is a well
known proof of Theorem 2.2.1 based on the ordinary perturbation lemma and what is known as the
tensor trick (cf. [5]): this has the advantage to give also a possible choice for G : V' — W with the
desired properties. In the hypothesis of Theorem 2.2.1 let K : T(V) — T(V) be the degree minus
one linear map defined by 0 = K., : VO — Vi if j £ n (cf. Notation 1.1.4), K; = K : V — V.
and

n—1

Kn(or @ @uy) =3 (~1)Z= % fig1(01) @ - @ fig1(v)) @ K (0j41) @ V2 @ -+ @ 0.
j=0

A possible choice of G : V — W is given by the recursion pG' = g = g1 + gQ, K (in other words,
g1 @ - @v,) = N0 giQLKn(v1 @ - @ vy,) for n > 2). Then a similar argument as in the
proof of the previous lemma shows that this choice of G defines a natural transformation of functors
O [1] Xxpe Horet — Oy [1] from the projection onto the first factor to homotopy transfer (both
followed by the inclusion Og[1] — O [1]).

Actually we need this result in the L. [1] case, where the tensor trick breaks down: the solution
is due to Berglund LE’) First we consider the symmetrization K = : T(V) — T(V') of the operator

K: explicitly (K™ =0ifi#nand (K" = %Zaesn o 'K, o (where 0~ 'K, 0 is the

n

composition V" i) yen Ko, yen 2, V). The operator K preserves S,-invariants, so
it pulls back via sym : S(V) — T(V) to a degree minus one operator which we denote again
by K : S(V) — S(V): then a possible choice of G : S(V) — S(W) is defined as before by the
recursion pG = g = g1 + gQ+ K, cf. [5]. Again we see that this choice of G has the required
naturality properties.

We notice that
Lemma 2.2.5. As a functor Ox[1] Xxpg Horet — O, [1] homotopy transfer commutes with small

limits.

Proof. As it is immediate that it commutes with arbitrary products and equalizers, cf. Re-
mark 2.1.3. O
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Lemma 2.2.6. In the hypotheses of Theorem 2.2.1 let I C V be an (resp.: abelian) Ox[1] ideal
such that K(I) C I and f191(I) C I, then J := g1(I) is an (resp.: abelian) Ouo[1] ideal of W with
the transferred Ox[1] structure.

Proof. The hypotheses say that the homotopy retraction in the claim of Theorem 2.2.1 restricts

g
to a homotopy retraction ( I —J , K), by the previous Lemma J with the transferred Ou[1]
f1

structure is an Os[1] subalgebra of W with the transferred O [1] structure. To fix the ideas
consider the Lo[1] case, the others are treated in the same way. If we suppose to have shown
inductively that r;(J @ W®i=1) C J and f;(J @ WO=1) C I for all i < n, then we also see that
GFH(J@WonT1) C q;(I®@ V1) C I for all 2 < i < n by the inductive hypothesis and since I is
an Ouo[1] ideal of (V,Q), and thus r,(J @ WOm=1) = 3" L g1¢, F} (J @ W) C g1(I) = J and
fn(J@Won=hy =51 KqF!(J@W® 1) C K(I) =1 and we can go on with the induction. If
I is an abelian O..[1] ideal we see by the same inductive argument that r,(J ® W©"~1) = 0 and
fo(J@WOr=1) =0 for all n > 2. O

Lemma 2.2.7. Let g1 : (V,q1,---,Gn,-..) = (W,r1,...,7n,...) be a strict morphism of Oux[1]
g1

algebras fitting into a contraction (V ——=W ,K) from (V,q1) to (W,r1). The transferred Ouo[1]
f1

algebra structure on W is again (W,r1,...,7y,...), moreover the Ox[1] morphism g1 : V — W is
left inverse to F: W — V' from Theorem 2.2.1.

Proof. The first statement follows from Lemma 2.2.3 applied to the morphism of contractions

g1 idw
h:(Ve—=—=W K)—» (W —=W,0)
f1 idy

such that pry(h) = g1, pro(h) = idy . For the second statement we have g fi = idw and g1 =0
by hypothesis, thus also g1 fn, = Y1 g1 Kq;F. = 0 for all n > 2 and the thesis follows. O

Lemma 2.2.8. Homotopy transfer commutes with composition of homotopy retractions.

Proof. Let (V,q1,...,¢n,-..) be a Ox[1] algebra, (W, r1) and (X, s1) dg spaces,

9 91
(Vv <:>1 W K), (W —X ,H) homotopy retractions.
f f1

Let (W,r1,...,7p,...) and F : W — V induced via homotopy transfer along the first homotopy
retraction as in Theorem 2.2.1, likewise let and (X, s1,...,8n,...) and F' : X — W induced
via homotopy transfer from (W,r1,...,7y,...) along the second homotopy retraction. We show
that FF' : X — V is the Ou[1] morphism induced via homotopy transfer along the composite
homotopy retraction

9191
(VﬁX,K—Flegl)
f1f1

In fact

pFF = (fi + K F)F' = fi(fi + Hry F') + Kq  FF' =
= fifi+ [iH(g1q+F)F' + Kq . FF' = f1f{ + (K + fiHg1)q+ FF’,
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which is exactly Equation (2.2.1). We show that S is the Ox[1] structure on X induced via
homotopy transfer along the composite homotopy retraction: in fact

pS =s1+gir F' =514+ 919144 FF',

which by the above is exactly Equation (2.2.2). O

Finally, homotopy transfer is compatible with scalar extension and symmetrization.

g
Lemma 2.2.9. Given an Ou[1] algebra (V,q1, ..., qn,...), a homotopy retraction ( V é W, K)

f1
and a commutative dg algebra (A,d,-), then the two O[1] structures on A @ W, the one induced
first by homotopy transfer and then by extension of scalars by A and the one induced first by exten-

ida ®g
sion of scalars of V by A and then by homotopy transfer along (A®V é;A QW ,ida ®K),
ida ®f1

coincide. In the A [1] case, this remains true even if A is only dg associative.

Proof. Straightforward. O

Lemma 2.2.10. Given an Ax[l] algebra (V,q1,...,qn,...) together with a homotopy retraction
g
(V <7;> W | K), then the two Lo[1] structures on W, the one induced first by homotopy transfer

f1
and then by symmetrization and the one induced first by symmetrization and then by homotopy
transfer, coincide.

Proof. Given F : T(W) — T(V) satisfying the recursion (2.2.1) we have to show that its sym-
metrization sym(F) : S(W) — S(V) satisfies the same recursion: this follows by writing down the
formulas explicitly, details are left to the reader. Similarly, given R = r1 + g1¢4 F the transferred
Ax[1] structure on W then one checks that psym(R) = r; + g1 sym(q4 ) sym(F), and then by the
first part sym(R) is induced by sym(Q) via homotopy transfer. O

We close this section by recalling probably the most important consequences of Theorem 2.2.1,
namely the existence of the minimal model.

Definition 2.2.11. An O [1] algebra (V, Q) is called minimal if @ has vanishing linear part, that
is, g1 = 0: unlike other properties, for instance the one of being abelian or nilpotent, the property
of an Oy [1] algebra of being minimal is preserved by Oy [1] isomorphisms. A minimal model of
an O [1] algebra (V, Q) is the datum of a minimal O [1] algebra (W, R) and a weak equivalence
F:(W,R) — (V,Q).

Since a weak equivalence of minimal O [1] algebras has to be an isomorphism, a minimal
model as in the previous definition is determined up to an isomorphism over (V, Q). Existence of a
minimal model is ensured by Theorem 2.2.1 since over a field of characteristic zero every complex
(V,d) retracts onto its homology (H(V,d),0).

Theorem 2.2.12. Given an O[1] algebra (V,q1,...,qn,...) there is a minimal Ox[1] algebra
structure (H(V),0,79,...,7y,...) on the tangent cohomology H(V) = (V,q1) together with a weak
equivalence H(V) — V of Ox[1] algebras.
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In fact with some more work (cf. [62]) it can be proved that every O [1] algebra is isomorphic
to the direct product of a minimal model and an acyclic complex (considered as an abelian O [1]
algebra). We will need the following lemma.

Lemma 2.2.13. An Ou[l] algebra is homotopy abelian if and only if the Ox[1] structure of
some (and then all) minimal model is trivial. Given an Oy[1] morphism F : (V,Q) — (W, R): if
H(F)=H(f1): HV) —» H(W) is injective and (W, R) is homotopy abelian so is (V,Q); similarly,
if H(F) is surjective and (V, Q) is homotopy abelian so is (W, R).

Proof. It (W,0) is a minimal model of (V,Q), then (V, Q) is homotopy abelian by definition: con-
versely, given an abelian O [1] algebra (V,¢1,0,...,0,...) it is clear that (H(V),0) is a minimal
model and since weakly equivalent O, [1] algebras have isomorphic minimal models the first state-
ment follows.

Given an Oy [1] morphism F : (V,Q) — (W, R) there is an Ou[1] morphism H (V) — H(W)
between the minimal models with linear part H(f1). If H(f1) is surjective so is the O [1] morphism
H(V) — H(W) (that is, the associated morphism of graded coalgebras is surjective), thus if the
Ox[1] structure on H(W) is trivial so has to be the one on H(V) and by the first part of the
lemma (V, Q) is homotopy abelian. The other case is proved similarly. O

2.3 Formal Kuranishi theorem

—

Homotopy transfer can be enhanced to a functor Ou|1] Xpg Horet — 600[1].

Proposition 2.3.1. In the hypotheses of Theorem 2.2.1, suppose that V is a complete Ox[l]
algebra and that the homotopy retraction is complete with respect to the same filtration F*V on
V. Then W with the transferred Ouo[1] structure and the induced filtration F*W =i~ 1(F*V) is a
complete Ox[1] algebra and F : W — V' from Theorem 2.2.1 (as well as G : V. — W from Remark
2.2.4 in the Ax[1l] and Loo[1] cases) is a continuous Ox[1] morphism.

Proof. As in Definition 2.1.5 we see that (W, F*W,ry) is a complete dg space and fy, g1 are
continuous morphisms. Continuity of f, and r, for n > 2 follows inductively from the continuity
of K, g1, f1, qx Yk > 2, and from f, = >}, K@ FF, v, = > 1 o g1qxFF. Continuity of G is
proved similarly. O

Remark 2.3.2. All the various lemmas from the previous section remain valid in the complete
setting, details are left to the reader.

The aim of this section is to prove the following formal analog of Kuranishi’s theorem, essentially
due to Getzler [39] (cf. the proofs of Lemma 4.6 and Lemma 5.3 in loc. cit.).

Theorem 2.3.3. In the same hypotheses as in Proposition 2.3.1, in the Lo[1] case, suppose

g
moreover that (V <:>1 W [ K) is a complete contraction. Let G = (g1,...,gn,...): V. =W be a
1

a continuous Loo[1] left inverse to F : W — V' (not necessarily the particular choice of such a G
made in Remark 2.2.4): the correspondence

p: MC(V) = MC(W) x (Im KN V—l) Lz — (MC(G) (), K (2))
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is bijective. The inverse p~1 admits the following recursive construction: given y € MC(W) and
K(v) € Im KNV~ we define a succession z; € VO, i>—-1,byx_1=0and fori+1>0 by

zit1 = fily) —aK(v) + Z (Kqn — f1gn) (277), (2.3.1)
n>2 n!

this succession is convergent (with respect to the complete topology induced by the filtration on V')
and p~(y, K(v)) = z := lim x;. We have p~1(—,0) = MC(F) : MC(W) — MC(V) and together
with the restriction of g1 they are inverses bijective correspondences between the sets MC(W) and
Ker K(MC(V).

Proof. We proceed as in [39], moreover we use the notations and computations from Remark 1.3.15.
First of all if z € MC(V') then

= fig1(z) - 0K (2) - Kai(2) = LG (2) - K (2) + Z [ (Kan = f1g) (&°7)  (232)

n>2

Equation (2.3.2) implies injectivity of p as follows: if y € MC(V') is such that G°% (z) = G%%(y),
K(z) = K(y), then subtracting the respective equations (2.3.2) for « and y we obtain

x_y_z Z KQn flgn ( ®j®(x—y)®y®n*j*1)

ns2 =0
The above shows x — y € FPV = x —y € FPT'V | thus inductively x —y € ﬂpZI FPV =0.

Now consider y € MC(W), K(v) € Im K (V™! and the sequence x; € V° defined by the
recursion (2.3.1): we show that the limit = lim x; is well defined. We suppose inductively,
starting with zo — z_, € F'V =V, that z; — 2,_1 € F*t'V, and deduce

n—1

Tit1 = ZZ In — f19n) (szjQ(xi_xi—l)@x@n i= 1) € F 2y,

n>2 j=0

By completeness the infinite sum Zi>0(xi — x;_1) converges to a well defined z € V.

By construction x satisfies

= fi(y) —aK(v Z _an*flgn)(xen)

n>2
Applying K, since Kf) = K2 =0= g K =0,
K(z)=-KguK@Ww) = (@K +idy — fig1)K(v) = K(v).

Applying g1, since moreover ¢, f1 = idw,

1
g(@)=y-Y —g6™) = @)=y
n>2 "

Applying ¢1, we get

a(@) =ahly Z —(Fig1 —idy —Kqu)gn(s°") = 3 %qlflgn(xQ”).

n>2 n>2
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We notice that
nfiy) = %mflgn(x@") =afi(y) + 0f101(x) — 0 (LG (@) = @ frgi(2) = frgia (@),
n>2

hence

Ry(z) = fig1Rv (z Z — Kq1q, (z").
n>2 n!

We denote by fGy = Zle fiGi. the k-th Taylor coefficient of the continuous Loo[1] morphism
FG :V — V. By the computation in Remark 1.3.15, and since y € MC(W), we see that
0 =Ry F%(y) = Ry FO*G%% () = figiRy (x Z i/ xR (@) © e,

k>2

On the other hand

n—1
1 n 1 n! .
=Y K na ™) = 30 s K 4(e7) 0277 =
n>2 n>2 j=1

Finally, putting everything together

Ry () = 3 o5 (K = FG) (R () © 24,

k>2

which shows Ry (z) € FPV = Ry (x) € FPTV, thus inductively Ry (z) = 0. We have constructed
x € MC(V) such that MC(G)(z) = y and K (x) = K (v), thus p is surjective.

Since f, = Y 1y Kq,F¥ for n > 2, we also see that g;f, = Kf, = 0 for n > 2, hence the
identities
g F°% = idy, KF% = 0.

Remark 2.3.4. In fact applying respectively g1 and K to the identity

Ry F#(w) =" !

il (Rw (@) 277

we also see that
QRvF* =Ry,  KRyF% =0.

Given z € MC(W) we have MC(G)(MC(F)(z)) = « and by the above also K(MC(F)(x)) =0,
thus MC(F)(z) = p~*(x,0). It is now clear that MC(F) = p~1(—,0) : MC(W) — Ker K (\MC(V)
is a bijective correspondence and we have already observed that gy MC(F') = idyic(w)- O
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oo structures on cochain complexes

In Section 3.1 we review the construction by Whitney [108] and Dupont [30] of a simplicial contrac-

J
tion ( Q(As) === C(A,) , K) from the simplicial dg algebra of polynomial forms on the standard

L

cosimplicial simplex A, to the simplicial complex of non-degenerate cochains on A,. As in the pa-
per [22], in Section 3.2 we use this contraction together with scalar extension and homotopy transfer
to put a natural O [1] algebra structure on the complex C(X; V') of non-degenerate cochains on a
simplicial set X with coefficients in an O [1] algebra V. In the final section we compute explicitly
the Ox[1] structure on C(A1; V) when V is a dg (resp.: associative, commutative, Lie) algebra,
seen as an O [1] algebra via décalage. Moreover we prove the existence of certain homotopy
limits in the category O [1], namely homotopy equalizers, and we give explicit formulas when the
target O [1] algebra is a dg (resp.: associative, commutative, Lie) algebra, generalizing formulas
by Fiorenza and Manetti [31].

3.1 Dupont’s contraction

By an abuse of notation we denote by the same symbol the standard n-th simplex A,, € SSet and
the standard affine n-th simplex A,, = {(to7 contn) ERMM st tg -+t = 1}: we denote by
(Qn,d, N) the dg commutative algebra of polynomial forms on A,, [11, 100], formally

S(ty... tn,dto, ... dty)
(to+ - +tn — 1, dto + -+ dt,,)

is the symmetric algebra over variables tg,...,t, in degree 0, dty,...,dt, in degree 1 and with
differential induced by t; — dt;, ¢ = 0,...,n, modulo the dg ideal generated by to 4+ ---+ ¢, — 1
and dtg + - -+ + dt,,. Qe = {Qy}n>0 has a natural structure of simplicial dg commutative algebra,
where the faces and the degeneracies are induced by the usual cosimplicial structure on A, via
pullback of forms: for ¢ =0,...,n

81(2,1 —>Qn,1 Zw(to,...,ti,...,tn,dt07...,dti,...,dtn> —
*)W(to,...,O,...tn_l,dto,...,0,...dtn_1) and

43



44 CHAPTER 3. oo STRUCTURES ON COCHAIN COMPLEXES

Si Qn — Qn—i—l Zw(to,...,ti,...,tn,dto,...,dti,...,dtn) —
— w(to, vy tittig1, o tnga, dto, ... dt F dtig, . .dtn+1).

For each k > 0, QF = {QF},,5¢ is the simplicial K-vector space of polynomial k-forms on the stan-
dard cosimplicial simplex A,. Given a simplicial set X we denote by Q¥(X) := SSet(X, QF) the
space of polynomial k-forms on X, it has a natural structure of K-vector space defined pointwise.
We denote by w(o) € QF the value of a k-form w € Q¥(X) on an n-simplex o : A,, — X. The
Sullivan-de Rham algebra Q(X) := @®5,>0Q%(X) of polynomial forms on X has a natural structure
of dg commutative algebra defined pointwise by (WA ¢)(0) = w(o) A¢(o) and dw(o) = d(w(0o)): we
notice that Q(A,) = ,. The Sullivan-de Rham algebra functor Q(—) : SSet”” — DGCA sends
f: X =Y to the pullback Q(f) =: f*: Q(Y) — Q(X) defined pointwise by f*w(o) = w(fo).

We denote by C(X) := C(X;K) the complex of non-degenerate simplicial K-cochains on X,
that is, C(X) = @x>0C*(X) where C*(X) is the space of K-valued k-cochains « : X}, — K :
0 — a, on X vanishing on degenerate simplices. As usual we equip C(X) with the differential
d: CHX) = CH(X) :a = (da), = Y5 (<1)'ag,s, where 8; : Xp1 — Xg, i = 0,... .k + 1,
are the face maps: the functor C'(—) : SSet”” — DG sends f : X — Y to the pullback C(f) =:
f*:C(Y) = C(X) defined pointwise by f*a, = af,. The aim of this section is to review the

construction of a natural contraction from Q(X) to C(X), following Whitney [108] and Dupont
[30].

Definition 3.1.1. We denote by wj,...;, € QF where 0 < iy < -+ < i < n, the Whitney

n?
elementary form

k
Q]:L S Wigewiy, -= k! Z(_l)jtijdtio VARERIVAN dtij VACERIVAN dtik-
=0

We denote by oiy...i, : A — A, : [0---k] = [ig---ix] considered as an element of (A,)x
(the k-simplices of the standard n-th simplex), and given a cochain o € C¥(A,,) we denote by
Qigeiy, 1= Qg, ;. € K. Following [108] we define a dg embedding ¢ : C(A,) — 2, by

.k k . E
v: C (An) — Qn Lo — Qi Wig g s
0<ip<---<ix<n

it sends C'(A,,) isomorphically onto the subcomplex of €2,, spanned by Whitney’s elementary forms.
In [108] Whitney also defines a dg left inverse [ : Q,, — C(A,) to ¢ by integrating k-forms over
k-simplices: explicitly, for each k > 0 let

il i)
(i1 + - +ip+ k)

/ CQF S Kty A AN dty —
Ay

then [ :Q, — C(A,) is defined by
/ (QF = 0FA,) = CF(A) rw — (/w) = / W(Tig-iy)-
ioeig Ak

This is a dg morphism by the classical Stokes’ formula. By construction the above assemble to
a simplicial dg morphism ¢ : C(A,) — €, of simplicial dg spaces and a simplicial dg left inverse

[ Q4= C(A).
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We recall the construction of a simplicial homotopy between ¢ [ and idg, due to Dupont [30],
cf. also Getler’s paper [39]. For i =0,...,n, we denote by e € A, the i-th vertex and we put

<pi:[0,1]xAn—>An:(u,_t>)—>u-_t>—|—(1—u)-a>.

(here we are considering A,, as the affine n-simplex). We define h? : QF — QF~1 as the composition
of pullback by ¢; and integration along the fibres of the projection [0,1] x A,, — A,,. Explicitly

RE: f(to,. .. to)dty, A--- Adt;, —

k 1
— Z(—l)f_l(tij—6§j)dtil/\--~/\dtij/\---/\dtik /Ouk_l(fogpi)du, (3.1.1)

j=1

where 631 is Kronecker’s delta. Finaly, following Dupont!' we put

k—1
K:QF 50w =Y (17 3w, ARY R (w) (3.1.2)
j=0 0<ip<---<i;<n

This assemble to a simplicial K : QF — QF~1.
Theorem 3.1.2. With the previous definitions ( (e — (A,) , K) is a simplicial contraction.

We refer to [30] for a proof that it is a simplicial homotopy retraction, where in the process the
following lemma is also proved (cf. the footnote).

Lemma 3.1.3. Given w € Qlfl and 0 < 49 < -+ < i < n, then (fw)l

where ' : Q¥ — K is evaluation at the vertex ?i), 1=0,...,n.

— glhpik—1 .. .hio(w);

0k

We refer to [39] for a proof that ( 2 — C(A,) , K) is moreover a simplicial contraction,

where in the process it is also proved that
Lemma 3.1.4. hihJ + A =0,V 0<1i,j <n.

S
Definition 3.1.5. The Dupont’s contraction ( (X) — C(X) , Kx) associated to a simplicial

Lx

set X is defined on w € Q%(X) and « € C*(X) by

tx(w) € C*(X) is the k-form sending an n-simplex o : A,, — X to tx(a)(0) = 1(c*a), where
o*a € C*(A,) is the pullback of a by o and ¢ : C¥(A,)) — QF is as in Definition 3.1.1.

Jxw € C¥(X) is the (non-degenerate) k-cochain evaluating to ([yw), = [, w(0) € K on
a k-simplex o : A, — X. '

~—_

Kx(w) € Q*71(X) is the (k — 1)-form sending an n-simplex o : A,, - X to Kx(w)(o) =
K(w(0)), where K : QF — QF~1 is as in (3.1.2).

n the formulas from [Dupont] and [Getzler] the sign (—1)77! doesn’t appear, on the other hand Dupont had
defined ¢; as (u, ?) —u-e+(1—u)- ?, with the effect of changing the formula (3.1.1) for h® by a sign (-1), thus
our formula coincides with Dupont’s original one. It can be checked that given wg A woi2 € Q2, without the sign
(—=1)7*1 in the formula (3.1.2) one would obtain K (wo A wo12) = 0, contradicting Kd + dK = f1 [, —idg,.
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In the sequel, if there is no risk of confusion, we will omit the explicit reference to X in the

S
notation and we will write ( Q(X) ——=C(X) , K) . It is easy to see that it is defined a functor

Dup : SSet? — Contr sending X to the associated Dupont’s contraction.

3.2 oo structures on cochain complexes

Given an O [1] algebra (V,q1,...,qn,...) and a simplicial set X it is defined, by extension of
scalars (Definitions 1.2.12 and 1.3.9), an Ox[1] structure on the space Q(X;V) = QX))@ V
of polynomial forms on X with coefficients in V: as pullback by a morphism f : X — Y and
pushforward by a strict Os[1] morphism g : V' — W commute with each other, that is, the
diagram

QY;v) - a(x;v)

5

QY; W) ——Q(X; W)
is commutative, it is defined the functor Q(—; —) : SSet®” x Oy [1] = O [1].

Let C(X;V) be the complex of cochains on X with coefficients in the dg space (V,q1): as a
space C(X;V) = C(X) ® V, the differential is dc(x) ® idy +ide(x) ®g1. Dupont’s contraction
(Definition 3.1.5) induces a contraction

[ ®idy
(QUX;V)=—=C(X;V),K ®idy) (3.2.1)
L®idy
from Q(X;V) to C(X;V), hence by homotopy transfer a O [1] algebra structure on C(X;V).
By Lemma 2.2.3, the pullback f* : C(Y;V) - C(X;V) by f: X — Y is a strict morphism of
O [1] algebras, and so is the pushforward g, : C(X;V) — C(X; W) by a strict Ox[1] morphism
g:V — W: these commute with each other, in the sense that the following diagram commutes.

cv;v) s ox;v)

5

C(Y; W) —= C(X; W)

Definition 3.2.1. The functor C(—;—) : SSet”” x O [l] — Ox[1] is defined as above, by
applying homotopy transfer to Q(—; —) : SSet®” x O [1] = Oy [1l] along Dupont’s contraction
Dup : SSet” — Contr.

Remark 3.2.2. As a particular case of the previous construction we see that the non-degenerate
cochains functor C(—) : SSet — DG has a natural enhancement to a functor C(—) : SSet — C,
by applying homotopy transfer to Q(—) : SSet - DGCA along Dupont’s contraction, cf. [22].

Given a simplicial set X the functor C'(X;—) : Ox[l] = Oso[1] has an important technical
advantage over the functor Q(X;—) : Ox[l] = Oso[1].

Lemma 3.2.3. For all X € SSet the functor C(X;—) : Ox[l] = Ox[l] commutes with small
limits.
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Proof. Let C — Ox[1] : ¢ — V, be a functor from a small category C. Since the forgetful functor
—# 1 0x[1] = DG : (V,q1,---,qn,--.) = (V,q1) commutes with small limits, reflects isomor-
phisms and sends C(X; V) to C(X;V)# = Hom(C.(X)/D.(X),V#), where C,(X) is the complex
of simplicial K-chains on X (according to our cohomological convention, we take it concentrated
in degrees < 0) and D,(X) is the subcomplex spanned by the degenerate simplices, and since
moreover Hom(C.(X)/D.(X),—) : DG — DG commutes with small limits, the lemma follows by
looking at the diagram

C(X;limeee Ve) limeee C(X;V0)

| |»

Hom(C,(X)/D.(X),lim.cc V#) — lim.cc Hom(C.(X)/D.(X), V#)
0

Remark 3.2.4. On the other hand, the functor Q(X; —) : Ou[l] = Ouo[1] in general only commutes
with finite limits.

Given a dg space W and a complete dg space (V, F*V') the usual tensor product W ® V is not
in general complete with respect to the induced filtration FP(W V) = W ® FPV, so the definition
of Q(—;—) has to be modified slightly in the complete case. We introduce the completed tensor
product (W®V, F*(W®&V)): namely, this is the completion

WV =lim (W @ V/W @ FPV) =lim W ® (V/FPV),

with the induced filtration FP(WRV) = Ker (WRV — W @ (V/EFPV)). If (V,F*V,q1,...,qn,-..)
is a complete O [1] algebra and (A4,d,-) is a dg commutative algebra there is an induced Ou[1]
algebra structure on A ® (V/FPV) for all p > 1, hence also an induced O [1] algebra structure
on the completion A@V and this is compatible with the filtration. Finally, we define the functor
Q(—;—) : SSet” x Oy [1] = O [1] by (QX; V), F*QX;V)) := (UX)RV, F*(QX)DV)).

As for the functor C(—; —) we see that for all complete spaces (V, F*V) and simiplicial sets X the
space C(X;V) is always complete with respect to the filtration F*C(X;V) := C(X; F*V). There
are two ways to put an O [1] structure on C(X; V'), one by homotopy transfer from Q(X)®V with
its ordinary (not complete) O [1] structure along Dupont’s contraction (3.2.1), the other by homo-
topy transfer from Q(X; V') along the limit of the contractions Q(X;V/FPV) —=C(X;V/F?V)
(recall - Remark 2.1.3 - that the category Contr is complete): in fact by applying Lemma 2.2.5
to the natural Q(X) ® V — Q(X)®V we see that both ways induce the same Oy [1] structure on
C(X;V), moreover the second construction shows that (C(X; V), F*C(X;V)) with the transferred
Oso[1] structure is a complete O [1] algebra and the induced C(X; V) — Q(X;V) is a continuous
Oco[1] morphism. .

Definition 3.2.5. The functor C(—; —) : SSet” x Ou[1] — Ou[1] is defined as in the previous
discussion by sending a simplicial set X and a complete O [1] algebra (V,F*V,q1,...,qn,.-.)
to the complete O [1] algebra structure on (C(X;V),F*C(X;V) = C(X;F*V)) induced from
Q(X;V) (equivalently, from Q(X) ® V') via homotopy transfer along Dupont’s contraction.

Lemma 3.2.3 remains true in the complete case.

~

Lemma 3.2.6. For each X € SSet, the functor C(X;—) : Oso[1] = Ouo[l] commutes with small
limits.
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Proof. The family of functors FP— : Oy [1] = Ox[1] : (V,F*V) — FPV, p > 0, commutes with
small limits and has the property that a morphism f € 600[1] is an isomorphism if and only
if such is FP(f), Vp > 0. Given a functor C — 600[1] : ¢ — V. from a small category, since
FPO(X;—) = O(X; FP—) : Oo[1] = Ouo[1], by looking at

O(X§ lim.ec Vc) — lim.ec C(X§ Vc)

Fpl iF

C(X;limeee FPV,) —= limeee O(X; FPV,)

the lemma follows from Lemma 3.2.3. O

The following simple lemma says that the Oy [1] structure on C(X; V') satisfies a certain locality
condition over X.

Lemma 3.2.7. If X C X is a sub-simplicial set then the space C(X,X;V) C C(X;V) of cochains
vanishing on X is an Ou[1] ideal.

Proof. This follows immediately from Lemma 2.2.6. 0

We close this section by remarking an open problem.

Remark 3.2.8. The functor Q(—; —) : SSet”” X O [1] = Ox[1] (as well as its complete version)

admits a natural enhancement to a functor Q(—; —) : SSet” x Ox[1] = Ox[1], as extension of
scalars by a commutative dg algebra is a functor Ou[1] = Ox[1]. It would be highly desirable
to have a similar enhancement of the functor C'(—; —): unfortunately, this doesn’t seem an easy

matter, cf. the related problem of constructing an A, algebra structure on the tensor product of
two A algebras [90, 78, 71] . Let us notice, given an O, [1] morphism H : V' — W, that this can’t

be given by the recipe C(X; H) : C(X;V) EiN Q(X;V) QCGH), QX; W) S, C(X; W), where F
is induced by homotopy transfer and G is a left inverse as in Remark 2.2.4, since this fails to be
functorial if the morphisms are not strict (consider the case of abelian O [1] algebras and O [1]
morphisms between them). In other words, Lemma 2.2.3 and the considerations in Remark 2.2.4

do not extend if we work with general O [1] morphisms?.

3.3 Mapping cocones

Let (V,Qv) and (W, Qw) be O[1] algebras, and let (C(A1; W), Qoa,;w)) be the O [1] algebra
of non-degenerate cochains on the 1-simplex with coefficients in W, as in the previous section. We
denote by j* : C(A1; W) — C(9A1; W) the pullback by the inclusion j : 9A; — Aj, notice the
isomorphism C(0A1; W) 2 W x W in Og[1].

2the point here is that Q(X; H)FG = FGQ(X; H) if H = h is strict, where FG in the left and right hand side
denotes the respective FG : Q(X; W) — Q(X; W) and FG : Q(X;V) — Q(X; V), but not in general, cf. with the
situation in Remark 2.1.3.
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Theorem 3.3.1. Let F = (f1,..., fn,...): V> W and G = (g1,-.-,9n,-..) : V. = W be a pair
of Oso[1] morphisms: there is an Oso[1] algebra EM(F, Q) and a cartesian diagram

E"(F,G) —— C(A; W)

e

1% C(0AL; W)

in Oxo[1].

Remark 3.3.2. This result is not trivial since the category O [1] is not complete, and in particular
there are pair of morphisms which do not admit equalizers.

Proof. We start by considering the A, [1] case. As a graded space C'(A1; W) =W x W x W[-1],
the underlying space of E"(F, @) will be E"(F,G) = V x W[—1]. In order to simplify the notations,
and hoping this will not cause too much confusion, in the course of the proof we denote by the
same symbol py_y) the projections E"F,G) = W[-1] and C(A;; W) — W[-1], as well as
TEMF,G) & BMF,G) 222 W(—1] and T(C(A; W) B C(A; W) ZX2 W-1], leaving
to the context to make it clear to which one we are referring to. Similarly, we denote by the same
symbol py the projections E"(F,G) — V, T(E"(F,G)) & E"(F,G) 25 V and T(V) & V.

Our strategy will be roughly to guess the universal pair of morphisms P : E"(F,G) — V
and I : E"(F,G) — C(A;;W), and then show that these determine the As[1] structure on
Eh(F, G) and everything works properly. We take P to be the linear morphism of coalgebras
P = (py,0...,0...) and we define I = (iy,...,ipn,...) by

Z.1(% S’LU) = (f1(11),g1(11), S’LU),
in((Ul, swl) [N (Una 5wn)) = (fn(vl K- ® Un)agn('vl Q- Un)a 0) for n Z 2.

The identity (F' x G)P = 5*I follows immediately.

We claim that there is a unique coderivation Qgn(p,q) € Hoch(E"(F, @)) such that the identities
PQgr(ra) = QvP and IQgn(pa) = Qo(a,;w)l are satisfied. In fact, the corestriction pQgnr (g q)

decomposes as pQgn (p,¢) = PvQpr (r,6) XPW (-1 QB (F,G) T(EM(F,G)) = EMF,G) = VxW[-1].
It is clear that (with the abuse of notation explained in the beginning) T(E"(F,G)) 2% V and
T(E"(F,G)) R T(V) 2% V conincide - that is, py = pyP : T(E"(F,G)) — V - thus the
identity PQgnr(p gy = Qv P implies that pyQgr(p gy = pvPQpr(re) = pvQv P in other words
the component py Qpr (g, of the corestriction pQgn(p ) has to be

 Fph P 7 Qv = PV

pvQgr(pe  T(ENF,G) = T(V) —TV)—V.
Similarly, the identity IQgrpg) = Qo(a,;w)l and the observation that
Pwi-1] = Pw-y{ : T(Eh(F, G)) — W[-1]

(by construction of T) imply that pwi-1Qerre) = Pwi-11{Qrr(r,c) = Pwi-11@c(a,;w) ]t in other
words pw(—1)Qgn(r,¢) has to be

— — Q 13 leal —1
pwi-1) Qe (ra) : TEMNE,G)) L T(C(A; W) —22% T(O(AE W) 2 wi-1).
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This shows uniqueness. Conversely, if pQgr(pq) = PvQEr(ra) X Pw[-1){Er(F ) I8 defined
as above by construction it is immediate that PQgr(p gy = Qv P and moreover by what we
have already seen pyw [ 1)1/Qgr(p.c) = Pw[-11QE" (F,c) = Pw[-11Qc(a,;w)! (the first identity since
pwi—1] = pwi-1)1, the second by definition), thus to prove to prove IQgn(p,qy = Qo(a,;w)! it only
remains to show that pwx«wlIQgr(ra) = Pwxwlc(a,;w)l: notice that pwww = j* is pullback
by the inclusion j : 0A; — A1, so we see

3 1Qgr(pay) = (F X G)PQyr(pa) = (F' x G)QvP =
=(Qw x Qw)(F xG)P = (Qw x Qw)j" I = j"Qc(a,;w) .

Next we claim that Qgn(p,) defines an A [1] algebra structure on E"(F, @), but this is easy

. 2 .
since pv (Qur(re)) = (PvQur(r.e)) Qe (r.c) = (vQV P) Qe (ray = pv (Qv)” P = 0 and simi-
larly

Pw-1] (QEh(F,G))2 = (pw-1Qr"(r.c)) Qrr(Fc) =
= (pwi-1Qca:w) ) Qer(ra) = Pwi-1) (QC(AI;W))QI = 0.

Given an Ax[1] algebra (X,Qx) together with a pair of A [1] morphisms J : X — V and
K : X — C(A1; W) such that (F x G)J = j*K : X — C(0A1; W) we have to show that there is
a unique Ao [1] morphism H : X — E"(F,G) such that J = HP and K = HI. In fact uniqueness
is proved as before and pH = pyH X py_yH : T(X) — E"(F,G) = V x W[—1] has to be
given by pyH : T(X) L T(V) 2% V and pw_yH : T(X) 55 T(C(A; W) 22 wi-1).
It is straightforward that PH = J so we have to check TH = K: this follows as before from
pwi-ylH = pw—1H = pw-y K and from j*IH = (F x G)PH = (F x G)J = j*K. It only
remains to show that H is an Ao [1] morphism - that is , Qg (p ) H = HQx: on the one hand we
see that pvQgn(poyH = pyvQvPH =pvQvJ =pvJQx = py HQx, and on the other

pwi-1Qer(reyH = pwi-1Qca,,w)IH = pwi-11Qca,w) K = pw-11KQx = pw-11HQx.

In the Cuo[1] case it is clear that P : T(E"(F,G)) — T(V) and I : T(E"(F,G)) — T(C(A; W))
constructed as before satisfy the assumption of Lemma 1.2.9, thus are morphisms of the (shuffle
product, deconcatenation coproduct) bialgebra structures.

For p,q > 1 we see that
pVQEh(F,G)(((Uh sW1) ® - ® (Up7 Swp)) ® ((Up+17 5wp+1) ®-® (Up+qv swp-i-q))) =
=pvQuP(((v1, sw1) @ -+ @ (vp, 5Wp)) ® (Vp+1, SWp41) @+ ++ @ (Vpeg, SWpig))) =

=pvQv((11 @ ®p) ® (Vp1 @ - @ Vpyq)) =0
pwi-1Qrr (re) (V1 5W1) @ -+ @ (v, sWwp)) ® (Vpt1, SWpt1) @+ @ (Vptqy SWptq))) =
= PW[fl]QC(AuW)I(((Ula sw1) @ -+ @ (vp, sWwp)) ® ((Vpt1, 8Wp41) @+ ++ @ (Vptgs SWptq))) =
= pwi-yQc(a;w) (v, sw1) ® - @ (vp, swp)) ® I(Vp41, SWpt1) @ -+ + @ (Vptq, SWpiq))) = 0
This says that the corestriction pQgr (g ) vanishes on the image of the shuffle product and thus

by Lemma 1.2.9 Qgn(p ) € Harr(E"(F,G)). A similar argument - this time using the second part

of Lemma 1.2.9 - shows that H : X — E"(F,G) is a Cs[1] morphism if X is a Ci[1] algebra and
J, K are Cy[1] morphisms.

Finally, the L [1] case is treated exactly as the A[l] one, simply replacing T(-) by S(—-),
Hoch(—) by CE(—) and ® by ©. O
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Definition 3.3.3. We call the O,[1] algebra E"(F,G) as in the previous theorem the homotopy
equalizer of the O [1] morphisms F' and G. In particular we call the homotopy equalizer of 0 and
F the mapping cocone of F and we denote it by coC(F) := E"(0, F). Given Os[1] morphisms
F:V - WandG:V’' — W we call the homotopy equalizer of the morphisms V' x V' ey By
and V x V' 2% v S W the homotopy fiber product of V and V' along F' and G and we denote
it by V x%, V’. In particular we call the homotopy fiber product W x%, V along idy : W — W
and F : V — W the mapping cocylinder of F' and we denote it by Cyl(F).

Definition 3.3.4. We say that a sequence X — Y — Z of O[1] algebras and O [1] morphisms

is a homotopy fiber sequence if it is weakly equivalent to one of the form coC(F') LIS AN w,
and in this case we say that X is a homotopy fiber of Y — Z.

The following theorem is due to M. Manetti when both F' and G are strict morphisms of dg
Lie algebras, we merely observe that the same proof also shows more in general that

Theorem 3.3.5. In the hypotheses of Theorem 3.3.1, if H(F)—H(G) : H(V) — H(W) is injective
then the homotopy equalizer Eh(F, G) is homotopy abelian.

Proof. The Oy [1] subalgebra C(Aq,0A1; W) C C(A1; W) is abelian (not an abelian ideal!) as
follows easily from Corollary 2.2.6: in fact it is (strictly) isomorphic to (W[-1], —¢,0,...,0,...),
where we denote by (W,q1,...,qn,...) the Ox[1l] algebra structure on W. The commutative
diagram

C(A1,0A1;W)——C(A;; W)

lo J{j -
v oA W)
together with the proof of the previous theorem shows that

i:C(ALOALW) =W[-1] = ENF,G) =V x W[-1] : sw — (0, sw)

is a strict Oqo[1] morphism. The exact sequence of complexes 0 — W[—1] 4L E" (F,G) 2%V =0
induces a long exact sequence in cohomology

s HR (V) Hlh=g1), H*(W) HO, H*YEMNF,Q)) Hlpv), HYV) = -
in particular the hypothesis H(F) — H(G) = H(f1 — ¢1) injective implies that H(j) is surjective,
so the thesis follows from Lemma 2.2.13. O

In the final part of the chapter, at last, we want to give some explicit formulas in some particular
hypotheses. This requires the explicit computation of the Oy [1] structure on C(Aq; W).

We denote by {B;}i>0 the sequence of Bernoulli numbers, i.e., the sequence of (rational) num-
bers defined by the power series expansion — = > is0 %tl =1—gt+ g6t + (=)t + .
For n > 2 the n-th Bernoulli number B,, can be calculated by the recursion

" /n
> <k) B, =0, VYn>2, (3.3.1)
k=1
it is well known, and in any case easy to prove, that Ba,1 = 0 for all 2n + 1 > 3. The Bernoulli
polynomials B, (t) € Q[t], n > 0, are defined by B, (t) = >_;_, () Bn—it*, in particular B,(0) =
B,, and for n > 2 also B,,(1) = B,,: since By(1) = % = —B; and Bg,41 = 0 for n > 1 in all cases
we have B, (1) = (—1)"B,,.
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Proposition 3.3.6. Let (A,d,-) be a dg associative (resp.: commutative) algebra. The induced
A[1] (resp.: Cuo[1]) structure Q = (q1,- .., Gk, -..) on C(Aq; A[l]) = sTLAxs7LA X A is explicitly
given by

qi(s7ta,s7'b,¢) = (—s tda, —s~'db, —b + a + dc)

g2((s ar, s7by,01) ® (s7hag, s be, 2)) =
1
= ((_1)|a1|51(a1a2) (—1)rls = (byby), 3 ((a'l +b1)ea + (1) Flerley (ag + b2)>)
ar((s7lar, s b1, c1) @ - @ (s ag, s bk, ) =

k
. By
— _ k—H-Ej i|0j|$ . _—h)...
(0,0,?_1( 1) < e (a; —by) Ck>

fork>3. Let (L,d,[,-]) be a dg Lie algebra: the induced Loo[1] structure Q = (q1,...,qk,...) on
C(Aq; L[1]) is given by

(s, 57 myn) = (—s7dl, —s 'dm, —m + 1 + dn)

@((s7Hy, s my, ) © (s, s Img, ng)) =

B (<—1>h'sl[z1,z21, ()™ s o mal, 5 ([ -+ ma] + (DI +m21))

N | =

Qk(<5_1l1, S_1m17n1) ©---0 (S_llk7 S_lmk7nk)) -

for k> 3.

Proof. The computation is due to Fiorenza and Manetti [31], for the C[1] case cf. also [22]. we
identify Q1 = S(to, t1,dto, dt1)/(to + t1 — 1,dtg + dt1) with S(¢1,dt;) - by eliminating to - and we
denote it (as in [31]) by K [t, dt]. We denote the space K [t,dt] ® A[l] = (K¢, dt] ® A)[1], with the
Aso[1] structure induced by extension of scalars by K [t dt] (recall - c¢f. Lemma 1.1.6 - that this
commutes with décalage), by (A[t,dt][1],m1,m2,0,... ). Dupont s contraction is given by:
[ Aft dt][1] = C(A; A[L)) s hw(t) = (s71w(0), s fol ) where fo D Alt, dt])[1] — A is
formal integration in dt, namely fol csTH(t"a) - 0 and fo : *1 t”dt a) — a for all n > 1;
the homotopy retraction K is given by K : s7(t" - a) — 0 and

—1/n -1 ' n ! n -1 t—tntt
K:s (t"dt-a) = s t| s"ds— [ s"ds)-a)=s cal;
0 0 n+1

finally, we denote by f1 : C(Aq; A[1]) — A[t,dt][1] : (s ta,s71b,c) 5> s L (1 —t)-a+t-b+dt-c)
the remaining morphism, in stead of ¢ as in the previous sections. We consider the A [1] case

n+1




3.3. MAPPING COCONES 53

first: in the course of the proof we will also prove inductively that the A [1] morphism induced
by homotopy transfer F' = (f1,..., fn,...) : C(A1; A[l]) — Alt, dt][1] is explicitly - where k > 2 -

Sel(s7lar, 5701, 01) @ - @ (s Mg, s b, cr)) =

_1 [ Bi(t) — Bg " k-1 (e
— 1 ZR\Y R _ j<i Gl e (b — )
=35 ( x El i1 (-1) croo(bp—ag)cp |

For k =2

ma(fi(s ar,s7 01, e1) © fi(s™ az, s be, ¢2)) =
=mo (s (1—t) a1 +t-bi+dt-c))@s ' (1—t) ap+t-bo+dt c)) =

= (71)|a1|571 ((1 — t)2 caijas + t(l — t) . (a1b2 + blag) + t2 . b1b2+
+dt ((-1)'&1\(1 ) -area+ ()9t bres + (1 — 1) - crag + ¢ - clb2>)

[a-os= [ sas=
t/ol(l—s)ds—/ot(l—s </sds—/ sds): -1 B2(15)2!_B27

1= 571K)

Moreover,

thus ¢o = fm2f1®2 and fo = ngfl are given by (notice that Ks

@2((s7 ay, s7'by, 1) ® (s Tag, s e, 02)) =

= ((—1)|a1|5_1(a1a2)7 (=115 71 (b1by), ((@1 +b1)ea + (=) ey (an + bz)))

DN | =

fa((s7tay, 5701, ¢1) ® (s tag, s ba, ¢2)) =
— g1 <BQ(t)BQ ) ((bl —ay)es + (71)\c1|+161(b2 _ ag)))

For k > 2

mQFk?(( _1a17 _1b1701)®"'®(S_lak,s_lbk,Ck;)) =
=ma(fi(s a1, s b1, 1) @ fro1((s taz, s b, c2) @ - @ (s Lag, s bk, cx)))+
+ma(fr—1((star, s b1, c1) @ @ (s rag_1,8 bp_1,ck-1)) @ f1(s tak, s by, k) +

+ terms in Ker K (Ker [,
since the inductive hypothesis implies ma(f;(---) ® fo—;(---)) € A[t][1] for 1 < j < k —1 (also
notice that By_1(0) — Bx—1 = B_1(1) — By—1 = 0 for k£ > 3). Modulo terms in Ker K (Ker [
this is

i=1
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k
_ (Bkzlit)_—l)f?kldt >3 (’;:D(_l)zj@(cjﬂ)cl by — a) - ..Ck> 7

i=1

always by the inductive hypothesis. The formulas claimed for f, = KmoF? and g, = [ moF?
follow if we show that

1 PR —_ —_
/ Bj_1(t) kaldt ~ Br and K (Bk1(t) Bkldt> _ ~ Bi(t) Bk.
0

(k—1)! T (k-1 (k—1)! k!

Both identities follow easily from the following (k > 3)

t

Bi_1(s) — Bk 1y / Bj_i—1

Zrzl\9)  FR-L E sids —
/0 (k — 0 z' k—i—1)! 5

_ z’“: Buioi ;i _ Bi(t) ~kBist - By
1k — i)l ! '

Finally, notice that the above would give the sign (—1)Xs<illeilFD) — (_1)i=1+X<ilel jn the
fornula for gx, k > 3: to get the signs right we observe that either k¥ — 1 is even or By_; = 0 (for
k > 3), in any case we always have (—1)'"'1B;_; = (=1)*"'B;_;.

This concludes the proof in the A [1] case, thus also in the C,[1] case. Finally, the Lo, [1] case
can be treated by a completely similar computation, details are left to the reader, in particular the
Loo[1] morphism F = (f1,..., fn,...) : C(Ay; L[1]) — L[t,dt][1] is given - for k > 2 - by

fu((s7Hy, 87 my,my) © - © (s7 g, 57 g, k) =

_1( Bx(t) — B
=51 (W Z ()] Moty = o1y, o) - 7%(1@)]) )

g€Sk

We refer to [31] for a proof using tree summation formulas. O

From this we also obtain explicit formulas for the homotopy equalizer Eh(F , G) when the target
Ax[l] (resp.: Cxo[l], Loo[l]) algebra is associated to a dg associative (resp.: commutative, Lie)
algebra via décalage. As an example we describe explicitly the Lo[1] structure on the mapping
cocone coC(F) =V x M of an Lo [1] morphism F = (f1,..., fn,...): V — s M from an L[1]
algebra (V,q1,...,qn,...) to a dg Lie algebra (M, d, [-,-]) the last one seen as an Ly[1] algebra via
décalage. When F' is a strict morphism of dg Lie algebras we recover the L.[1] structure from
Fiorenza and Manetti [31].

Corollary 3.3.7. In the above set up the Loo[l] structure R = (r1,...,Tn,...) on the mapping
cocone coC(F) is given explicitly by r1(v,m) = (g1 (v),dm — sf1(v)) (recall that as a graded space
coC(F) =V x M) and for n > 2 by

Tn ((Ulaml) @ e @ (Un7mn)) =

", B,_
(qn(vl@ 1O ), Zkl( — k! Y (o)l [sfu a(l)®"'®”o<k>)vmo<k+1)]'~'vm"m)])

k=1 oeS,

where we denote by sfy the composition VO =5 oy o=10L 25 M.
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Proof. As in the proof of Theorem 3.3.1 we write
pR=pyRxpyR:S(coC(F)) =8V xM)—V x M.

According to the same proof we have to show that py R is the composition - with R as in the claim
of the proposition and P and I as in the proof of Theorem 3.3.1 (and of course with (0, F') in stead
of (F,Q)) -

S(coC(F)) L 5(v) 2% v,

which is clear, and that pj; R is the composition

S(coC(F)) L S(C(Ay; M[1]))

PQo (A M)
— %

C(Ay; M[1])) 25 M,

which follows readily from the explicit formulas for pQc(a,;a(1]) We gave in the previous proposi-
tion. O
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Chapter 4

Higher derived brackets

This section is devoted to the study of various explicit constructions of higher brackets and L.
algebra structures. In Section 4.1 we propose a non-abelian version of Voronov’s construction of
higher derived brackets [105, 106], as applications we recover some constructions by Bering [7] and
Getzler [40] and some results by Chuang and Lazarev [23]. As another application, in Section
4.2 we propose a possible generalization to graded pre-Lie algebras of Koszul’s construction of
higher brackets on a graded commutative algebra [64]: we recover from a different perspective
some results on Koszul brackets by M. Markl [79, 80]. There is also an inverse (in a precise sense)
construction of brackets on a graded pre-Lie algebra which we call the Kapranov brackets: in
fact, as a particular example of the latter we recover in Section 4.2.2 Kapranov’s construction of
an Lo, algebra structure on the suspended Dolbeault complex of a Kéhler manifold [56]. As a
final application of the results of this chapter, in Section 4.2.1 we give an alternative proof of the
result by Braun and Lazarev [12] that the L., algebra associated to a commutative BV, algebra
satisfying a degeneration property analog to the one from [96] is homotopy abelian.

4.1 Nonabelian higher derived brackets

Notation 4.1.1. Let M be a graded Lie algebra and L C M a graded Lie subalgebra. We denote
by Der(M) the graded Lie algebra of derivations of M and by Der(M, L) C Der(M) the graded
Lie subalgebra of derivations D such that D(L) C L.

Recall the following construction, due to Th. Voronov [105, 106]. Let M be a graded Lie
algebra, together with complementary graded Lie subalgebras L, A C M such that A is abelian,
that is, we require that as a graded space M is the direct sum M = L& A; we denote by P : M — A
the projection with kernel L. In these hypotheses, we have the following easy lemma.

Lemma 4.1.2. For all D € Der(M) the linear maps A®* — M : a;®---®a; — |- -+ [Dai,as] - ,a;],
i > 2, are graded symmetric.

Proof. Easy induction, as in [106]: this follows since A C M is supposed to be abelian. For i = 2
we have [Day,as] — (—1)1*11921[Dagy, a;] = D([a1, az]) = 0 by the Leibnitz identity. For i > 3 we
have by induction that the given A®? — M is graded symmetric in the first (i — 1)-arguments, so

o7
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we have to show graded symmetry in the last two: by Jacobi

[ [Day,az] - ai_1], a;] — (D)1=l ([ [Day,ag] - -+, ai), ai-1] =
=[[---[Day,az]- -], [ai-1,ai]] = 0.
O

Following [105], in the previous setup we define the hierarchy of higher derived brackets on A
associated to m € M by ®(m); : A% - A:a; ®---®a; — P[---[m,a1]--- ,a;] when i > 1, with
moreover the 0-th bracket ®(m)o : A — A : 1 — Pm. Graded symmetry follows from the above
lemma. The main result of [105] says that when m € L, |m| = 1 and [m, m] = 0, the higher derived
brackets ®(m); define an Ly[1] algebra structure on A (when m ¢ L but the remaining conditions
are satisfied, they define what is known as a curved Loo[1] algebra structure on A, cf. [20]).

The construction considered in [106] is similar but slightly different (the difference will become
more apparent in the non-abelian case). With M = L @® A and P : M — A as in the previous
paragraph, this time we associate to all D € Der(M, L) the hierarchy of higher derived brackets
®(D);(a; ©® - ®a;) = P[--[Day,as] - ,a;], i > 1, on A, with no 0-th bracket: then again if
|D| =1, [D, D] = 0, this defines an Ly[1] algebra structure on A. In fact in [106], Theorem 3, it
is proved something more: that the correspondence

& : Der(M, L) — CE(A) : D — (®(D)y,...,3(D);,...)

is a morphism of graded Lie algebras. Finally, in [106], Section 4, it is established a link with
homotopy theory which is the key to our approach: there it is proved that A[—1] with the induced
L, algebra structure is a homotopy fiber (as in Definition 3.3.4) of the inclusion of dg Lie algebras
i:(L,D,[-,]]) = (M,D,[-]). As we argued in the introduction, this leads the way to a possi-
ble non-abelian generalization of Voronov’s construction (similar results were also obtained very
recently by M. Bordemann with different methods).

We drop the assumption that the graded Lie subalgebra A C M is abelian. To say it in
other words, we suppose we are given a graded Lie algebra M together with a linear idempotent
P: M — M, that is, P2 = P, such that both L = Ker P and A = Im P are graded Lie subalgebras
of M. We denote by P+ = id)y; —P and notice that D € Der(M, L), that is D(L) C L, if and only
if PDP+ =0, that is,

PDP =PD. (4.1.1)

The aim of this section is to generalize the previous constructions of higher derived brackets in
this setup.
Definition 4.1.3. For m € M the higher derived brackets on A associated to m are the graded
symmetric maps ®(m); : A9 — A, i > 0, defined by

. i—k

~ Bix
O(m)i(a1 OO a;) = (o) W= R [ [P([ - [myaomy] s aomw)])s o] -+ 5 o]

ceS; k=0 :

for i > 1, and ®(m)o(1) = Pm. We denote by (®(m)o,...,P2(m);,...) = ®(m) € CE(A) the
corresponding coderivation.

For D € Der(M, L) the higher derived brackets on A associated to D are the graded symmetric
maps ®(D); : A% — A, i > 1, defined by
i—k

(I)(D)i(G'l@' ’ '®ai) = Z E(U) Z % [/\[P([ o [Da0(1)7 afr(2)] T vaa(k)])v ao(k+1)] T ﬂaa(i)]
g€S; k=1 ’
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We denote by (®(D)y,...,®(D),,...) = ®(D) € CE(A) the corresponding coderivation.
The first few brackets are given by
®(D)y(a) = PDa, ®(m)1(a) = Plm,a] — %[Pm, al,

1 1
(I)(D)Q(al ®a2) = Z 5(0—) <2P[Dao(1)aa0'(2)] - Q[PDaa(l)vaU(Q)}> )
g€Sy

1 1 1
Bmaar ©02) = Y- &(0) (Pl ol o] = 51Pbmaocy] anio] + 5P ol anco])
o€Ssy

Remark 4.1.4. If | € L, then the inner derivation [I,-] is in Der(M, L), and in this case we have
®([l,-]) = ®(1). However, if [m,:] € Der(M, L), that is, m is in the normalizer of L in M, but
m & L, then ®([m, :]) # ®(m), as the two differ by the terms involving Pm, so the two constructions
shouldn’t be confused in general.

Proposition 4.1.5. If A C M is an abelian Lie subalgebra, given m € M, D € Der(M, L),
ai,...,a; € A, 1 > 1, the previous brackets become

d(m)i(a1 © - @ a;) = Pl [m,a1] -, ail, d(D)i(a1 ® - ®a;) = P[--+[Day, as -+ ,ail,

that is, they are the same as the ones from [105, 106].

Proof. If A C M is an abelian Lie subalgebra only the k& = 4 term in the summation for the brackets
remains, thus the thesis follows immediately from Lemma 4.1.2. O
Our main results are the following two theorems, whose proof will take most of the section.

Theorem 4.1.6. In the set up of Definition 4.1.3, for every D, Dy € Der(M, L), m,m; € M,
k =1,2, the following identities hold:

[®(my), P(m2)] = ®([Mm1, ma)), (4.1.2)
[@(Dy), ®(D2)] = ®([D1, D2]), (4.1.3)
(D), d(m)] = d(Dm), (4.1.4)

where the bracket in the left hand side is the usual (Nijenhuis-Richardson) bracket of coderivations.

Theorem 4.1.7. If D € Der(M, L), |D| =1, [D,D] =0, then the Lo algebra (A[—1],®(D)) is a
homotopy fiber (Definition 3.3.4) of the inclusion of dg Lie algebras i : (L, D, [-,-]) — (M, D,[-,]).
More precisely, the sequence A — s 'L — s*M of Loo[1] algebras and Loo[1] morphisms, where
the first arrow is given by

_ _ 1
A" 5 s L a1 O Oay — st (n' Z e(o)PL[-- [Dag (1), ag(2)] - ,ag(n)]> , n>1,
geSy

and the second arrow is the inclusion i, is a homotopy fiber sequence.

Theorem 4.1.6 will follow from the classification of L [1] extensions (reviewed in Section 1.3.3)
and the following proposition, which is proved via homotopy transfer.



60 CHAPTER 4. HIGHER DERIVED BRACKETS

Proposition 4.1.8. The coderivation pR = (r1,...,7y,...) € CE(s7!Der(M,L) x s7'M x A),
given in Taylor coefficients by (cf. Remark 1.3.32)

r1(s7'D, s 'm,a) = (0,0, Pm),

ro(s 7 my © s7imy) = (=1)I™ls ™ my, my),
ro(s7IDy @ s71Dy) = (=1)1P1ls7[Dy, Dy,

ro(sT!D @ s7'm) = (=1)IPls™ D,
rpi1(sTD®a; © - Oay) =®(D)pla; ©--- O ay),
Pppr(sTIM®@a1 OO ay) = 2(m)u(a1 © - O ay),

forn > 1, and R = 0 otherwise, is an Loo[1] structure on s~ Der(M,L) x s™*M x A.

Proof. As usual we consider s1L, s71M, s7! Der(M, L) with the induced L[1] algebra structure
via décalage. Let Cyl(i) be the mapping cocylinder of the inclusion i : s7'L — s7'M as in
Definition 3.3.3: the underlying space is s 7'M x s7'L x M, the Lo[1] structure is the restriction
of the one on C(A1;8 M) = s M x s7*M x M, cf. Proposition 3.3.6 for explicit formulas, we
denote it by Q" = (q1,.-.,4,,.-.). We need a lemma.

Lemma 4.1.9. The correspondence
U : (Der(M, L),0,[,]) = (CE(Cyl(:)),[Q",],[,]) : D — (¥(D)y,0,...,0,...),
U(D)1 (s~ m, 57, n) = (—1)!Pls~ Dm, (—~1)/Pls~1 DI, Dn),

is a morphism of dg Lie algebras.

Proof. It is clear that [U(Dy), ¥(D3)] = ¥([Dy, D2]), it remains to show that [g},, ¥(D):] = 0 for
all D € Der(M, L) and n > 1: since the formula for ¢/, involves nested brackets, this follows easily
from D being a derivation.

We sketch a different approach, anticipating the one we will use to prove Theorem 4.1.6. We
consider the dg Lie algebra

H; = {(m,l,m(t,dt)) € M x L x M[t,dt] s.t. m(0,0) =m, m(1,0) =1},

It is clear from the definitions and by Lemma 2.2.5 that there is a contraction s~'H; =——= Cyl(3) ,
induced by Dupont’s contraction, such that the Lo[1] structure on Cyl(¢) is induced from the
Loo[1] structure on s~'H; via homotopy transfer. The graded Lie algebra Der(M, L) acts on
H; by derivations in an obvious way, hence we can take the semidirect product Der(M, L) x H;
and the contraction s~!(Der(M, L) x H;) =—= s~ ! Der(M, L) x Cyl(i) induced in an obvious
way. According to Proposition 1.3.34 ¥ is a morphism of graded Lie algebras if and only if the
corresponding coderivation @ on s~! Der(M, L) x Cyl(i), determined by ¥ as in Remark 1.3.33, is
an Lo [1] structure: but in fact it is not hard to see, by repeating the computations in the proof
of Proposition 3.3.6, that @ is precisely the L.[1] structure induced via homotopy transfer along

the contraction s~!(Der(M, L) x H;) =—= s~ Der(M, L) x Cyl(i) . O

As in the proof of the lemma, we can form the semidirect product (s~ Der(M, L) xy Cyl(i), Q),
cf. Proposition 1.3.34 and Notation 1.3.35: this is an L[1] algebra whose underlying graded space
we denote for simplicity by

Vi=s""'Der(M,L) x (s7'M x s7'L x M).
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We know the Loo[1] structure Q = (q1,.--,Gn,...) € CE(V) explicitly: first of all the linear
bracket is ¢ (s 1D (s7tm, s~ 1l,n)) = (0,(0,0,m —1)), moreover, the restriction of Q to the Lo.[1]
subalgebra Cyl(z) C V is given as in the claim of Proposition 3.3.6!, finally, the only remaining
non-vanishing bracket is ¢2(s™'D ® (s~'m, s~ 'l,n)) = (0, ((—1)!Pls~'Dm, (-1)IPIs~1 DI, Dn)),
compare the lemma and Remark 1.3.33.

We consider the following contraction from (V,q1) to (s7! Der(M,L) x s7*M x A,r1), with rq
as in the claim of the proposition:

g1:V = s 'Der(M,L) x s "M x A:
1 (s7'D, (s7'm, s7', n)) —— (s7'D, s7'm, Pn) (4.15)

fi:s 'Der(M,L) x s 1M x A—=V:
:(s7'D,s7'mya) —— (s7'D,(s7'm, sT'Ptm,, a)) (4.1.6)

K:V—=V:(s'D,(s"'m, s7'l,n)) — (0,(0, s ' Pn, 0)) (4.1.7)
We are going to prove that the transferred Lo [1] structure R on s~! Der(M, L) x s7*M x A is as
in the claim of the proposition.

Let F = (f1,-- s fn,--.) : s tDer(M,L) x s'M x A — V be the L.[1] morphism as in
Theorem 2.2.1: we claim that that f,,+1 vanishes everywhere for all n > 1 but on mixed terms of
type s 'm®a; ®---®ay and sT1D®a; ® - @ ayn, and moreover it factors through the inclusion
s7'L =V : 571 — (0,(0,5711,0)). Tt is easy to check the claim directly for fo = Kqaf?, so we
suppose inductively to have proven it for fs,..., f,. By definition

n+1 1

an(...):ZE Z Z e(VKqp(fi,(-- )@@ fi, ()

k=2 " i1+ +ig=n+1 €S (i1,...,ix)

Since K factors through the inclusion s7'L — V, so does f,, ;1. Since Kqx,1 vanishes everywhere
but on terms of type s 'm®@mi; ®---Omi, sH®mM @ ---©®my and s 'D®my O --- O my
(notice that in the latter case k = 1), the above formula reduces to

Fraa :Zkl Z e(0)Kqesr(foopa(-) © fil-) O @ fil--+))

k=1 oceS(n—k+1,1,..., 1)
and the claim follows easily from this using the inductive hypothesis.

A similar reasoning shows that for n > 2 the (n+1)-th Taylor coefficient r,,11 of the transferred
Lo [1] structure

SEOHED SE-IDS S c@)nanlfi () O @ fi )

k=2 """ i1+-t+ig=n+1oeS(i1,...,ix)

reduces to

Pl )= Y onanasn ()OO @A)

k=1"" seS(n—k+1,1,...,1)

ISince i is an inclusion, we can identify Cyl(i) with an Loo[1] subalgebra
Cyl(i) =s 1M x sT'Lx M C s M x s71M x M = C(A1; M).
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and vanish everywhere but on terms of type s 'm® a1 ®---®a, and s 'D® a1 © -+ © ay,.

Remark 4.1.10. For future reference (cf. Remark 4.1.14) we remark that up to this point we never
used the hypothesis that A C M is a graded Lie subalgebra, nor we used the explicit formulas in
Definition 4.1.3. The hypothesis that A is [, -]-closed will be essential in the following computation.

We show that f,, 1 is explicitly given, for n > 1, by

fn-l—l(SilD N NORERNO) an) =

fari(sT'M®a 0 ©a,) =
11
= (0, <0, S IE ZS E(J)Pl[~~~[m,ag(1)]-~~ ,aa(n)L 0) > y (419)
gESn

and f,+1 = 0 otherwise.

We leave to the reader to check the case n =1, using fo = Kqo f©% and recalling (4.1.1). Next
for all n > 2 we have to prove f,11 = 2?21 K quFn +1 To simplify the computation we notice

that we are only interested in keeping track of p qu+1Fn +1’ where we denote by pjps the projection
V — M: in fact qu_HFfH_i (O7 (O7 8_1PL(quj+1Fn+1) O))

The considerations preceding Remark 4.1.10 imply that for 1 <j<n -1

PG F (s DR a0 0ay) =

= Y e@pugin (faji1 (s D ©ap) © - O gin ) @ Ao(nji1) @+ O ag(n)) =
ceS(n—j3,7)

T J i —j) 2; PY([ -+ [Dag(ry, ao@)] 1), tatn—jin)] -+ 5 o]
o€

where in the first identity we used graded symmetry of ¢;4+1 and f,—;j4+1, and in the second we
substituted the explicit formulas we knew from Proposition 3.3.6 and the inductive hypothesis. In
the same way, for 1 <j<n-—1

pugi Fl (s im®a; 0 @a,) =
Y

= n—j ) Z (["'[mvaa(l)]"'])»aa(n7j+1)}"' ()]
oeSy

The remaining terms to consider are
PG Fl (' D®a1 @ ®a,) =0 forn>2,
and

Prdni1 Flil (s ' m®@ar O ©an) = prgnsr ((s7'my s Pim0) @ a1 0 0a,) =
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B, B,
- F Z 6(0—)[. o [m o PLm’ aU(l)] e ’aU(n)] = F Z 5(0)[’ o [Pma aa(l)} T 7aa(n)]
o€Sy, ocES,
Summing over j we see that
n—1 B,
Zqum PG DBME  Oan) = | =Y e | D e(0)) - [Dagay, ao)] o+
== S
n—1 j
+Z n_] l Z P '[Daa(l)aao(Q)]"'])7aa(7l—j+1)]"' aaa(n)]

O'ESn

Finally, by the identity (3.3.1) on Bernoulli numbers and with a change of variable k = n — j we
obtain

ZquJ+1 n+1 sT'D®a1 @ - Oay) = o Z [Dag(1), G(2)] -+ s o))+
'UES
n—k
+Z k| 1)l ES: P [ [Dagy, aoz)] - 1), torrny] -+ s o] (4.1.10)
TESH

In a similar way

1
ZPZVIQJ+1 n+1 m®a1 IOXERNO) an) = E Z 5(0)[' o [m7a’0(1)] e 7aa'(n)]+
T o€S;
n k

T Z kl k)! Z P cmyasy] D) o) s ae@]  (4.1.11)

Notice that in both the identities (4.1.10) and (4.1.11) the bottom line lies in A, and this is the
only (essential) passage where it is used the hypothesis that A is [-,]-closed. Applying K, it is
now clear that f,+1 = 23:1 qu+1Fn+1 is given as in Equations (4.1.8) and (4.1.9).

It remains to prove prove that r, 41 is as in the claim of the proposition: first of all, we leave
to the reader to check directly that so is ro = g1¢o f1®2. For n > 2 we already observed that

n

Tntl = Zgl%-‘rl n+1 Z(ps*1Der(JV[,L)Qj+1Fn+1aps*11LIQj+1Fn+17P(pMQj-‘ran_H))
Jj=1

vanishes everywhere but on mixed terms of type s 'm®a1 ©®- - ®a, and s 'D® a1 © - © an.
Comparing equations (4.1.10) and (4.1.11) Wlth the definition of the brackets in 4.1.3, the thesis
follows if we show that p,—: Der(M,L)CI]+1Fn+1 0 =ps—1pqi+1 F; n+1 ! for all n > 2 and 1 < j <n.

We consider the second identity, the first one is treated similarly: ps—1 quHFn +1 is zero for j > 1
since in this case ps;-17¢;4+1 = 0, while in the j = 1 case

PSflMlJQFnH 02p¢ _1M n+1 Z Z e(0)@2(ps-1m fi(-+) ©ps—1arfa—ivr(--+)) =0
=1 ceS(i,n—i+1)

since pg-1p7fx = 0 whenever k > 2. O
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Proof. (of Theorem 4.1.6) We have to prove that
® : Der(M,L) x M — CE(A) : (D,m) — ®(D) + ®&(m)

is a morphism of graded Lie algebras. In the previous proposition we constructed an L [1] algebra
fitting into an L. [1] extension 0 — A — s~ Der(M, L) x s 1M x A — s~ (Der(M, L) x M) — 0 of
fibre (A, 0) and base Der(M, L) x M, seen as an Lo [1] algebra via décalage: this is classified by an
Lo morphism Der(M, L) x M — CE(A) as in Proposition 1.3.34, and by comparing with Remark
1.3.33 we see immediately that this L., morphism is (9,0,...,0,...), thus ® is a morphism of
graded Lie algebras. O

Remark 4.1.11. Theorem 4.1.6 is interesting even in the case L = 0, where it says that given a
graded Lie algebra (M, [-,-]) the correspondence ® : M — CE(M) : m — (®(m)o, ..., P(m)n,...)

D(m)o(1) =m,  B(m)n(mM1©:--Omy) = (_lr)bﬂ D @) [mamo)] -+ M) for n > 1,
’ gESy

is a morphism of graded Lie algebras: this seems to clarify some computations from [7], Section 4.
On the other hand, in this case the higher derived brackets associated to derivations vanish after
the linear one, that is, we have ® : Der(M) — CE(M) : D — (D,0...,0,...).

We prove Theorem 4.1.7 as a particular case of a more general result. Consider the L[1]
algebra s~! Der(M/L) xg Cyl(i) = (V,Q) as in the proof of Proposition 4.1.8: then in the same
proof we constructed an L. [1] morphism

F: (s 'Der(M,L) x s 'M x A,R) — (V,Q),

in fact a weak equivalence, cf. Equations (4.1.8) and (4.1.9). We notice that if D € Der(M, L) sat-
isfies |D| = 1, [D, D] = 0, then (s71D,0,0) € s~! Der(M, L) x s~ M x A satisfies the assumptions
of Remark 1.3.20, thus we can twist everything by D to get a new Lu[1] morphism

Fp: (s 'Der(M,L) x s 'M x A,Rp) — (V,Qp).

Let j: (N,D,[-,-]) = (M, D,[,-]) be the inclusion of a dg Lie subalgebra, then Rp restricts to an
Loo[1] algebra structure on s™'N x A, which we continue to denote by Rp = (rp.1,...,7Dons---),
explicitly given by

rpi(s~'n,a) = (—s~'Dn, P(Da+n)), rpa(s™ing @ s ing) = (=1)™ls™ ny, no), (4.1.12)
rpii(sTn®a ®- - ©a;) = ®(n)ila; © - ©ar), (4.1.13)
TD’i(Cll ®"'®@i) = @(D)i(al ®-~-®ai), (4114)

and Rp = 0 otherwise. Similarly, Qp restricts to an L. [1] algebra structure on the subspace
s !N x s7'L x M C V, which we continue to denote by Qp, which is exactly the homotopy fiber
product (Definition 3.3.3) s™*N x"_,, s7'L along the inclusions j : (N, D,[,"]) = (M, D,[,])
and i : (L,D,[-,:]) = (M, D,[-,-]) (as usual, via décalage). The L. [l] morphism Fp restricts to
an Loo[1] morphism Fp : (s7'N x A,Rp) — (s 7N x"_,, s7'L,Qp), explicilty

fpi(s™'n,a) = (siln,sflPJ‘(n + Da),a), (4.1.15)

1
fD,i+1(3_1n®a1 O--0a) = <0’8_1i' Z 5(U)PL[' T [maa(lﬂ T 7U«g(i)]70> ) (4.1.16)
’ g€ES;
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1
fpilar ©---©a;) = <075 i > e(o)PH[+ - [Dag(), o)) - 7%(1')]70) : (4.1.17)
T oEeS;

and Fp = 0 otherwise. Finally, we notice that Fp is a weak equivalence of L[1] algebras: in
fact the restrictions gy : sT!N x"_, | s7IL — sTIN x At (s7'n, s7H,m) = (s7'n, Pm) of (4.1.5)
and K : s7'N x"_,\ s7'L — s7IN x"_  s7'L: (s7'n,s7,m) — (0,57 P+m,0) of (4.1.7)
are respectively a dg left inverse to fp1 and a homotopy between fp1g1 and idg—1yn
(recall (4.1.1)). This proves

-1
105 L

Proposition 4.1.12. The Loo[1] algebra (s7*N x A,rp1,...,"Dn,...) as in (4.1.12)-(4.1.14) is
weakly equivalent to the homotopy fiber product (s~ N xg_lM sT1L,Qp).

Remark 4.1.13. In fact, with the previous notations, it can be proved that Rp is the Lo [1] structure
induced from @p via homotopy transfer along the contraction fp i, g1, K: this can be done by
adapting the computations in Proposition 4.1.8.

Proof. (of Theorem 4.1.7) The first claim is the particular case of the previous proposition when
N = 0. The second claim follows by the commutative diagram of L..[1] algebras and Lu[1]
morphisms

A sl o sy

|-

coC(i) —= s 1L —> 571 M

where the top sequence is as in the claim of the theorem and Fp is as in (4.1.15)-(4.1.17). O

Remark 4.1.14. In this remark we consider what happens when we further remove the assumption
that A C M is a graded Lie subalgebra and we just suppose that A is a complement to L in M.
We sketch a proof that in this case there is still a correspondence @ : Der(M,L) x M — CE(A)
such that both Theorem 4.1.6 and Theorem 4.1.7 hold, but explicit formulas for & will have to
be more involved than those in Definition 4.1.3. To construct ® it is sufficient to construct the
corresponding L [1] extension and this can be done using homotopy transfer, following the proof
of Proposition 4.1.8 step by step up to Remark 4.1.10. There is still an induced Ly[1] structure R
on s~ Der(M, L) x s71 M x A and again this fits into an L., extension of base Der(M, L) x M and
fiber (A[—1],0): finally, the classifying Lo, morphism Der(M, L) x M — CE(A) is again a strict
morphism, thus a morphism of graded Lie algebras. To see that explicit formulas for ¢ will have
to be more involved than those in Definition 4.1.3, we notice that if A is not [-, -]-closed then there
is no guarantee that it will be closed with respect to the brackets in 4.1.3: alternatively one could
try to compute the first brackets directly via homotopy transfer. Proposition 4.1.12 and Theorem
4.1.7 can be proved as above, except that the various explicit formulas do not longer hold.

As a corollary to Theorem 4.1.7 and Theorem 3.3.5 we have the following

Corollary 4.1.15. In the hypotheses of Theorem 4.1.7, if H(i) : H(L, D) — H(M, D) is injective
(equivalently, if H(P) : H(M,D) — H(A, PD) is surjective) then the Ly[1] algebra (A, ®(D)) is
homotopy abelian.

We will need two lemmas: the first Lemma gives a certain functoriality property of higher
derived brackets (the problem in general is that CE(—) is not a functor), the second a certain
invariance property (this should be confronted with the results of [20]).
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Lemma 4.1.16. Given My, = Ly ® A, k = 1,2, as in the assumptions of Definition 4.1.3 together
with a commutative diagram
L1 EE—— M1 I A1

Lk

LQHMQ%AQ

of morphisms of graded Lie algebras such that the right vertical arrow is an isomorphism (thus it
induces an isomorphism CE(A1) — CE(As2) of graded Lie algebras), the diagram

M1 ;{)> CE(Al)

L,

M2 L CE(AQ)
is also commutative, where ® : My, — CE(Ay) is given by higher derived brackets.

Proof. This follows immediately from the definitions. O

Lemma 4.1.17. Given M = L ® A, k = 1,2, as in the assumptions of Definition 4.1.53, we
denote by ®, : Der(M, L) — CE(Ay) the respective constructions of higher derived brackets: if D
is as in the hypotheses of Theorem 4.1.7 then the Loo[1] algebras (A1, ®1(D)) and (Aa, Po(D)) are
isomorphic (in the category Loo[1]).

Proof. Let (coC(i),@p) be the mapping cocone of the inclusion i : s7'L — s~'M, according
to Remark 4.1.13 homotopy transfer induces Lo[1] morphisms (A, ®1(D)) — (coC(i),@p) and
(coC(i),Qp) — (A2, P2(D)): the composite Loo[l] morphism (A;, ®1(D)) — (A2, P2(D)) has
linear Taylor coefficient the dg isomorphism (A, PyD) — (A2, PoD) : a — Pa, where we denote
by P, : M — Ay, the projection with kernel L, hence it is an Lo[1] isomorphism. O

We close with two examples, other examples and applications will be given in the following
sections.

Example 4.1.18. As in Remark 1.3.1 we denote by CEy(V) C CE(V) the abelian Lie subalgebra
spanned by constant coderivations, then CE(V) = CE(V) @ CEg(V) satisfies the hypotheses of
Voronov’s construction [105] of higher derived brackets. Notice that CEqy(V') is isomorphic to
Vwviaoc:V — CE(V): v — o, (cf. Remark 1.3.1), thus there is induced a morphism of
graded Lie algebras CE(V) 2, CE(CE((V)) =N CE(V): we claim that this is just the identity.
We denote by P : CE(V) — CEg(V) the projection with kernel CE(V): the claim follows since
Equation (1.3.3) implies immediately that for all @ = (qo,...,qn,...) € CE(V) and n > 1 we have
Pl [Q,00,] + ,00,] = 0g,(10--0v,)- In particular, if @ € CE(V) is an Lu[1] structure on V'
then (V,Q) = (V,®(Q)) = (V, 2([Q, ]))-

Remark 4.1.19. As noticed in [37], in the similar situation Hoch(V) = Hoch(V) @ Hochy (V)

considered in Remark 1.2.1, the induced morphism Hoch(V) 2, CE(Hochy(V)) N CE(V) is
symmetrization sym : Hoch(V) — CE(V), in fact given Q = (qo,-..,qn,...) € Hoch(V) we have
(with the notations of Remark 1.2.1)

Pl 1Q,Tp,] T, ] = Tan (V1@ ®vy) = Tgn(sym(vi®@+Ovy)) = Tsym(gn)(v1®--Ovn)-
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As an application of Theorem 4.1.7 we recover the following result of Chuang and Lazarev [23].

Theorem 4.1.20. Every Lo.[1] algebra (V,Q) is a homotopy fiber (Definition 3.3.4), more pre-
cisely, (V,Q) is weakly equivalent to the mapping cocone of the inclusion of dg Lie algebras
i: (CE(V),[Q,],[,]) — (CE\V),[Q,],[,]) and V Ad, s~ICE(V) & s~ CE(V) is a homotopy
fiber sequence, where the Loo[1] morphism

Ad = (Ady,...,Ad,,...): V = s 'CE(V),

is explicitly given by s Ad,, (V1 ®+ - OUR) (V41O OVntk) = ik (V1O - OUpyg) for alln,k > 1
Ady,

(we denote by s Ad,, the composition VO == s~1CE(V) 2 CE(V)).
Remark 4.1.21. The Ly [1] morphism Ad : V — s7ICE(V) in an L.[1] generalization of the
adjoint morphism ad : L — End(L) : I — [I,-] of a graded Lie algebra L.

Finally, as a consequence of Corollary 4.1.15 we obtain the following necessary and sufficient
condition for an Ly [1] algebra (V, Q) to be homotopy abelian. This is more nicely stated in the
language of formal pointed dg manifolds by Kontsevich and Soibelman [62]. Recall that a formal
pointed dg manifold is a dg coalgebra which is cofree as a coalgebra, thus we may think of an L.,
algebra (V, Q) as a formal pointed dg manifold with a choice of coordinates. We may also think
of the graded Lie algebra CE(V) as the Lie algebra of vector fields on the underlying dg manifold
and of the dg morphism (CE(V),[Q,]) = (V,q1) : Q@ — qo(1) as evaluation of vector fields on the
tangent complex at the marked point. When the latter admits a dg right inverse (this does not
depend on the choice of coordinates) we say that the formal pointed dg manifold has the splitting
property: according to Corollary 4.1.15 and the proof of the following proposition this is equivalent
to say that the formal pointed dg manifold admits an abelian Lo [1] system of coordinates.

Proposition 4.1.22. An Ly[1] algebra (V, Q) is homotopy abelian if and only if the dg morphism
(CE(V),[Q,]) = (V,q1) : Q@ = qo(1) admits a dg right inverse.

Proof. The if part follows from Corollary 4.1.15. For the only if part, recall [62] that every Loo[1]
algebra is isomorphic to the direct product of a minimal model and an abelian Lo, [1] algebra. If
(V, @) is homotopy abelian, then the L., [1] structure on the minimal model is trivial, thus there is
an L. [1] isomorphisms between (V, Q) and an abelian L., [1] algebra: since we can always compose
such an Ly [1] isomorphism with the inverse of its linear part, there is an Loo[1] isomorphism
F:(V,q1,92, - qn,-..) = (V,q1,0,...,0,...) with linear part the identity. We extend F to an
automorphism of graded coalgebras F : S(V) — S(V) by putting F(1) = 1. The required right
inverse is given by V. — CE(V) : v — F~'o,F, where o, € CE(V) is the constant derivation
as in Remark 1.3.1. This is a right inverse to (CE(V),[@,']) = (V,q1) : @ — q(1) = Q(1),
in fact F~lo,F(1) = F~lo,(1) = F~1(v) = v, since F~! has linear part the identity. This
is a dg morphism, in fact CE(V) — CE(V) : Q — F~'QF is clearly bracket preserving, thus
Q,F to,F)=[FtqF,Flo,F] = F[q,0,|]F = F_laql(v)F. O

Example 4.1.23. Given a dg Lie algebra (L, D,[-,-]), we denote by L= = @;50L" the non
negatively graded part and by L<Y = @, oL the negatively graded part of L respectively, these
are graded Lie sublgebras. Clearly L = L=° @ L<° and D € Der(L, L=°), thus we are in the setup
of Theorem 4.1.7 and there is an induced Ls[1] algebra structure ®(D) on L<° by higher derived
bracket. These are explicitly given, for i > 2, by

i—k

O(D)i(lh©---Ol;) = Z e(o) Z mmP([ [Dloyslo@] Dilogan] - lo@] =
og€eSsS; k=1 ’
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Bi ‘. B
k=2

B;_y
-1

where in the second identity we used the fact that for £ > 1 the P becomes irrelevant, since it
applies to an element already in L<°, and in the third one we used the identity (3.3.1). The linear
bracket is ®(D); = PD, which is 0 on L~=! and D on L<~! moreover, P-D acts on L<° as D
on L~! and 0 elsewhere: we see that these are essentially the same brackets as those introduced
by Getzler in [40]. When L is concentrated in degrees > —1, then we say that L is a quantum
type dg Lie algebra, L<® = L=! C L is an abelian Lie subalgebra and the brackets reduce to
®(D)2(l1 ®l3) = [Dly, 3] for l1,ls € L=t and ®(D),, = 0 for n # 2: thus we see that the previous
construction generalizes the well known construction [38, 110, 105] of a Lie algebra structure on
the degree minus one part of a quantum type dg Lie algebra. Finally, by Theorem 4.1.7 we see
that the strict Loo[1] morphism L<0 — s71L20:[ — s~! P+ DI fits into a homotopy fiber sequence
L<0 — 571120 — 571 of Lo.[1] algebras.

Z (o) [P Dlyays lo@)] +  lo(s)]
o€S;

4.2 Koszul brackets and Kapranov brackets

In [64] Koszul defined for any graded commutative algebra (A, ) with a unit 14 € A a morphism of
graded Lie algebras Iy, : End(4) — CE(A4) : f — K1,(f) = (K1, (fos-- -, K1, (f)n,-..), where
it is usual to call the Taylor coefficients Ky, (f)n, : A®™ — A the Koszul brackets on A associated
to f. These are defined by K1, (f)o(1) = f(1a), K1,(f)1(z) = f(z) — f(1a)z and then for n > 2
recursively by

Kis(f)n(@1 0 0xp) =K, (fln-1(1 0 O 2p_2 © Tp_12p)—
—Kiy(fn-1(210 - O Tp_2 @ Tp_1)Tsn — (*1)@"’1”“'/@;1 (n-1(10 - O xp_1 O xp)Tp_1.

We are going to generalize the construction of Koszul brackets in several directions: as a first step
we recall how they arise as higher derived brackets. Let (A,-) be a graded commutative algebra
(without need to assume the existence of a unit) and define the graded Lie algebra Aff(A) as the
semidirect product Aff(A4) := End(A) x A, where we consider A with the abelian Lie structure:
explicitly, given (f,z), (9,y) € Aff(A) their bracket is [(f, z), (9,y)] = ([f. g}, f(y) — (=1)¥l*lg(z)).
We denote by V_ : A — End(A) :  — {V., : y — xy} the left adjoint morphism and we
denote by AV C Aff(A) the abelian Lie subalgebra spanned by elements of the form (V,, z), then
Aff(A) = End(A)@AY and we are in the setup of Voronov’s construction of higher derived brackets,
thus it is defined a morphism of graded Lie algebras ® : End(A4) — CE(AV) as in Theorem 4.1.6,
and by further composing this with the isomorphism CE(AY) = CE(A) it is defined a morphism
of graded Lie algebras K : End(A4) — CE(A) : f — (K(f)1,---,K(f)n,-..). We want to compare
this construction with the one by Koszul when a unit 14 € A exists: we claim that with the
previous definitions

K(Hn(@1 0 Oan) = Ky (Hn(1 © - ©Oxn) + (=1)"f(la)rr - 2n. (4.2.1)
We introduce the graded symmetric maps

K(f)L:A®" 5 End(A):21 0 @xp = [ [f, Ve, Va,],
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where graded symmetry follows since the V, span an abelian Lie subalgebra of End(A): in this

Waz{ Vifle have [ o [(f’ 0)7 (vl’uxl)} T (Vrna (En)] = (K(f);(xl ©-0 xn)a ’C(f)n(xl ORRRNO} :L'n)),
and thus

= [(’C(f)}hl(fl ©OTn-1), K(fln—1(x1 @O xnfl)) ; (Vzmxn)} )

which implies the equations K} (21 ©® -+ ®z,) = [KL_1(z1 © -+ ® 1), Vg, ] and

K(f)n(z1 @ ©an) = K(fh_1(@1 @ ©Ozp1)(@n) = K(n1(21 0+ O p1)zp, (4.2.2)

that is, K(f)n(210 - Oxp_1 0 =) = K(f)i_1(@1 O - OZn-1) = Vi(f)r_1 (2100w, 1)- From this
we deduce that the IC(f),, satisfy the same recursive relation as the brackets ICq , (f)n, in fact

Ic(f)n($1 @0 xn) = [K:(f)’}t—Q(xl ©---0 xn—2)7 vxn,l](xn) - K(f)n_l(l‘l (OEERYO) xn_l)mn =
= [ (f)nfl(xIQ' : .®$n72®_)_VIC(f)n—2(11®"‘®xn—2)7 vmnfl}(xn)_lc(f)nfl(‘rl@' COTp1)Ty =
=K(fln1(#1 O O 2pn—26 =), Ve, J@n) = K(fln1(x1 0+ @ zp_1)Tp =
=K(n-1@10 - Oxpn20zn12n) = K(f)n-1(21 0 O Tp2 O Tp_1)Tp—

- (fU‘zn*le"lK(f)n—l(m O OTp_10Ty)Tp_1.

But then both the left and the right hand side of Equation (4.2.1) satisfy the same recursive
relation, so the claim follows inductively by the case n = 1.

Next we observe that the previous construction makes sense for left pre-Lie algebras.

Definition 4.2.1. A bilinear product ¢ : V®? — V on a graded space V is Lie admissible if the
associated commutator [z,y] := z oy — (—1)1*I1¥ly o 2 satisfies the Jacobi identity.

A graded left pre-Lie algebra (L,>) is a graded space L with a bilinear product > : L& — L,
such that the associator, defined by

AL 5 Lia@yez— Alr,y,2) = (zoy) >z —z> (Y 2),

is graded symmetric in the first two arguments, that is, A(z,y, z) = (=1)FIW A(y, z, 2), Va, 9, 2.
In terms of the left adjoint morphism V : L — End(L) : z — {V; : y = x>y} and the associated
commutator [-,-] := L"? — L the left pre-Lie identity becomes

[Va,Vy| = V[%y] Ve,y € L, (4.2.3)

In particular > is Lie admissible (cf. the proof of the next proposition). A graded right pre-Lie
algebra (L,<) is a graded space L together with a bilinear product < : L®? — L such that the
associator is graded symmetric in the last two arguments: we remark that this is true if and only if
>y = —(—1)|x||y‘y<x ia a left pre-Lie product on L, in particular since the associated commutator
of > and < is the same right pre-Lie products are also Lie admissible.

Proposition 4.2.2. The set of left pre-Lie products on L is in bijective correspondence with the
set of graded Lie subalgebras LV C Aff(L) such that Aff(L) = End(L) ® LV .

Proof. Given a graded Lie subalgebra LY C Aff(L) as in the claim of the proposition, the com-
position of the inclusion LY C Aff(L) and the projection py : Aff(L) — L : (f,z) — z is an
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isomorphism of graded spaces LY — L: let 0¥ : L — LV be the inverse, thus oV (z) = (V,,z) for
some V, € End(L) depending linearly on x, and since LV C Aff(A) is a Lie subalgebra

[0V (2),0Y ()] = [(Va, 2), (Vy, 9)] = ([Va, Vi |, Va(y) = (=) IV, () =
=oVpr([o¥ (@).0Y(W)]) = (Vv () (—1)elny, @) Va(y) — (D)"Y, (2)),

that is, the product x>y := V,(y) satisfies the left pre-Lie identity (4.2.3). Conversely, if & is a left
pre-Lie product then the graded morphism oV : L — Aff(L) : # — (V,, z) sends L isomorphically
onto a graded Lie subalgebra LY C Aff(L) satisfying the assumptions of the proposition. O

By the proposition given a left pre-Lie product > on L we are in the setup of Theorem 4.1.6,
thus by (nonabelian) higher derived brackets it is defined a morphism K : End(L) — CE(L) of
graded Lie algebras, moreover, by the previous discussion when the left pre-Lie product is an
associative and graded commutative product this is essentially the usual construction of Koszul
brackets. In fact this can be generalized further: we have the embedding of graded Lie algebras
Aff(L) < CE(L) : (f,2) — (04, f,0,...,0,...), if LY satisfies the assumptions of the proposition
and we denote by the same symbol its image in CE(L) now we have CE(L) = CE(L) @ LY
still as in the assumptions of Theorem 4.1.6, thus by higher derived brackets an endomorphism
K : CE(L) — CE(L) sending the graded Lie subalgebra CE(L) C CE(L) into itself (notice that
when the product > is trivial we recover Example 4.1.18, thus in this case K is the identity). Lemma
4.1.16 implies that the morphism K restricts to the previously defined one on End(L) C CE(L).

Definition 4.2.3. Given a graded Left pre-Lie algebra (L, ), we call the morphism of graded Lie
algebras K : CE(L) — CE(L) : @ — K(Q) = (K(Q)o, - - -, K(Q)n, - ..) as in the previous discussion
the Koszul transform associated to the pre-Lie product >, and we call the Taylor coefficients K(Q),,
the Koszul brackets on (L,>) associated to Q.

The following easy lemma has an interesting consequence, cf. Proposition 4.2.6.

Lemma 4.2.4. Given a graded left pre-Lie algebra (L,>) together with g, : L™ — L, n > 0, the
associated Koszul brackets satisfy K(gn)i =0 for all 0 <i <n and K(qn)n = qn-

Proof. The fact that K(g,); = 0 for i < n follows from the definition via higher derived brackets
and the observation that all terms in the summation of Definition 4.1.3 vanish, since for j <i <n
and 21,...,2; € L we have |-+ [qn, 04, + Va,] -+ ,04, + Va,] € CE(L), moreover by the same
observation the only non-vanishing contribute to K(gp)n(z1 @ -+ ® xy,) is given by

K(gn)n(z1© - 0 xp) = ! Z qﬂ70$a(1) + Vivo(l)] 0,y T vwa‘(n,)](l) =
o€ESy
' Z Qn» Uzg(n] e ,Uza(n) ' Z 0(1) ©-- Qxa(n)) = Qn(x1® ®1'n)
ocESy, o€Sn

O

Example 4.2.5. The explicit computation of the Koszul brackets on a general pre-Lie algebra
seems quite intricate. For a constant coderivation o, we obtain the following formula

Bn*k k+|x ] T
=D i w Z (@) (1) Es<n ol )b (b (T D) )y B g )] s To(m)]

’ g€Sy,
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For instance if we denote by * : L®? — L the symmetrized product xxy = % (9: by + (—1)lllvly x)
we have K(0,)1(z1) = =3[z, 1] — (=1)l*ll"1lz) o 2 = —z x 21, If > is an associative and graded
commutative product the previous formula reduces to K(oy)n(x1 @ -+ © x,) = (=1)"z21 - - - Tpy.
Given f € End(L) by the lemma KC(f)o = 0 and K(f); = f, the quadratic Koszul bracket K(f)s
is given by
K(fa(z@y) = fxxy) - f@)xy — (=D "z« £(y).

We have already observed how the higher Koszul brackets are (essentially) the usual ones when
is an associative and graded commutative product, if i is only associative we should recover the
hierarchy of higher Koszul brackets considered by Bering in [7]. As a last example we consider
a graded commutative algebra (4,-) and an antisymmetric bracket [-,-] : A[-1]"? — A[-1]: let
{-,-} : A92 — A be the symmetric bracket associated via décalage, the first Koszul bracket not
given in Lemma 4.2.4 is

K({v })3(1‘ Oyo Z) = [[[{7 '})Ux + vw]a oy + Vy], o, + vz}(l) =
= [[[{, '}v Vm]vgyL Uz](l) + [H{? '}7 Ua:]? vy]70z](1) + [H{? '}701], Uy]7 vz}(l) =
=[{h Vel o 2) + [{z, =}, Vy[(2) = {z, ¥}z

The term [{z,—},V,](2) — {z,y}z = {2,y2} — {z,y}z — (=1)=HFDWlyLa 2} measures how far is
[sz,—] to be a derivation with respect to the product - on A, while the term [{-,-}, V.](y © 2)
measures how far is V, to be a derivation with respect to the bracket [-, -] on A[—1], in particular,
if (A,-,[-,]) is a graded Poisson algebra of degree (—1) (Definition 6.1.1) only the latter remains.

Proposition 4.2.6. The Koszul transform K : CE(L) — CE(L) associated to a left pre-Lie product
on the space L is an isomorphism of graded Lie algebras.

Proof. On the one hand Lemma 4.2.4 tells us that the first non-vanishing Taylor coefficient of @
and K(Q) is the same, thus K is injective; on the other hand given R = (r¢,...,7n,...) we put
go = ro and then recursively ¢, = r, — K(q1,-.-,¢n-1,0,...,0,...)p, then the lemma shows that
Q = (4q0,---+qn,--.) is such that K(Q) = R, thus K is surjective. In fact

K(Q)n :K(q17"'>qn705"'705"')n :QTL+K:(q17'"7qn71707"'707"~>'n =Tn.
O

Definition 4.2.7. Given a graded Left pre-Lie algebra (L,>) we call the automorphism of graded
Lie algebras K~! : CE(L) — CE(L) : Q — K~ 1(Q) = (K7 1(Q)o, ..., K YQ)n,...) the Kapranov
transform associated to >, and we call the Taylor coefficients X~1(Q),, the Kapranov brackets on
(L,>) associated to Q.

Remark 4.2.8. In this remark we show how both K and K~! can be obtained via an abelian
higher derived brackets construction: let CEq(L) be the abelian Lie algebra spanned by constant
coderivations, then K(CEq(L)) C CE(L) is an abelian Lie subalgebra such that we continue to
have CE(L) = CE(L) & K(CE(L)) as in the the assumptions of Voronov’s construction of higher
derived brackets: the induced morphism ® : CE(L) — CE(L) is given by ®(Q)o(1) = qo(1)

@(Q)n(xl ©-0 TL) = [ o [Q?’C(le)] T aIC(UCEn)Kl) =K ([ o [Kﬁl(Q)»azl] e »Uzn]) (1) =

=[[KHQ)04y] 02, ](1) = KTHQ)n(21 @ - @ 2),

that is, in this case the morphism ® induced by higher derived brackets coincides with I~'. More
in general, by the same argument we see that given j € Z and the morphism K7 : CE(L) — CE(L)
of graded Lie algebras, this is induced by an abelian higher derived brackets construction applied

to CE(L) = CE(L) & K9 (CEo(L))).
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By the previous remark and Lemma 4.1.17 we conclude that

Proposition 4.2.9. Given an Ly (1] algebra structure Q € CE(L) on L, the three Loo[1] algebras
(L,Q), (L, K(Q)) and (L,K~1(Q)) are all isomorphic to each other.

Corollary 4.2.10. Given d € End(L) such that |d| = 1 and d*> = 0, the Lo [1] algebras (L, K(d))
and (L, K=1(d)) are homotopy abelian.

In the next proposition we find an interesting characterization of Koszul and Kapranov brackets,
cf. at the end of the section for an interpretation in terms of L., extensions. Let (L,>) be a graded
left pre-Lie algebra, oV : L — CE(L) the embedding L N AR CE(L) and ® : L — CE(L) the
morphism associated to the graded Lie algebra structure (L, [-,-]) on L via higher derived brackets
as in Remark 4.1.11.

Proposition 4.2.11. The Koszul transform K : CE(L) — CE(L) is the only morphism of graded
Lie algebras sending the graded Lie subalgebra CE(L) C CE(L) into itself and making the diagram
on the left commutative

CE(L) — &~ CE() CE(L

AN

Similarly, the Kapranov transform ™' : CE(L) — CE(L) is the only morphism of graded Lie
algebras sending the graded Lie subalgebra CE(L) C CE(L) into itself and making the diagram on
the right commutative.

Proof. The fact that K (and thus also K ~!) makes the previous diagram commutative follows by
Lemma 4.1.16 applied to
0

CE(L) — CE(L) =<— LY

which shows that
— % L CE(L)

jI
CE(L) —2= CE(LY)

is commutative: but by definition /X is the composition of the bottom arrow and the inverse of the
right vertical arrow.

The idea behind uniqueness is that the identities K(Q)o = qo, K([Q, 02+ V]) = [K(Q), ®(z)] for
all z € L determine the Taylor coefficients K(Q),, recursively and similarly for X1, cf. the proof of
the next proposition. We give a more indirect argument: the decomposition CE(L) = CE(L)®®(L)
satisfies the assumptions of Theorem 4.1.6, thus induces via higher derived brackets a morphism
of graded Lie algebras K® : CE(L) — CE(®(L)) =N CE(L). If ¢ : CE(L) — CE(L) is such that
oV =¢o®: L — CE(L) and moreover ¢ sends CE(L) into itself we can form a commutative
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diagram

CE(L) ——= CE(L) =<—— LV

and then Lemma 4.1.16 implies that the diagram

CE(L)

Y

@ CE(L)

A

CE(L)

is commutative. In particular in the previous discussion we can take ¢ = K~!, which shows
that £* = idcg(r): but then the uniqueness claim for K~ ! also follows by the previous dlagram
since any ¢ as above has to be a left inverse to the isomorphism /C, thus it has to be X~*. To
prove uniqueness for K we consider ¢ : CE(L) — CE(L) filling a similar diagram as the previous
one with the direction of the vertical arrows reversed, then again by Lemma 4.1.16 we see that
K=K®op=0. O

The previous proposition allows to compare Definition 4.2.7 of Kapranov brackets with the one
we gave in [4].

Proposition 4.2.12. Let (L,>) be a graded left pre-Lie algebra. For all d € Der(L,[,-]) the
Kapranov’s brackets K=1(d),, : L°™ — L, n > 1, admit the following recursive definition

K- (d)r = d
K2 (0(e 00) = Vauo) = (9,0 (12.4
KM dni1(z 0y © - Oyn) = =[K7Hd)n, Vo] (51 © -+ O yn) forn > 2.

Proof. Given d € Der(L,[-,]), by Lemma 4.2.4 we have K~(d

to Theorem 4.1.6 and Remark 4.1.11 we see that [d, ®(x)] = ®(dx)
previous proposition we also see that [~ (d), 0, +V.] = K~1([d, ®(z)]
for all x € L, and thus

Jo =0 and K~1(d); = d: according
for all x € L, hence by the
) =

K~ ( (dx)) = 0dz+Vidz

K1 (d)2,0.] + [KHd)1, Vae] = Vs and for n > 2 K™ (d)ps1, 0] + K Hd)n, Vo] = 0.
It is clear that the above is equivalent to the recursion in the claim of the proposition. O

Remark 4.2.13. We notice how it is not obvious that the above recursion is well defined, since it
is not a priori obvious with the previous definition that the (n + 1)-bracket is graded symmetric
given graded symmetry of the first n. We give a direct proof of this fact following [4], Proposition
4.3, which also illustrates nicely the role played by the left pre-Lie identity (4.2.3).
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We rewrite K~1(d)s as
K~ (d)2(2 ©y) = Vaaly) = [d, Vil (y) = devy + (-1 2> dy — d(a > y).

In other words, K~!(d)y measures how far is d from satisfying the Leibniz rule with respect to the
pre-Lie product . Thus a straightforward computation shows

K= d)2(z 0 y) — (1)K (d)2(y © ) = [da,y] + (—1)" ¥z, dy] — d[z, y] = 0,

since d € Der(L, [-,-]). The recursive definition implies that K~1(d)3 is graded symmetric in the
last two arguments, so it suffices to show that it is also graded symmetric in the first two. We
notice that

KM d)s(z 0y © 2) = —[K7(d)2, Val(y © 2) = ~[[K7(d)2, Val, 0] (2),
hence graded symmetry of KX~1(d)3 follows from the following computation
(K™Y (d)2, Val, 0] = (1)K (d)2, V, ], 0] =

= (K1 (d)2, [Va, o ]+ (=) K (d)2, 0], Vi = (1)K ()2, [V, 0] =K (d)2, 04], V] =
= K M (d)2, 09, ()| + (1) [V 4y —[d, V], Vo] = (=D)FIMKE ()2, 09 ()] = [Vau—[d, Va], V] =
= Vv, — D"V 0 ) = [Vaz, Vil + (D) [V g, Vo ]+
+([d, V., V] = (=D)F¥[[d, V], V.] = [d, Vo, )] + (1), Vo, )] =
= Vo) = Vidzgl = DNV a5 + [0, Ve, Vy] = Vi)l =0,

Given n > 3, we suppose inductively to have showed graded symmetry of KX~1(d); for all 2 < i < n.
To show graded symmetry of KX ~*(d),,+1 we only have to show it for the last two arguments, where
is follows by a similar (and actually a little simpler) computation as the one before

[[K_l(d)nvvz]vUy]_(_l)lx”y‘[[lc_l(d)naVy]vaz] = [’C_l(d%*lv [vay]_v[m,y]] =0 Va,y € L.

The morphisms of graded Lie algebras ® : L — CE(L) and ¢V : L — CE(L) classify, as in
Proposition 1.3.34, cf. also Notation 1.3.35, a pair of L[1] extensions of fiber (L,0) and base
the graded Lie algebra s~!L (seen as usual via décalage). In fact these are two very natural
Lo [1] extension associated to the graded pre-Lie algebra (L,>): the L[1] extension classified
by @ is strictly isomorphic to 0 — C(Ay,0A1;5 L) — C(Ay,e1;5 L) — C(ey;s71L) — 0, cf.
Proposition 3.3.6, where e; denotes the vertex Ag — Ay : [0] — [1], that is, s71L x g L is essentially
the mapping cocone coC(id,-17) of the identity idy-1y : s71L — s71L, as in Definition 3.3.3%; as
for the morphism oV : L — CE(L) this classifies the extension 0 — L — s 1L, — s~ 'L — 0,
where L is the dg Lie algebra as in the following proposition.

Proposition 4.2.14. There is a bijective correspondence between the set of left pre-Lie products
> on L and the set of dg Lie algebra structures Ly, = (L x sL,0,[-,-]) on the space L x sL with the
differential 6(x, sy) = (0, —sx) and such that [L,L] C L, [L,sL] C sL, [sL,sL] =0.

Proof. Tt is easy to see that a left pre-Lie product > on L and a bracket with the required properties
on L, = sL x L determine each others via [z, sy] = (=1)1*ls(z>y), [z,y] = zoy—(=1)*¥ypz. O

2We say essentially since we defined the mapping cocone of a morphism F as the homotopy equalizer E*(0, F'),
so to be precise the mapping cocone coC(id,—1;,) would be the Loo[1] algebra C(Ay,ep; s~1L).
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Comparing with Proposition 4.2.11 and Lemma 1.3.36, it is natural to conjecture that there
should be an Lo [1] automorphism F' : (L,0) — (L,0) of the fiber such that, with the notations of
Lemma 1.3.36, we have F.oV = ®, K = F — F~! : CE(L) — CE(L). Such an F would sit in a

commutative diagram

0 L s7IL, s7IL 0
:lF J{ﬁ
0——=L——=C(Ay,e1;8 L) s7L 0

of Lo [1] algebras and Lo.[1] morphisms: once we identify s~'L, = C(A1,e1;5 L) = s 1L x L as
graded spaces, the Lo [1] morphism F is determined by F according to fi (s~ m, 1) = (s~ m, f1(1))
and fr((s7'my, 1) © - © (s 'mp, 1)) = (0, fu(ly © -+~ © 1,)) for n > 2. Since not only the
underlying spaces, but also the underlying complexes of s~ 1L, and C(Ay,e1;s L) identify, we
may moreover require that f; = idy. Then we claim that if an F' : (L,0) — (L, 0) with the desired
properties exists, it can be uniquely determined by the fact that it makes the corresponding F an
Loo[1] morphism. This is because, denoting by R = (r1,...,7p,...) and @ = (¢1,¢2,0,...,0,...)
the Lo [1] structures on C(Aq, e1;571L) and s~ L, respectively, we would have

0, fulh @ O 1)) = faqr (571,00 © (0,12) @ -~ © (0,1,)) =
= (J?nq1 - Tlﬁl)((silllvo) © (07 l2) [ORERNO) (0’ ln)) =

= (~fo19q2+ erﬁ,{)((s—lll,o) ©(0,l2) ®---©(0,1,)) (4.2.5)

=2

where the last term only depends on fs, ..., f,_1. Thus we obtain formulas specifying recursively
the Taylor coefficients f, for all n > 2: the point would be to show that this recursion is well
defined, that is, graded symmetry of fs,..., fn—1 also implies graded symmetry of f,. We notice
that for n = 2 the above becomes fa(ly © ls) = =1 >l + %[ll,lg} = —ly * Iy (where * is as in
Example 4.2.5), thus we get in fact a graded symmetric fs.

From this point on we consider the case when L = A is a graded commutative algebra, and
hope to treat the general pre-Lie case somewhere else. In this case the graded Lie algebra structure
on A is abelian, and so is the L.[1] algebra structure on C(Ay,er;s 1t A), that is, r, = 0 for all
n > 2: thus the recursion (4.2.5) simplifies to

fn(xl ®®xn) = - Z 6(U)fnfl(mzf(l)xa'(Z) Gxo'(-?)) (ORSE <D1’47(n))
ceS(2,n—-2)

For n = 2 this becomes f3(z ® y) = —xy, which we already saw, and for n > 2 we see inductively
that it becomes f,(r1 ® -+ ® z,) = (n — D)!(=1)""1zy---2,, n > 2, which is clearly graded
symmetric. In other words f, = (n — 1){(—=1)""'m,, where m,, : A®" — A is the iterated
multiplication map.

Remark 4.2.15. Asin [79], we may introduce the group Aut(A) of automorphisms F : S(A) — S(A)
of the graded coalgebra structures of the form F' = (id, kama, ..., kymy,...), where k,, € K are
scalars and the m,, the iterated multiplications. We can associate to F' = (id4, kama, ..., kymy,...)
its generating series 1 + ¢ + %242 4 ... 4 Exgn 4 ... € K[[#]], then it is not hard to verify that the
generating series of a composition is the composition of the generating series, cf. [79]. In the case
of F = (ida, —ma,...,(n —1)!(=1)""tm,,...) as in the previous paragraph, the associated series
is the logarithmic series 1+t — % + % — % 4+
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Summing up, given F = (ida, —ma, ..., (n — 1)!(=1)""1m,,...) as above, it is easy to see that
in fact the associated F : s 'Ly, = s 'L x L — s L x L = C(Ay, ey; s~ L) is an Loo[1] morphism:
the necessary identities follow by construction on mixed terms of type s ‘2 ®@ 41 @ --- ® y,, and
trivially in the remaining cases, details are left to the reader. Comparing with Lemma 1.3.36 and
Proposition 4.2.11, this shows the following result by Markl [79, 80].

Proposition 4.2.16. Given a graded commutative algebra (A, "), the associated Koszul transform
is given by K = F — F~! : CE(A) — CE(A), where F : S(A) — S(A) is the natural automorphism
F = (ida,—ma,...,(n — DI(=1)""Im,,...).

4.2.1 Commutative BV, algebras

We give another interesting application of the results of Section 4.1. First we recall the definition
of differential operators on graded commutative algebras and modules.

Definition 4.2.17. Given a graded commutative algebra (A, -), the space Diffg(4) C End(A)
of differential operators of order < 0 on A is the abelian Lie subalgebra spanned by the adjoint
operators V, : A — A :y — xy. For i > 1 the space Diff;(A) C End(A) of differential operators of
order <4 on A is defined recursively by Diff;(A) = {f € End(A4) s.t. [f, Diffy(A)] C Diff;_1(A4)}.

Remark 4.2.18. An easy and well known inductive argument shows that for all 7,5 > 0 we have
(where we put Diff_;(A) := 0) [Diff;(A), Diff;(A)] C Diff,1;_1(A), moreover if we denote by o
the composition product on End(A) we also have Diff;(A) o Diff;(A) C Diff;;;(A): in particu-
lar Diff(A) = U,>, Diff;(A) is a graded Poisson subalgebra of the graded Poisson algebra - cf.
Definition 6.1.1 - (End(A), o, [-,]).

Recall the two constructions of Koszul brackets explained at the beginning of the previous
section (namely, K : End(A) — CE(A) and K4, : End(A4) — CE(A4)).

Lemma 4.2.19. Given a graded commutative algebra (A,-) with a unit 14 € A together with an
operator f € End(A) the following are equivalent conditions

IClA (f)l'+1 =0 = IClA (f)n =0Vn>1 = f e DlﬁZ(A),
K(f)igr =0 & K(f)n=0VYn>i & f € Diff;(A) and f(14) =0.

Proof. The fact that IC(f);+1 = 0 if and only if K(f), = 0 for all n > ¢ follows from the recursive
formula defining the Koszul brackets, and similarly for 1y, (f);+1 = 0 if and only if /01, (f)n, =0
for all n > i. We have f € Diffo(A) if and only if f = V) if and only if Ky ,(f)1 = 0,
moreover f € Diffg(A) and f(14) = 0 is equivalent to 0 = f = K(f);. For z € A we have
that Ky ,(V,) = o0, is a constant coderivation, moreover by definition f € Diff;(A) if and only
if [f,V,] € Diff;_1(A) for all x € A, and we see inductively that this is true if and only if the
Taylor coefficient 1, ([f, Va])i = K1, (f)it1,04] vanishes for all x € A, that is, if and only if
K1, (f)ix1 = 0. In light of equation (4.2.1) it only remains to prove (f);+1 = 0= f(14) =0: an
easy induction using the recursive definition of the brackets shows K1, (f)n41(210- Oz, ©14) =0
for all n > 0 and z1,...,2, € A, in particular if X(f);+1 = 0 equation (4.2.1) with n =i+ 1 and
Ty = " =Ti4+1 = 1A implies that f(lA) =0. ]

We recall the definition of commutative BV, algebras due to O. Kravshenko (this is a particular
case of the notion of BV, algebras one obtains by resolving the operad of BV algebras via the
Koszul duality machinery [72]).
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Definition 4.2.20. A commutative BV, algebra (A4,d = Ag,Aq,...,A;,...) of degree k, where
k is an odd integer, consists of a commutative dg algebra (A,d,-) with unit 14 and for all ¢ > 1
an operator A; € End' ~***V(A4) on A of degree 1 — i(k + 1) such that

(1) For all ¢ > 0 we have KC;12(A;) = 0 (by the previous lemma, for ¢ = 0 this just says that
d = Ay is a derivation vanishing at the identity), and

(2) if we denote by ¢ a central variable of (even) degree k + 1, then the degree one operator

A=Ag+tA 4+ A A = A[[H]] Y = > Y Ay(ay)

>0 n>0 i+j=n

on the algebra of formal power series A[[t]] squares to zero.

If (A,d = Ag,Aq,...,A;,...) is a commutative BV, algebra of (odd) degree k as in the
previous definition there is an associated Lo [1] structure on Ak + 1] as we now describe. Consider
the algebra of formal Laurent series A((t)) = U,z t7 A[[t]], we denote by py : A((t)) — A[[t]] the
projection with kernel A((¢))” = U, t7 A[[t]] and by p_ = ida(r)) —p+ : A((t)) = A((t))” the
projection with kernel A[[t]]. The graded Lie algebra M = End(A((t))) splits as M = L& B, where
L is the graded Lie subalgebra L = {f € M s.t. f(1a(4))) € A[[t]]} and B C M is the abelian Lie
subalgebra of left adjoint operators V), where z(t) varies in the subalgebra A((t))™ C A((t)).
The decomposition M = L B satisfies the assumptions of Voronov’s construction of higher derived
brackets, moreover, A : A[[t]] — A[[t]] extends by K ((¢))-linearity to an operator which we denote
by the same symbol A : A((t)) — A((t)), which is an element of L' such that [A, A] = 0: by higher
derived brackets we have an Lo[1] structure ®(A) = ®([A, —]) on B.

Proposition 4.2.21. Consider the linear embedding Vy—1._ : Alk+1] — B: s % 1z — V, 1, its
image Vi—1._(Alk +1]) is an Lo[1] subalgebra of (B, ®(A)). The induced Lo[1] algebra structure
on Alk + 1] is given in Taylor coefficients by (Ao, K(A1)2, ..., K(Ap—1)n,--.).

Proof. Ttem (1) in the previous definition implies A;(14) = 0 for all j > 0, therefore as in the
proof of the previous lemma K(A;)p41(21 © - Oz, ©14) =0 for all n > 0 and z1,...,2, € 4

and we see from equation (4.2.2) that K(A;)p(z1 0 @ ayn) =+ [A;, Ve, ] -+, Vg, ](14) for all
Z1,...,¢, € A. Now a straightforward computation shows
[Ag+tA 4+ A+, Vs, ]y Vierg, J(Lagey) =
=D T (A Ve ] Ve J(1a) = ) T K (A (@1 © - O ),
Jj=0 j>0
thus

@(A)n (V,g—l.I1 (ORERNO) Vt—l-zn) = VZ;};Ol =1 (A ) (210 Oz )

and since K(A;), = 0 for j < n — 1 by the definition of commutative BV, algebras and the
previous lemma we finally see that

q)(A)n(vt*Lf(tTl) (OXERNO) vt*hf(xn)) = vt*1~f(K(An—1)n(fE1 ©-0 xn))~
O

Definition 4.2.22. A commutative BV, algebra has the degeneration property if the projection
(A[[t]], A) — (A4, Ap) : z(t) — x(0) is surjective in homology.
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The following theorem, which was proved with different methods by Braun and Lazarev [12],
generalizes the formality theorem from [96]. We follow the proof of this last result given in [52],
Theorem 6.6.

Theorem 4.2.23. If a commutative BV, algebra (A, Ao, A1,...,A;,...) of (odd) degree k has
the degeneration property, then the Loo[1] algebra (A[k 4 1], Ao, K(A1)2, ..., K(Ap_1)n,-..) is ho-
motopy abelian.

Proof. Consider the decreasing Z-filtration F7A((t)) = t/ A[[t]] C A((t)) by A-closed subspaces:
then the degeneration property is equivalent to injectivity in homology of F1A((t)) — F°A((t)),
which readily implies injectivity in homology of F7A((t)) — FI=LA((t)) for all j € Z (by K ((t))-
linearity of A) and then also of F7A((t)) < F¥A((t)) for all j > k. In particular A[[t]] — A((t)) is
injective in homology, so p_ : A((t)) — A((t))~ is surjective in homology: in turn this also implies
that the projection P : M — B induced by the splitting M = L @ B is surjective in homology, this
follows by looking at the commutative diagram of dg spaces

(M, [A,]) —F— (B, P[A, )

lev () le“A«m
pP—

(A(@®)), &) — (A(()) ", p-A)

Since we are working over a field H(ev1,,,),) = €V, * H(M) = End(H(A((t)))) — H(A((?)))
is surjective, while evy, ., : B — A((¢))” is an isomorphism. Thus by Corollary 4.1.15 the Loo[1]
structure ®(A) = ®([A,]) on B is homotopy abelian.

The thesis follows from Lemma 2.2.13 if we show that the embedding V;-1._ from the previous
proposition is injective in homology. We look at the commutative diagram

| |

A((t)) A((1)~

The rows are split exact and the middle vertical arrow is injective in homology, then so must be
the right one: but this is isomorphic to Vi-1._ : Ak + 1] — B. O

0

0 —— FOA((t)) — FLA((t)) — F~LA((t))/FOA((t)) — 0
dl

4.2.2 Kapranov brackets in Kahler geometry

Let X be a hermitian manifold, we denote by Ax the de Rham algebra of complex valued forms
on X, and by A(Tx) the Ax-module of smooth forms with coefficients in the tangent bundle Tx.
We denote by D =V +09 : A**(Tx) — A*T1*(Tx) ® A**+1(Tx) the Chern connection on A(Tx)
(that is, the only connection compatible with both the metric and the complex structure on T,

see e.g. [57]). Finally, we denote by (z',...,2%) a local system of holomorphic coordinates on some
open U C X, together with the corresponding local frame (%, cee %) of T'x.

For a € AP4(Tx), the contraction operator i, € End? "(A(Tx)) is defined as follows: if

locally o = 3", ' ® 62 and 8 =3, B ® %7 then locally a(8) = >, (XCia'A (a(zi JB7)) ® %7
where we denote by _ the contraction of forms with vector fields. An easy computation, left to

the reader, shows that [0,4,] = i3,
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We denote by Dy, := [i4, D] € End?T9(A(Tx)) and by V, = [i4, V] € End”?(A(Tx)). Recall
that A(Tx) carries a natural structure of (bi)graded Lie algebra induced by the bracket of vector
fields, cf. for instance [76]: under the additional hypothesis ,(3) = é3(c) = 0, the usual Cartan
identities [i4,45] = 0 and [Dg,45] = 4[q,6 hold. This hypothesis is verified in particular for

a,B € A»*(Tx): since Dy = [in,V + 0] = V4 + (—1)‘”"1'5@, in this case we also see that

[vaa 1’5] = Z[a,ﬂ] VO(,B € AO’*(TX)'

We define > : A%*(T'x) ® A%*(T'x) — A»*(Tx) by
ad>f:=Va(B) =Du(B) Va,B e A" (Tx),

then > is a graded left pre-Lie product on A%*(Tx) precisely when the hermitian metric on X is
Kahler. This can be seen as follows.

As well known [57], the curvature D? € End®(A(Tx)) is Ax-linear: this implies that if locally
B=3,® -2, then locally D?(B) = Y B A @ -2, where the forms Q8 € A% are
defined by D?(5%) =Y, Q@ o . For thf Chern connection we have moreover that € € ALt
Vi, j [57): this implies D? = [V + 9,V + 9] € End"" (A(Tx)), thus

D?* =1[0,V], [V,V] = 0.

By the Jacobi identity also [V, V] = [[a, V], V] = 0, Va € A(Tx). For a, 8 € A%*(Tx) we see
(by the Jacobi and Cartan identities) that

Va, Vil = [Va, [ig, V] = [[Va, 5], V] = [ifa.5), V] = Via g

Then the pre-Lie identity (4.2.3) holds if and only if the bracket on A%*(Tx) associated to > is the
natural one induced by the bracket of vector fields, that is, if and only if for all Va, 3 € A%*(T)
we have [a, 8] = V4 (8) — (—=1)1*lI8IV5(a) = Do (B) — (=1)I211PIDg(a): in other words > is a left
pre-Lie product on A%*(Tx) if and only if D is torsion free, but as well known [57] this is equivalent
to the hermitian metric on X being Kéahler.

We assume in the remainder that X is a Kihler manifold. The Dolbeault differential @ in-
duces a dg Lie algebra structure on the graded Lie algebra associated to (A%*(Tx),>): in fact,
(A%*(Tx), 0, -,]) is the Kodaira-Spencer dg Lie algebra controlling the infinitesimal deformations
of the complex structure on X, cf. [76]. According to Corollary 4.2.10, the Kapranov brackets
K~=1(9),, induce a homotopy abelian L.,[1] algebra structure on A%*(Tx).

Next we recall the construction of the L, [1] algebra structure on A%*(Tx) by Kapranov [56].
We can form the bundles of commutative coalgebras S(Tx) = EBnZlT)?”7 S(Tx) = EBnZOT)(?"
and the bundles of Lie algebras CE(Tx) = Coder(S(Tx)), CE(Tx) = Coder(S(Tx)) over X
as in sections 1.1 and 1.3 but working in the symmetric monoidal category of holomorphic vector
bundles over X. As a holomorphic vector bundle CE(Tx) = [[,,», Homo, (T%", T ), and similarly

CE(Tx) = [1,,50 Homo (T$™, Tx). The bundle of Lie algebras structure on CE(T) induces a dg

Lie algebra structure on the Dolbeault complex A%*(CE(Tx)) = [[,»; A>*(Homo, (T%", Tx)).
Finally, there is a morphism of dg Lie algebras a

v ("407*(@(1—’)())757 ['7 D - (@(A07*(TX)))> [5’ ']7 [" ]) )

where in the left hand side 9 is the Dolbeault differential on A%*(CE(T’x)) while in the right hand
side d is the Dolbeault differential on A%*(Tx), regarded as a linear coderivation on S(A%*(Tx)).
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The morphism ¥ sends R,, € A%*(Hom(Tg", Tx)) to W(R,) : A%*(Tx)®" — A%*(Tx) given by
the composition

U(R,) : A% (Tx) O™ 225 A0 (Hom(T", Ty )) @ A% (TQ") — A%*(Tx),

where the second map is the natural contraction, and where in the first one we are also implicitly
considering A%*(Tx)®" — A%*(TZ") induced by the wedge product of forms. We leave to the
reader the easy verification that ¥ is indeed a morphism of dg Lie algebras. We notice that the
brackets W(R,,) are A%*-multilinear in the following graded sense:

V(R (1 OO (WAar) @@ an) = (=) 06D, A B(R, ) (01 @ ©ay), (4.2.6)
Vag,...an, € A% (Tx), w € ,42;*.

Recall that the Chern connection D = V + 0 on Ty induces the Chern connection on each
one of the associated bundles Hom(T¢", Tx), n > 1, which we still denote by the same symbol
D =V +9 € End"’(A(Hom(T¥", Tx))) ® End”' (A(Hom(TE™, Tx))). Following Kapranov [56],
we define recursively a hierarchy of tensors R, € A% (Hom(T§", Tx)), n > 2, starting with the
curvature form Ry = Q =37, Qd ® 6‘21 € AV (End(Tx)) = A% (Hom(T$?, Tx)), and then by

Rui1 = V(R,) € AV (Hom(TE", Tx)) = A% (Hom(T$", Tx)). (4.2.7)

It turns out ([56], it will also follow from Theorem 4.2.24 and Proposition ??), by torsion freeness
of D, that the tensors R,, are symmetric in their holomorphic covariant indices: in other words,
the above Recursion (4.2.7) actually defines a hierarchy R, € A%!(Hom(T§", Tx)), n > 2, which
we can assemble to R = (0,Ra,...,Ry,...) € A%(CE(Tx)). Finally, in [56], Theorem 2.6, it
is proved that OR + 3[R, R] = 0, that is, R is a Maurer-Cartan element of the dg Lie algebra
(A% (CE(Tx)), 0, [, ]) It follows that d + W(R) is an L [1] structure on A%*(Ty), where again
we are regarding 0 as a linear coderivation on S(A%*(Tx)), in fact, 1[0 + U(R),0 + ¥(R)] =

¥ (OR + 3[R, R]) = 0: this is the Loo[1] structure on A%*(Tx) considered in [56]. Conversely, we
can deduce that R is Maurer-Cartan by the following theorem, as ¥ is clearly injective.

Theorem 4.2.24. With the previous notations, d + W(R) = K~1(d): in particular, the Loo[1]
algebra structure on A%*(Tx) by Kapranov [56] is homotopy abelian over the field C of complex
numbers.

Proof. Since d € Der(A%*(Tx),[-,"]), the brackets K~!(9),, can be defined via the recursion in the
claim of Proposition 4.2.12. Of course d = K~'(9)1, we have to prove ¥(R,,) = K~(0)n, Vn > 2.
We start by computing K ~1(9)2, which is given by

K71 0)2(0 ® B) = V5,(8) = [0, Val(B) = lig,, VI(8) = [0, [ia, VII(B) =

= (-1)"/fia, O, V]m) = (-1)*3,D*(B).
If locally « = Y, ' @ azl and 8 = Z Bl ® 0277 then locally

K (0)2(a@B) =) [ D (-1 Z/\(a (ﬁ/\Q’“)) ®%:

k i,

0 0
al+|8]| i k
Zk 2 (D lat A A (azimf) Do

4,J
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Graded symmetry of this expression also follows from the identity -2 557 JQk = @ JQk Vi, j, k, which
itself is a consequence of torsion freeness of D. This shows that \I/(Rg) K=1(9)2, in particular it
implies that X~1(9)s is AX -bilinear. More in general, every KX~1(9),, n > 2, is AX -multilinear
in the sense of (4.2.6): by graded symmetry it suffices to consider the case k = 1 in the formula
(4.2.6), which is seen by induction using the recursive definition and the easily established identity
Vora(B) = w AV4(B), Yo, B € A% (Tx), w € Ag(’*. Finally, in order to prove in general that
U(R)(a1 @ Oay) =K Yl ©- ®ay), Vag,...a, € A"*(Tx), we have reduced to the
case a = 57—, k=1,...,n. Proceeding by induction and using the recursive definition 4.2.4 we
see that for all n > 3

\I/(Rn) (821@@8281”):2(2(]{ )Z lcfh> %:

k h

0 0 0
_ k _g=h _Z —
_;@ Rt e ) & o =V o W) (5o 0 o)

0 9 ~1/5 0 0
az”} <azlz O azi") =K (O <5zi1 OMS 32%)

Together with Corollary 4.2.10 this proves the theorem. O

— [k @)1,V

Remark 4.2.25. As the brackets K=1(9),, n > 1, are all Ox-multilinear, (A%*(Tx), ®(9)) is an
Ox-multilinear Lo[1]-algebra in the sense, for instance, of [109]: in the claim of the previous
theorem we had to specify the field of definition since otherwise the homotopy abelianity part
would fail (it should remain true when the Atiyah class ap, vanishes).
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Chapter 5
Higher Deligne groupoids

After some necessary preliminaries on model categories and simplicial sets, in Section 5.2 we
introduce the main subject of this chapter, namely, what we call the Deligne-Getzler co groupoid
(cf. 5.2.23 as for why it is an oo groupoid) Dely (L) of a complete L [1] algebra L, after the
seminal paper [39], and we study some of its main properties from [39, 6]: in Section 5.2.2 we show
that Delo(—) generalizes the Deligne groupoid of a (nilpotent) dg Lie algebra. In Section 5.2.1
we study the role of the functor Del,(—) in the Lie approach to disconnected rational homotopy
theory developed by Lazarev and Markl [70]. Finally, in the last two sections we study descent
of Deligne groupoids: in Section 5.3.1 the original result by Hinich [45], and in Section 5.3 a
corresponding descent theorem for the functor Delo (—).

5.1 Miscellanea on model categories and simplicial sets

In this section we recall the various results from model category theory that we will need in the
rest of the chapter. This is an extremely rich subject, and we merely recall the essential facts
to make sense of Proposition 5.1.2 and Proposition 5.1.5, which are the results we will actually
need. Our references here are [50, 48], the original by Quillen [88], and finally the appendices of
[73]: numerous other references can be found in the bibliographies of loc. cit.. In the second part
of the section we review the model category structure on the category of simplicial sets, together
with another Proposition 5.1.9 and some standard definitions we will need in the sequel: we refer
mainly to [50, 88] and [81], but again, possibly even more excellent introductions to this material
are available. We close this section by recalling the definition of T-complex, cf. Ashley’s and
Dakin’s theses [1, 26], and their weak versions considered by Getzler [39]. Even if we will have no
actual use for these concepts, it will be good to keep them in mind.

Usually, in homotopy theory we are concerned with a category C and a subcategory W of weak
equivalences that we would like to consider as isomorphisms: there is always a way to localize C at
W, that is, there is a category C[W™!] (called the Gabriel-Zisman localization of C at W) with the
same class of objects of C and a functor C — C[WW~!] which is the identity on objects and universal
with the property that it sends arrows in W to isomorphisms in C[W~1]. This does not require any
assumption on W, however Gabriel-Zisman localization is hard to work with since in general we
have to quotient a large class (not a set!) of morphisms by an equivalence relation, and moreover
one can incur in set theoretical difficulties (resolved by working with Grothendieck universes) as

83
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it is not always the case that this quotient will be a set. In a model category (C, W) is enriched
to (C,C,F,W), where C and F are two auxiliary subcategories and the data satisfy a series of
axioms listed below: even if we are ultimately only interested in the pair (C, W) the structure of
model category on C provides a neat description of the category C[W~1] and guarantees that we
do not incur in the aforementioned difficulties.

Recall that given a pair of arrows f: A — B and g : X — Y in C then f has the left lifting
property with respect to g, and conversely g has the right lifting property with respect to f, if in
all commutative diagrams in C

A——sX

7
Nk
v

B——=Y
the dotted arrow can be filled so that the whole diagram remains commutative.

A model category (C,C, F, W) is a category C together with distinguished subcategories C, F
and W whose class of objects is the same as C and whose arrows are called respectively cofibrations,
fibrations and weak equivalences, while the arrows in C [\ W and F (W are called respectively triv-
ial cofibrations and trivial fibrations, such that: C is complete and cocomplete, weak equivalences
satisfy the two out of three properties (namely, if two out of f, g and fg are weak equivalences so
is the third) and the subcategories C, F and W are stable under retracts, and moreover

trivial cofibrations have the left lifting property with respect to fibrations and trivial fibrations
have the right lifting property with respect to cofibrations;

every arrow admits functorial factorizations as a cofibration followed by a trivial fibration
and as a trivial cofibration followed by a fibration.

We refer to [50] for a more detailed discussion of the previous list of axioms, in particular the original
definition given in [88] is more general, and instead we have defined what Quillen calls a closed
model category, where the closed adjective refers to the following important fact: if (C,C, F, W) is
a model category as in the previous definition, then C (resp.: C[ W) is precisely the class of arrows
with the left lifting property with respect to arrows in F (W (resp.: F), and conversely F (W
(resp.: F) is precisely the class of arrows with the right lifting property with respect to arrows
in C (resp.: C(\W). In particular we can recover the whole structure (C,C,F, W) knowing two
out of C, F, W, C(\W and F(W: for instance, given (C,C,C (W) the subcategory F (resp.:
F (W) consists of arrows with the right lifting property with respect to arrows in C ()W (resp.: C),
while weak equivalences can be characterized as those arrows admitting a factorization as a trivial
cofibration followed by a trivial fibration. In many important situations it is possible to reduce
the generating data further, from two classes of arrows to two sets of arrows. A model category
(C,C,F, W) is cofibrantly generated if it admits distinguished sets I C C of generating cofibrations
and J C C(\W of generating trivial cofibrations such that F (resp.: F (W) is precisely the
subcategory of arrows with the right lifting property with respect to arrows in J (resp.: I) and
an additional technical assumption is satisfied, roughly saying that I and J allow Quillen’s small
objects argument (cf. [50, 48] for details, let us just say that the assumption will be automatically
satisfied for the categories we will be interested in, such as SSet, DG, DGLA, DGLA etc.).
Conversely, given a complete and cocomplete category C together with sets of arrows I and J
satisfying the aforementioned technical assumption, there is an useful criterion (attributed to Kan
in [48]) to check whether these data generates a (by construction, cofibrantly generated) model
category structure on C, cf. [48], Theorem 11.3.1, and [50], Theorem 2.1.19.



5.1. MISCELLANEA ON MODEL CATEGORIES AND SIMPLICIAL SETS 85

As we said, if (C,C, F, W) is a model category then the localization C[W~1], which in this case
is called the homotopy category of (C,C, F, W) and denoted by Ho(C), admits a neat description.
The category C has an initial object () since it is cocomplete and a final object * since it is
complete, and we say that an object X is cofibrant if ) — X is a cofibration and it is fibrant
if X — x is a fibration: when X is cofibrant or Y is fibrant there is a well defined equivalence
relation ~ on the set of morphisms C(X,Y") constructed from the axioms of model category: this
is called the homotopy relation. The model category axioms imply that for any object X there are
functorially defined weak equivalences X — X and X — X with X both fibrant and cofibrant:
finally, the homotopy category Ho(C) has the same class of objects as C and the sets of morphisms
are Ho(C)(X,Y) = C(X,Y)/ ~, where X and Y are fibrant and cofibrant models of X and Y
respectively and ~ is the homotopy relation. Typically, functors between model categories come in
adjoint pairs: an adjunction between model categories F': C ——=D : G is a Quillen adjunction if
F preserves cofibrations and trivial cofibrations and G preserves fibrations and trivial fibrations, the
two conditions are not independent and in fact each one of them implies the other, moreover they
imply that F' preserves cofibrant objects and weak equivalences between them while G preserves
fibrant objects and weak equivalences between them. We also say that F' is a left Quillen functor
and @ is a right Quillen functor. If F: C—=D : G is a Quillen adjunction there is a derived

adjunction between the homotopy categories Ho(F') : Ho(C) ——= Ho(D) : Ho(G) , if the derived

adjunction is an equivalence of categories then F': C ——=D : (G is called a Quillen equivalence,
see [88, 48, 50] for necessary and sufficient conditions.

We recall a proposition from [50] which will be used in several occasions in the forthcoming
sections. First recall that a small category S is direct if it admits a functor S — w into some
ordinal w, seen as a category via the order, sending non identity arrows into non identity arrows. For
instance the semicosimplicial indexing category g (Definition 5.1.7) is direct by A — wp : A, — n,
where wy is the first limit ordinal. As another example, given a simplicial set X the category AX
of non degenerate simplices of X (Definition 5.1.8) is direct by AX — wp : {0 : Ay = X} = n. Of
course every ordinal is a direct category. A small category S is inverse if S°P is direct. According
to [50], Theorem 5.1.3, given a direct category S and a model category C there is a model category
structure on the category of functors C, called the projective model structure, where fibrations
and weak equivalences are defined pointwise (that is, given functors ¢,v : S — C and a natural
transformation f : ¢ — 1, then f is a weak equivalence (resp.: fibration) if for all s € S so is
f(s) : ¢(s) = 9(s)) and the cofibrations are the Reedy cofibrations discussed in the following
remark. Dually, there is a model category structure on C5” called the injective model structure,
where cofibrations and weak equivalences are defined pointwise and the fibrations are the Reedy
fibrations.

Remark 5.1.1. We recall the definition of Reedy fibrations, Reedy cofibrations are defined in the
dual (Eckmann-Hilton duality) way, cf. [48, 50] for more details. Given an inverse category S°P
and an object ¢ € §°P, we denote by SZ-OTP be the category of arrows in S° with codomain 4, then the
matching space functor M;— : C5” — C is defined as the composition of the restriction functor
CS” — €57 and the limit functor C5* — C. Given a functor X : S — C : Jj— Xj, we
denote by M;X the matching space of X at i € S°P, notice that there is a natural X; — M;X.
Let f : X — Y be a natural transformation in C°”", the matching morphism of f at i € S is
by definition the induced X; — Y; X,y M;X: we say that f is a Reedy fibration if the induced
matching morphisms are fibration for all i € S°?. For instance, when i € 8 = wy’, where wy is
the first limit ordinal, then a functor X : wy’ — C is a tower -+ — X3 — X; — X in C, and X
is a Reedy fibration if and only if X is fibrant and all the X,,11 — X,,, n > 0, are fibrations.

In the following proposition we fix a choice of colim : C — C and lim : C5”" — C functors.
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Proposition 5.1.2. Let S be a direct category and C a model category. If we equip CS with the
projective model structure then colim : CS — C is a left Quillen functor. If we equip C5*" with
the injective model structure then lim : CS”" — C is a right Quillen functor.

Remark 5.1.3. In particular lim : C5” — C preserves fibrations, trivial fibrations and weak
equivalences between fibrant objects.

Definition 5.1.4. Given a model category (C,C,F, W), a complete and cocomplete category D
and an adjunction F': C —=D : G : we say that the model category structure on C transfers
along the adjunction if it is well defined - that is, all axioms are satisfied - a model category
structure on D by saying that an arrow f in D is a weak equivalence or a fibration if such is the
arrow G(f) in C, and then by defining cofibrations via the corresponding lifting property. When
this happens F': C ——=D : G becomes automatically a Quillen adjunction.

If the model category C is cofibrantly generated, by sets I of generating cofibrations and J
of generating trivial cofibrations, there is a general and powerful criterion, which can be found in
Hirschorn’ book [48], Theorem 11.3.2, where it is again attributed to Kan, to check whether the
model category structure on C transfers along a given adjunction F: C ——=D : G : when this
criterion is met the transferred model category structure on D is again cofibrantly generated, this
time by F(I) and F(J). It is of course important to reduce to a minimum the things to be checked
in order for the criterion to apply: in the situation we will be interested we can use the following
version of Quillen’s path object argument ([88], Chapter 11, 4.9) which we learned from the proof
of [95], Lemma A.3. Recall that a path space factorization of an object X in C is a factorization
of the diagonal X — X x X as a trivial cofibration followed by a fibration.

Proposition 5.1.5. Let C be a cofibrantly generated model category, D a complete and cocom-
plete category and F:C—=D:G an adjunction. We notice that since G is a right adjoint
it preserves limits and in particular final objects. If for every object X of D we have that G(X)
is fibrant in C and moreover there is a factorization of the diagonal X —Y — X x X such that
GX)=GY)—= GX xX)=G(X) xG(X) is a path space factorization of G(X), then the cofi-
brantly generated model category structure on C transfers along the adjunction FF:C——=D : G .

For instance the previous proposition applies when C is the category DG with the model
category structure where fibrations are epimorphisms and weak equivalences quasi-isomorphisms
(this is cofibrantly generated, cf [50], Section 2.3), D is one of the categories DGA, DGCA,
DGLA, F is the free algebra functor and G is the forgetful functor.

Remark 5.1.6. In the claim of the previous proposition we are omitting a technical assumption,
namely that the sets of arrows F(I) and F(J) - where I and J generate the model category
structure on C - should allow the small object argument: however, this will be automatically
satisfied in the aforementioned cases and in the case of Theorem 5.2.28.

Of fundamental importance is the model category of simplicial sets.

Definition 5.1.7. The cosimplicial indexing category is the category A whose objects are finite
ordinals, which we depict as n = [0---n] and whose morphisms are order preserving maps, which
we depict asn — m : [0---n] = [ig- - ip), where 0 < ig < -+ < i, < m. The simplicial indexing
category is the category A°. The semicosimplicial indexing category is the subcategory g — A
with the same set of objects but morphisms the injective order preserving maps, namely, those
n—m:[0---n] = [ig- i) with 0 <ip < --- < i, < m. The semisimplicial indexing category
is the category g‘”’. Given a category C, the categories of functors C®, CA™, C3 and c&”
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are called respectively the category of cosimplicial, simplicial, semicosimplicial and semisimplicial
objects in C (e.g. simplicial sets, cosimplicial dg Lie algebras, etc.). Equivalently, objects in
the category C» (resp.: CAOP) could be defined as sequences X, of objects of C together with
faces 0; : X, — Xpq1 (vesp.: d; @ X,y1 — X,,) and degeneracies o; : X411 — X, (resp.:
sj Xy, = Xppq) forallm > 0,0 <i<n+1and 0 < j < n satisfying a well known list
of relations, see e.g. [81]: morphisms are collections f, : X,, — Y, commuting with faces and
degeneracies. The categories C3 and €3 can be defined similarly by only considering faces and
the relations between them. Finally, we denote the category Set®” of simplicial sets by SSet.

Each ordinal n represents a simplicial set A°? — Set : m — A(m,n) which is called the
standard n-th simplex and denoted by A,,, the cosimplicial simplicial set A — SSet : n — A,, is
called the standard cosimplicial simplex and is denoted by A,. According to Yoneda’s lemma for
all simplicial sets X : A — Set : n — X, and n > 0 we have a natural identification

X, = SSet(A,, X). (5.1.1)

In particular we can depict n-simplices o € X,, as arrows o : A,, = X: we put |o] = n and call it
the order of o.

Definition 5.1.8. Given a simplicial set X the category A X of simplices of X is the small category
whose objects are all the simplices o : A5 — X of X (with |o| variable) and whose morphisms
are the commutative diagrams

Ayl

in SSet. We can reconstruct X from its category of simplices as the colimit of the natural functor
AX — SSet:o — A|U‘
X = COlimJGAX A|J‘.

An n-simplex ¢ € X,, is degenerate if it is in the image of a degeneracy s; : X,—1 — X, and
non-degenerate otherwise. The category of non-degenerate simplices of X is the subcategory
AX < A X whose objects are the non degenerate simplices o : A, — X of X and where

morphisms are defined as above, but A, — A is required to be a mono (that is, the image
under the functor A, of a morphism in the subcategory A < A). As before, we can reconstruct
X from the category gX as the colimit of gX — SSet: 0 — Ay

X = COhmaEéX A|U|. (512)

The category SSet has an internal Hom(—, —) functor, namely, the simplicial mapping space
functor SSet(—, —) : SSet®” x SSet — SSet defined on simplicial sets X and Y by

SSet(X,Y) : A — Set : n — SSet(X,Y), = SSet(X x A,,Y)

In other words, SSet(X,Y) = SSet(X x A,,Y).

We denote by A<,, C A the full subcategory of ordinals < n. The natural restriction functor
SSet = Set®” — Set®<n admits a left adjoint, the composition SSet — Set®<» —» SSet of
these two functors is called the n-skeleton and denoted by sk, (—), namely, sk, (X) is the simplicial
set with the same simplices of X up to order n and after that only the degeneracies of simplices
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of order < n. The boundary A, of the n-simplex is defined by 0A¢ = @ and for n > 1 by
0A,, = sk,—1(A,): in other words 0A,, has the same non-degenerate simplexes as A,, minus the
top dimensional simplex id,, : n — n. For 0 < i < n the i-th horn A is the simplicial set with the
same non-degenerate simplexes as A, minus the the top dimensional simplex id,, : n — n and the

ithfacen—1—n:[0--n—1]—=[0------n—1].

The importance of the category SSet lies in the fact that, while being algebraic in nature, it
admits a model category structure Quillen equivalent to the one on the category Top of topolog-
ical spaces where the fibrations are the Serre fibrations and the weak equivalences are the weak
homotopy equivalences (namely, the f : X — Y inducing an isomorphism 7, (f) : 7, (X) = T (Y)
between the homotopy groups for all n > 0). The model category structure on SSet is cofi-
brantly generated: the generating cofibrations are the boundary inclusions 0A, — A, and the
generating trivial cofibrations are the horn inclusions Afl — A, foralln >1and 0 < i < n.
The fibrations in the model category SSet, which are called Kan fibrations, are thus defined ac-
cording to the corresponding lifting property with respect to horn inclusions: fibrant object in
the model category SSet are called Kan complexes, the full subcategory of Kan complexes is
denoted by Kan C SSet. The standard topological n-th simplex |A,| is defined as usual as
ALl = {(to, conty) ERML st tg 4ot = 1}, they assemble into the standard cosimplicial
topological simplex |A,| € TopA: according to the following Proposition 5.1.9 the cosimplicial ob-
ject |Aq] in Top induces an adjunction | — | : SSet ——= Top : Co(—) , where n-simplices of the
simplicial set Co(Y") are as usual continuous morphisms |A, | — Y, and the faces and degeneracies
are defined in the obvious way: the left adoint |—| : SSet — Top is called the geometric realization
functor, roughly, the topological space |X| is obtained by pasting various copies of |A,|, one for
each simplex o : A|;| — X of X, according to the incidence relation prescribed by the faces and
the degeneracies. Coming back to the model category structure on SSet, the weak equivalences are
the morphisms f : X — Y going into weak homotopy equivalences |f| : |X| = |Y| after geometric
realization: there is also a purely combinatorial way to define the homotopy groups 7, (X) of a Kan
complex X (we refer to [81], this definition of homotopy groups is the one we will use in the prof
of Theorem 5.2.20), as well as fibrant replacement functors SSet — Kan (Kan’s Ex™ functor is a
possible choice, cf. [41]), thus we could characterize the weak equivalences f : X — Y without any
need to leave the category SSet, first if both X and Y are Kan complexes by requiring, as for Top,
that 7, (f) : 70 (X) = 7, (Y) is an isomorphism for all n > 0, and then in general by requiring that
the induced morphisms between fibrant replacements (for instance Ex>(f) : Ex*°(X) — Ex*(Y))
is a weak equivalence. Finally, the class of cofibrations in SSet is determined by the other two
and the corresponding lifting property: cofibrations turn out to be simply the monomorphisms
of simplicial sets X < Y. With these definitions the adjunction | —|: SSet ——= Top : C,(—)

becomes a Quillen equivalence of model categories [89, 50].

We recall the correspondence between cosimplicial objects in a category C and adjunctions
F : SSet ——= C : G, in combination with Proposition 5.1.5 this gives a powerful way to generate
a cofibrantly generated model category structure on C from a minimal amount of data, namely,
a cosimplicial object of C. As in [50], we can define the category with objects the adjunctions
F:SSet —=C : G .

Proposition 5.1.9. Let C be a cocomplete category. There is an equivalence of categories between
the category C? of cosimplicial objects in C and the category of adjunctions F : SSet —=C : G .

Proof. We refer to [50] Proposition 3.1.5, here we just recall the construction of the correspondence.
Given an adjunction F :SSet ——= C: (G the corresponding cosimplicial object in C is just
the image F(A,) of the standard cosimplicial simplex. Conversely, given a cosimplicial object
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X:A = C:n— X, of C, since C is cocomplete, it is defined by formal nonsense a colimit
preserving I : SSet — C: Y — F(Y) := colimyeay Xo|, the right adjoint G is given by

G:C—SSet:Z— {G(Z): A = Set :n — G(Z), = C(X,, 2)}.

O

This allows a two steps construction of a cofibrantly generated model category structure on
the category C: first we give a cosimplicial object of C, then we look at the induced adjunction
F :SSet ——=C : G and try to see if the conditions of Proposition 5.1.9 (or more in general Kan’s
criterion [48]) are satisfied: when this happens the model category structure on SSet transfers to
a cofibrantly generated model category structure on C, where the generating cofibrations are the
F(0A,) — F(A,) and the generating trivial cofibrations are the F(A%) — F(A,), for all n > 1
and 0 <14 < n. We will follow this strategy in the proof of Theorem 5.2.28.

Example 5.1.10. We apply the previous proposition with the cosimplicial simplicial set sk (As,).
The left adjoint is the k-th skeleton skg(—), as this preserves colimits, while the right adjoint is
called the k-th coskeleton functor and denoted by cosky(—) : SSet — SSet. By definition, given a
simplicial set X the k-coskeleton is the simplicial set cosky (X ), = SSet(skx(A,), X). A simplicial
set is said to be k-coskeletal if it is in the essential image of cosky(—), equivalently, if the natural
X — coskg(X) given by X,, = SSet(A,,, X) — SSet(sk; A, X) = coskg(X), is an isomorphism.

Finally, although we won’t really need the next definition, we believe it is important to keep
it in mind in order to better understand the results of the following sections. Recall that given a
horn A} — X and a factorization A%, — A,, % X, the n-simplex o : A,, — X is called a filling of
the horn. Kan complexes are by definition those simplicial sets such that every horn admits a (in
general not unique) filling.

Definition 5.1.11. A weak T-complex (X,TX) is a simplicial set X equipped with a family of
distinguished simplexes T,, X C X,,, n > 1, called the thin simplexes, such that

1. every degenerate simplex is thin; and

2. every horn Ail — X admits a unique thin filling, for all n > 1 and 0 < i < n.

A morphism f: (X,TX) — (Y,TY) of weak T-complexes is a morphism f : X — Y of simplicial
sets such that f(7,X) C T,,Y, Vn > 1. Tt is clear, by item 2, that the forgetful functor sending
(X,TX) to the simplicial set X factors through the full subcategory Kan C SSet of Kan com-
plexes. We denote by wTKan the category of weak T-complexes. We say that a weak T-complex
is of rank k if every m-simplex is thin for n > k, we denote by wTKan<y C wTKan the full
subcategory of weak T-complexes of rank k.

We call a horn A%, — X a thin horn if all of its (n — 1)-th faces are thin. A weak T-complex
(X,TX) is a T-complex if moreover

3. in the unique thin filling of a thin horn, the remaining (n — 1)-th face is also thin.

We denote by TKan C wTKan the full subcategory of T-complexes, and by TKan<y C TKan
the full subcategory of T-complexes of rank k. .
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Remark 5.1.12. In the theses of Ashley [1] and Dakin [26] it is shown that T-complexes are equiv-
alent in a precise sense to crossed complexes over groupoids: in particular the full subcategory
TKan<; C TKan of T-complexes of rank < 1 is equivalent to the category of groupoids via the
nerve and fundamental groupoid functors, and we refer to [1, 26] for a detailed proof of the fact that
the full subcategory TKan<; C TKan of T-complexes of rank < 2 is equivalent to the category
of crossed modules over groupoids. Objects in the category of weak T-complexes should then be
considered as the nerves of weak crossed complexes over groupoids (whatever the latter means!),
in fact in [39] they are simply called co groupoids. Morphisms in the category wTKan should be
thought of as strict morphisms between oo groupoids: accordingly, it would be interesting to have
a category w7 Kan of weak T-complexes and weak morphisms between them.

5.2 The Deligne-Getzler co groupoid of a complete L., al-
gebra

Let (V,F*V,q1,...,Gn,...) be a complete L [1] algebra, there is an associated simplicial complete
Lo [1] algebra C'(As; V) of non-degenerate cochains on the standard cosimplicial simplex A, with
coefficients in V, as in Definition 3.2.5. According to Lemma 2.2.3, given a strict continuous
morphism f : V' — W the various f, : C(A,; V) — C(A,; W) fit into a simplicial pushforward

~

fo 1 C(Ae; V) = C(Ag; W), thus we have a functor C(Aa; —) : Loo[1] = Loo[1]2”™. Of course the
Maurer-Cartan functor MC(—) : Loo[1] — Set also induces a functor MC(—) : Lo [1]2” — SSet.

Definition 5.2.1. The functor Dely(—) : foo[l] — SSet is the composition

C(A-?_) T
T

Lo [1]Aap MC(—-)

Deloo (=) : Loo[1] SSet.

Given a complete Lo [1] algebra (V,F*V,q1,...,qn,...) we call the simplicial set Del, (V) :=
MC(C(A,;V)) the Deligne-Getzler oo groupoid of V' (or sometimes, for simplicity, the higher
Deligne groupoid of V).

Remark 5.2.2. We observe that Del. (V) actually only depends on the Lo [1] structure @ on V,
and not on the particular filtration F*V making (V, Q) into a complete L[1] algebra.

Remark 5.2.3. If we had the enhancement C(A,;—) : Loo[1] = Loo[1] from Remark 3.2.8, we
would also have enhancements C'(Aq; —) : Loo[1] = Loo[1]2” and Delo (=) : Loo[1] — SSet.

We have the following formal consequence of the definition, which anticipates the more profound
relationship between Del,, (—) and simplicial mapping spaces in Theorem 5.2.16.

Lemma 5.2.4. There is a natural isomorphism MC(C(—; —)) =N SSet(—,Deloo(—)) of functors
SSet? x Ly [1] — Set.

Proof. Let V be a complete L[1] algebra and X a simplicial set, recall that we denote by gX
the direct category of non degenerate simplices of X (Definition 5.1.8) and the natural isomor-
phism X = colimgeé)x Aj|. The induced natural C(X;V) — limae(gx)op C(A;V) is a dg
isomorphism, thus also a strict isomorphism of the transferred Lo[1] algebra structures, and since
MC(—) commutes with small limits

MC(C(X, V)) = limo—e(gx)op MC(C(A|J|; V)) = 1im0-€(é)X)op Deloo(V)|U| =
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= limge(gx)op SSet(A|U|,Deloo(V)) = SSet(colimoeé)X A‘J‘,DGIOO(V)) = SSet(X, Deloo(V))

That this is natural in X and V is easy and left to the reader. O

For instance this immediately implies

Corollary 5.2.5. If for some k > 0 the complete L[1] algebra V' is concentrated in degrees > —k,
then the simplicial set Deloo (V) is k-coskeletal (Example 5.1.10).

Proof. If X is a simplicial set and V is concentrated in degrees > —k then clearly pullback by the
inclusion restricts to isomorphisms C%(X;V) — C%(sky(X); V) and CH(X;V) — Ct(skp(X); V),
in particular it sends MC(C(X; V) isomorphically onto MC(C/(skx(X); V')). Thus by the previous
lemma the natural

Del(V),, = SSet(A,,, Del(V)) — coskg(Delo (V) := SSet(ski(Ay), Del(V))

is an isomorphism. O

Another useful lemma is an immediate corollary of Lemma 3.2.6.

Lemma 5.2.6. The functor Dely, (—) commutes with small limits.

Recall that an L [1] algebra (V,qi,...,qn,-..) has a canonical compatible filtration F*V, the
central descending filtration: this is the smallest compatible filtration on V| it can be defined
recursively so that FPV is the span of qp(FP'V © -+ ® FPxV), Yk > 2,p1 + -+ - + pr. = p, and of
course F1V = V. The Ly[1] algebra V is nilpotent if FPV = 0 for some p > 0. A nilpotent Lo.[1]
algebra is complete when equipped with the central descending filtration.

Proposition 5.2.7. The restriction of Del(—) to the full subcategory of nilpotent Loo[1] algebras
is naturally isomorphic to the functor ve(—) defined by Getzler in [39].

Proof. Recall that Getzler defines the simplicial set Yo (V') = {7, (V) }n>0 by
(V) ={w e MC(Q, ®V) s.t. (K®idy)(w) =0},

where K is Dupont’s contraction operator (3.1.2). For a nilpotent Lo, [1] algebra V the completed
tensor product Q,V =: Q(A,;V) and the usual tensor product €, ® V, with the filtration
Fr(Q, ®V) = Q, ® FPV, are naturally isomorphic. We apply Theorem 2.3.3 to Dupont’s con-
traction (3.2.1). O

Remark 5.2.8. Let (V,F*V,q1,...,¢n,...) ba a complete L[1] algebra, then V = lim V/FPV in
the category foo[lL where we equip V/FPV with the induced filtration F4(V/FPV) = FIV/FPV
if1 <q<p,and FI(V/FPV) =0if ¢ > p. By Lemma 5.2.6 Delo (V) = lim Del (V/F?PV), for
each p > 1 the Ly[1] algebra V/FPV is nilpotent, and as we already remarked it doesn’t really
matter which filtration we are considering on it: by the previous proposition Dely,(—) extends the
functor e (—) to the category Log[1] according to Deloo (V) = lim 4 (V/FPV), as in [6].

Example 5.2.9. Let (V,q1,0,...,0,...) be an abelian L[1] algebra, of course it is a nilpotent
Loo[1] algebra, and the central descending filtration becomes F'V = V, FPV = 0, Vp > 2.
Since extension of scalars and homotopy transfer send abelian L [1] structures to abelian L [1]
structures, every C(A,;V) is an abelian Ly[1] algebra, and Delo (V) is the simplicial vector
space Del(V), = Z°(C(A,;V)), where Z°(—) : DG — V is the functor of 0-cocycles. A
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direct inspection shows that under the Dold-Kan correspondence VA" — DG« (cf. [107]) from
simplicial vector spaces to complexes concentrated in non positive degrees, Del,, (V') goes into the
O-truncation of the complex (V1)

q1 q1 q1

V=2 V-1 Z0V) .
In particular, by [107], Theorem 8.4.1, we see that m;(Deloo(V),z) = H~*(V) for all i > 0 and

(when i > 1) all base points z € MC(V) = Z%(V).

We recall some result from [39], Section 5.

Theorem 5.2.10. A strict morphism f : V. — W of complete Loo[1] algebras induces a Kan
fibration Deloo(f) : Deloo(V) — Deloo (W) of simplicial sets if and only if it is surjective in de-
grees < 0. In particular, the functor Dels (=) factors through the full subcategory Kan C SSet of
Kan complexes.

Proof. For n > 1 and 0 < i < n we denote by X!, : A}, — A,, the i-th horn. By Lemma 5.2.4 the
set of horns AY — Dely, (V) is in bijective correspondence with MC(C(A%;V)). We consider the
contraction
AL ,
(C(Ap;V) == C(AL; V), K).
1

The dg morphism f; is defined by f1(B)o.n = 0, fi(Blg 7 = Yyuu(~1)18, = and
(AL)*f1 = idg(ai,vy. The operator K is defined by K(a),. 7., = (=1)"ag.., and K(«) eval-
uates at 0 elsewhere. If the notations are confusing cf. Section 3.1. By Theorem 2.3.3 (cf. also
Lemma 2.2.7) there is an identification

Deloo (V)n = MC(C(AZ; V) x V7™t ar = (A))* (@), ..o

Likewise,

o

SSet (A, Deloo (V) Xsset(Ai Del. (W) Deloc (W) —

n?

= MO(C(AL V) *uic(eeagwy (MO(C(AL W) x W) = MC(C(AL; V) x W™

By definition Dely,(f) is a Kan fibration if and only if for every horn A? — A,, the induced
Deloo (V)n — SSet(A},, Delo (V) Xsset(ai,Deloc (W)) Deloo(W)n
is surjective, and this identifies with
idxf: MC(C(AL; V) x V™™ = MC(C(AL; V) x W™,
O
Definition 5.2.11. We denote by MC(—) the functor MC(—) := mo(Delo(—)) : Log[1] — Set.
By the previous proposition, if V' is a complete Lo, [1] algebra then the set MC (V) is the quotient

of Delo(V)o = MC(V) by an equivalence relation, which by extension of the case of a dg Lie
algebra we call the Gauge equivalence relation (cf. Definition 5.2.33).
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We introduce, for i = 0,...,n, a degree minus one operator h' : C(A,; V) — C(A,; V): with
the same notations of Definition 3.1.1

Rl CEFY AL V) = CF (A V)

fo = W)y, = o if i € {io, -+~ ik}
’ rortk (—1)3ai0...ij71iij...ik Hfo<ig<---< Z'j,1 <1< ij << <n

We denote by e; : Ag — A, : [0] — [i] the i-th vertex of A,, and by 7 : A, — Ay the final
morphism. We leave to the reader to check that the above operator h’ fits into a contraction

(C(AwV) ==V ,—h!)

satisfying the hypotheses of Lemma 2.2.7. If 8; : Ap_1 — Ay i [0---n— 1] = [0---%---n] is the
i-th face of the simplex A,,, then we notice that 9; sends Im h*(C~1(A,; V) isomorphically onto
C~Y(A,_1;V). Now Theorem 2.3.3 (cf. also Lemma 2.2.7) implies the following result.
Proposition 5.2.12. For allt=0,...,n the correspondence

p':Delo (V) = MC(V) x C™HA,_1;V) s o — (e} (), 07 h'(a))
is bijective.
Remark 5.2.13. Lemma 3.1.3 and Lemma 3.1.4 together show that

(/@idv)(hi 2idy) = hf(/@mdv) L@V — C(An V),

where [®@idy : Q, ® V — C(A,; V) is integration of forms, h’ ® idy : Q, @ V — Q, @ V in the
left hand side is as in Equation (3.1.1) and finally h? : C(A,; V) — C(A,;V) in the right hand
side is as above. Keeping this in mind, the reader will recognize that the above proposition is the
same as [39], Lemma 5.3.

Remark 5.2.14. We can visualize the thesis of the previous proposition as follows: for each n > 0
and 0 <14 < n we call the open star around the vertex e; € A,, the collection of (non-degenerate)
simplices which are not in the opposite face 9;A,, (notice that an open star is not a subsimplicial
set), and we assign a Maurer-Cartan element to e; and arbitrary elements in V=7 for each j-simplex
of the open star around e;, as in the following pictures (where x € MC(V), a,b € V- and n € V—2)

T
N . /n\

The previous proposition tells us that for any such a choice there is a unique Maurer-Cartan cochain
in Deloo (V'),, with the assigned restriction on the open star around e,;. Evaluating this cochain on
the face 9;4\,, defines functions

AR MC(V) x VT = MC(V) : (2,a) = y2(a), i = 0,1, and for n > 2

M MO(V) x [ vy Sy g <i<n,
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as in the following figures

= 10a) "

7' (a)

1,0
=v21(a,b,m) 72"(0)

The functions 'yf’i are called generalized Baker-Campbell-Hausdorff series in [39] (more precisely,
Getzler defines these series as the functions 3™ = 4™ (—,0) : MC(V) x [/, (V=9 () Vvi-n):
this is because when L is a complete dg Lie algebra then 7o' (=, =) = 75" (=, —,0) : L® x L — L°
is precisely the Baker-Campbell-Hausdorff product on L°, cf. Proposition 5.2.36. In this case,
moreover, we will see in Proposition 5.2.34 that the functions 4"° "' : MC(L) x L® — MC(L)
recover the usual Gauge action * : exp(L%) x MC(L) — MC(L) of the exponential group on Maurer-
Cartan elements (the Gauge action will be reviewed, together with the Baker-Campbell-Hausdorff
product, in Section 5.3.1), more precisely, we have v1%(a) = e™® * x and y1!(a) = € * z. We
refer to [39], Proposition 5.7, for an explicit computation of 710 451 in the case of a general Loo[1]
algebra. The higher Baker-Campbell-Hausdorff 4™ should be intimately related with the structure
of oo groupoid (in Getzler’s sense) on Delo(V'), cf. Proposition 5.2.22 and the following remark.

The main result of [39] is the weak equivalence of the functor Del,(—) and the classical Hinich-
Sullivan functor MCoo (=) := MC(Q(A4; —)) : Loo[1] — SSet [100, 45] . This will be reviewed at
the end of the section. Instead we turn our attention to the proof of an important theorem by
Berglund [6] and Brown-Szczarba [14] (where in the latter they consider MCoo(—)) on the relation
between the functor Del,,(—) and simplicial mapping spaces. First we need to prove the following
analog of Proposition 1.3.21.

Proposition 5.2.15. If0 = I -V — W — 0 in an extension of complete L[1] algebras, as in
Definition 1.3.31, the square in SSet

Deloo (I) — Delo (V)

L,

AO Deloo(W)

is cartesian, where we denote by Ag RN Deloo (W) the inclusion of the vertex 0 € MC(W). If
01>V =W — 0 is a central extension of complete Lo[1] algebras, then the simplicial
abelian group Delo (I) acts principally on the right on Delo (V). Moreover, there is an obstruction
map o : MC(W) — HY(I) such that the kernel of the obstruction coincides with the image of
MC(V) = MC(W). Finally, if we denote by K(W) the Kan subcomplex of Deloo (W) consisting
of connected components in Ker o, then Dels (V) — K (W) is isomorphic to the principal fibration
associated to the action of Delo(I), as in [81], §18.

Proof. The first claim follows from Lemma 5.2.6, as

i

0——
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is a cartesian square in Ly [1].

We claim that a Maurer-Cartan cochain a € Dely (W), lifts to & € Del(V),, if and only if
for some (and then for all) i = 0,...,n its evaluation z := e (a) € MC(W) at the i-th vertex
e;: Ao — A, : [0] — [¢] lifts to a Maurer-Cartan element £ € MC(V): in fact, we have a morphism
of central extensions of complete Lo, [1] algebras

0——=C(Ay;I) —=C(A,; V) ——C(A,; W) ——0

* * *
EZ\L Sii ei\L

0 1 V w 0

and by Remark 1.3.22 H(e)(o(a)) = o(ef(«)) = o(x), as H(e}) is an isomorphism the claim
follows. By Proposition 1.3.21 the abelian group Delu (1), = Z°(C(A,;I)) acts on the right on
the set of Maurer-Cartan liftings of «, when this is not empty.

Next we claim that the obstruction map o : MC(W) — H(I) from Proposition 1.3.21 factors
through the projection MC(W) — MC(W): in fact, we notice that H(el) = H(e}), as they are
both inverses to pullback by the final morphism H(n*) : H(W) — H(C(A1;W)), thus, given
Maurer-Cartan elements z,y € MC(W) and a € Delyo(W); such that z = ef(a),y = ej(a),
we see that o(z) = H(ef)(o(a)) = H(e})(o(a)) = o(y). By the previous claim the resulting
0: MC(W) — H(I) has the required properties.

Now the rest of the proposition follows easily. O

Recall that we denote by SSet(—, —) = SSet(A, x —, —) : SSet” x SSet — SSet the simplicial
mapping space functor, as in the previous section. The reader should compare the following
theorem with [6], Theorem 5.5, and with [14], Theorem 2.20, in particular, notice that we are not
putting any restriction on X or V.

Theorem 5.2.16. There is a natural weak equivalence Dely, (C(—; —)) — SSet(—,Dely(—)) of
functors SSet” x Ly.[1] — SSet.

Proof. For a complete L,[1] algebra V', a simplicial set X and an integer n > 0, we define the
required Delo (C(X; V), — SSet(X, Deloo (V) as the following long composition (at this point
the reader should probably take another look at Remark 2.2.4, which was made having the next
passage in mind)
MC(F)
Del (C(X; V), = MC(C(A,; C(X; V) —

MC(pi Aps
_—

Mo, L MCQ(A, x X;V))

MC(Q(A; AX;V))) 2@,

MG, MO(C(A, x X; V) 25 SSet(A, x X, Deloo (V) = SSet (X, Deloo (V))y,

where F' is the composite homotopy transfer morphism
C(An; C(X3 V) = QBO(X; V) = Qu@(QX)BV) = Q(An; AX;V)),

cf. Lemma 2.2.8, G : Q(A, x X; V) — C(A,, x X; V) is induced by homotopy transfer as in Remark
2.2.4, p1 and py are the projections of A,, x X onto the first and second factor respectively and finally
PEADS QAL QX)) = Q@(QUX)BY) = (2, @UX))DV = Q(A, x X)BV = Q(A,, x X;V)
is induced by

0, ©Q(X) B2 (A, x X)22 25 Q(A, x X).
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The fact that this defines a morphism of simplicial sets and the fact that this is natural in X and
V' are both consequences of Lemma 2.2.3 and Remark 2.2.4.

Remark 5.2.17. Notice that we used in an essential way the fact that we are requiring naturality
only with respect to strict Loo[l] morphisms f : V. — W. This is trivially so, since we don’t
know any way to define an enhancement C(X;—) : Loo[1] — Loo[1], but there is another reason
more subtle: as already remarked such an enhancement Q(X;—) : Loo[1] = Loo[1] exists, since
scalar extension by a dg commutative algebra is a functor Loo[1] — Loo[1]. If we look for an
enhancement of C(X;—) such that F' and G remain natural transformation as in Lemma 2.2.3
and Remark 2.2.4, then the pushforward of an Lo, [1] morphism H : V' — W would have to be
o, . ox;v) 5 axv) s ooaw) S o(X;W): in fact, when H = h is strict the above
composition is precisely h, : C(X;V) — C(X;W). On the other hand this definition fails to be
functorial with respect to general L..[1] morphisms, as one can see by looking at the case when
V and W are abelian. To sum up, even if we had an enhancement C(X; —) : Loo[1] = Lao[1] this
can’t be obtained by transferring the enhancement Q(X; —) : Loo[1] = Loo[1]. Moreover, to give a
natural transformation Deln, (C(—; —)) — SSet(—, Dels,(—)) of functors SSet” x Zoo[l] — SSet
we would still need a natural C(A,; C(X;—)) = C(A, x X;—) of functors Loo[1] = Loo[1], that
is, a natural L[1] enhancement of the classical Eilenberg-Zilber quasi-isomorphism, and this can’t
be obtained anymore by transferring the natural Q(A,; Q(X;—)) = Q(A, x X;—).

Having defined the natural Del,(C(X;V)) — SSet(X,Dely(V)), we have to check that this
is a weak equivalence. Pull back from the terminal morphism 7 : X — Ay induces

Delo, (V) = Deloo (C(Ag; V) — Deloo (C(X; V) and
Deloo(v) = @(Am Deloo(v)) — @(Xv Deloo<v)>7

and the following diagram is commutative

Deloo (C(X5V)) SSet(X, Deloo (V)

\/

Delo (V)

When X = A,, is a simplex, since A,, is contractible, that is, A,, — Ag is a weak equivalence,
and Dely, (V) is a Kan complex, it is well known that Delo, (V) — SSet(A,,, Del(V)) is a weak
equivalence. We claim that Dely (V) — Deloo(C(An; V) is a weak equivalence for all m > 0,
thus, by two out of three, so is Deloo (C(A,,; V) — SSet(A,,, Deloo (V).

When V is abelian with the central descending filtration, so is C(A,,; V) for all m > 0, and
the claim follows from Example 5.2.9. We suppose inductively that the claim has been proved for
the nilpotent L[1] algebra V/FPV the filtration defined as in Remark 1.3.13, and wish to prove
it for the nilpotent L. [1] algebra V/FPT1V. Consider the diagram

0 ——= C(A,; FPV/FPTYV) —— C(Ap; V/FPTV) —— C(A,,; V/FPV) —— 0

] ] A

0 FPV/FPHly — S Y/ prly V/FPV 0

The rows are central extensions of complete L., algebras, we will use Proposition 5.2.15: re-
call from its claim the definition of K(V/F?V), K(C(A;V/FPV)). By the inductive hypothesis
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Deloo (V/FPV) — Deloo (C*(A4y; V/FPV)) is a weak equivalence, and by naturality of the obstruc-
tions it restricts to a weak equivalence K(V/FPV) — K(C(A,,;V/FPV)), but then we also see
that Del (V/EFPT1V) — Delo (C(A,,; V/FPTIV)) is a morphism of principal fibrations inducing
weak equivalences between the bases and the fibres, hence a weak equivalence. This concludes the
inductive step, the claim for V = lim V/FPV follows since

lim Deloo (V/FPV) = Deloo (V) = Delo (C(Am; V) = lim Deloo (C(Ap; V/FPV))

is the limit of a weak equivalence between injectively fibrant towers of simplicial sets, cf. Re-
mark 5.1.3 (here the Reedy fibrancy condition explained in Remark 5.1.1 simply says that all the
arrows of the tower are fibrations and the bottom is fibrant, which is clear by Theorem 5.2.10).

Finally, the morphism Del(C(X;V)) — SSet(X, Del(V)) is a weak equivalence, since it is
the limit
limo-e(AX)op Deloo(C(AM; V)) — limae(AX)op SSet(A|a|,Deloo(V))
— —

of a weak equivalence between injectively fibrant diagrams of simplicial sets over the inverse cate-
gory ( AX )°P of non degenerate simplices of X. For instance, the fact that

Deloo (C(A|—;V)) - (AX)OP — SSet : 0 — Deloo (C(A5;V))

where 0 : Aj;) — X is a non-degenerate simplex of X, is Reedy fibrant, that is, all matching
morphisms

Deloo(C(Akf\; V)) — M, Deloo(C(A|,‘ ; V)) = limTe(AX)op’T<a- Deloo(C(A|T|, V))
—
are fibrations, cf. Remark 5.1.1, where 7 < ¢ means that the non-degenerate simplex 7 is a proper
face of the non-degenerate simplex o, follows from the fact that Delo,(—) commutes with small
limits and Theorem 5.2.10. O

In [6] the previous theorem is proved via the explicit computations of the homotopy groups
mi(Deloo(V), ), for all n > 1 and all base points z € MC(V), next we want to review this
computation

Definition 5.2.18. Given a complete L[1] algebra V' and a Maurer-Cartan element x € MC(V),
we call 7;(Delo (V), ) the i-th homtopy group of V' at x and we denote it by m;(V, x).

Given z € MC(V') we denote by V,, the Lo [1] algebra obtained after twisting the Lo [1] structure
on V by z, as in Proposition 1.3.17.

Lemma 5.2.19. Let V be a complete Loo[1] algebra. For all x € MC(V) and i > 1, there is a
natural isomorphism of groups m;(V,z) = m;(V,,0).

Proof. (cf. [6], Proposition 4.9) Let m : A, — Ag be the final morphism, z € MC(V) and
MC(7*)(z) € Deloo(V),, (MC(7*)(z) is the 0-cochain which evaluates to x at the vertices of A,
and to zero elsewhere). As it is easy to see that C(A,; V)mc(r+) (@) = C(An; Vz), the thesis follows
from Lemma 1.3.18, which implies in fact an isomorphism (Dels (V), ) — (Dels (Vz), 0) of pointed
simplicial sets. O

Theorem 5.2.20. Let (V,F*V,q1,...,qn,...) be a complete Loo[1] algebra together with a Maurer-
Cartan element x € MC(V). For all i > 2 there is an isomorphism m;(V,x) = H~Y(V,) of

abelian groups. Moreover, w1 (V,x) = H~Y(V,,), the latter seen as a group via the Baker-Campbell-
Hausdorff product.
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Proof. Cf. Section 5.3.1 for the definition of the Baker-Campbell-Hausdorff product. By the pre-
vious lemma we are reduced to the case x = 0, we may also suppose that F*V is the central
descending filtration, c¢f. Remark 5.2.2. Recall from [81], Definition 3.6, the following combina-
torial description, due to D. M. Kan, of the homotopy groups m;(V,0). Let 7;(V,0) be the set of
Maurer-Cartan cochains o € MC(C(A;,0A;;V)) C MC(C(A;;V)) = Delw (V);, in other words, «
evaluates at zero everywhere but on the top dimensional simplex. This set is in bijective correspon-
dence with the set of (—i)-cocycles z € Z74(V) via a — ag...; = 2 € V¢, in fact, since we immedi-
ately see thanks to Lemma 2.2.3 that the Loo[1] subalgebra C(A;,dA; V) C C(A;;V) is abelian,
such an « is Maurer-Cartan if and only if ¢1(z) = 0. As a set, m;(V,0) is the quotient of 7;(V,0)
by the homotopy relation: recall, [81] Definition 3.1, that given 2,2’ € Z=¢(V) and the respective
a,a’ € 7;(V,0) a homotopy between « and o’ is a Maurer-Cartan cochain 8 € MC(C(A;41;V))

such that ( evaluates at zero everywhere but on the last two faces 5, 3.1 = 2, [30___1.@ =z

and on the top dimensional simplex fy...i(i+1) = v € yoitl

Given i > 1 we denote by 7<_;V the truncation of V' at the degree (—i), that is, the Ly [1]
subalgebra 7<_;V C V such that (r<_;V)? = V7 for j < —i, (7<_;V)™* = Z7%(V) and finally
(r<—iV)? = 0 for j > —i. By the previous discussion it is clear that the inclusion 7<_;V — V
induces an isomorphism m; (7<_;V,0) — m;(V,0): in fact any two «, o/ € 7;(V,0) and any homotopy
between them factor through the inclusion Delo (7<—;V) — Deloo (V). We consider H—¢(V) as an
Lo[1] algebra concentrated in degree (—i), equipped with the trivial Lo[1] structure if ¢ > 1,
and with the Lie bracket induced by go if i = 1. It is straightforward that 7<_;V — H (V)
sending 2z € Z~4(V) to its cohomology class [z] € H~¢(V) (and obviously V7 to zero if j < —i)
is a strict morphism of L.[1] algebras, as such it induces m;(7<_;V,0) — m;(H*(V),0): we
claim that this is an isomorphism for all ¢ > 1. The claim implies the thesis: in fact, we see by
Example 5.2.9 that m;(H~%(V),0) = H~%(V) as abelian groups whenever i > 1, moreover, it will
follow from Proposition 5.2.36 that w1 (H~1(V),0) = H~(V), the latter seen as a group via the
Baker-Campbell-Hausdorff product.

Surjectivity of m;(7<—;V,0) — m;(H~%(V),0) is clear by the previous explicit description as sets,
to show injectivity we notice that the induced

Z7H(V) S Filre-iVi0) = mi(r<-iV,0) = m(H T (V),0) = H'(V)

sends z € Z7%(V) to its cohomology class [z] € H™%(V), so we have to show that if 2 = dv
for some v € V7! then the corresponding Maurer-Cartan cochain o € 7;(7<—;V,0) is homo-
topic to zero. The homotopy is given by 8 € MC(C(Aj41, Al 1;7<—iV)) € MC(C(Ait1;7<—iV))
such that ﬁo.--?(z'-s-l) = z and fy..i¢i+1) = v: the fact that 8 is Maurer-Cartan follows since
C(Ait1, A§+1; T<—;V') is an abelian L[1] subalgebra of C(A;11;7<_;V), again by Lemma 2.2.3.

O

We close this long section by comparing some properties of the functor Del,,(—) and the
more classical Hinich-Sullivan functor MC(—). We have already observed that the functor of
polynomial forms Q(Ae; —) : Loo 1] — Loo [1]2”" on the standard cosimplicial simplex has a natural
enhancement to a functor Q(Aq; —) : Loo[1] = Loo[1]2”, since scalar extension by a commutative
dg algebra is a functor Lo[1] = Loo[1].

Definition 5.2.21. The functor MCoo (=) : Loo[1] — SSet is the composition

MCoo (=) : Loo[1] 2207 7 )87 MO, gget
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Given a complete Lo[1] algebra V' we call the simplicial set MCq (V) the Maurer-Cartan oo
groupoid of V1.

Of course one of the advantages of working with the functor MCy (—) is that it is easily defined
on Lo [1] morphisms: for instance in the recent preprint [29] it is proven the expected result that
given a continuous Lo [1] morphism F' : V — W, if F is a weak equivalence then so is MC (F).
There are some technical advantages when working with the functor Del, (—), for instance the fact
that it commutes with all small limits whereas in general MCo, (—) only commutes with finite limits.
From the point of view of homotopy theory we will prove after Getzler [39] that the space Dely, (V)
is a deformation retract of the space MCy(V), in particular they both model the same rational
homotopy type. In this context the role of the functor Dely,(—) will become apparent in the next
section: it is the right adjoint of a natural Lie model functor on spaces. From another point of
view the functor Del,,(—) is more closely related to classical constructions in deformation theory:
in particular, when V is associated to a dg Lie algebra concentrated in degrees > 0 via décalage,
the space Delo (V') is precisely the nerve of the Deligne groupoid (Theorem 5.2.37). Although we
will not pursue this point of view, the real reason to consider the functor Del,, (—) is that, while
both MCy,(—) and Del,(—) are means to integrate pronilpotent L, algebras to co groupoids in a
way which generalizes (homotopically) the way a nilpotent Lie algebra integrates to its exponential
group via the Baker-Campbell-Hausdorff product, MCo, (—) only factors through the category Kan
of Kan complexes, which are co groupoid only in a loose (homotopical) sense, while the functor
Dely (—) factors through the more structured category wTKan of weak T-complexes (Definition
5.1.11), which are co groupoids in a more precise (even if not fully understood) sense, cf. also the
following Remark 5.2.23: in fact, as already said, for an ordinary nilpotent Lie algebra g the space
Del(g) is precisely the nerve of exp(g), so in this case the generalization is not just by analogy.

Proposition 5.2.22. The functor Deloo(—) factors through Delo (=) : Log[1] — wTKan and the
forgetful functor wTKan — SSet.

Proof. Given a complete L[1] algebra V', the thin simplices of Dely, (V') are the Maurer-Cartan
cochains evaluating to 0 on the top dimensional simplex: for n > 1

T, Deloo (V) = {a € Deloo (V) 8.t g, = 0}

It is easy, by the proof of Theorem 5.2.10, cf. also Remark 5.2.14 that the required conditions (1)
and (2) in Definition 5.1.11 are satisfied. O

Remark 5.2.23. Hidden in the axioms of a weak T-complex there is a rich algebraic structure given
by filling procedures, cf. the theses of Ashley [1] and Dakin [26]: to illustrate this point let us
again consider the case of a complete dg Lie algebra L (seen as usual via décalage). We will prove
in Section 5.2.2 that in this case we can recover the Baker-Campbell-Hausdorff product on L via
the following filling procedure: we take a horn A} — Dely, (L)

xT

—b

@ % e "xx

€

L Although this is not a groupoid in the sense of Getzler’s paper [39], that is, a weak T-complex as in Definition
5.1.11, but only in the loose sense that it is a Kan complex.
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(it doesn’t matter the particular choice of € MC(L)) and then the unique thin filling is

xT

a

* T € * T

e
aob

where we denote by aob the Baker-Campbell-Hausdorff product L x L® — L. With the notations
of Remark 5.2.14 we have that 52! = o for all # € MC(L). The fact that when L is concentrated
in degrees > 0 then Dely (L) is the nerve of the ordinary Deligne groupoid follows from the above
description of 2-simplices and Lemma 5.2.5. Even without knowing the above facts, it is immediate
to notice that when L is concentrated in degrees > 0 the remaining axiom for Del,, (L) to be a
T-complex is satisfied, since every n-simplex is automatically thin for n > 2, and in fact this says
more, that Del,, (L) is a T-complex of rank one, thus by the results in [1, 26] the nerve of a groupoid
(this is a well known argument, cf. also [73], Chapter 1): notice that this only uses the fact that L
is concentrated in degrees > 0, so L maybe an otherwise arbitrary L., algebra (and it makes sense
in this case to talk about the Deligne groupoid of L, cf. Definition 5.2.33). We refer to [39], in
particular the proof of Proposition 5.4, to see that when the dg Lie algebra L is of quantum type,
that is, concentrated in degrees > —1, then Del, (L) is a T-complex of rank two (here the fact that
we are working with dg Lie algebras is essential), in particular by [1, 26] it defines a crossed complex
in groupoids (and in fact two possible such structures), that is, a 2-groupoid: this should recover
the Deligne 2-groupoid introduced by Deligne in private correspondence [27], cf. also [38, 110],
but we remark that it would be essential to have some explicit computation to see what’s actually
going on. It is in general not true that if L is a complete dg Lie algebra concentrated in degrees
> —2 then Del (L) is a T-complex of rank three. For simplicity, let us assume now that L = g is
an ordinary Lie algebra: even without knowing that it is the Baker-Campbell-Hausdorff product
let us sketch a proof, borrowed from [1], of the fact that o := 73’1 is an associative product on g.
With the notations of Remark 5.2.14 consider the following horn A2 — Del.(g)

b
a boc

aob c

(aob)oc

We take the unique thin filling of this horn, since g has no elements in degree minus one the
remaining face is automatically thin, that is,

N

(aob)oc

is thin: but by definition this means that (a 0 b) oc = ao (bo¢) (in other words, associativity
follows from the uniqueness assumption in axiom (2)). Let us notice here that the above filling
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procedure makes sense for an arbitrary L..[1] algebra (V,q1,...,qn,...) concentrated in negative
degrees (in Getzler’s paper this is called an oo Lie algebra, and Del,, (V') an oo group): in this case
MC(V) = 0 and Delo(V); = V=1 We put o := 552 : V=1 x V-1 — V=1 by universality of the
formulas this will be again the Baker-Campbell-Hausdorff product o associated to the bracket go
on V!, but notice that the latter does not satisfy the Jacobi identity anymore, the failure being
measured by the bracket g3 : (V‘1)©3 — V2. Now the previous filling procedure followed by
evaluation on the remaining face defines a function V=1 x V=1 x V=1 — V~=2: this measures the
failure of o to be associative and should integrate in an appropriate sense the bracket g3. More in
general it should be possible to integrate concretely (that is, as functions) the higher brackets via
similar filling procedures, giving a precise meaning to the slogan that the simplicial set Dely, (V)
integrates the Loo[1] algebra V. We stop this informal discussion here, and close this section with
the promised proof of the weak equivalence between Dely, (—) and MCy (—).

Theorem 5.2.24. There is a natural weak equivalence Dels, (—) — MCy (=), where both are seen
as functors Loo[1] — SSet.

Proof. We remark that the analogs of Example 5.2.9, Theorem 5.2.10 and Proposition 5.2.15 hold
for the functor MCo(—) with similar proofs, we refer to [39] (cf. also [6] for the latter) for details.
For all n > 0 we have by homotopy transfer an L.,[1] morphism F : C(A,; V) = Q(A,; V), hence
an induced MC(F) : Dely(V),, = MCys(V)y: this defines a natural Dely(—) — MCy(—) by
Lemma 2.2.7. To prove that this is a weak equivalence we proceed inductively as in the proof
of Theorem 5.2.16. If V is an abelian Lo, [1] algebra with the central descending filtration, then
F = f1 is a quasi-isomorphism and the thesis follows from 5.2.9. As in the proof of 5.2.16, we
show the thesis inductively for the L.[1] algebras V/FPV by comparing the central extensions
of simplicial complete Lo,[1] algebras C(Aq; FPV/FPTIV) — C(Ae; V/FPTIV) — C(As; V/FPV)
and Q(Ae; FPV/FPHV) — Q(As; V/FPHLV) — Q(A.; V/FPV) via Proposition 5.2.15, then the
thesis for V' = lim V/FPV follows by passing to the limit. O

5.2.1 Disconnected rational homotopy theory

The aim of this section is to construct a model category structure on the category DGLA of
complete dg Lie algebras and explain briefly its relevance to rational homotopy theory. This
model category structure has been defined in [70], via Koszul duality between commutative and
Lie algebras and the usual model category structure on the category of (unbounded) commutative
dg algebras. We follow a different route, already outlined in Section 5.1: namely, we consider a

natural cosimplicial object L(A,) in D@A, the Lie-Sullivan model of the standard cosimplicial

simplex. By Proposition 5.1.9 this induces an adjunction SSet ——= DGLA , we will see that
both the left and the right adjoint are geometrically meaningful, in fact: the right adjoint is just
the restriction of Dely(—) : Lo — SSet to the full subcategory of complete dg Lie algebras, we
will see that the left adjoint L(—) : SSet — DGLA can be interpreted as sending the simplicial
set X to a natural Cy, coalgebra structure on the space C,(X)/D.(X) of non-degenerate chains
on X (we notice here that the quadratic part will be an axprossimation of the diagonal, thus we
recover a construction considered by Sullivan in the appendix of the paper [102]), moreover, further
transposing this Co coalgebra structure to a Cy, algebra structure on the space C(X) of non-
degenerate cochains on X we recover the natural Cy, enhancement C'(—) : SSet — C,, induced,
as in the paper [22] and Section 3.2, via homotopy transfer from (—) : SSet - DGCA along
Dupont’s contraction Dup : SSet — Contr. Finally, we will see that we can transfer the usual
model category structure on SSet to a model category structure on DGLA along the adjunction
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L(—): SSet ——=DGLA : Del (=) , as in Definition 5.1.4, and that we recover this way the

model category structure defined by Lazarev and Markl [70], moreover, this also automatically
shows that this is cofibrantly generated and the adjunction is a Quillen adjunction.

Via homotopy transfer along Dupont’s contraction it is defined the simplicial C, algebra C'(A,)
of non-degenerate cochains on the standard cosimplicial simplex. Since the C(A,,) are all finite
dimensional, by transposition it is also defined the cosimplicial C, coalgebra of non-degenerate
chains on the standard simplex, cf. Remark 1.2.14. By definition, a C,, coalgebra structure on
the space Ci(A,)/D«(A,) of non-degenerate chains on A, is a dg Lie algebra structure on the
complete free Lie algebra L(C,(A,)/D.(A,)[—1]), we denote the dg Lie algebra associated to
C(A,) by L(A,,). Thus, it is defined the cosimplicial complete dg Lie algebra L(A,): since the
category DGLA is cocomplete, according to Proposition 5.1.9 this induces a left adjoint functor
L(-) : SSet — DGLA. We call the complete dg Lie algebra L(X) the Lie-Sullivan model of the
simplicial set X, this is defined by L(X) = colimgea x L(A|s|): since the functor Z(—) preserves
colimits we always have that the underlying graded Lie algebra of L(X) is L(C,(X)/D.(X)[-1]),

thus the functor L(—) : SSet — DGLA is the datum of a natural Cs coalgebra structure on the
non-degenerate chains on a simplicial set. It remains to check that the C algebra structure on
C(X) associated to L(X) via transposition is again the one induced via homotopy transfer along

Dupont’s contraction: but this is so by construction when X = A,,, thus it follows in general from
Lemma 2.2.5.

Example 5.2.25. The only cases where we know explicitly the C,, algebra structure on C(A,,)
are: trivially when n = 0, and less trivially when n = 1, c¢f. Proposition 3.3.6. We determine
explicitly the dg Lie algebra structure on L(Ag) and L(A;)?. When n = 0, then C(Ag) = K
with its K-algebra structure: this dualizes to the coalgebra K — K®2 :1 — 1 ® 1. Shifting the
degrees by one and taking the opposite sign (recall that we change the sign since transposition
is an antihomomorphism of graded Lie algebras, cf. the discussion at the end of Section 1.2),
the above tells us that if we regard C'(Ag) as an A, algebra the dual A, coalgebra is given by
the differential + — —x ® x on the complete tensor algebra f(x) over a generator x in degree

one®. Since z ® z = [z, ] in the associated Lie algebra, we conclude that L(A) is the graded

Lie algebra L(z), |#| = 1 (in particular, since [z, [z,2]] = 0 by Jacobi, we see that as a graded
space L(Ag) = Kz @ K[z, 2]) with the dg Lie algebra structure given by doz = —i[z,x]. This
makes evident the fact that L(Ag) represents the functor MC(—) : DGLA — Set: here the

Maurer-Cartan equation takes its most classical form
1
dx + =[z,z] = 0.
2
In the case n = 1, considering C'(A1) as an A algebra the explicit formulas in 3.3.6 imply

that the dual A, coalgebra is given by the differential on the complete tensor algebra f(ac7 Y, a),
|z| = |y| =1,|a| =0, given by 2 = —x @ z, y = —y @ y and finally

o k
a— y—aj—% (z+y)@a—a® (x+y))+kZ:3 (ff‘ll)! ; (lz:ll)(—l)kia@1®(y—x)®a®ki

Let ad, = [a, —] be the adjoint: by the well known formula, valid more in general in any associative

2Tt is clear how from L(A1) we can describe L(X) for all 1-dimensional cell complexes X, cf. [67], the second
version (the one linked to in the bibliography), for some examples

31In other words, this is the algebra of formal power series K [[x]], |z| = 1, equipped with the differential x — —x2
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algebra,

k
d k 7 ®1 1 _ Rk—1
(adq)*~ ;(Z_J ®(y—2)@a
we see that the differential of a in L(A;) = E(m,yﬂ) becomes da = y — z + 3 ad.(z + y) +

Zk>3 Doy = (ada)k_l(y —z), and finally the dg Lie algebra structure on L(A;) is glven as in

el dy= iyl de=ad(y) + Y )iy -2 (521)
k>0

Thus we recovered the well known [67, 16, 17, 85, 22] Lawrence-Sullivan model of the interval: in
particular this answers, after the paper [22], an answer posed by Sullivan in [102], cf. [85] for a
different proof of the same result.

By definition the right adjoint DGLA — SSet sends a complete dg Lie algebra M to the
simplicial set DGLA(L(A,), M).

Lemma 5.2.26. There is a natural isomorphism DEFA(L(A,L), —) = MC(C(A,, —)) of functors
DGLA — Set.

Proof. This follows from Lemma 1.3.29, we should check that given a complete dg Lie algebra M
the Lo structure on C'(A,; M) = Hom(Cy(A,,) /D« (Ay,), M) induced via convolution with the Co
coalgebra structure on Cy(A,)/D.(A,), as in Lemma 1.3.29, is the same as the usual one, that is,
the one induced via homotopy transfer along Dupont’s contraction. Recall that the convolution L,
structure was defined by restricting the L, algebra structure on Hom(Cy(A,)/D.(A,),U(L)) =
C(X;U(L)) =C(X)®U(L), where U(L) is the universal enveloping algebra, induced by extension
of scalars of the C, algebra C'(X) by the dg associative algebra U(L) and then by symmetrization.
By Lemmas 2.2.9 and 2.2.10 the latter is the same as the Lo, algebra structure on C(X;U(L))
obtained via homotopy transfer from the dg Lie algebra 2(X)® U(L), seen as a dg Lie algebra via
the commutator, along Dupont’ s contraction: it is then clear by Lemma 2.2.3 that this restricts
to the usual L, algebra structure on C(X;L). O

Putting the previous lemma and Lemma 5.2.4 together shows the following

Proposition 5.2.27. The functors L(—): SSet ——= DGLA : Deloo (=) form an adjoint pair.

We are ready to put the model category structure on DGLA.

Theorem 5.2.28. There is a model category structure on the category DGLA such that, given a
continuous morphism f : L — M of complete dg Lie algebras:

f is a fibration if such is Dels(f), that is, if it is surjective in degrees < 0, and

f is a weak equivalence if such is Dely(f), that is, if MC(f) : MC(L) — MC(M) is
bijective and for all x € MC(L) and i < 0 the induced H™*(f) : H "(Ly) — H~"(My(y)) is
an isomorphism, finally,

f is a cofibration if it has the left lifting property with respect to trivial fibrations.
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Moreover, this model category structure is cofibrantly generated, with generating cofibrations the
inclusions L(OA,) — L(A,), for all n > 1, and generating trivial cofibrations the inclusions

L(AL) — L(Ay), for alln > 1 and 0 < i < n. Finally, L(-):SSet ——DGLA : Deloo(—) s
a Quillen adjunction.

Proof. Keeping in mind Theorem 5.2.10 and Theorem 5.2.20, all the claims follow once we show
that we are in the hypotheses of Proposition 5.1.5. Since the functor Dely,(—) factors through
the full subcategory Kan of Kan complexes, we only have to show the existence of path space
factorizations. We prove that for a complete dg Lie algebra L the factorization of the diagonal
L — Q(Ay;L) — L x L has the required properties (where the first arrow is pullback by the
terminal morphism A; — Ag and the second arrow is pullback by the inclusion 0A; — Ay).

Since Theorem 5.2.10 immediately implies that Dely (2(A1; L)) — Dels(L x L) is a fibra-
tion, and clearly Delo(L) — Dely(2(Ay1; L)) is a cofibration, that is, an inclusion, we have
to show that the latter is also a weak equivalence. We proceed inductively as in the proof
of Theorem 5.2.16: when L is abelian with the central descending filtration, so is Q(Aq; L),
and the thesis follows from Example 5.2.9 since L — Q(A1; L) is a quasi-ismorphism, then we
can prove the claim inductively for the dg Lie algebras L/FPL by comparing, via Proposition
5.2.15, the central extensions of complete Lo, algebras FPL/FPYL — L/FPHL — L/FPL
and Q(Ay; FPL/FPTIL) — Q(Ay; L/FPHL) — Q(Ay; L/FPL). Finally, we deduce the claim
for L =lim L/FPL by passing to the limit. O

In the following remark we explain the relevance of the previous theorem in rational homotopy
theory, first let us notice that Theorem 5.2.16 immediately implies the following proposition, which
says that Dely (—) takes values in K-local spaces [10].

Proposition 5.2.29. For a morphism f : X — Y of simplicial sets the following are equivalent
conditions:

pullback along f is a weak equivalence SSet(Y,Dely (L)) — SSet(X,Dels (L)) for every
complete dg Lie algebra L; and

f induces an isomorphism in K -homology.

Proof. To prove that the second item implies the first it is sufficient, by Theorem 5.2.16, to show
that Deloo (C(Y; L)) — Deloo(C(X; L)) is a weak equivalence for every L. If L is abelian, since
C(Y;L) — C(X; L) is a quasi-isomorphism by hypothesis, the thesis follows from Example 5.2.9:
then the thesis follows in general by the usual inductive argument.

Conversely, if the first item hold then we have that Del,, (C(Y;K[i])) — Deloo(C(X;K[i])) is
a weak equivalence for all i, where we take K [¢] with the trivial Lo, structure, thus C(Y) — C(X)
is a quasi-isomorphism. O

Remark 5.2.30. Notice that the previous model category structure on DGLA is quite different
from the one where the fibrations are all all the surjections and the weak equivalences are all the
quasi-isomorphisms*: however, the two coincide on the full subcategory DGLA<O of complete dg
Lie algebras concentrated in non positive degrees. To see that this is the same model category
structure as the one defined by Lazarev and Markl [70] we refer to loc. cit., Section 10.

4The latter is more relevant in deformation theory, since it is the homotopy theory of L seen as a derived
deformation functor Deloo (L ® m—) : dgArt, — SSet, cf. [86].
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Since the seminal work of Quillen [89], we know that dg Lie algebras concentrated in negative
degrees model (connected and) simply connected rational homotopy types, and since the seminal
work of Sullivan [100], cf. aso [39], Proposition 1.1, we known that the homotopy type associated
to a negatively graded dg Lie algebra L is represented by the Maurer-Cartan oo groupoid MCy (L)
of L, thus according to Theorem 5.2.24 also by the Deligne-Getzler co groupoid Dely,(L). In fact
this (very well known) result could be probably proved in the spirit of [100], cf. also [11], using the
Lie-Sullivan model L(—) in place of the the de Rham-Sullivan model Q(—) and the functor Del (—)
instead of the geometric realization functor (cf. loc. cit.) (=) : DGCA — SSet. The aim of
the paper [70] was to show how this classical equivalences of categories in fact are restrictions of
equivalences between a certain rational homotopy category of spaces not necessarily connected, all
of whose connected components are nilpotent and of finite Q-type, and the homotopy category of
a certain subcategory of arbitrarily graded, but satisfying some finite type assumption, complete
dg Lie algebras, we refer to [70] (in particular Theorem D) for a precise statement: again the
functor Del(—) realizes the rational homotopy type associated to a complete dg Lie algebra. In
fact, we suspect that the finiteness assumptions are unnecessary, and an undesired byproduct of
the method of proof®. We mention here that a slightly different (but still closely related with the
results discussed in this section) approach to disconnected rational homotopy theory then the one
in [70] has been given [17], by U. Buijs and A. Murillo.

Typical examples of non connected spaces we would like to model are mapping spaces [6, 15, 68].
When the space X has finite cohomology and Y — Yy is a localization, then, cf. [6], Section 6,
the pushforward SSet(X,Y) — SSet(X,Yp) is a localization as well. In these hypotheses we can
conclude thanks to Theorem 5.2.16 that if L is a model of Y, that is, there is a weak equivalence
Yo — Deloo (L), then the Ly, algebra C(X; L) of non-degenerate cochains on X with coefficients
in L is a model (an Ly, one) of the mapping space SSet(X,Y). We also recover the result by
Brown-Szczarba [14] and Berglund [6] that Q(X; L) is a Lie model of SSet(X,Y).

Remark 5.2.31. Tt has been pointed out in [16] that the complete dg Lie algebra L(X) actually
models the space X, where we have added a disjoint base-point to X: the extra point will
correspond to the vertex 0 € MC(L(X)). This can be seen as follows: the functor Del,,(—) factors
naturally through the category SSet, of pointed simplicial sets, namely, Dely (L) is pointed by
0 € MC(L), but since the category DGLA is pointed more is true, cf. [50], Corollary 3.1.6, namely,
that the whole adjunction in Theorem 5.2.28 factors as

+ L(-) —
SSet SSet, DGLA
# Delso (_)

where # : SSet,. — SSet is the forgetful functor and —; : SSet — SSet, : X — (X4, +) adds a

disjoint base point to X. The functor L(—) : SSet, — DGLA : (X,2) — L(X, ), that we call
the reduced Lie-Sullivan model functor, is defined by the cocartesian square

L(Ag) — 1(x)

L

0— L(X,2)

in D/G?A, where 7 : Ag — X is the inclusion of the vertex z. L(—) : SSet, =——= DGLA : Deloo(—)

5Namely, by proving the corresponding fact for commutative dg algebras, where in fact the finite type assumptions
are essential, and then by translating via Koszul duality.
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is a Quillen adjunction, and in fact we could equivalently have defined the model category structure
on DGLA via transfer along this adjunction.

Remark 5.2.32. We notice an interesting fact, which will be used in the proof of Proposition 5.2.36,
namely, that the generating trivial cofibrations L(A?) — L(A,,) split, where the splitting is induced
by the operation of thin filling: in fact, since T : SSet(A?, Del,,(M)) — SSet(A,,, Del,(M))
sending a horn to his unique thin filling is obviously natural in M, by Yoneda it is induced by a
splitting L(A,,) — L(AY) of L(AY) — L(A,). The morphism L(A,) — L(A%) has the property
that it sends the generator corresponding to the top dimensional simplex to zero, conversely, this is
the unique left inverse to L(A%) — L(A,,) with this property: in fact, any such a morphism would
determine a natural filling operation SSet(Af,, Delo(M)) — SSet(A,,, Delo, (M)), moreover, this
must send a horn to a filling evaluating to zero on the top dimensional simplex, but then it must
send it to its unique thin filling.

5.2.2 Comparison with the Deligne groupoid

We begin by recalling some classical definitions [43, 27, 42, 76].

Definition 5.2.33. The Gauge action on the Maurer-Cartan set of a complete dg Lie algebra
(L,F*L,d,["]) is defined by

e —: LY x MC(L) = MC(L) : (a,y) — e xy =y + Z ﬁ(ada)’C (ady(y) — da),
k>0 ’

this is well defined by completeness: it is well known and easy to prove that it sends Maurer-Cartan
elements to Maurer-Cartan elements, this follows immediately from the following alternative def-
inition. Since [d,d] = 0, the inclusion Kd — Der(M) is a morphism of graded Lie algebras and
thus defines a semidirect product Kd x M: it is clear that in the latter graded Lie algebra we have
e® xx = e*a(z + d) — d. Since the Maurer-Cartan equation da + [z, z] becomes the equation
[x+d,z4+d] =0in Kd x M, this makes evident that the Gauge action preserves Maurer-Cartan
elements. We have to explain yet why the Gauge action is an action: it is an action with re-
spect to the group structure on M° induced by the Baker-Campbell-Hausdorff product, see e.g.
[43, 76]. This is the group operation o : M? x M? — M? defined by e®e® = ¢2°®, where we denote
by exp(M?) the exponential group integrating the (pronilpotent) Lie algebra (M©°,[-,-]) and by
e” : M° — exp(M°) : a — e® the exponential map (which in this case is a natural identification),
cf. [76]. Tt is well known that the Baker-Campbell-Hausdorff product a o b can be expressed only
in terms of the Lie algebra structure on M: for instance, a recursive definition using Bernoulli
numbers goes as follows [43]

1 B,
fOva gn_H:TL-I—].Zﬁ, Z [gin"'[fikaa]"'}v aOb:Z§n.
k>0 11+Fig=n n>0

In particular this shows that morphisms of graded Lie algebras are compatible with the Baker-
Campbell-Hausdorff product. To see why the Gauge action is an action with respect to the Baker-
Campbell-Hausdorff product, since ad : M? — EndO(M ) is a morphism of Lie algebras

e x (e x 1) = e2da (ead”(a: +d)—d+d)—d= eaedd (z 4 d) —d = oot (2 4 d) —d = e % 2.

The Deligne groupoid Del(M) of M [27, 42] is the action groupoid associated to the Gauge action,
namely, the groupoid whose objects are the Maurer-Cartan elements of M and whose arrows are
the Gauge equivalences, that is, arrows from z to y are the a € MY such that e®+x = y. Clearly this



5.2. THE DELIGNE-GETZLER oo GROUPOID OF A COMPLETE L., ALGEBRA 107

defines a functor Del(—) : DGLA — Grpd. The Deligne groupoid is of fundamental importance
in deformation theory, see e.g. [42, 45, 76].

adg __:

We notice that Zk>0 ﬁ(a’da)k — € — id and Zk>0 %(ada>k — e‘d?jiid are inverses opera-

tors, thus in the dg Lie algebra L(A1) = L(z,y,a), cf. Example 5.2.25, we have

a

e xy=19y-+

edda _id e?da _id ad,
—— (ad,(y) — da) = — — = .
ad, (a (y) a) y+ ad, ( eada — id (y ‘T)> €T

Let M be a complete dg Lie algebra and f : L(z,y,a) — M any morphism of complete
graded Lie algebras: this is the datum of arbitrary f(x), f(y) € M and f(a) € M°. If f has
to be a morphism of dg Lie algebras then f(z) and f(y) have to be Maurer-Cartan elements of
M and since morphisms of dg Lie algebras obviously preserve the Gauge action we also must
have that ef(®) x f(y) = f(z). Conversely, given Marer-Cartan elements f(z), f(y) € MC(M)
and a Gauge equivalence f(a) € M°, e/ x f(y) = f(x), between them, then f : L(A;) — M
is a morphism of dg Lie algebras: in fact, clearly df(z) = fd(z) and df(y) = fd(y), moreover

F@) = ef@ x fy) = f(y) + S (ad gy (f(y)) — df (a)) and thus

adf(a)
(@) = 0y (F ) + o s (10) = ) = £ (aa0) + s = 0)) = fila),

This proves the following [31, 17].

Proposition 5.2.34. The set of morphism [ : L(A1) — M of complete dg Lie algebras, equiva-

lently, the set of Maurer-Cartan cochains f(x) & fly) in Delo(M)1, is in bijective correspon-
dence with the set {(f(x), f(y), f(a)) € MC(M) x MC(M) x M° s.t. ef(®) x f(y) = f(x)}.
Corollary 5.2.35. The set of simplicial loops f(x) EIGN f(z) in Delo (M) at f(x) is in bijective
correspondence with the set of cocycles f(a) € Z71 (M (y).

N

Proof. Since by the previous computation ef(®) x f(x) = f(x) if and only if df (a) = adf(q)(f()) if
and only if ds(,)(f(a)) = 0, where df(,) := d + ad(,) by definition is the twisted differential. [

The previous proposition tells us what we said without proof in Remark 5.2.14, with the no-
tations used there, that e® x y = ﬁé’l(a) and e~ x z = 7.%(a): in the next proposition we prove
the remaining unproved claim, namely, that the function 73’1 : MO x MY — MO is the Baker-
Campbell-Hausdorff product for all choices of € MC(L).

Proposition 5.2.36. Given a complete dg Lie algebra (M, F*M,d,[-,"]), y € MC(M), a,b € M,
then the unique thin filling of

*Y =1a z=e"x*xy
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1S

Crxy=u1a o z=elxy

€

Proof. As noticed in Remark 5.2.32, the thin filling operation is induced by a morphism of dg Lie

algebras L(Ag) — L(A}) left inverse to the inclusion L(A}) — L(A3). We consider the composition

L(Ay) RACON L(Ag) — L(AY), where 8, is the face 91 : Ay — Ay : [01] — [02], this induces the

operation 7', By the previous proposition, if L(A;) = E(w’,y’,a’) and L(Ad) = E(x,y,z,a, b),
then this composition sends a’ to a n € L(A}), |n| = 0, such that e” x z = z. After [67], Theorem 2
in the version of the paper linked to in the bibliography, we notice that a solution to this equation
is given by 1 = a o b, since = e x y = e * (e® x 2) = €2 x z: the thesis follows if we show that
there are no other solutions, and clearly this is equivalent to the fact that the only loop e xx = x
at x is the trivial one £ = 0, thus, by the corollary, to the fact that £ = 0 is the only solution of

d(§) + adx(§) = 0, [¢] =0, (5.2.2)

in the dg Lie algebra L(AL) = L(x,y, z,a,b). We notice that the degree zero part of L(A}) is the
Lie algebra L(a,b). Let 6 : L(AL) — L(AL) be the lincar differential §(z) = 6(y) = d(z) = 0,
§(a) =y —x, §(b) = 2 — y. According to [89], Proposition 2.1, the dg Lie algebra (L(A}),6,[-,"])
has no cohomology in degree zero, and then the equation §(§,) = 0, |§,| = 0, admits the only
solution &, = 0. Let L := L(a,b) equipped with the central descending filtration F*L, given ¢ € L
satisfying Equation (5.2.2), we complete the proof if we show inductively that & € FPL for all
p > 1, the case p = 1 being trivial. This is easy from the previous observation: if we suppose
¢ € FPL and we write £ = £, + FPT!L, then Equation (5.2.2) implies that

0=d(©)tad,(§) = SEIHFIL = 8(6)=0 = &=0 = EtcFrL

O

Together the previous propositions imply the following theorem.

Theorem 5.2.37. If M is a complete dg Lie algebra, then Del,, (M=) is isomorphic to the nerve
of the opposite of the Deligne groupoid Del(M).

Proof. This follows from the definition of the Deligne groupoid, the above explicit description of the
k-simplices of Dely, (M=) for k < 2 and the fact that the simplicial set Dely, (M=?) is 2-coskeletal,
cf. Corollary 5.2.5 and Example 5.1.10. O

5.3 Descent of higher Deligne groupoids

In the subsection we review the fundamental theorem by Hinich on descent of Deligne groupoids,
its role in the approach to deformation theory via dg Lie algebras will be illustrated through specific
examples in the following chapter. The aim of this section is to give the analog of Hinich’s result,
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which we remark only applies when we work with non-negatively graded dg Lie algebras (actually,
it suffices if their cohomology is non-negatively graded), for the Deligne-Getzler oo groupoid functor
on Lo, [1] algebras with no grading restrictions (thus, also for dg Lie algebras this tells us something
new): we will recover Hinich’s theorem as a particular case in the next section, using the results
from the previous one. We will work from the outset with semicosimplicial objects, since this seems
more natural for the applications in deformation theory we have in mind, cf. [34, 2].

Recall that the restricted totalization functor Tot(—) : SSet® — SSet (cf. [9]) sends a semi-
cosimplicial simplicial set X, to the simplicial set Tot(X,), = SSetg(An X ghX.) with the

. . . T . A
obvious faces and degeneracies, where g. is the standard semicosimplicial simplex in SSet=. We

are going to introduce an analog restricted totalization functor Tot(—) : f;oo[l]é — ioo[l] and

prove that Dels (—) commutes with totalization up to homotopy.

We denote the restriction of Xo € SSet2 to the full subcategory éﬁk C g, with objects
the 7 with ¢ < k, by X<, € SSet2<*: we remark an ambiguity in the notation, since we
denote by the same symbol both the category ggk and the restriction to ggk of the stan-
dard semicosimplicial simplex é.. There is a tower of functors Tot<p(—) : SSet3 — SSet
together with a natural isomorphism Tot(—) =5 lim Tot<k(—): these are defined as before by
Tot<y(Xe)n = SSetéSf’“(An X ggk,ng)- It is then clear that Tot<(Xs) = SSet(Ag, Xo) = Xo,
moreover from the definition there are are natural maps Tot<y(X.) — SSet(Ay, X)) such that
TOtSk(X.) = TOtSkfl(X.) X 8Set(dAL, X5) SSet(Ak,Xk) for all £ > 1.

Remark 5.3.1. The family of morphisms Tot(X,) = lim Tot<x(Xe) — SSet(Ay, X%), &k > 0, is
universal with the property that for each arrow i — j in g the induced diagram

TOt(X.) —_— SSet(Aj, Xj)

| |

is commutative. As in [45] we define the category M whose objects are the arrows in g and whose
arrows {1 — l} — {L’ — L,} are the factorizations {Q — L/} = {L’ —i—=j = i} in g: then the
above says that Tot(X,) is a limit of M — SSet : {i — j} — SSet(A;, X;), similarly Tot<x(X,)
is a limit of the restriction of this functor to the full subcategory M<j. of arrows in A<y.

Keeping in mind Theorem 5.2.16, this suggests how to define the restricted totalization functor
Tot(—) : Loo[1]3 — Loo[1].
Definition 5.3.2. The restricted totalization Tot(—) : im[l]é — I/:oo[l] sends a semicosimpli-
cial complete Lo [1] algebra V, € Loo[l]é? to the limit of — Loo[l] : {i — j} — C(A;V)).
Restricting to the full subcategory /\_/l>§k C ./\_/l> and taking the limit, we similarly define a func-

tor Tot<p(—) : Loo[1]3 — Lo [1]: we see immediately that with these definitions we still have

Totgo(V.) =V, Totgk(v.) = TOtSkfl(V.) X C(8AR; Vi) C(Ak; Vk) and TOt(V.) = lim TOtSk(V.).

Remark 5.3.3. ObViouslg the above also makes sense in the non complete setting and defines
functors Tot(—) : Lo[1]3 = Luso[1], Tot<k(—) : Loo[1]3 — Luo[1].

In order to compare the simplicial sets Delo (Tot(Vs)) and Tot(Dels (Vs)), first of all we observe
that they have the same set of vertices.
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Proposition 5.3.4. There is a natural isomorphism MC(Tot(—)) — Tot(Deloo(—))o of functors
L.o[1]3 — Set.

Proof. Since MC(—) commutes with small limits, by Lemma 5.2.4
MC(Tot(Vs)) = limM MC(C(A; V) = limM SSet(A;, Deloo (V;)) = Tot(Delso (Ve))o-
O

Remark 5.3.5. In the same way there are natural isomorphisms MC(Tot<(—)) =N Tot<k(Deloo(—))o
of functors Loo[l]é — Set.

Theorem 5.3.6. There is a natural weak equivalence Dely, (Tot(—)) — Tot(Delo (—)) of functors
L.o[1]3 — SSet.

Proof. We have morphisms Dely (Tot(Vs)) — Deloo(C(A4; Vi) — SSet(A;, Deloo(V5)), @ > 0,
given by Theorem 5.2.16, and for each arrow {i — j} in g, in the induced diagram

Deloo (Tot (V4)) Del.o (C(A:V;)) — SSet(A,, Del.o (V)

| |

Delo (C(A; V;)) —— Deloo (C(A4; V)

l T

SSet(A;, Delo (V;)) SSet(A;, Del(V}))

the inner squares are commutative, thus the outer square is commutative as well and there is
induced a unique natural Del (Tot(Vs)) — Tot(Dels (Vs)) making the diagram

Delo (Tot(Va)) Delw (C(A; V7))

| l

Tot(Delo (Ve)) — SSet(A;, Del (Vi)

commutative for all ¢ > 0. In the same way for each k£ > 0 we define natural transformations
Deloo(TOtSk(—)) — Totgk(Deloo(—)).

We prove inductively that Dels(Tot<y(Ve)) — Tot<y(Dels(Vs)) is a weak equivalence, the
case k = 0 being obvious. To continue the induction we look at the commutative diagram

Deloo(TOtSkfl(V.)) Deloo(C(aAk; Vk)) Deloo(C(Ak; Vk))

| | l

TOtSkfl(Deloo(‘/.)) — SSet(BAk, Delw(Vk)) < SSet(Ak, Deloo(Vk))

where all spaces are Kan complexes. As the right to left arrows are Kan fibrations, the top one by
Theorem 5.2.10 and the bottom one as Del (V%) is a Kan complex and 0A, — Ay, is a cofibration
(see e.g. [48]), we see that the fiber products of the rows

Deloo(TotSk(V.)) = Deloo(TotSk,l(V.)) XDeloo(C(BAk;Vk)) Delm(C(aAk, Vk))



5.3. DESCENT OF HIGHER DELIGNE GROUPOIDS 111

Tot<(Delw (Vs)) = Tot<x—1(Deloo (V) XsSet(9a,,Delos (Vi) SSet(Ag, Delog (Vi)

are also homotopy fiber products (cf. [73], Remark A.2.4.5). As the vertical arrows in the diagram
are weak equivalences, by the inductive hypothesis and Theorem 5.2.16, this implies that also
Del (Tot<i(Ve)) — Tot<y(Dels(Vs)) is a weak equivalence and the inductive step is proven.
Finally, both wg? — SSet : k — Delo(Tot<x(Vs)) and wy’ — SSet : k — Tot<y(Dels(Va))
are injectively fibrant towers of simplicial sets, as both Dels(Tot<x(Ve)) — Deloo (Tot<g—1(Va))
and Tot<y(Deloo (Ve)) — Tot<p—1(Dels(Ve)) are pullbacks of a Kan fibration for all £ > 1 and
Delo (Tot<o(Va)) = Tot<o(Deloo(Ve)) = Deloo (Vo) is fibrant, hence we see by Proposition 5.1.2

that also Delso(Tot(Va)) — Tot(Deloo(Va)) = limy (Deloo(TotSk(V.)) =N Totsk(Deloo(V.))) is a

weak equivalence. O

We notice that the previous theorem combined with the previous proposition imply the following
corollary, where we denote by m<1(—) : Kan — Grpd the functor sending a Kan complex to its
fundamental groupoid.

Corollary 5.3.7. There is a natural isomorphism w<1(Dels (Tot(—))) = m<1(Tot(Delo(—))) of
functors Loo[l]é — Grpd.

Proof. Since an equivalence of groupoids which is an isomorphism on the set of objects has to be
an isomorphism. O

5.3.1 Descent of Deligne groupoids

In this section we see how Theorem 5.3.6 translates when applied to a semicosimplicial dg Lie
algebra concentrated in degrees > 0, thus recovering the important theorem by Hinich on Descent
of Deligne groupoids [45] in the enhanced version form the papers [34, 35]. The utility of this
theorem in deformation theory will be illustrated in the following chapter through specific examples,
cf. Theorems 6.2.4, 6.3.3 and 6.3.6.

We denote by Artg the category of Artin K-algebras A with residue field isomorphic to K,
that is, if we denote by m, the maximal ideal then A/m4 = K: in particular A = K @& my
and this induces an isomorphism between Artg and the category of nilpotent finite dimensional
K -algebras. We will use the following terminology.

Definition 5.3.8. Let C be a category with finite limits, and in particular a final object . The
category fC of formal objects in C is the category of functors Artx — C such that F(K) = .
For instance, objects in the category fSet of formal sets are usually just called functors of Artin
rings, but we can also talk about formal simplicial sets, formal groupoids, and so on.

Every L, algebra L can be regarded as a formal nilpotent L., algebra L@m_ : A = L @my4,
where L ® m4 has the L, structure induced via extension of scalars by the nilpotent commutative
algebra m4. Since nilpotent L., algebras are in particular complete, naturally associated to L
are the formal sets MCp, := MC(L ® m_), Defy, := MC(L ® m_) and the formal simplicial sets
MCoo,1 := MCoo(L®m_), Del 1, := Deloo (L®m_), in fact the latter is a formal co groupoid (in
the sense of Getzler). When L is a dg Lie algebra there is moreover associated the formal groupoid
Dely, := Del(L ® m_): this makes sense also if L is an Lo, algebra concentrated in non-negative
degrees, in fact in this case Dely (L ® my) is a T-complex of rank 2 and thus the nerve of a
groupoid, cf. Remark 5.2.23, and we may define Dely, (A) as the opposite of this grouopoid, which
is consistent with the dg Lie algebra case by Theorem 5.2.37. Most of the results in section 5.2
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translate straightforwardly for their formal counterparts, for instance there is a natural (in L, with

respect to strict Lo, morphisms) weak equivalence of formal simplicial sets Dels, 1, = MCoo,r-

After Grothendieck’s philosophy and the foundational work of Schlessinger [93], it is usually
convenient to regard a formal moduli problem as a formal pointed set M : Artx — Set, satisfying
some additional conditions, the Schlessinger’s conditions [93, 75], or better yet, due to well known
problems linked to the existence of non-trivial automorphisms of the trivial deformation, as a
formal pointed groupoid M : Artx — Grpd,, to which we can can associate a formal pointed
set via the functor mo(—) : Grpd, — Set,. We call M regarded as a formal pointed groupoid the
deformation groupoid of the formal moduli problem, namely, objects of M (A) are the deformations
over A of the structure we are considering and arrows are isomorphisms of deformations. We call M
regarded as a formal pointed set the deformation functor of the formal moduli problem, namely,
this sends A to the set of isomorphism classes of deformations over A (in both cases M(A) is
pointed by the trivial deformation). Cf. Definitions 6.2.1, 6.2.2 and 6.3.2 for some examples of
this kind.

Definition 5.3.9. We say that an L, algebra L governs (or controls) a formal moduli problem,
regarded as a formal pointed set M : Artg — Set,, if there is an isomorphism of formal pointed
sets Defy, = M. If L is a dg Lie algebra or an L, algebra concentrated in non negative degrees
and M is enhanced to a formal pointed groupoid M : Artx — Grpd,, we require an equivalence
Del, = M of pointed groupoids (both Def; and Del; are pointed by 0): since my(—) sends
equivalences of groupoids to isomorphisms in this case L also governs M regarded as a formal set.

Let Lo be a semicosimplicial dg Lie algebra concentrated pointwise in non negative degrees, this
induces a semicosimplicial formal groupoid Del, and a semicosimplicial formal co groupoid (in
the sense of Getzler) Delo 1,: by the results of Section 5.2.2 we can recover the one from the other
via the functors nerve N(—) : Grpd — Kan and fundamental groupoid 7<;(—) : Kan — Grpd.
As observed in [45], cf. the lemma on page 6, the totalization Tot(—) commutes with the nerve,
that is, there is a natural isomorphism Tot(N(—)) — N(Tot(—)) of functors Grpd3 — SSet,
where in the right hand side Tot(—) : Grpdé> — Grpd is the classical totalization functor on
semicosimplicial groupoids via the groupoid of descent data.

Definition 5.3.10. The functor Tot(—) : Grpdg — Grpd sends a semicosimplicial groupoid

> e
G : go*>g14>> Gy —<= -

to the groupoid Tot(G,), also called groupoid of descent data, defined in the following way [45, 34]:
The objects of Tot(G,) are the pairs (I,m) with [ an object in Gy and m a morphism in

G1 between 0yl and 01, where 9y,01 : Gy — G; are the faces, such that the three images
o;m € Go, 1 =0,1,2, are the edges of a 2-simplex in the nerve of Go, explicitly

(80m)(31m)_1(82m) =1lin gg(agaol, 8280l)
The morphisms between (lg, mg) and (I, m1) are the morphisms a € Gy(lp, ;) making the
diagram
Aolo —2> 841y
aoal \Lala
Ool1 e Ol1

commutative in Gj.
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Remark 5.3.11. Totalization commutes with equivalences: more precisely, if v: Fo — G, is a
morphism of semicosimplicial groupoids, then Tot(y): Tot(Fe) — Tot(Ge) is an equivalence of
groupoids if such are the various =, : F,, = G,. The easiest way to see this is to check it directly,
we leave it to the reader.

According to Corollary 5.3.7 we obtain the following enhancement of the main result of [45],
already proved in [34, 35].

Theorem 5.3.12. Given a semicosimplicial dg Lie algebra Lo concentrated in non negative degrees,
there is a natural isomorphism of formal groupoids Delro(r,) — Tot(Dely,).

Remark 5.3.13. Notice that Delyo(z,) makes sense since the Lo, algebra Tot(L,), as in Definition
5.3.2, is concentrated in non negative degrees. We also remark that the conclusion of the theorem
hold more in general, with the same proof, for any semicosimplicial non negatively graded L.
algebra L,.

Proof. Corollary 5.3.7 implies a natural isomorphism 7<1 (Deloo Tot(r.)) = <1 (Tot(Del 1., ))
of formal groupoids, where the right hand side is by definition Del7} t(Le)" On the other hand, by
theorem 5.2.37 and since totalization commutes with the nerve we also see that

7T§1(TOT;(D€100’L.)) = WSl(TOt(N(DeloL]:))) = ng(N(TOt(DelL.)Op)) = Tot(DelL.)"p.
0

As we show in the following chapter, the previous theorem provides a powerful tool to find an
L, algebra governing a given deformation problem. On the other hand, in some situations we
may want to stick with dg Lie algebras, and in this case we simply have to replace the totalization
Tot(—) with the Thom-Whitney totalization Totrw (—); as a price we get a slightly weaker result.

Definition 5.3.14. Given a morphism f : L — M of dg Lie algebras the homotopy fiber K(f) is
defined by the pullback square
K(f) —=Q(A;; M),

.

L——MxM
in the category DGLA, cf. Definition 3.3.3, more explicitly

K(f) = {(I,m(t)) € L x M[t,dt] s.t. m(0) = 0, m(1) = f(I)}.

The Thom-Whitney totalization functor Totpy (—) : DGLA2 — DGLA sends a semicosimplicial
dg Lie algebra L, to the dg Lie algebra Totpy (Le) := limM Q(A;; L), cf. Definition 5.3.2.

It is clear by Lemma 2.2.5 that the homotopy fiber K(f) and the Thom-Whitney totalization
Totrw (Le) are respectively dg Lie algebra models of the mapping cocone coC(f) (Definition 3.3.3)
and the totalization Tot(L,) we considered in the previous section. Moreover, weakly equivalent
L., algebras have weakly equivalent Deligne-Getzler oo groupoids (this can be seen by putting
together Theorem 5.2.24 and the main result from [29]), so Theorem 5.3.12 implies the following
corollary.

Corollary 5.3.15. Given a semicosimplicial dg Lie algebra Lo concentrated in mon megative de-
grees, there is an equivalence of formal groupoids Delrog,., (1,) =~ Tot(Delg, ).
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Chapter 6

Deformation problems in
holomorphic Poisson geometry

We study several deformation problems in holomorphic Poisson geometry, namely, deformations of
Poisson manifolds, coisotropic deformations of a pair (Poisson manifold coisotropic submanifold)
and finally embedded coisotropic deformations: using Hinich’s theorem on descent of Deligne
groupoids, in all cases we determine controlling dg Lie algebras. In the final section, under some
mild additional assumption, we show that the infinitesimal first order deformations induced by the
anchor map are unobstructed. Applications of these results include the analog of Kodaira stability
theorem or coisotropic deformation (cf. Corollary 6.3.4) and a generalization of McLean-Voisin’s
theorem about the local moduli space of lagrangian submanifold (cf. Corollary 6.4.12).

6.1 Review of holomorphic Poisson geometry

We recall the definition of graded Poisson algebras and Gerstenhaber algebras, these play a major
role in Poisson geometry.

Definition 6.1.1. Let k € Z be an integer, we call a graded k-Poisson algebra the data (A4, -, [, ])
of a graded space A together with a product - : A? ® A9 — APTY making (A,-) into a graded
commutative algebra and a bracket [-,-] : AP ® A7 — APT9+E making (A[—k],[-,-]) into a graded
Lie algebra, and such that moreover the (odd) Poisson identity

[a,bd] = [a, e+ (—1)Ual+Plp[g o], Va,b,c € A, (6.1.1)

is satisfied: in other words, the adjoint [a, —] has to be a derivation of the dg algebra structure for
all @ € A. In particular, a graded 0-Poisson algebra is just called a graded Poisson algebra, and if
moreover A is concentrated in degree zero (which will be the only graded Poisson algebras we will
consider) just a Poisson algebra. We call a graded (-1)-Poisson algebra a Gerstenhaber algebra!, of
course it only makes sense to consider Gerstenhaber algebras in the graded setting. A differential
Gerstenhaber algebra (A, d, -, [-,-]) is a Gerstenhaber algebra together with a differential d that is
a derivation of both (4, ) and (A[-E],[-,]).

1Some authors call a Gerstenhaber algebra what we call a graded 1-Poisson algebra, in any case notice that a
Gerstenhaber algebra in our sense induces a graded 1-Poisson algebra structure on the space A° = ®;czA™*, and
conversely.

115
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Remark 6.1.2. Let (A, -, [-,-]) be a Gerstenhaber algebra and let I C A be an ideal of the underlying
commutative graded algebra (A, -) generated by a set of homogeneous elements S C I. Then the
Poisson identity (6.1.1) immediately implies that I is [, ]-closed if and only if [S,S] C I.

Let X be a complex manifold, we denote by Ox the sheaf of holomorphic functions on X, by
Ox the holomorphic tangent sheaf and by A Ox = @, Ao, Ox[—i] the sheaf of holomorphic
polyvector fields, moreover, we denote by (Qx,d, A) the sheaf of holomorphic differential forms on
X, equipped with the usual structure of sheaf of dg commutative algebras.

The sheaf A\ ©x carries a natural structure of sheaf of Gerstenhaber algebras (A ©x, A, [, ])
with the exterior product and the Schouten-Nijenhuis bracket

[,] : /\i@X ® /\j@x — /\H_j_l@x,

see e.g. [103]. Recall that this is defined uniquely according to (6.1.1) so that [n,&] is the usual
bracket of vector fields if n, & € O, while [n, f] =n(f) =nidf if n € Ox and f € /\0 Ox = Ox2.
The only thing to be checked to see this turns A ©x into a sheaf of Gerstenhaber algebras is the
(odd) Jacobi identity for [, -], but using the Poisson identity and the fact that A ©x is generated
as an algebra by /\Sl Ox we can reduce ourselves to check the Jacobi identity on the latter: in
this case it is clear, since it just says that the bracket of vector fields is a Lie bracket and that this
bracket is given by the commutator. Notice that for n € ©x the operator [,—] : A©®x — AOx
is the Lie derivative with respect to 7.

Given a polyvector field n € /\i Ox, we denote by
iy Uy — Q%Y iy(a) = noa,

the corresponding contraction operator. In particular, if € /\O ©x = Ox is a function then 1,
is just multiplication by this function, while if n € /\1 Ox = Ox is a vector field then 2, is the
only degree (—1) derivation of the graded algebra (Q2x, A) such that ¢, (0f) = n(f) for all f € Ox:
there are two possible conventions to extend this to all of A ©x, we adopt the one according to
which ¢4r8 = 24 0 %8, Where the product o on the right hand side is the composition product. We
see that if n € A\'Ox then i, € Diff;(Qx) is a differential operator of order < i on the graded
commutative algebra (Qx,A), cf. Section 4.2.1, by definition if i = 0 or ¢ = 1, and then in general
since Diff;(2x) o Diffj(2x) C Diff;1;(Qx). Given a polyvector field n € A" ©Ox, we denote by
1, = [i,,0]: Q% — Q% "™ the holomorphic Lie derivative on differential forms with respect to #:
since 0 € Diff; (Qx) and [Diff;(Qx ), Diff ;(2x)] C Diff;4;_1(Q2x ), we also see that 1, € Diff;(Qx).
The contractions and the Lie derivatives are related by the classical Cartan formulas, see e.g. the
abstract formulation in [32],

[im ig] =0, [’l:m ld = i[n,é]v (6.1.2)

where in the second formula the bracket in the right hand side is the Schouten-Nijenhuis bracket
of polyvector fields.

We introduce the main subject of this chapter.

Definition 6.1.3. A holomorphic Poisson bivector on X is a global section 7 € H*(X, A\’ ©x)
satisfying the integrability condition:

[m,7]=0. (6.1.3)

2Here and in the sequel, to alleviate the notations, we allow ourselves to write f € Ox, n € O, while clearly
we are talking about local sections f € Ox (U), n € © x(U) over some open U C X.
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A holomorphic Poisson manifold is a pair (X, 7) consisting of a complex manifold X and a holo-
morphic Poisson bivector m on X.

Example 6.1.4. If dim X = 2 then every global section of /\2 Ox is a holomorphic Poisson
bivector. If dim X = 3, via the natural identification

2 3
N\ 0x =0k @ /\ ox = Qk (K",
a global section a € HO(X, Q% (Kx')) corresponds to a holomorphic Poisson bivector if and only
if
aNda=0¢e H (X, Q% (K?) = H'(X,Kyx").

As another example, if A C H°(X,0x) is an abelian Lie subalgebra, then every element in the

image of /\2 A — HY(X, /\2 Ox) is a Poisson bivector. Finally, every holomorphic symplectic form
w € Q% induces a Poisson bivector m on X uniquely by the condition

tr (i (w) A a) = 1,(a), n € Oy, ac Q.
Remark 6.1.5. If 7 is a holomorphic Poisson bivector on X, by the Jacobi and Cartan identities,

[lma] = Hima]va] =0, [lmlTF] = Hi‘ﬁva]vlﬂ] = Hiﬂ’lﬂ]’a} = [i[m”]’a] =0.

The datum of a holomorphic Poisson bivector m on X induces several additional structures, for
more details we refer to [63, 103]:

1) the LichnerowiczPoisson differential dr = [r,-]: \*©x — N\ Oy, inducing on A\ Ox
the structure of sheaf of differential Gerstenhaber algebras.

2) the Poisson bracket {-,-}.: Ox A\ Ox — Ox, given by

{fs9tx = [lm fl, 9] = [dx f, 9] = i (0f N Dg) .

This clearly satisfies the (even) Poisson identity (6.1.1) and it is well known, see e.g. [103], that
condition (6.1.3) is equivalent to the Jacobi identity for {-,-},. Therefore a holomorphic Poisson
manifold could be equivalently defined as a complex manifold X together with a sheaf of Poisson
algebras structure on Ox (cf. [103]). We notice that in a system of local holomorphic coordinates

z1,...,2n wWe can reconstruct the Poisson bivector from the Poisson bracket by the formula
0 0
™= Tii— N —, where ;= —{z;, 2 }r -
Z 3 822 azj 9 { 1 ]}ﬂ'

1<i<j<n

3) the Koszul bracket [, ]: Q5 @ Q% — Q77! defined by the formula

[, Blr = (=) (Lo (@ A B) = Lc(a) A B) — a AL (B), (6.1.4)

inducing on (Qx,0,A) the structure of a sheaf of differential Gerstenhaber algebras. We take a
moment to sketch a proof of this well know fact. We notice that [, 8], coincides with the Koszul
bracket K(I;)2(a® B) up to the sign (—1)1¢l, cf. Section 4.2, in particular the identity ()3 = 0,
which follows since I, € Diff3(Q2x), immediately translates into the odd Poisson identity for [-, ].
Similarly, the Jacobi identity translates into the identity [K(lr)2,K(Iz)2] = 0 in the graded Lie
algebra CE(Qx): for the latter, we know from Section 4.2 that K is a morpjism of graded Lie
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algebras, thus by Remark 6.1.5 [K(l;)2, K(Ix)2] = K([lx,1:])3 = 0. Finally, the Leibniz identity
translates into [0, K(Ir)z2] = 0, then again this follows since (9)2 = 0 and by the remark we see
that [0, K(lx)2] = K([0,15])2 = 0.

4) the anchor map
7#: (Qx, 0, A, [ ]e) = (\Oxdes A [,

which is the morphism of graded sheaves defined for a € Q% by the formula

(Q)(f) = ix(andf), [ €O0x, (6.1.5)

and then uniquely extended to an Ox-linear morphism of sheaves of graded algebras. It is well
known that it is a morphism of sheaves of differential Gerstenhaber algebras. Again, we only
sketch the proof. In order to show that n# ([, 8]) = [r7 (), 7% (B)] it is sufficient to check it
for a € Ok, B € Q% = Ox, where it follows from definition (cf. (6.1.5) and (6.1.4)), or 8 € O,
which is shown for instance in [64, 103]; the proof of 7 (da) = d, (7% (a)) follows again from the
Formula (6.1.5) for a = f € Q% = Ox; in general it is sufficient to check it on forms of the type
a=fogy N\ NOgk, with f,g1,...,gx € Ox, which is a straightforward direct inspection.

Remark 6.1.6. When the Poisson bivector is induced by a holomorphic symplectic form w the
anchor map 77 : Q% — O is an isomorphism with inverse w’: ©x — Q%, W’ () = i, (w).

Remark 6.1.7. Given a differential form a € Q% if we denote by a A —: Q% — Q%" the left
multiplication by «, it is not difficult to prove the formula

. k
. lr, —
7'71'#((1) = [ k! ] (Oé A _)

in the graded Lie algebra End(Qx).

Before we close the section, we turn our attention to an important class of submanifolds of a
holomorphic Poisson manifold, namely, the coisotropic ones. Recall that a multiplicative ideal I
of a Poisson algebra (4, -,{,}) is called coisotropic if it is closed with respect to {-,-}.

Definition 6.1.8. Let (X, 7) be a holomorphic Poisson manifold. A holomorphic closed subman-
ifold Z C X is called coisotropic if its ideal sheaf Zz is coisotropic in Ox.

Given a closed submanifold Z of a complex manifold X we denote by N z|x the normal sheaf
of Z in X and by ANz x = @;>¢ Ao, Nz|x[—i] its graded exterior algebra: by a little abuse
of notation we also denote by /\/\/rZ‘ x its direct image under the inclusion Z — X. Moreover, we
denote by ©x(—log Z) the subsheaf of vector fields € ©x such that n(Zz) C Zz. There is a
natural epimorphism A ©x — ANz x of sheaves of graded algebras on X: we denote its kernel by
Lz and we notice that £ =7 and L}, = ©x(—log Z), where the latter is by definition the sheaf
of vector fields tangent everywhere to Z, that is, the sheaf of Lie subalgebras ©x(—log Z) C ©x
of derivations n € ©x such that n(Zz) C Zy.

Proposition 6.1.9. In the notation above, Lz is a sheaf of Gerstenhaber subalgebras of \ Ox.
Moreover the following conditions are equivalent:

1. Z is coisotropic;

31n other words, since K(Ix) € CE(Q2x) is a degree minus one coderivation such that K([lr, lx]) = 0, it is what we
may call a homological Lo [1] structure on Qx, whereas we have been considering cohomological Lo [1] structures:
via décalage this induces a homological dg Lie algebra structure on Qx[1], whose Lie bracket is exactly [-, ‘]»
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2. e HY(X; L%);

3. d(Lz) C Lz, ie, Lz C \Ox is a sheaf of differential Gerstenhaber subalgebras.

Proof. We firts prove that Lz is generated as a multiplicative ideal of A©x by L% and L}:
choosing a system of holomorphic coordinates z1,. .., 2, such that Z = {z; = --- = z, = 0}, we

have € L}, if and only if ¢ > p, while a polyvector field

)
azi

9 9
&= > e o N0 N

1<i1 < <ig<n

belongs to Lz if and only if &,...;, € Tz whenever 1 <i¢; < --- < i} <p.

The proof of the first claim of the proposition amounts to show that Lz is [, -]-closed: by
Remark 6.1.2 this is equivalent to the fact that ﬁ%l is [+, -]-closed, which is clear since by definition
Ox(—log Z) C Ox is the sub Lie algebra of derivations sending Zz into itself.

If € HY(X,L%) and f,g € Ty = LY, also {f, g} = [[7, f],g] € Zz: thus Z is coisotropic
and Lz C A\ Ox is a differential Gerstenhaber subalgebra. It is clear that item 3 implies that
Z is coisotropic, so it remains to show that the latter implies 7 € H°(X; £%). We write in local
coordinates

0 7]
= Z ””('TziAaTj’ Tij = {2, 2}

1<i<j<n
If Z ={z =--- =z, = 0} is coisotropic then z;,z; € Ty for 1 < i < j < p and then also
mij = —{2i, 25}z € Iz for 1 <1 < j < p: this says that 7 is a section of L£%. O

6.2 Deformations of holomorphic Poisson manifolds

Let X be a complex manifold.

Definition 6.2.1. A deformation of (the complex structure on) X over A € Artc is a pullback
diagram of complex spaces

X — X (6.2.1)

Lk

Spec C —— Spec A

with p a smooth morphism. More concretely, we shall identify X with the only closed fiber in X and
we shall look at the structure sheaf Oy as a sheaf of A-algebras over X together with a morphism
of sheaves of A-algebras Oy — Ox, where we regard the sheaf of C-algebras Ox as a sheaf of A
algebras via the projection A — A/my = C: then the fact that p is smooth says moreover that
Oy is a sheaf of flat (unitary) A-algebras on X and that in some neighborhood U of any point
x € X the deformation trivializes, that is, there is an isomorphism Ox(U) — Ox(U) ® A over
Ox (U). Equivalences between deformations Xy and X; of X over A are morphisms of sheaves of
A-algebras Oy, — Oy, over Ox: we call a deformation equivalent to X — X x Spec A — Spec A
trivial.
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Every deformation X of X over A trivializes globally on a Stein open U C X, that is, we
have Ox(U) = Ox(U) ® A over Ox (U): as usual, exponential and logarithm induce a bijective
correspondence between the graded Lie algebra © x (U) ® m4 and the group of automorphisms of
A-algebras Ox(U) ® A — Ox(U) ® A over Ox (U), in other words, the group of self-equivalences
of the trivial deformation U x Spec A is the exponential group exp(Ox(U) ® my). Thus, given
a covering U = {U;}icr of X by Stein open subsets, the whole X' can be reconstructed up to
isomorphism by gluing the family of trivial deformations U; x Spec A along the double intersections
U;j = U; (U, via a family of transition automorphisms e : Ox (U;;) ® A — Ox (U;;) ® A, where
ni; € Ox (Us;)®@my, satisfying the cocycle condition e et = e : Ox (Usji) QA = Ox (Uijr) QA
on triple intersections, that is, 7;; o 1z = 7 in the nilpotent Lie algebra @X(Uijk) ® my, where
o is the Baker-Campbell-Hausdorff product.

In order to deform the datum of a Poisson bivector 7 € HO(X; \>©x) on X together with the
complex structure, given a deformation X" of X over A, we consider the sheaf of Ox-modules © x4
of A-linear derivations of Ox: as in the previous section the sheaf ©x,4 has a natural structure
of sheaf of Gerstenhaber algebras given by the Schouten-Nijenhuis bracket, uniquely defined so
that the brackets of vector fields is the usual one and the bracket of a vector field and a function
is the contraction. We notice that when U C X is a Stein open subset, there is an isomorphism
N Ox/4U) = A" Ox(U)® A of Gerstenhaber algebras over \* ©x (U), where the Gersthenaber
algebra structure on the right hand side is given via scalar extension by A. Let as before U be a
covering of X by Stein open sets, we denote by e” a family of transition automorphisms for Oy
over U as before. Looking at the n;; € ©x (U;;) ®ma as elements of A\ Ox (U;;) @A = A\ O x4 (Usj),
the adjoints

ady,, = [mij, Jsn: \OxyaUi) = N\Ox/a(Us)

are degree zero nilpotent Gerstenhaber derivations, that is, derivations both of the algebra (by the
Poisson identity) and the Lie algebra (by the Jacobi identity) structure, which shows that their
exponentials € 75 : A Oy /4(Us;) — NOx/a(Usj) are automorphisms of Gerstenhaber algebras
over A\ ©x(Ui;). As before the sheaf )\ ©x,4 can be reconstructed by gluing the local pieces
N\ ©x (U;) ® A along the double intersections, we see that the transition automorphisms are exactly
the e i : ANOx(Ujj) ® A - NOx(Ui;) ® A: in fact, it suffices to check this on functions
f € 0x(Uij) = N"Ox(Uij) ® A, where e i (f) = e™i(f), and on vector fields £ € Ox/4(Uy;),
where e i3 (¢) = eMii 0o oe~™i. We can treat equivalences of deformations by the same reasoning:
namely, an equivalence between deformations Xy and &) of X over A induces an isomorphism
AOxysa — N Ox, 4 over \ Ox, if the equivalence is locally given by

Ox,(U;) = Ox(Uy) ® A "> Ox (U;) ® A= O, (Uy)

where 7; € Ox (U;) ® my, then the induced A ©x, /4 — AOx, 4 is locally given by

AOuy/a(U:) = \Ox(Up) @ A< NOx(U;) @ A2 N\ O, ja(Uy) .

It is clear now how to define infinitesimal deformations of (X, ) over A.

Definition 6.2.2. A deformation of a holomorphic Poisson manifold (X, ) over A € Artc is the
data of

a deformation X —-> X —2 > Spec A of X over A as in Definition 6.2.1, and

a global section @ € H(X; \” ©x/4) such that [, 7] and such that 7 restricts to 7 on the
closed fiber, that is, AOx/a =+ AOx : 7 — 7.
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Given two deformations (Xp, ), (X1,71) an equivalence between them is an equivalence between
Xp and Xy such that the induced isomorphism A ©x /4 — /\©Ox, 4 sends Ty to 7. To every
holomorphic Poisson manifolds (X, 7) we associate

a formal pointed groupoid Del(x ) : Artc — Grpd,, sending A to the groupoid whose
objects are deformations of (X, ) over A and whose arrows are equivalences between them;

a formal pointed set Def x ) : Artc — Set, : A — mo(Del(x r)(4)), sending A to the set of
equivalence classes of deformations of (X, ) over A.

Remark 6.2.3. Equivalently, a deformation of (X, 7) over A is a sheaf Oy of flat Poisson A-algebras
on X (that is, flat A-algebras equipped with an A-bilinear Poisson bracket) and a sheaves of Poisson
A-algebras morphism Oy — Ox wich trivializes locally, that is, for all z € X there is an open
U C X containing 2 and an isomorphism Ox(U) — Ox(U) ® A of sheaves of Poisson A-algebras
over O, where we consider the Poisson structure on Ox (U) ® A given via scalar extension by A.

Given a covering U of a Poisson manifold (X, ) by Stein open sets, via the Cech construction
it is defined a semicosimplicial differential Gerstenhaber algebra (with the Lichnerowicz-Poisson
differential, cf. the previous section)

NOxU)s : H/\@X(Ui) — H/\@X(Uij) — H /\G)X(Uijk) o
i i, W4,k
with the usual face operators given by restriction. The part in degrees > 1 is a semicosimplicial
differential Gerstenhaber subalgebra, since the associated semicosimplicial dg Lie algebra

pox . TIA™Oxtile) ==TTA" exiiti) == [T A” extlti) -

i3,k
is concentrated in degrees > 0, it satisfies the hypotheses of Theorem 5.3.12 and Corollary 5.3.15.

Theorem 6.2.4. The totalization Tot(\=" O x [1](U)e) (or, if we want a dg Lie algebra, the Thom-
Whitney totalization Totrw (AN=" O x[1)U)s)) governs the deformations of (X, 7). More precisely,
there are equivalences of formal pointed groupoids

DelTotTW(/\Zl ox[1U)e) > DelTOt(/\Zl ox[1U)e) > Del(Xﬂ,) .

Proof. Let A € Artc and (X, 7) be a deformation of (X,7) over A, this trivializes over each
U; and thus we have isomorphisms A ©x/4(U;) = AOx(U;) ® A of Gerstenhaber algebras over
A ©x(Us). Aswesaid, the sheaf A\ © x4 can be reconstructed by the local trivial pieces via a family
of transition automorphisms e : AOx/a(Uij) — N\Ox,a(Uis), where n;; € Ox(Us;) @ ma,
satisfying the cocycle condition 7;; o n;x = 1;x in the Lie algebra © x (U;;i) ® m4. Since T restricts
to 7, over each U; we have 7y, = 7y, + 04, where o; € /\2 Ox(U;) ® my: then [7,7] = 0 is
equivalent to [my,,0;] + %[O’Z‘,O'i] = 0, Vi, that is, o; is a Maurer-Cartan element of the dg Lie
algebra (A=' ©x[1)(U;) ® m, dry,» [++]) for all U; € U. Finally, since the local sections 7|y, glue
to the global 7, on double intersections we have that e 7 (mu,, +0oju,,;) = v, + Tijv,,;, which
becomes the equation " x oy, = oy)y,, in the dg Lie algebra (A" Ox[1)(U;;) @ma, Ay, [ D,
where * denotes the Gauge action. Conversely, the previous discussion shows that given the open
covering U of X by Stein open subsets a deformation (X, 7) of (X, 7) over A is determined up to
equivalence by the following data:
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for all U; € U a solution o; € /\2 Ox (U;) ® my to the Maurer-Cartan equation in the dg Lie
algebra (A=' ©x[1](U;) @ ma,dy, [, ]) and

for all double intersections U;; a section n;; € ©x (Us;) @ ma such that " x ojy,, = o4jv,,

in the dg Lie algebra (A= Ox[1](U;j) @ ma, g, [-,:]), and such that moreover

.the cocycle conditions 7;; o 1,5 = 7;x are satisfied in the Lie algebras O x (Ui i) @ ma.

If we compare with Definition 5.3.10 we see that the above data is exactly the datum of an object
in the groupoid of descent data Tot(Del AOZ[1w) (A)) of the semicosimplicial groupoid
X L]

LIPelpzr 0w () —= I Pelp=1 0w () == [] Pelp=r o (4) -

2% 0,5,k

Equivalences of deformations can be treated similarly: given a pair of deformation (X, 7;) and
(A3, 72), and once we have fixed trivializations A ©x, /4 (U;) = ANOx(U) ® A, p = 1,2, of both
over the various U; € U, we denote by (o;,7;;) and (7;,0;;) the corresponding descent data as in
the previous discussion: then an equivalence between (X, 71) and (X, 72) is exactly the data

for all U; € U of a section & € Ox(U;) @ my such that e * o; = 7; in the dg Lie algebra
(A= Ox[1(U;) @ ma, dry.» '+ +]) and such that moreover

the various e% glue to a global Oy, — Oux,, that is, on double intersections the identities
e%ilUij eMis = % ¢591Vi; are satisfied, or equivalently we have &y, o mij = 05 o {;jy,; in the

Lie algebras © x (U;;) @ my4.

Again, comparing with Definition 5.3.10 these are exactly the morphisms between the objects

(0i,mi5) and (74, 60;;) in the groupoid of descent data Tot(Del, o>1 (A)). To sum up: there
J J AOx [11U)e

is an equivalence of pointed groupoids Delx . (A4) = Tot(Del/\ o2 1)) (A)), and since it clear
X .

that this is natural in A by Theorem 5.3.12 and Corollary 5.3.15 we get equivalences of formal

pointed groupoids

Del(x ) ~ Tot(Del , g>1 .) = Del

AOZ W) . = Del

Tot(A ©2' [1](U) Totrw (A ©F [L1U)s)

O

Remark 6.2.5. We notice that the previous argument is algebraic in nature, in particular, it can
be easily extended to every algebraic Poisson manifold defined over a field of characteristic 0:
roughly, it is sufficient to replace holomorphic with algebraic and Stein with affine and everything
still works.

Comparing Theorem 5.3.12 and Corollary 5.3.15 we see that the more natural model to consider
would be Tot(A ©5'[1](U).), and in fact the underlying dg space is the usual Cech complex of
cochains on the (nerve of the) covering U with coefficients in the sheaf of dg Lie algebras A\ 03" [1]
over X. On the other hand, in some situations we may want to work only with dg Lie algebras,
and in this case, although a natural homotopical construction, the Thom-Whitney totalization is
not really a familiar object to work with: we shall use Dolbeault’s resolutions in order to describe
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another dg Lie algebra governing Poisson deformations (of course this only works in the complex
analytic setting).

Given a locally free sheaf € on a complex manifold X we shall denote by A%’ (€) the sheaf of
differentiable forms of type (0, ) with values in £. The Dolbeault resolution of a bounded below

complex e
(E*,9): 0— &g 2.

of locally free sheaves on a complex manifold is the sheaf of dg vector spaces Agé* (£*), where
AV (@) = D AV,
j+h=i
and the differential Og- is defined by the formula
et AV (EM) — AYTHER) @ A (M), De(p@e) =dp@ e+ (1) ¢ ® de .
According to Dolbeault’s lemma, the natural inclusion £* — Ag(’* (€*) is a quasi-isomorphism.

Similarly we denote by Ag{k(é’ *) the dg space of global sections of the Dolbeault resolution;
more generally, for every open subset U C X we shall denote by Ag,’*(g *) the dg space of sections
of A}*(E*) over U. Notice that, by Dolbeault theorem, the cohomology A%*(£*) is isomorphic to
the hypercohomology of £*.

Let (£*,0) be a bounded below complex of locally free sheaves on a complex manifold X and let
U = {U;} be an open Stein covering of X. Thus we have a natural morphism of semicosimplicial
dg vector spaces:

EU)e : Hz & (Uy) —/= Hi,j g*(Uij) — Hm‘,k 5*(Uijk) T
A?j*(é'*), : IL A%:(5*> — Hzg A(I)J*J (&) —= Hz]k A(()J’:;k(g*) e
Since A%*(E*) is the equalizer of dy, 81 : Ay (E%)o — Ap;*(€*)1 and every map

is a quasi-isomorphism, according to the following Remark 6.2.6 we get diagrams of quasi-isomorphisms

Totrw (E*(U)s) Tot(E*(U)s)

! l

AL (&%) e Totrw (A" (£%)s) AL (E%) —S= Tot(AY*(E%)s)

Remark 6.2.6. Let Lo be a semicosimplicial dg Lie algebra and denote by H = {z € Lo | dpz = 012}
the equalizer of 0y, d1: Lo — Lq: we remark that if x € H then z is also in the equalizer of the
(n 4+ 1) iterated faces Ly — L, for all n > 1. This clearly implies, by the universal property of
Tot(—) (as explained in Remark 5.3.1), that the family of maps H — C(A,; Ly,) : © — 7" (9 x),
where O : Ly — Ly, is the iterated face and ©* : L, — C(A,; L,) is pullback by the terminal
morphism 7 : A, — Ag, induces a strict morphism e : H — Tot(Ls) of Ly, algebras. In the same
way it is defined a morphism of dg Lie algebras ¢’ : H — Totrw (Le), and moreover the two are
compatible with the natural quasi-isomorphism [ : Totzw (Le) — Tot(Le). In the above diagram
e is a quasi-isomorphism, and thus so is €/, since the whole diagram induces the usual isomorphism
between Dolbeault and Cech (hyper)cohomology.
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We apply the previous considerations to the complex of locally free sheaves on X
>1 2 3
/\_@X[l]l 0—)®Xd—w>/\@Xd—ﬂ)/\®X,

where A\'Ox is in degree i —1. In this case the complex AL ( A=tOx [1]) admits a natural structure
of dg Lie algebra, where the bracket is the antiholomorphic extension of the Schouten-Nijenhuis
bracket on A% (A" Ox1]).

Theorem 6.2.7. The dg Lie algebra Agg*(/\zl@x[l]) controls the deformation of (X, 7). More
precisely, there is an equivalence of formal pointed groupoids

DelAg(*(/\zlex[l]) ~ Del(X77r)

Proof. The previous diagram of quasi-isomorphisms (the one on the left) is clearly a diagram of dg
Lie algebras: we know by the classical result of Goldman and Milson [42] that a quasi-isomorphism
f+ L — M of dg Lie algebras concentrated in degrees > 0 induces an equivalence of formal pointed
groupoids Dely, — Dely,, thus the result follows from Theorem 6.2.4. O

6.3 Coisotropic deformations

The aim of this section is to study infinitesimal embedded coisotropic deformations of a coisotropic
submanifold Z C X of a holomorphic Poisson manifold (X,n): we shall begin by studying
coisotropic deformations of the triad (X, Z,7), and as a first step deformations of the (complex
manifold, complex submanifold) structure on the pair (X, Z).

Definition 6.3.1. A deformation of the (complex manifold, complex submanifold) structure on
the pair (X, Z) over A is a deformation X of X over A, as in Definition 6.2.1, together with a sheaf
Tz C Oy of A-flat ideals and a morphism

I:—— Oy

|

I;— Ox

of pairs of sheaves of A-algebras which locally trivializes, that is, for all € X there is a neighbor-
hood x € U C X and an isomorphism

Iz(U)—— Ox(U)

| |

I7(U) @ AA——=0x(U)® A

of pairs of A-algebras over Zz(U) — Ox(U). Equivalences between deformations of (Z, X) over
A are isomorphisms of pairs of sheaves over Z, — Ox.

Recall that we denote by O x(—log Z) C Ox the sheaf of vector fields tangent everywhere to
Z. Given a covering U of X by Stein open sets, a deformation of the pair (X, Z) over A trivializes
globally over each U; € U, and as in the previous section we can recover the whole deformation
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by gluing together trivial deformations via a family of transition automorphisms on the double
intersections, satisfying moreover the cocycle condition on triple intersections. It is easy to see
that " : Ox (U;;) ® A = Ox (U;;) ® A sends Zz(U;;) ® A into itself, where 7;; € O x (U;j) @ my, if
and only if ;; € ©x(—log Z)(U;;)®@my: in other words, the group of self-equivalences of the trivial
deformation Zz(U;;) @ A — Ox(U;;) @ A is the exponential group exp(©x(—log Z)(U;) @ ma).

Definition 6.3.2. Given a holomorphic Poisson manifold (X, ) and a coisotropic submanifold
Z C X, a coisotropic deformation of (X, Z, ) over A € Artc is a deformation (X, 7) of (X, )
together with a sheaf of coisotropic ideals Zz C Oy such that Zz < Oy is a deformation of the
pair (X, Z) over A. Together with the obvious notion of equivalence, we associate to (X, Z,7) a
formal pointed groupoid and a formal pointed set

Del(% 7.5 Artc — Grpd,, Def(% 7. Artc — Set,.

We take U as usual. Recall from Proposition 6.1.9 the sheaf of differential Gerstenhaber sub-
algebras Lz C A\ ©x: the semicosimplicial dg Lie algebra E%l[l](U). is defined as in the previous
section via the usual Cech construction, this is concentrated in degrees > 0 and in particular it
satisfies the assumptions of Theorem 5.3.12 and Corollary 5.3.15.

Theorem 6.3.3. There are equivalences of formal pointed groupoids

Del ~ Del

Totrw (L2 [1](U).) Tot(LZ 1] U)e) = Del(X z,n) -

Proof. Given a deformation (X,Z,7) of (X,Z,m) over A, the deformation (X,Z) of the pair
(X,Z) is determined up to equivalence by the family of transition automorphisms e, where
ni; € Ox(—log Z)(U;;)®@ma = L,(U;j) @m 4: moreover, as in the proof of (1)<(2) in Proposition
6.1.9 we see that the ideal Zz(U;) ® A C Ox(U;) ® A is coisotropic with respect to the Poisson
bivector 7y, = my, + o; if and only if o; € L2(U;) @my C /\2 Ox(U;) ®my. As in the proof
of 6.2.4, the deformation (X, Z,7) is determined up to equivalence by the corresponding object
(0i,m:5) in the groupoid of descent data Tot(Del£§1[1](u). (A)) of the semicosimplicial groupoid

HD61£§1[1](U1_)(A) — HDel£§1[1](Uij)(A) —s H Delll%l[l](qujk)(A) ...
A 3

i,5.k
Equivalences between deformations can be treated in the exact same way as in 6.2.4, and since this

is natural in A there is an equivalence of formal pointed groupoids Delfg( 7.7 = Tot(Del 2w ),
Z, Z .
so the thesis follows from Theorem 5.3.12 and Corollary 5.3.15.

As an application of the above result we are able to give the analog of Kodaira’s stability
theorem for coisotropic submanifolds. Let AZ': z)x [1] be the complex of sheaves on X

>1 2 3
/\_ NZ|X[1}: 0HNZ|Xd—W>/\NZ‘Xd—W>/\NZ‘X“~, (6.3.1)

where /\z/\/ z|x 1s in degree i — 1. We notice that the Lichnerowicz-Poisson differential induces
/\iNZ|X LN /\i+1NZ‘X thanks to Proposition 6.1.9.

Corollary 6.3.4 (Stability of coisotropic submanifolds). Let (X,7) be a compact holomorphic
Poisson manifold and let Z be a coisotropic submanifold. Let X — (B,0) be a Poisson deformation
of (X, ) over a germ of complex space (B,0). If Hl(Z,/\Zl/\/'Z|X[1]) = 0 then, after a possible

shrinking of B, there exists a family of coisotropic submanifolds Z C X which is smooth over B

and such that 2y = Z.
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Proof. Following the same standard argument used in the proof of Theorem 8.1 of [49], involving
relative Douady space and Artin’s theorem on the solution of analytic equations, it is not restrictive
to assume B a fat point, that is, B = Spec A for some A € Artc. Thus the stability theorem is
proved whenever we show that the natural transformation of formal pointed sets

Def€%727ﬂ) — Def(X,,r)

is smooth (cf. Remark 6.4.4). Fixing an open Stein covering U = {U;} of X, the above natural
transformation is induced by the inclusion of differential graded Lie algebras

Tot(£5" [1)@)a) = Tot( A\~ Ox[1]@U).).

According to standard smoothness criterion, see e.g. [76], the morphism Def(% ; ) — Def (x r) is

. Lo e - >1
smooth whenever i is surjective on H' and injective on H?. By the definition of £ we have an
exact sequence of complexes of coherent sheaves

>1 >1
0— LZ'[1] = /\7 Ox[1] — /\7 Nz ix[1] =0,
and the thesis follows from the hypercohomology long exact sequence. O

Next we study embedded coisotropic deformations. Recall that given a pair (X, Z) consisting of
a complex manifold X and a locally closed complex submanifold Z C X the local Hilbert functor
is the formal pointed set Hilbz x: Artc — Set sending A € Artc to the set of sheaves of A-
flat ideals 7z C Ox ® A such that 7z ®4 C = Zz. In other words, Hilbyz x is the functor of
formal embedded deformations of Z in X. If U C X is open Stein then Zz(U) — Ox(U) ® A is
isomorphic as a pair to Zz(U) ® A — Ox(U) ® A, and thus there is n € ©x(U) ® m4 such that
Iz(U) = e”(IZ(U) ® A)

Definition 6.3.5. Given a holomorphic Poisson manifold (X, 7) and a coisotropic submanifold
Z C X, the local coisotropic Hilbert functor is the formal pointed set HilchO‘ x: Artc — Set,
sending A to the set of sheaves of A-flat coisotropic ideals Tz C Ox ® A such that Zz ® 4 C =Z4.

Let IC%1 be the homotopy fiber of the inclusion of sheaves of (non negatively graded) dg Lie
algebras LZ'[1] < A= ©x]1] (the notation is a little ambiguous, this is not the non negatively
graded part of the homotopy fiber Kz of the inclusion Lz[1] — A ©x[1]). We take U as usual and
denote by KZ'(U)e the associated semicosimplicial dg Lie algebra (concentrated in degrees > 0).

Theorem 6.3.6. There are equivalences of formal pointed groupoids

DelTotTW(K?(u).) o~ DelTot(Kgl(u).) ~ Hilb%| x ,

where Hilbczolx is regarded as a formal pointed groupoid via the inclusion Set, — Grpd,.

Proof. We shall first show that DelK:%l(U) ~ Hilb‘f]oﬂ z|v for a Stein open U C X, then the theorem
will follow from descent of Deligne groupoids as in the previous cases. We notice that the mapping
cocone coC(f) and the homotopy fiber K(f) of a morphism f : L — M of dg Lie algebras
are particular cases of totalization and Thom-Whitney totalization, respectively applied to the
semicosimplicial dg Lie algebra

L 40; M===0.--

!
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If L and M are concentrated in degrees > 0 Theorem 5.3.12 and Corollary 5.3.15 apply, and in
this case they tell us that Delc,c(r) and Delg sy are respectively isomorphic and equivalent to
the formal groupoid (sending A € Artc to the groupoid) whose objects are pairs (I,a), where
Il € MC(L®my4) and a € M° @ m4 is such that e® x 0 = f(I) (notice that the cocycle condition
is automatically satisfied) and whose morphism (I,a) — (I’,a’) are the b € L° ® m, such that
el =1 and e/ et = ¢ that is, f(b)oa = @’ in the Lie algebra M° ®m4. When f is moreover
the inclusion L C M of a dg Lie subalgebra, objects in this groupoid are just the n € M% @ my4

such that €7 * 0 € L' ® m4: in this case there is at most one morphism between two objects and

thus Grpd, EL:)» Set, — Grpd,, where the second map is the inclusion, induces equivalences

of formal pointed groupoids Delcoc sy = Delg () =~ Defeoc(p) = Def g gy

*)

In the case of the inclusion of non negatively graded dg Lie algebras £7'[1](U) < A=t ox[1(U)
we see that objects in Deli>1 ) (A) are the n € ©x(U) ® my such that e x 0 € L%(U) @ my,
z

and morphisms n — 6 are the a € O(—log Z)(U) ® m4 such that a on = 6 in the Lie algebra
Ox(U) ® my. We define an isomorphism of sets Dengl(U) (A) = Hilb{? 7, (A) by sending the
Gauge equivalence class of 7 to the ideal e ™"(Zzny ® A) C Oy ® A, we have to show that this is
well defined: given a morphism aon = 6 between 7 and 0, since o € ©(—log Z)(U) ® m4 we have
e (Zzru @A) = Izny ® A and thus also e ™(Zzny @ A) = e %(Zznp ® A), so it remains to show
that e="(Zznr ® A) is a coisotropic ideal, but since e2d : AOx(U) @ma — AOx(U) @ my is a
Gerstenhaber automorphism, this is equivalent to say that Z;ny ® A is coisotropic with respect to
the Poisson bracket induced by ¥ (m;;) = my + €7 % 0, and as in the proof of Proposition 6.1.9
this is equivalent to " * 0 € L%(U) ® m4. We have to show that this is an isomorphism: this is
injective since e " (Zzny ® A) = e (Zzqu ® A) if and only if fo (—n) =: a € O(—log Z)(U)@m4,
and thus « is a morphism from 7 to 6 in Delmgl(U)(A), this is surjective since as we said if U is
open Stein then every Zzy in Hilbzny y(A) (and in particular in Hilb%;;(A) ) is of the form
e"NZznu ® A) for some n € Ox(U) ® ma. Finally, it is clear that this is natural in A, so we have

constructed the promised equivalence DelKgl(U) ~ HileUOn Z|U of formal pointed groupoids.

It is clear by definition that U — Hilb{7 /1 (A) is a sheaf of pointed sets on X, in particular this
means that the formal pointed set HileZ°| x, regarded as a formal pointed groupoid, is canonically
isomorphic to its groupoid of descent data, that is, the totalization of the semicosimplicial formal
pointed groupoid

[1; Hilbg, Nnzu; — Hm Hilb%,"ij NzlU,; —=11lijk HﬂbCU(:tjk NZWUk """
and by the first part of the proof this is equivalent to the semicosimplicial formal pointed groupoid
. —_—
Hi DelK:%l(Ui) - 3 Hi,j DelKgl(Uij) — Hi,j,k Del’Cgl(Uijk) e

Since totalization commutes with equivalences (Remark 5.3.11) we finally get an equivalence of for-
mal pointed groupoids Hilb%) y ~ Tot(Del)Czl(u) ). Now the thesis follows as usual from Theorem
z .

5.3.12 and Corollary 5.3.15. O

In the final part of the section we compare Theorem 6.3.6 with the more usual approach to
coisotropic deformations via the homotopy Lie algebroid of Oh-Park [87] and Cattaneo-Felder [19].
As a first step we shall use Dolbeault resolutions to determine a more amenable dg Lie algebra
governing the embedded coisotropic deformations of Z in X. Let /\21./\/' z|x[1] be the complex of

sheaves on X as in equation (6.3.1), we define L, x C A% (A='©x[1]) by the short exact sequence

0 Loy 25 A% (N Ox[1]) 25 A% (N Nax 1)) = 0, (6.3.2)
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where P is the natural projection map and x is the inclusion: then we see as in the proof of
Proposition 6.1.9 that Lz x C Agé* (A='©x[1]) is a dg Lie subalgebra.

Theorem 6.3.7. The homotopy fiber K(x) of the inclusion Lz x L)Ag(’*(/\zl@x[l]) governs the
infinitesimal embedded coisotropic deformations of Z in X.

Proof. Since the functor Totrw (—) : DG3 — DG is exact there is a short exact sequence

>1 a 21 21
0 = Totzw (L3 [1](U)e)— Totrw (N~ ©x[1]U)s) = Totrw (™ Nzix[1]U)s) = 0
and Totrw (K%l(U).) is isomorphic to the homotopy fiber of . The above sequence is part of
a 3 x 3 diagram with exact rows, with the first two columns made by morphisms of differential
graded Lie algebras, the second two columns as in Remark 6.2.6 and where every vertical arrow is
a quasi-isomorphism

0 —— Totow (L7 [1JU)s) —= TOtTW(/\>rX [1](U)a) Totrw (A" Nz x[1]U).) 0
0 }f TOtTW(A?j*(T/\N@XUD.) HTOtTW(A?j*(/\ZlNMX[l])O) —0
0 Lyx N AR (N=Ox(1)) AZ (N Nz x[1]) ———0

This diagram induces a quasi-isomorphism between the homotopy fibers of « and x. O

Now we review the construction of the homotopy Lie algebroid: the main ingredient was the
subject of study of Chapter 4, namely, higher derived brackets. In order to apply the higher derived
brackets construction we look for a splitting A%*(/\ZlNZ‘X[l]) — Ag{k(/\21 ©x[1]) of the exact
sequence (6.3.2): in the analog situation in the differentiable setting one performs such a choice
via the identification of the normal bundle Nz x with a tubular neighborhood of Z in X 4 in the
complex analytic setting this is not possible anymore and we have to work from the outset in
the rather restrictive hypothesis that X = FE is the total space of a holomorphic vector bundle
p: E — Z over Z, which is embedded in F as the zero section In this case there is a natural
identification £ = Ny g, and thus a natural identification p* Nz g = p*E between the pullback
bundle p*Nz g — E and the sub-bundle p*E C TE of vertical tangent vectors: this induces a
morphism Nz g — p.©Op of sheaves on Z, sending a section & of Nz to the vector field constantly

&p along the fiber E,, by multiplicative extension we also get /\Zl Nzig = ps /\21 Op. Thus, for
every open subset U C Z we have a morphism
>1 >1

N Nzpl)U) = N\~ esll(p™(U))

whose image is an abelian graded Lie subalgebra. Acting via pull-back on differential forms, we
obtain a splitting

o AW N Nasll]) —— A% (A 0s(1)) (6.3.3)

of the exact sequence (6.3.2) whose image is an abelian graded Lie subalgebra.

4We could recover by Lemma 4.1.17 the fact already proved in [20] that the resulting Loo algebra does not depend
on this choice up to Lo isomorphism.
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Given a Poisson bivector 7 on E seen as an element of 141%’0(/\2 ©f), we see as in the proof
of Proposition 6.1.9 that if Z C F is a coisotropic submanifold then 7 € LlZIE' In this case the

derivation D = 9 + d, € Der(A%*(/\zl@E[l])) sends the graded Lie subalgebra Lz|g into itself,
thus we are in the algebraic setup of Voronov’s construction of higher derived brackets and there
is an induced L [1] algebra structure on A%’*(/\21 Nz e[1]): explicitly

©(D)1(8) = (9 + dx)(8),

O(D)n(6r©--- 0 &) = P([[-- [dx(0(£1)), 0(E2)); - -], 0(&n)]),  n =2,
where P: A% (N ©5[1]) — A%’*(/\zl./\/'zm[l]) is the projection (notice that ®(9),, = 0 for n > 2

since the image of o is d-closed).

According to Theorem 4.1.7 the L., algebra structure on the space A%’*(/\21 Nz g) (induced

via décalage) is weakly equivalent to the homotopy fiber of Lz x RN A%’*(/\Zl Og(1]), thus by
homotopy invariance of Def_ (cf. [75]) we obtain the following corollary of Theorem 6.3.7.

Corollary 6.3.8. In the previous hypotheses there is an isomorphism of formal pointed sets

Def g0+ (7>t pr, ) = Hilb 5 -

Remark 6.3.9. Since the L., algebra A%*(/\ZINZ“;) is concentrated in degrees > 1 there is an
isomorphism of formal sets DefA(;*(/\Zl Nois) & MCA%*(AZI Nois)? thus the corollary shows that

co

for all A € Artc there is a bijective correspondence between the set Hilb%|5(A) and the set of
solutions ¢ € A%’U(Nzw) ® my of the Maurer-Cartan equation Y, <, L ®(D),((°") = 0 in the
nilpotent Ls[1] algebra A%’*(/\ZlNZ\E[l]) ®@my.

6.4 Deformations induced by the anchor map

In this section we show that deformations induced by the anchor map are unobstructed, to this
end we need the following easy criterion for a dg Lie algebra to be homotopy abelian (this was
proved in [33], cf. also [2]).

Theorem 6.4.1. Let L = (L,d,[-,"]) be a dg Lie algebra and (L[1],q1,¢2,0,...,0,...) the cor-
responding Loo[1] algebra: if there is h € Hom_l(L/\27L) such that its image under décalage
déc(h) =: r € Hom(L[1]9%, L[1]) satisfies [r,q1] = g2 and [r,q2] = O in the graded Lie algebra
CE(L[1]), then L is homotopy abelian.

Proof. We consider 7 as a coderivation of S(L[1]): since r : L[1]®™ — L[1]°"~1 it is well defined e” :
S(L[1]) — S(L[1]) and since r is a degree zero coderivation this is an automorphisms of coalgebras.
This also induces an automorphisms of graded Lie algebras el™~! : CE(L[1]) — CE(L[1]), and by
hypothesis

fr,-] 1 1
e (Ch):fh+[T,Q1]+§[T7[T,(J1H+“'ZQ1+CI2+§[7‘,Q2]+"‘=(J1+(J2'

Since el ~)(qy) = €” 0 ¢y 0 e~ this says that e : (L[1],¢1,0,...,0,...) = (L[1],q1,¢2,0,...,0,...)
is an isomorphism of L [1] algebras, and then (L, d, [-,+]) is homotopy abelian. O
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Corollary 6.4.2. Let

L. : LOHL13L23...
be a semicosimplicial differential graded Lie algebra. If there is a family of degree minus one
hy @ LpnALy — L, satisfying the assumptions of the previous theorem and assembling to a morphism
of semicosimplicial sets he : Le X Lo — Le, then Totry (Le) is homotopy abelian.

Proof. The Thom-Whitney totalization identifies naturally with a dg Lie subalgebra of the product
[L.>0 Q(An; Ly), cf. [34, 2] for an explicit description. By scalar extension, every map h,, extends
to a bilinear map on Q(A,,; L,,) and it is clear that the induced

h= 1] hn: (J] 24w L) A (J] €A Ln)) = ] 2(An; L)

n>0 n>0 n>0 n>0

satisfies the assumptions of Theorem 6.4.1. The fact that the h,, assemble to a semicosimplicial h,
says moreover that the above h restricts to h : Totrw (Le) A Totrw (Le) — Totrw (L) satisfying
the assumptions of Theorem 6.4.1. O

Corollary 6.4.3. In the hypotheses of Theorem 6.4.1, if M C L is dg Lie subalgebra such that
h(M ANM) C M, then M and the homotopy fiber of the inclusion M — L are homotopy abelian.

Proof. The first claim is clear, the second is the previous corollary applied to the semicosimplicial
dg Lie algebra

0
L——M—/7]=0---

O

Remark 6.4.4. The importance of homotopy abelian dg Lie algebras in deformation theory lies
in the fact that their deformation functors are smooth [76]: this means that if L is homotopy
abelian and B — A is an epimorphism in Artg , then Defy (B) — Def(A) is surjective. If we
have a formal moduli problem M : Artg — Set, governed by L, this tells us that every first
order infinitesimal deformation o € H'(L) = T'M := M(K[t]/(t?)) is tangent to a deformation
over the ring K[[t]] of formal power series. We are going to use a relative version of this latter
observation: if M : Artg — Set, is a formal moduli problem governed by a dg Lie algebra L and
we are given a morphism of dg Lie algebras f : L' — L with L’ homotopy abelian, then every first
order infinitesimal deformation o € H*(L) & T'M in the image of H(f) : H*(L') — H'(L) is
tangent to a deformation over the ring K [[¢]].

Recall from Section 6.1 that a Poisson bivector = on X induces the Koszul bracket [-,-], on
Qx[1].

Lemma 6.4.5. If (X, ) is a holomorphic Poisson manifold, for all open U C X the dg Lie algebra
(QUx[1)(U),d, [, "]x) satisfies the assumptions of Theorem 6.4.1, with h given by

h: Q(U) @ Q% (U) — Q7T 2(U), h(a,B) = (=1)'(ix(a A B) —ix(a) A B —a Aig(B)).

Given an open covering U of X, there is induced a sequence of linear maps on the semicosimplicial
dg Lie algebra Q% [1](U)e as in the hypotheses of Corollary 6.4.2.

Proof. Compare with the discussion of Koszul brackets in Section 6.1. We see that r in the claim
of Theorem 6.4.1 is given by r = —K(i,)2, moreover ¢ = —0 and ¢qa = K(l;)2: these satisfy
[=K(ix)2, —0] = K([ir,0])2 = K(lx)2 and also [K(ix)2, K(lx)2] = K([in, lz])3s = K(i[rn)s = 0,
since both i, and I are differential operators of order < 2. The last claim is clear. O
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For all £ > 0 we denote by Q)Z(k the part of of Q2x concentrated in degrees > k, in particular
)2(0 = Qx: this is a sheaf of differential Gerstenhaber subalgebras for all k. We notice that for

k # 1 the sheaf of dg Lie subalgebras Qik[l] is stable with respect to the operator i defined in the
previous Lemma 6.4.5: this and Theorem 6.4.1 immediately imply the following proposition.

Proposition 6.4.6. Let (X, ) be a holomorphic Poisson manifold. For every nonnegative integer
k#1, (Qik[l},a, [-,"]x) is a sheaf of homotopy abelian dg Lie algebras on X, and given an open

covering U of X the Thom-Whitney totalization TotTW(Qik[l](U).) is homotopy abelian.

Now we consider a closed submanifold Z C X: we denote by Jz C Qx the sheaf of dg ideals
of forms vanishing along Z, that is, the kernel of the restriction Q2x — €z, in particular its degree
zero part is J2 = Zz; also recall the sheaf £z from Proposition 6.1.9.

Proposition 6.4.7. Let (X,w) be a holomorphic Poisson manifold and Z C X a coisotropic
submanifold. The sheaf Jz C Qx is a sheaf of differential Gerstenhaber subalgebras, moreover, it
is closed with respect to the operator h introduced in Lemma 6.4.5, finally, it is sent into Lz by the
anchor map ™ : Qx — N\ Ox. Conversely, each one of these conditions is equivalent to Z being
coisotropic.

Proof. We choose local holomorphic coordinates z1,. .., 2, such that Z = {z; = --- = 2z, = 0}. As
in the proof of Proposition 6.1.9, Z is coisotropic if and only if m;; = —i.(0z; A 0z;) € I for all
1 <14,5 <p, since

ix(02; N 0zj) = —h(0z;, 0zj) = W#(azi)(zj) = [0z, 2| x

each one of the conditions in the claim of the proposition implies that Z is coisotropic.

Since Jz C Qx is the multiplicative ideal generated by S = {z;, 92;}1<; j<p, since 7 is a
morphism of graded algebras and recalling Remark 6.1.2 this also shows the converse except for
h-closeness. The latter is equivalent to i,(a A §) € Jz for all a, § € Jz and it is not restrictive
to take as o an element of S: if & = z;, 1 < j < p, then i.(2; A —) = z; A i.(—) and since
zj N —:Qx — Jz we are done, if o = 0z;, 1 <i < p, then Jz is 1.(9z; A —)-closed if and only if
it is [ér, 0z; A —]-closed, but now formula (6.1.4) shows

[’l:ﬂ—, 8zi A 7] = [’l:ﬂr, [6, Zi A 7” = [lﬂ-, Zi A 7] = [Zl', 7]71-,

and we already observed that [z;, —]-closeness follows from Remark 6.1.2.

We notice that for a coisotropic submanifold Z the subspace [Jz is not #.-closed in general.

O

We denote by JZZk the part of J in degrees > k and by H%k the homotopy fiber of the

inclusion of sheaves of dg Lie algebras I%k[l] — Q)Z(k[l]: in particular ’H%O = Hz is the homotopy
fiber of jz[l] — Qx[l]

Proposition 6.4.8. Let (X, m) be holomorphic Poisson manifold, Z C X a coisotropic subman-

ifold and k a nonnegative integer. If k # 1, then JZZk[l}, H%k are sheaves of homotopy abelian
dg Lie algebras on X. Moreover, for an open covering U of X the Thom-Whitney totalizations
TotTW(jZZk[l](Z/{).) and TotTW(”ka(U).) are homotopy abelian.

Proof. Immediate from Proposition 6.4.7 and Theorem 6.4.1. O
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On the other hand, we are specifically interested in the only case not covered by the previous
proposition, namely, the k = 1 case. In the same assumption of Proposition 6.4.8, and fixed once
and for all a covering U of X by Stein open sets, we have a commutative diagram of dg Lie algebras

Totrw (Hz(U)e) —— Totrw (Tz[1]|(U)s) —— Totrw (2x[1](U)e)

! T T

Totrw (Hz' (U)e) — Totrw (T7 ' [1U)e) — Totrw (25 [1])s)

where the rows are the associated homotopy fiber sequences, the dg Lie algebras in the top row
are homotopy abelian and the vertical arrows are the inclusions.

Lemma 6.4.9. If the Hodge to de Rham spectral sequence of X degenerate at F, then the dg Lie
algebra TotTW(Q)z(-1 [1](U)e) is homotopy abelian. If the Hodge to de Rham spectral sequence of Z

degenerate at Ey, then the dg Lie algebra Totrw (HZ' (U)s) is homotopy abelian.

Proof. If we show that the hypotheses imply that the vertical arrows in the previous diagram are
injective in cohomology, then the thesis follows from Theorem 3.3.5: to this end we may replace
Totrw (—) with Tot(—). The first item follows once we recall that the Hodge to de Rham spectral
sequence of a smooth complex manifold X may be defined as the spectral sequence associated to
the filtration of Cech (double) complexes F* = C(U,Q5") (see e.g. [28]), the second item follows
from the same reason, once we point out that for every Stein open subset U C X and every k > 0
the complexes 7, sz(U ) and Q%k(U ) are quasi-isomorphic. O

Next we consider the following commutative diagram of dg Lie algebras, where the vertical
arrows are the anchor maps.

Totrw (HZ" (U)e) — Totrw (T2 [1]U)e) —— Totrw (25 [1]U).) (6.4.1)

Totrw (K7 (U)s) —— Totrw (£3' [1/U)s) — Totrw (A= Ox (1))

In particular there are morphisms of deformation functors induced by the anchor map

7#: Def — Hilb%y, 7% Def 1) = Defxm

Totrw (T7 " (U)s) Totrw (2 [1)(U

which at first order reduce to the anchor map in cohomology
n#: HY(Totrw (T (U)s)) = HY(Z;Q3") — T Hilbg, x,
7 H' (Totrw (O3 [1U)s)) = H2(X;Q%") — T Def (x ) -

Whenever the Hodge to de Rham spectral sequence of Z (resp.: X) degenerates at F; we have
an isomorphism H'(Z, Q") ~ HO(Z,QL) (resp.: H2(X,Q%") ~ HO(X,0%) ® H'(X,QL)).

Theorem 6.4.10. In the notation above, if the Hodge to de Rham spectral sequence of Z degener-
ates at Ey, then for every w € H(Z,QL) the first order embedded coisotropic deformation ¥ (w)
extends to an embedded coisotropic deformation of Z over Spec C[[t]].
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Proof. Clear by Remark 6.4.4 and Lemma 6.4.9. O

Theorem 6.4.11. In the notation above, if the Hodge to de Rham spectral sequence of X degener-
ates at By then for every w € H(X, Q%) @ HY(X, QL) the first order deformation 7% (w) extends
to a deformation of (X, m) over Spec C[[t]].

Proof. As above. O

Theorem 6.4.11 has been proved in a different way by Hitchin [47] under the additional as-
sumption that X is compact Kéahler. As a further application we can generalize to coisotropic
submanifolds part of classical results by McLean and Voisin about deformation of Lagrangian
submanifolds [82, 104].

Corollary 6.4.12. Let Z be a compact coisotropic submanifold of a holomorphic Poisson manifold
(X, 7). If the Hodge to de Rham spectral sequence of Z degenerates at FEy and the anchor map

7t HY(Z,9QL) — HO(Z7NZ\X)

s surjective, then every small embedded deformation of Z is coisotropic and the Hilbert functor
Hilbz x = Hilbcz"‘X 1s unobstructed.

Proof. Since Z is compact, by the argument used in Corollary 6.3.4 it is sufficient to consider
infinitesimal deformations. It is now sufficient to apply Theorem 6.4.10. O

Obviously the above corollary fails without the assumption about the anchor map. For instance,
if Z = p is a point, then Z is coisotropic if and only 7 vanishes at p; this shows that in general
Hilbczo| x is obstructed and strictly contained in Hilbz x. Corollary 6.4.12 holds in particular for
Lagrangian submanifolds of a holomorphic symplectic manifold; a different proof of this case, based
on Ran-Kawamata’s T1-lifting theorem, is given in [61].
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