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We examine two analytical characterisation of the metastable behavior
of a sequence of Markov chains. The first one expressed in terms of its tran-
sition probabilities, and the second one in terms of its large deviations rate
functional.

Consider a sequence of continuous-time Markov chains (X;") 1t >0)
evolving on a fixed finite state space V. Under a hypothesis on the jump
rates, we prove the existence of time-scales 9,(,p ) and probability measures
(p)
jl’
— 00, (b) forall p, x € V, t > 0, starting from x, the distribution

with disjoint supports 7", j € $p, 1 < p < g, such that (a) 9,(,1) - 00,

k+1 k
o0 030
of X ("gp) converges, as n — 00, to a convex combination of the probability

105

measures TL’](-p ). The weights of the convex combination naturally depend on
x and t.

Let .#, be the level two large deviations rate functional for Xt("), as
t — oo. Under the same hypothesis on the jump rates and assuming, fur-
thermore, that the process is reversible, we prove that .%, can be written
as I, = 7O 4 Zlfpgq(l/e,gp))f(l’) for some rate functionals .# (P)

which take finite values only at convex combinations of the measures nj(.p ).

P (1) < 0o if, and only if, = Y jes, @j n](p ) for some probability mea-

sure w in Sp.
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1. Introduction. The metastable behavior of continuous-time Markov chains has at-
tracted some interest in recent years. We refer to the monographs [12, 34, 38, 54] for the
latest developments. In this article, we propose to investigate the Markov chains metastable
behaviour from an analytical perpective, by showing that the Markov chains semigroup and
large deviations rate function encode the metastable properties of the process. The main re-
sults explain how to extract from these functionals the metastable time-scales, states and
wells.

To tackle this problem we consider a sequence of continuous-time Markov chains (X t(") :
t > 0) evolving on a finite state space V. Under a natural hypothesis on the jump rates of
these chains, stated in equation (2.4) below, we prove the existence of:

(a) time-scales 9,51), ...,H,Eq) such that, as n — 00, 9,51) — 00, G,EPH)/@,(,”) — oo forl <
pP<q
(b) and metastable states nl(p), e, néﬁ), I1<p<qg.

The parameter p is called the level and indicates the depth of the wells or, equivalently,

the time-scale at which a metastable behaviour is observed. The metastable states JIJ(-p ) are

probability measures on V. It will be shown that, for each fixed level p, the support of the

measures Jrl(p ), . n,ﬁf ) are disjoint. They represent the wells among which the process X t(")

evolves in the time-scale Q,Ep ) The number of the metastable set decreases as the time-scales
increase: n,11 < n,. A metastable state at level p + 1 is a convex combination of metastable
states at level p: foreach 1 < p<qand 1 <m <n,y|, 7 (p+l) ZJ 0™ (p) for some
probability measure 0 on {1,...,n »l-

The first main result of this article, Theorem 3.1.(b), states that for all r > 0, x € V, the
distribution of X (n ) » starting from x converges to a convex combination of the measures T; p )

1 <j=<n, More precisely, denote by p; )(x y) the transition probabilities of the Markov

chain X," (") Then, for each 1 < p <4q,t>0,x eV, there exists a probability measure a)(p )( )

on {1,...,11,,} such that

(1.1) lim_p )<x >—Zw§”)(x NP o).

j=l1

The weights a)(p ) (j) of this convex combination naturally depend on x and ¢, and are obtained
by a recursion procedure.
Theorem 3.1 also characerises the asymptotic behavior of the transition probabilities at

all intermediate time-scales . Fix 0 < p < q, set 9(0) =1, Q(q“) = +00, and consider a
sequence f3, such that g, /0(p ) o0, Bn /«9(1’ D _ 0. Theorem 3.1 provides a formula for
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the limit of pg? (x, ) as n — oo. It corresponds to the limit obtained in (1.1) by letting r — oo
after n — oo.

Freidlin and Koralov [23], after [2] and [45], examined sequences of Markov chains on fi-
nite state spaces under the same hypothesis (2.4) assumed below and taken from [2, 45]. Their
main results describe the asymptotic behavior of the transition probabilities at the interme-
diate time-scales B, introduced above. These results demonstrate the interest of the theory
developed in [1, 5, 37, 38, 53], which permits to investigate the asymptotic behavior of the
Markov chain exactly at the metastable time-scale, and not just before or after it.

We turn to the large deviations. Denote by .7, the level two large deviations rate functional
of the Markov chain X ,(”), as t — oo [58]. Under the hypothesis of reversibility, the second
main result of this article provides a I"-expansion of the functional .#, as

a1
(1.2) Iy =904 5 g0
— 9(1’)
p=1"Yn

This expansion has to be understood in the sense that .7, 0,5’7 ) Sy, 1 < p <q, T'-converge to

SO 7 respectively. The rate functionals .# (P) take finite values only at convex combi-
nations of the metastable states nj(-p ). 7 (P)() < oo if, and only if, u =3 jes, @ jnj(.p ) for
some probability measure w in S,.

Therefore, both the semigroup and the level two large deviations rate functionals encode all
characteristics of the metastable behaviour of a Markov chain. They provide the time-scales,
the metastable states and the wells. In particular, it becomes a natural problem to prove such
an expansion in other contexts.

We believe that the inductive approach presented here provides a general method to derive
these results, as well as the metastable behavior in the classical sense [1], of Markov chains
with wells of different depths, even if the state space is not fixed, as assumed here. To be
applied, one needs (a) to show that the process quickly reaches one of the wells (the initial
step of the induction procedure) and (b) to compute the capacities (2.7) and the asymptotic
jump rates (2.10).

More precisely, inspecting the proof of Theorem 3.5 reveals that it essentially relies on
the convergences of the generator of the trace process on the wells (more exactly on the

convergence of the average rates r,ip ) (i, j) introduced in (2.9) below). Since this convergence
has been obtained in many different contexts, by following the strategy proposed here it
should be possible to derive the metastable I"'-expansion of the large deviations level two rate
function for dynamics in which the state space is not fixed.

This includes random walks in potential fields [41, 43], condensing zero-range models [3,
33, 56], inclusion processes [11, 18, 27, 29, 30], or statistical mechanical models in which the
volume grows as the temperature decreases. For example, the Curie—Weiss model in random
environment [10, 14], the Blume—Capel model [36], the Potts model [32, 42, 46], or the
Kawasaki dynamics for the Ising model [26].

In particular, it should be possible to apply this approach to nonreversible diffusions in
potential fields, [15, 40, 44, 47, 48, 55, 57], extending Di Gesu and Mariani [21], who prove
the I"-expansion in the reversible case in which there is only one well at each different depth.

Outline. The paper is organized as follows. In Section 2, we introduce the notation, the
main hypothesis, and recall the multiscale metastable behavior of the model introduced
above. At the end of this section we provide an example to illustrate the tree construction
and the metastable behavior of the Markov chain. In Section 3, the main results of the article
are stated. In Section 4, we prove that in the first metastable time-scale, the law of the process
converges to a convex combination of metastable-states, in Section 5, this result is extended
to all metastable time-scales, and, in Section 6, the metastable-states are characterized as the
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stationary state conditioned to the metastable sets. This first part of the article does not re-
quire reversibility. In Section 7, we present some estimates needed in the analysis of the rate
functionals I'-expansion, which is proved in the following section. In the Appendix, some
results in potential theory needed in the article are stated.

2. The model. Let G = (V, E) be a finite directed graph, where V represents the finite
set of vertices, and E the set of directed edges. Denote by (X ,(") :t>0),n > 1, asequence of
V-valued, irreducible continuous-time Markov chains, whose jump rates are represented by
R, (x,y). We assume that R, (x, y) > 0 for all (x, y) € E and n > 1. The generator reads as

(G HxX)= Y R, {fO)—f0)).

y:(x,y)€E

Denote by A,(x), x € V, the holding rates of the Markov chain X t(") and by p,(x,y), x,
y € V, the jump probabilities, so that R, (x, y) = A, (x) pn(x, y).

Let m, stand for the unique stationary state. The so-called Matrix tree theorem [24],
Lemma 6.3.1, provides a representation of the measure 7, in terms of arborescences of the
graph (V, E).

Denote by D(R., W), W a finite set, the space of right-continuous functions ¢ : Ry — W
with left-limits endowed with the Skorohod topology and the associated Borel o-algebra.
Let P, =P7, x € V, be the probability measure on the path space D(R, V) induced by the

Markov chain X t(n) starting from x. Expectation with respect to P, is represented by E .
Denote by pt(") (x, y) the transition probability of the Markov chain X t(”):
p" 0, ) =PX =y], xyeV,i>0.

Since the chain is irreducible and 7, is the unique stationary state, by the ergodic theorem
for finite state-spaces Markov chains,

lim p"(x,y) =m,(y) forallx,yeV.
[—00
Longer time-scales. Assume that lim, R, (x, y) exists for all (x, y) € E, and denote by
Ro(x, y) €10, co) its limit:
2.1 Ro(x,y):= lirllnR,,(x, y), ((x,y)eE.
Let [Eg be the set of edges whose asymptotic rate is positive: Eg := {(x, y) € E : Ro(x, y) >

0}, and assume that Eg # &. The jump rates Ro(x, y) induce a continuous-time Markov
chain on V, denoted by (X; : t > 0), which, of course, may be reducible. Denote by LO jts

generator.
Denote by 71, ..., %5, n > 1, the closed irreducible classes of X;, and let
(2.2) S:={1,...,n}, V=", A=V\7.

jes
The set A may be empty and some of the sets #; may be singletons.

Let Qy be the probability measure on D(R ., V) induced by the Markov chain X, starting
from x.

For two sequences of positive real numbers (o, :n > 1), (B, :n > 1), ay < By, or By > ay
means that lim,_, » &, /B, = 0. Similarly, «, < B, or B8, > «, indicates that either «,, < 8,
or a, /B, converges to a positive real number a € (0, 00).

Let

= max R,(x,
Y= e EE\Ey n(x.)
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so that y, < 1. Choose a sequence B, such that 1 < f, < yn_l. Couple X ,(") and X; making
them jump as much as possible together. Denote by P, the coupling measure. Since 8, <
y, ! forallx e V

Jim P X" =X, 0=1 < ] =1.
In particular, for all x, y e V

. (n) P 0 P!
Jim pgl(x,y) = lim Py[Xp, =y]= ;cﬁ (e, (),
je
where n?,
¥ and a©@ (x, j) the probability that the chain X starting from x is absorbed by the closed
recurrent class 7:

1 < j <n, represents the stationary states of the Markov chain X restricted to

(23) a®(x, )= lim Qu[X; € ¥j1.

In the first part of this article, we investigate the asymptotic behaviour of pg:l) (x, y) in dif-
ferent time-scales B,,. The definition of the time-scales and the description of the asymptotic
behaviour is based on a construction of a tree [2, 45] presented after the statement of the main
hypothesis of the article.

The main assumption. Two sequences of positive real numbers (o, :n > 1), (8, :n >
1) are said to be comparable if oy, < By, By < o OF o0 /By — a € (0, 00). This condition
excludes the possibility that the sequence o, /B, oscillates between two finite values and
does not converge.

A set of sequences (a) : n > 1), u € R, of positive real numbers, indexed by some finite
set R, is said to be comparable if for all u, v € R the sequence () : n > 1), (o) :n > 1) are
comparable.

Let Z+ =1{0,1,2,...}, and let X,,, m > 1, be the set of functions k : E — Z such that
2 (x,y)eE k(x,y) = m. We assume throughout this article that for every m > 1 the set of
sequences

(2.4) ( [T RiCe. )7 in> 1), ke,
(x,y)eE

is comparable.

REMARK 2.1. This hypothesis on the jump rates is taken from [2] and [45]. It is a natural
condition in the investigation of the asymptotic behavior of sequences of Markov chains.

Indeed, a first reasonable hypothesis to impose consists in assuming that the jump rates
converge. However, this hypothesis does not insure that the trace of the chain on a subset of
the state space converges. To derive this property, a stronger assumption is needed. As proved
in [2, 45] condition (2.4) does the job.

This condition also appears in [23], which supports the assertion that this hypothesis is
natural in the context of metastability.

As observed in [2], assumption (2.4) is fulfilled by all statistical mechanics models which
evolve on a fixed state space and whose metastable behaviour has been derived. This includes
the Ising model [7, 16, 51, 52], the Potts model with or without a small external field [31,
50], the Blume—Capel model [19, 35] and conservative Kawasaki dynamics [6, 13, 20, 25].
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A rooted tree. In this subsection, we present the construction, proposed in [2, 45], of a

rooted tree which describes all different metastable behaviours of the Markov chain X t(").
This construction plays a fundamental role in the statement of the main theorems of this
article. The reader will find at the end of this section a simple example which may help to
understand the construction.

The tree satisfies the following conditions:

(a) Each vertex of the tree represents a subset of V;

(b) Each generation forms a partition of V;

(c) The children of each vertex form a partition of the parent.

(d) The generation p + 1 is strictly coarser than the generation p.

The tree is constructed by induction starting from the leaves to the root. It corresponds
to a deterministic coalescence process. Denote by ¢ the number of steps in the recur-
sive construction of the tree. At each level 1 < p < q, the procedure generates a par-

tition {”I/l(p),...,”f/n(pp), A}, a time-scale 6" and a {1,...,np}-valued continuous-time
Markov chains X;p ) which describes the evolution of the chain Xt(;l()p) among the subsets
7/1(17 ), e, %(f ), called hereafter wells.

The leaves are the sets 71, ..., %, A introduced in (2.2). We proceed by induction. Let
Si=8,n=n, “i/j(l) =7}, j €81, Ay = A, and assume that the recursion has produced the

sets ”//l(p ), e, n(pp ), A, for some p > 1, which forms a partition of V.
Denote by H,/, H ;;, &/ C V, the hitting and return time of <7
(2.5) Hy=inf{t >0: X" e/},  HE:=inflt > 1 : X" e &},

where 71 represents the time of the first jump of the chain X ,(”): 71=inf{r >0: X ,(") #* X(()”)}.
For two nonempty, disjoint subsets ./, % of V, denote by cap,, (<7, &) the capacity be-
tween .o/ and A:

(2.6) cap, (o, B) =Y mp(X)ha(x)P}[Hz < HY).
xed

Set S, ={1,...,n,}, and let 6’ be defined by

1 3 (P (P) 5
2.7 — = E cap, (/i i) where 7P := U (P
9(p) ; (7/(1’)) l ) ) J
n i€Sy TTn (/] JjeSp\{i}

The ratio 7, (¥; (P )) /cap, (¥, (P ), 7;[(” )) represents the time it takes for the chain X t("), starting

from a point in "I/l.(p ) to reach the set ”//: ), Therefore, Q,Ep ) corresponds to the smallest time
needed to observe such a jump.
Recall from (A.1) the definition of the trace of a Markov chain. Denote by {¥;"” : > 0}

the trace of {X,(") :t >0} on P and by RP :y®) x y@) R its jump rates. By
equation (2.5) in [34],

(2.8) RV (x,y) =h()P}[Hy=H},]. x.ye?VP xs#y.

Denote by r,(lp )(i , j) the mean rate at which the trace process jumps from “//i(p ) to ”//j(p ).

D max) Y RP(x, ).

xe’f/i(p) ye’f/j(p)

2.9 P, j) = ———
(2.9) W=
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Under the assumption (2.4), [45] proved that the sequences 9(p )piP )(z j) converge for all
i # j € S),. Denote the limits by rP (i, j):

(2.10) r P, ) = lim_ 0P P, j) eRy.

Denote by (X;p )t > 0) the §,-valued continuous-time Markov chain induced by the
jump rates (P (j, k), and by L? its generator. Let @, : 7 P s » be the projection which

sends the points in ”1/j(p ) to J:
®, = Z kXV(p)
keS,

In this formula and below, x ., stands for the indicator function of the set .o7.
The next theorem is the main result in [45].

THEOREM 2.2. Assume that condition (2.4) is in force. Then, for each 1 < p <q, j €
Sp, x € ”//(p ). under the measure P, the sequence of S,-valued, hidden Markov processes

p(X n 21,)) converges weakly in the Skorohod topology to X(p ) Moreover, the time spent in
Apis negllglble in the sense that for all t > 0,
: n (n) _
Aim, max [ fo Xxa, (X 9<p>)ds] =0.
The process X(p ) describes therefore how the chain X; ™) evolves among the wells ”1/j(p ) in

the time-scale 0(p ) Let j2 (P) (i, j) be the transition probabilities:
(2.11) p”G H=QP X, =jl, 120,i,j€S),

where Q;p ) stands for the probability measure on the path space D(R, §)) induced by the

Markov chain X,(p ) starting from i.
By [45], Theorem 2.7, there exists j, k € S such that rp )( j, k) > 0. Actually, by the proof
of this result

2.12) > r”(j,k)>0 forall j €S, such that lim_ 9<f’>

oy nn("f/f"’)
Denote by 9%(117 LRy )+1 the recurrent classes of the S,-valued chain X(p ), and by T,
the transient states. Let SR(?) = j 9‘{5.’7 ) , and observe that {%gp ) 9%,(1‘2 )+1, <p} forms a

partition of the set S,. This partition of S, induces a new partition of the set V. Let

D . » 1 » .
=Y 77, g = 7 meSpa={1....nppl,
jemr(np) jETp

sothat V.=A, U7 PTD where

(2.13) vyt = ) Pt Ay i=A,u 70D,
mGSp_H
The subsets “//l(p +1) ”I/n(pp :1) A1 of V are the result of the recursive procedure. We

claim that conditions (a) (d) hold at step p+ 1 if they are fulfilled up to step p in the induction
argument.
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The sets 7/1(1: +1), e %ﬁfl), A1 constitute a partition of V because the sets ﬂ%ip ), e,
9‘{,(11; )+1, ¢p form a partition of S, and the sets 4//1(1’ ), e ”//n(pp ) , Ap one of V. Conditions

(a)—(c) are therefore satisfied.

To show that the partition obtained at step p + 1 is strictly coarser than {”//l(p ), s
“//n(pp), Ap}, observe that, by (2.12), r(”)(j, k) > 0 for some k # j € S),. Hence, either j is
a transient state for the process XE” ) or the closed recurrent class which contains Jj also
contains k. In the first case A, C A1, and in the second one there exists m € Sy such
tha} “//j(p) U 7/k(p)‘c‘ 7/n§p+1). Therefore, the new partition {7/1(p+1), . ”f/n(ppjl), Apy1}of V
satisfies the conditions (d).

The construction terminates when the S;,-valued Markov chain X,(p ) has only one recurrent
class so that nj, | = 1. In this situation, the partition at step p + 1 is “//l(p +1), Apiy.

This completes the construction of the rooted tree. Recall that we denote by ¢ the number
of steps of the scheme. As claimed at the beginning of the procedure, for each 1 < p <

g, we generated a time-scale 9,&'” ), a partition &, = {7/1(p ), e, “//n(f ), Ay}, where | =
N, AY, Py = {7/1(q+1), Ag41}, and a Sp-valued continuous-time Markov chain
Xt(p)
Furthermore, by construction,
(2.14) Ap CApr1, 1=<p=q,
by [45], Assertion 8.B,
(2.15) o) <Pt 1<p<yq,
and by [45], Assertion 8.A, or equation (8.2) of this article,
(2.16) lim nn—(x) exists and belongs to (0, 1]

n—o00 T, (nj/j(l)))

forall 1<p<q+1,j€Syxes .

The partitions &y, ..., P41 form a rooted tree whose root (Oth generation) is V/, first
generation is {7/1(q+1), Ag+1} and last ((q + 1)th) generation is {71, ..., ¥4, A}. Note that
the set ¥ (1 corresponds to the set of recurrent points for the chain X§” ). In contrast, the
points in A1 are either transient for this chain or negligible in the sense that the chain X t(n)

remains a negligible amount of time on the set A, in the time-scale Q,Ep ) (cf. [2, 45)).

Example. We conclude this section with an example to help the reader understanding the
tree’s construction. Let V = {0, ..., 29}, and consider the energy H : V — {0, ..., 4} given in
Figure 1. Note that H(k + 1) —H(k) = £1 for 0 < k < 29. The energy H has 9 local minima,
represented in Figure 1 by xy, ... x9.

Consider the V-valued continuous-time Markov chain X ,(") whose jump rates are given
by Ry(k, j)=0if j #k £+ 1 and R,(k,k £ 1) =exp{—n[H(k & 1) — H(k)]"}, where a™ =
max{a, 0}. Hence if H(k £ 1) — Hi(k) = —1 the chain jumps from k to k &= 1 at rate 1, while
if H(k £ 1) — H(k) = +1 it jumps from & to k = 1 at rate ¢e~". More simply, observing the
energy landscape presented in Figure 1, the chain jumps “downwards” at rate 1 and jumps
“upwards” at rate e~ ".

It is easy to check that the stationary state, denoted by m,, is given by m,(k) =
(1/Z,) exp{—nH(k)}, where Z, is a normalising constant, and that 7z, satisfies the de-
tailed balance conditions. In particular, and since the downward jump rates are equal to 1,
cn(j, k) :=my(j)R(j, k) =, (j) A 1, (k). It follows from this identity and Lemma 7.3 be-
low that the capacities introduced in (2.6) are easy to estimate in this example.



3828 L. BERTINIL, D. GABRIELLI AND C. LANDIM
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F1G. 1. The energy landscape of the Markov chain X,(n).

Consider the tree construction presented at the beginning of this section.

Step 1: the leaves. In the first step we determine the leaves of the tree, which corre-
spond to the closed irreducible classes of the chain X;. In this example, the closed irre-
ducible classes are the local minima of the energy H so that n =9, ¥; = {x;}, 1 < j <9,
A=V \{x1,...,x9}, and the leaves are the sets A and ¥}, 1 < j <09.

Denote by q+ 1, q > 0, to total number of generations of the tree. The exact value of q + 1
will only be known at the end of the construction.

Step 2: the generation q. The second step consists in determining the smallest transition
time between a well 7; to a well 7;. This is the smallest time-scale it takes for the process
X t(") starting from 7 to hit 7%. In the above example this time-scale is 0,&1) = ¢". In this time
scale, the trace of X ,(") on? =J j ¥ evolves as a Markov chain and converges, as n — oo,

to a ¥ ’-valued Markov chain, represented by X;l). The states x; and x, are transient states for
X;l) and absorbed at the recurrent state x3. Similarly, the states x5 and xg are transient states
for Xgl) and are absorbed by x4. The states x7, xg form a closed irreducible class of X;l), as
well as the point xo.

Therefore, T = {1,2,5,6}, R\ = (3}, RS = {4}, R} = (7,8}, R} = (9}, s0 that
VP = {x3}, 1,2 = {xa), 152 = {x7, xs), VP ) = {xo}, P = [x1, X2, X5, Xg). Moreover, the
generation q of the tree has 5 elements: Ay = A U 9, and “//j(z), 1<j<4.

Step 3: the generation q — 1. At this point, we need to determine the smallest transition
time between the wells ”//1(2), 7/2(2), 7/3(2) and 7/4(2). In this example the smallest transition
time is 9,52) = e,

Let 7@ = 1<j<4 ”f/j(z), and denote by Y/' 2 the trace of the process X ,(") on ¥@. Con-
sider the projection ®; : v S = {1, 2, 3,4} which sends the points in %(2) to j. Note
that @, is not a bijection. In consequence the process d>2(Y,”’2) is not a Markov chain. It
is however possible to prove (cf. [1]) that the process @2(Y[ng’;2)) converges to a Sp-valued

Markov chain, denoted by X;z).

The states 1 and 3, which corresponds to the sets 7/1(2) and ”//3(2), respectively, are transient
for the chain Xt(z), while the states 2 and 4, which corresponds to the sets ”1/2(2) and “//4(2) R
respectively, form closed irreducible classes. The state 1 is absorbed at 2, while the state 3
may be absorbed at 2 or 4.

Thus, in this example, T, = {1, 3}, 9%(2) {2}, 9‘{(2) {4}, so that “//( ) = {x4}, “//(3)
{x9}, 73 = {x3, x7, x3}. The generation q — 1 of the tree has 3 elements: Az = A, U .Z3, and
v j=1.2.

Step 4: the generation q — 2. We need now to determine the smallest transition time be-
tween the wells 7] ® and A ) In this example it is 9(3) e,
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{za}  A{mo} A{ms} a7} Az} {1} {zo} {z5} {ws} A1

VA2

{za}  {zg} {w3} {w7, 78} Ag
\/
{za}  {=zo} Az
{w4, 79} Ay
\/
v

FI1G. 2. The tree or coalescence process generated by the Markov chain X ,(n).

Let 73 = ”//1(3) U 7/2(3) , and denote by Y/’ 3 the trace of the process X,(n) on ¥ It is
however possible to prove (cf. [1]) that the process Yt';’g) converges to a {1, 2}-valued Markov

chain, denoted by Xt(3).

The states {1, 2} form a irreducible class for X§3). Hence T3 is empty and R = 9%(13) =
{1, 2}, so that ”1/1(4) = {x4, x9}, J4 = @. The generation q — 2 of the tree has 2 elements:
A4 = Az, and 7/1(4).

As there is only one closed irreducible class, the construction is completed and the value
of q is revealed. The partition {A4, 7/1(4)} of V corresponds to the first generation. Since, by
construction, it is also the (q — 2)th generation, we deduce that ¢ = 3 and that the tree has
q—+ 1 = 4 generations. To get a rooted tree, we declare that the root, which corresponds to the
zeroth generation, is the set V = Aq U “//1(4). The tree associated to the example presented in
Figure 1 is depicted in Figure 2.

3. The main results. In this section, we enunciate the main results of the article. The
statements require a further layer in the tree construction presented in the previous section.

At each step 1 < p < g+ 1, we introduce a set of probability measures 7 A ), Jj €Sy, on

V. The construction of these measures is carried out below by induction. In Proposition 3.4,

02)

however, we characterise the measure m; as the limit of the stationary state m,, conditioned

to ”//j(p ) In particular,
3.1 the support of JT/(-p ) is the set ”f/j(p ),

Moreover, in Theorem 3.1.(b) we show that for all £ > 0, x € V, the distribution of X ("()m

starting from x converges to a convex combination of the measures 7rj(.p ), J € Sp. The weights

of this convex combination depend on x and ¢. This result asserts, therefore, that the measures

(p ) are the metastable states of the process X; () observed on the time-scale 9(p ),

6]

We proceed by induction. Let T, € S1, be the probability measure on “// W given by

70 = i
Tj Tj

to the closed irreducible set ”// D _ ;. Clearly, condition (3.1) is fulfilled.
P

where recall, 7 represents the stationary states of the Markov chain Xt restricted

Fix 1 < p < ¢, and assume that the probability measures i, J € Sp, has been de-

fined and satisfy condition (3.1). Denote by M,gf )(-), me Sy, the stationary state of the
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Markov chain Xﬁp ) restricted to 9%,(7{7 ). The measure M,(np ) is understood as a measure on
Sp =1{1,...,n,} which vanishes on the complement of E){f,f ) Let n,S;” 1 be the probability
measure on 7/,5” ) given by

(3.2) Pty = Y MP(HrP @), xev.
jeRy
Clearly, condition (3.1) is in force. Moreover, n,gf +D) 1s a convex combination of the mea-
sures nj(-p), je f)fii,{)). A fortiori, foreach1 < p <q+1,m € §,, 71,51’7) 1s a convex combination
of the measures njﬁ-, jes.

We further add absorption probabilities at each step. Let a©@ (x,j),xeV,jeS,bethe
probability that the Markov chain X, starting from x is absorbed at the closed irreducible set

.,
V] .
(33) a®(x, j) = lim Qu[X; € ¥j1.

Note that a® (x, -) is a probability measure on S; for each x € V.
Fix 1 < p < q and assume that aP=D(x, j) has been defined. Let Q[(P)(j, m), j €Sp,

m € Sp1, be the probability that the chain X;p ) starting from j has been absorbed at the

closed irreducible set SR,(,f ).

. . . ), - .

(34) AP (jom) = Tim D p k). € Sp.m € Spyr.
keRy

ForxeV,me Sy, let

(3.5) a?e,m) =Y a0, HAP(, m).

JESp

Since AP (j,-) is a probability measure on Sp+1, it is easy to show by induction that
a'P)(x, -) is a probability measure on S pr1foreachx eV, 1<p=<q.

Let 9,§0) =1, G,EqH) = +oo for all n > 1. The first main result of the article reads as
follows. It provides a complete description of the ergodic behavior of the Markov chain X ,(").

THEOREM 3.1. Assume that condition (2.4) is in force. Then:

(a) For each 1 < p < q+ 1, sequence (B, : n > 1) such that 9,&17_1) < By < 9,$p), and
xevV,

. MmN N P=D(r iy Py
(3.6) Jim pgt(x, ) =Tpo1(x, )= Y a?7 D, m” ).
JESp
(b) Foreachl1 <p<q,t>0,x€V,
37 gl 0 = 3 ol 0,
JESp

where

o, )= Y a? Ve, pP (&, ).
keS,
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(c) Forall1<p<gq,j€S,, xeV,

lim lim pte(p)(x D= Z a?=D(x, ])JT(p)()

t—0n—>o0 jes,
(d) Foralll<p=<q,1<j=<npxeV,

Jim tim pt, (= 3 a0 mm o).
meSyy1

Moreover,

(3.8) lim 7,(Aq+1) =0,  lim 7, (x) exists and belongs to (0, 1]
n—o0 n—oo
forall x € y@tD,

Note that the right-hand side of (c) and (d) coincide with the one obtained in (a). These
assertions state that at the time-scale Q,Ep ) a smooth transition between two different regimes
is observed.

Part (b) of this theorem states that, starting from x, the distribution of the process at time

t9,§p ) is close to a convex combination of the measures rrkp ke Sp. The weight of the

measure JTIEP ) is given by the probability that the process is initially attracted to a well ‘//j(p )

times the probability that the dynamics among the wells drives the process from the well 7}
to the well 7% in the “macroscopic” time intervall [0, ]. We

REMARK 3.2. Consider the example introduced at the end of the previous section. The-

orem 3.1 states that in the time-scale 9,51) the law of the Markov chain X is close to the law
of a continuous-time Markov chain on {xi, ..., x9}. More precisely, it asserts that the dis-

tribution of X:Z<)1> converges to the distribution of X,(l), where XU is a {x1, ..., x9}-valued
continuous-time Markov chain.

In other words, it asserts that a process evolving in a very large state-space, with, say, 2V
states, where N represents the number of vertices of a graph, can be accurately approximated
by a much simpler dynamics evolving on a typically finite state space.

REMARK 3.3. Fix a function u: V — R, and consider the discrete parabolic equation

Oty = gn”na
un(0,) =u().
According to Theorem 3.1, forall 1 < p <q,t > 0,
i u, (16,7, %) = 3 o (x, DE_ wlul

JESp

In particular, the values of the solution in the time-scale 6?(p ) are determined uniquely by the

values of the initial conditions in the support of the measures n(p ), JESp.

The next result provides a formula for the measures 7P ; ) and for the absorbing probabili-
ties a®?~ D (x, j). Recall that foreach x € V, a?=D(x,)isa probability measure on S),.
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PROPOSITION 3.4. Fix1<p<q+1,je€S, Forallze “//j(p),

Tim_ 7”” @) 7).

Ifx eV, then a?=V(x, k) =5 1. k € S,,. On the other hand, if x ¢ ¥'P), then

a?~D(x, j) IHE)HgOPZ[H,Vgp) <H (p)]
J

Large deviations rate function expansion. We assume from now on that the dynamics is
reversible: m,(x)R,(x,y) = 7, ()R, (y, x) for all (x,y) € E. For a probability measure v
on a finite space W and two functions f, g: W — R, let

(frghv=>Y Fx)Ex)v(x).

xeWw

By [58], for each fixed n > 1, the occupation time distribution of the chain X t(”), defined

by
1 t
- 8nd,
tfo X @

satisfies a large deviations principle as ¢+ — oo, the so-called level 2 LDP. In this formula,
8x, x € V, represents the Dirac measure concentrated at x, so that ! [0’ 1) ™ ds is a random
element of &#7(V), the space of probability measures on V. Denote by .%, :S,@(V) — [0, o0]
the level two large deviations rate function:

%
(3.9) Fa(gp) = —inf Y ) ”)(")u (x).

xeV

where the infimum is performed over all functions u : V — (0, 00). Since we assumed re-
versibility and 7, (x) > 0 for all x € V, for all measures u € #(V), by [22], Theorem 5,

(3.10) In(W) = s LDV Fl,

where [, (x) = j1(x) /7, (x).

The second main result of this article provides an expansion of the rate function .%,. Recall
that we denote by L9 the generator of the Markov chain X, introduced right after (2.1). Let
IO P (V) — R, be given by
LOu)(x)

u(x)
where the infimum is carried over all functions u# : V — (0, 00). Theorem 3.5 below states

that the sequence of rate functions .#, I'-converges to .# (¥ In (8.8), we show that . @ (p) =
0 if and only if there exists a probability measure w on S| such that

(3.12) p=y wmz

J€SI

(3.11) IO =—inf ) px)——"--

xeV

For such measures ., it is natural to consider the limit 8,.%, () for some sequence 8, — o0.
Fix 1 < p < q. Denote by Z2(S,) the set of probability measures on §,. Let .¥ 2
P (V) — [0, +00] be the functional given by

£y L(p)h if > dwe 2(S,),
—1n wj it u= w;m an w e p
(3.13) ISP =1 b S jes,

+00 otherwise.
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In this formula, the infimum is carried over all functions h : §;, — (0, 00). We prove in (8.12)
that

P () <00 ifandonlyif #£P(u)=0

By (3.12), this assertion holds also for p = 0.

Recall the definition of I"'-convergence. We refer to [17] for an overview on this subject.
Fix a Polish space X and a sequence (U, : n € N) of functionals on X, U,,: X — [0, +o0].
The sequence U, I'-converges to the functional U: X — [0, +oc] if and only if the two
following conditions are met:

(1) -liminf. The functional U is a I'-liminf for the sequence U,: For each x € X and
each sequence x,, — x, we have that liminf, U, (x,) > U (x).

(ii) I'-limsup. The functional U is a I'-limsup for the sequence U,: For each x € X" there
exists a sequence x, — x such that limsup, U, (x,) < U (x).

THEOREM 3.5. The functional .%, T-converges to %V, Moreover, for each 1 < p < q,
the functional 0,5’7 )Jn [-converges to 7P,

This theorem provides an expansion of the large deviations rate function .#, which can be
written as

(3.14) I, =90 4 Z j(p)

pln

Therefore, the rate function .#, encodes all the characteristics of the metastable behavior of

the chain X; ™) The time-scales 9,5” ) appear as the weights of the expansion, and the meta-

(p)

stable states i, € Sp, generate the space where the rate functional .% (P)() is finite.

Indeed, by (8.9), 54 (p)(u) is finite if and only if p is a convex combination of the measures
P
i, € Sp.
The next result is a simple consequence of the level two large deviations principle and the
I'-convergence stated in Theorem 3.5 (cf. Corollary 4.3 in [49]).

COROLLARY 3.6. Fix0 < p < q and recall that 9,50) = 1. Forevery x € V, closed subset
F and open subset G of Z(V),

(p)
6 1t
limsuplimsupn—logPﬁ[—/ 8y ds € F} <— inf ZP (),
n—oo t—oo I tJo s WeF
0([’) t
liminfliminf —— log P"[ / 8y m ds € G} > — inf .#P) ().
0 S neG

n—-oo t—00 t

Theorem 3.5 extends to the context of continuous-time Markov chains evolving on finite
state-spaces a result by Di Gesu and Mariani [21] proved for reversible diffusions with a
single valley at each different depth.

REMARK 3.7. Theorem 3.5 should hold for nonreversible dynamics. Reversibility is
assumed here only to compute the I"-limsup through formula (3.10). It should also be possible
to obtain a metastable ["-expansion for the level 2.5 large deviations rate function derived in

[9].
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REMARK 3.8. The proof of Theorems 3.1 and 3.5 do not require the full strength of
assumption (2.4), but only the ability to compute some capacities, the limit of the ratio of
some measures and of mean jump rates. Stating, however, the minimal conditions would
require much work.

REMARK 3.9. Large deviations is a fundamental tool in statistical mechanics. The
macroscopic fluctuation theory [8] is built on a large deviations theorem. In several contexts
the large deviations rate functional is flat in a region of the system. For example, in the case
of asymmetric simple exclusion process [28, 59], where it vanishes along weak solutions of
the hydrodynamic equation. In these situations, it is natural to multiply the logarithm of the
probability of a deviation by a diverging sequence in order to obtain a nontrivial limit. This
corresponds to speeding up the dynamics.

According to [49], Corollary 4.3, a large deviations for the speeded-up process holds
if the sequence of rate functionals I'-converge. It is therefore natural to investigate the I'-
convergence when the rate functional vanishes at more than one point.

Theorem 3.5 asserts that there is a close relation between the phenomenon described
above and metastability. Moreover, the proof of this result provides tools to derive the I'-
convergence of the rate functionals.

This result can also be interpreted in the reverse direction. A I'-expansion of the large
deviations rate functional is a strong evidence of the metastable behavior of the system. The
weights of the expansion provide the time-scales and the zero-level sets of the rate functional
the metastable sets.

4. The first time-scale. In this section, we prove conditions (a) and (b) of Theorem 3.1
for p = 1. Throughout the article, we adopt the following notation, O (¢) represents a term
whose absolute value is bounded by Cpe for some constant Cy independent of n and e.
Similarly, o, (1) represents a term which vanishes as n — oo.

Recall that we denote by (X; : ¢t > 0) the V-valued continuous-time Markov chain with
jump rates Ro(x, y), and by Q, the probability measure on D(R, V) induced by the chain
X; with jump rates Ry starting from x. For x, y € S, let

4.1) w(x,y) = lim Qu[X; = y].
— 00
Clearly,
(4.2) wx.y)=0yeA and o y)=ad" Hrie). ye¥)

where a© (x, J) has been introduced in (3.3).
Denote by %/, j € S, the set of points in V which may end in the set 7j:

(4.3) W= {xeV:aP%,j)>0}.
Note that V = J; #. Let #; be the set of points attracted to ¥:
Bi={xeV:aP%, j)=1}.

Clearly, ¥; C B; C #j, and Bj = W\ (Ur; #4) = V \ (Urz; #4)- In other words, ¢ =
Uk j #k- Moreover, as a@(x, j)=0forx e Uksj P and aOx, j)=1forx € 4,

(4.4) 0x,N=0, ok)=1/@), xze¥j,yelh k]

The first result describes the asymptotic behavior of p,(")(x, y) in the slowest time-scale,
t=0(1).
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LEMMA 4.1. For every ¢ > 0, there exists T, such that

limsup|P2[X7, = y] — w(x,y)| <e forallx,yeV,

n—oo

where w(x, y) has been introduced in (4.1).

PROOF. Fix ¢ > 0. By the ergodic theorem, there exists 7; < oo such that

4.5) Qx[X7, =yl —w(x,y) <¢
forall x,ye V.

Couple X t(”) and X; making them jump together as much as possible. Denote by IP’)(C”) the
measure on D(R, V x V) induced by the basic coupling starting from (x, x). By (2.1), for
allT > 0,

(4.6) lim PM[X, =X, 0<t<T]=1.

n—oo

The assertion of the lemma follows from (4.5) and (4.6) with T =T,. [

Recall the definition of the sets #;, 1 < j <n, introduced in (2.2). The chain X; has only
one closed irreducible class if, and only if, n = 1.

COROLLARY 4.2. Assume that w=1, Then, lim,_, 5 pg;) (x,y)= nﬁ(y) forall x,y e
V, B> 1.

PROOF. Fix ¢ > 0, and let 7, be the constant given by Lemma 4.1. By the Markov
property,

P y) =" pg gy (k. )i (2. ).

zeV

By Lemma 4.1 and (4.2), since a@ (y, 1) = 1 for all y € V, the right-hand side is equal to
> P 1 (. T + 0e) + 0 (1) = () + O(e) + 0a (1),

zeV

which completes the proof of the corollary. [J

Corollary 4.2 shows that the asymptotic behavior of the transition probability p,(") is trivial
if n =1, that is, if the Markov chain X; has a unique closed irreducible class. Assume that
n>2.

The time-scale 0,51). Recall the definition of ny, S;, and the sets “//j(l), j € 81, Ay, intro-

duced just above (2.5). Let 6, = 9,&1) be given by (2.7) with p = 1.

Recall from [45], Section 2.3, the definition of the sequence «;,. In the present context, by
(2.1), the sequence «,, converges to a positive real number. By Assertions 7.B and equation
(7.4) in [45], 6, > 1. The next result is the first assertion of Theorem 3.1.

PROPOSITION 4.3. Let (B, : n > 1) be a sequence such that 1 < B, < 6,. Then, (3.6)
holds forall x,y e V.

Recall that we call the sets #; wells. A time scale 8, < 6, is not long enough to allow the
process to jump from a well to another. This is the content of the next two results. Lemma 4.4
states that starting from a well 7; the process does not visit another well (the set ¥} intro-
duced in (2.7)) in a time-scale 8, such that g, < 6,. Corollary 4.5 extends this result asserting
that the points that might end up in another well (the set [y ; #) are also not visited in this
time-scale.



3836 L. BERTINIL, D. GABRIELLI AND C. LANDIM

LEMMA 4.4. Let (B, :n > 1) be a sequence such that B, < 6,. Then, for all j € S,
xev;,

g _
Jim PY[H < Ba] =0.

PROOF. Fix j € S, x € #;. By Lemma A.4 and (2.16), the probability appearing in the

statement of the lemma is bounded by CypB,cap, ({x}, ”1;]-) /7, (¥;) for some finite constant
Co, independent of n and whose value may change from line to line. By equation (B2) in
[34], this expression is bounded by CopB,cap, (¥, ¥;)/m,(¥}). By the definition (2.7) of 6,,
this expression is less than or equal to Cyf,,/6,,. This concludes the proof of the lemma. [

COROLLARY 4.5. Let (B, :n > 1) be an increasing sequence such that 8, < 6,. Then,
forall j€S§,xeV;,

Tim PI[Hys < fu]=0.

PROOF. Assume first that B, > 1. Fix j € § and x € #; and keep in mind that %’j =
Ukj 7k

We proceed by contradiction. Suppose the assertion does not hold. In this case, there exists
§ >0,k # j, z € # and a subsequence n’, still denoted by n, such that P?[H, < 8,] > § for
all n. By the strong Markov property and this bound,

PU[H, <2B,] > PLH, < B,IP![Hy: < ] = SPUH,: < .

Since z € #4, there exists 8’ > 0 and Tp < oo, such that Q,[Hy, < Tp] > &§'. By (4.6) this
estimate extends to X\": P?[Hy;, < Tp] > §'/2 for all n sufficiently large.
Combining the previous estimates yields that P’ [HV;i < 28,1 > 88'/2 for all n sufficiently

large because 8, — oo. This result contradicts the assertion of Lemma 4.4 and completes the
proof of the corollary in the case 8, > 1.

If the sequence B, is bounded, the result follows from the coupling (4.6) because
Qx[Hy, < 00] §QX[H«//J_C <oo]=0forallx e ¥j, k#j. O

PROOF OF PROPOSITION 4.3. Fix x, y € V, ¢ > 0, and recall the definition of w(x, y)
introduced in (4.1). Since ¥ represents the set of recurrent points of the chain X;, there exists
T > 0 such that

4.7 QulXre?]1>1-—¢, |QuIXr =zl —w(w,2)| <¢

forallw,zeV, T >T,.
Assume first that y € A. By the Markov property,

Pl[Xp, =yl=) PiXp, 1, =2IP![X1, =y].
zeV

By (4.6), (4.7) and (4.2), the right-hand side is bounded by o0, (1) + ¢, which proves (3.6) for
y e A.
Assume that y € #; for some k € S;. By the Markov property,

Pz [X,Bn =yl= Z PZ[XTS = Z]PZ[Xﬂn_TE =yl
zeV
By (4.6), (4.7) and (4.2), the right-hand side is equal to

3 3 a0, j)nf.(z)PQ[X,gn,Tg =yl +o0,(1)+ O(e).
JES z€Y
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Since B, < 6,, by Corollary 4.5, we may add inside the probability the event {H@j > Bu}.
The previous sum is thus equal to

> > a O T @PAX -1, = v, Haps = Bl + 0u(1) + O ().
JES z€Y

As y belongs to 7 and 7 N A; = @ if j # k, this sum is equal to

> 0O, O (P Xp,—1. = y. Hze = Pul + 0u(1) + O(e).

€Y

In view of the presence of the event {H ¢ > f,}, the previous probability is equal to

Z PZ[Xlgn_Ts =) X,Bn_ZTg =w, H@Ii = IBn]

wEBy

By Corollary 4.5, we may remove the event { H ze = B} atacost 0,(1) and apply the Markov
property to conclude that the previous sum is equal to

> PlXp, o1, =wlP [X7, = y]+ 0,(1).

weRBy

By (4.6), (4.7) and (4.2), this expression is equal to

3 PIXp, o7, = w]aQ (w, D)7 (3) + 0a (1) + O(e).

wERBy
Since w belongs to %y, a® (w, k) = 1 and the previous expression is equal to
7 (WPLXp, 27, € B+ 04(1) + O ().

Since z belongs to 7 and {Xg, 27, ¢ %} C {H%’E < B}, by Corollary 4.5, the expression

in the previous displayed equation is equal to Jrlf (y) +0,(1) 4+ O(e).
Combining the previous estimates yields that

Pl Xg, =yl= Y a@(x, k)] (2)mf (y) + 0n(1) + O(e)

€W
=aO(x, )7l (y) + 0u(1) 4 O(e),

as claimed. [
The time-scale t6,,. We turn to the proof of Theorem 3.1.(b) for p = 1.
PROPOSITION 4.6. Assertion (3.7) holds for p=1andallt >0,x € V.
The proof of this result relies on the following lemma.

LEMMA 4.7. Recall the definition of the set A introduced in (2.2). Then,

lim limsupmaxmax sup P}[Xg, € A]=0.
8—0 n—soo jES x€’7/j 25<5<38

PROOF. Fix ¢ > 0 and let T be the constant given by Lemma 4.1. By the Markov prop-
erty, the probability appearing in the statement of the lemma is bounded by

maxP; [X71, € Al
yeV '
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By (4.2) and Lemma 4.1, this expression is bounded by ¢ + 0, (1), which proves the lemma.
O

By [37], Proposition 2.1, [45] and Lemma 4.7, Theorem 2.7, for every t > 0, j, k € S|,
xeV,

. D, .
(4.8) Tim P2( X, € %1 =p;" (. k),
where the transition probability p,(l) has been introduced in (2.11).

PROOF OF PROPOSITION 4.6. Suppose that y € A and fix ¢t > 0, ¢ > 0. In this case, by
the Markov property

Pi[X0, = y]= Z P X:6,—1, =2IP}[ X7, = y],
zeV
where T, is given by Lemma 4.1. By this lemma, the second probability on the right hand
side is bounded by w(z, y) + & + 0,(1). By (4.2), as y € A, »(z, y) = 0 so that
HE)HC}OPZIC[XfGn = y] = O’

as claimed.
Suppose that y € ¥, for some m € S; and fix t > 0, ¢ > 0. By the Markov property

Pl X6, =yl= > PiX7 =zIP![Xsg,—2r, =2 [PLIX7, =],
z,7/€V
where T is given by Lemma 4.1. By this lemma and (4.2), which asserts that w (x’, y') =0
if y' € A, this expression is equal to
YYD o, )P Xig, o1, =7 Jo(, y) + &+ ou (D).
eV jeS) zeY

The first part of the proof permits to restrict the first sum to z' € ¥. Since y € ¥,, by (4.4),

we may further restrict the sum to 7' € ¥%;,, and then replace w(z’, y) by 71,511)()/). Hence the
previous sum is equal to

TP Y o, P Xig,-21, € Yl + £ +0n(1),
JES1 2V
where we summed over 7’ € ¥,. By (4.8), as n — o0, this expression converges to
D, . (D,
7P Y Y o, apGomy+e= Y aQ@, HpGomm P 3) + e,
JES| €Y JjeS1

as claimed. O

5. Longer time-scales. In this section, we complete the proof of Theorem 3.1. We first
derive some properties of the weights a(”) needed in the argument. Recall that q represents the
number of time-scales or steps in the construction of the rooted tree in Section 2. Moreover,

the chain Xt(q) has only one closed irreducible class.
The next result states that a point in the closed irreducible class %(p 1 is not absorbed at
7/,,&”*‘) for m #£ 4.

LEMMA 5.1. Forall0<p<q,l€Syi1,x € “//E(H]),

(5.1) aP(x,m)=0 forallme S, \ {£}.
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PROOF. The proof is by induction in p. For p = 0, by definition (3.3) of a'®, for all
teSi,xe,meS\{¢},

a®Cr,m) = lim Qu[X; € %] =0

because the sets ¥#; are the closed irreducible classes of the chain X;.
Assume that (5.1) holds for 0 < p <r — 1. Fix £ € S,11, x € %", m € §,41 \ {£}. By
definition of a"” (x, m),

e e,m) =Y al D, HAC(Gom).
JESr

We may restrict the sum to j € R Indeed, since S, \9%,(7:) = Ukes }D%,(:) and since

r+1\{m
the sets R, k € S,11, are the closed irreducible classes of the chain X\, ¢ (j, m) = 0

for j € S, \?J%,(,f). Hence,

a”,my:= > "V, HAD (G m).
jeRy

On the other hand, as x € ”1/;“) =U ”f/i(r) and i)fig) N SR,(?:) = O because £ # m, x

i em?)
belongs to some %(r) with i ¢ 9‘{,(15). Thus, by the induction assumption a” ! (x, j) = 0 for
all j € 9‘{,(,:), which yields that a(x,m) =0, as claimed. O

The previous result is stated for p < q because ng) has only one irreducible class which
makes Sq41 a singleton.

It has been noted, just before the statement of Theorem 3.1, that a'”) (x, -) is a probability
measure on S, 1 forall x € V. Therefore, by the previous lemma, forall 1 < p < q,£ € Sp41,

X e 7/[(19+1),

(5.2) aP(x,6)=1 sothat ,(x, ) =7 """ (),

where IT, (x, ) has been introduced in (3.6). In particular, under these conditions on £ and x,
(5.3) ,(x,y)=0

forall y € “//nng), me Sy \ {4}
This identity can be extended. Since the support of the measure n,i{’ b (+) is the set 7/n§” H),
me SP+1’ and Um 7/115[7—’_1) = 4//([7+1),

(5.4) My(x,y)=0 forallxeV,ye(¥PT)=A,.

Induction hypotheses:. Assume that we proved for some 1 < p < q that for all # > 0, x,
yevV,

: (n) _ (p) (p)
(5.5) Aim P, ey =3 o (e, m (),
kesS,
where w,(p ), rr,fp ) are as in the statement of Theorem 3.1. This assertion for p =1 is the

content of Proposition 4.6.
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The time scale ze(”) as t — 0o. Recall the definition of 2 (j,m),meS,y1,j€S),

introduced in (3.4). With this notation, for every j, k € S,

(5.6) lim p” G =Y AP GmMP k),

mESp+1

where, recall, M,Ef )(-), m € Sp11, the stationary state of the Markov chain X,(p ) restricted to
9‘{,(“”). In particular, lim;_, o, pt(p)(j, k) =0 forevery k € T,.

By the induction assumption (5.5), the definition of a)t(p ) , (5.6) and the fact that the support
of the measure M, () is the set iR(p ) forall x € v,

Jim lim p®, =30 3 3 e N HAP G mMP (m” ().

]ESP mESp+1 kEfRﬁ,,p)

(p+1)

By definition of the measures and by the one of a'”)(x, m), given in (3.5), this ex-

pression is equal to
> 2 a P AP G mm O = 3 aP @ mym ).
JESpmESy ) meSp, i

Hence, we proved that for all x € V,

(5.7) Jim Tim p (,,)(x )= > aP@,ma PV =1, ).
—oen mGSp+1

The argument above shows that Theorem 3.1.(d) follows from Theorem 3.1.(b). Assertion
(c) of this theorem follows from the fact that p,p )( J» k) converges to §; x as t — 0.

The time scale 67 < B, < 657D By (5.7) and (5.4),
(5.8) lim lim maxP[X, ()¢7/<P+1>] 0.

t—00n—>00 xegV

In particular,

(5.9) lim limsupmax P} [H 1) > 16\ = 0.

[0 pso0 x€V

Suppose that S, is a singleton. In other words, that the chain Xfp ) has a unique closed
irreducible class. In this case p = q and o\Pt) = oo foralln > 1.If S -1 1s not a singleton,

recall from (2.7) the definition of Gn(p D As stated in (2.15), by [45], Assertion 8.B, 9,§p ) <
(p+1D
en .

LEMMA 5.2. Let (B8, :n > 1) be a sequence such that G,EP) < Bn < G,EP—H). Then, for all

hm max P [Hy/(p+1) < Bul=
(p+
S/

where 7;,,51) D has been introduced in 2.7).

PROOF. Fix m € §p41, x € ”l/nng). By Lemma A.4 and (2.16), the probability ap-

pearing above is bounded by Coﬂncapn({x},”/%gp +1))/7r,1(”1/n§p +1)) for some finite con-
stant Co independent of n. By equation (B2) in [34], this expression is bounded by



METASTABLE I'-EXPANSION OF LARGE DEVIATIONS RATE FUNCTIONS 3841

CoBucap, (I TD AP 17, (4 PHD). By the definition (2.7) of 6"V, this expression
is less than or equal to Co 8,/ Q,EP +1). This concludes the proof of the lemma. [J

Let Apy1,m, m € Spy1, be the set of points in A,,; which may be absorbed by a set
%(p Doy # m, in the time-scale o\

Ap+1,m = {XEAP+1 : Z a(p)(x,£)>0}.
0eSy21\m)

COROLLARY 5.3. Let (B, :n > 1) be a sequence such that 0,517) < Bn < Q,EPH). Then,
forallme S,

lim max P'[H < =0.
o, max Pilfa,.., Pul
XEV

+1)

PROOF. Suppose the assertion is not true. Then, there exists § > 0, x € “//,,(,p and a

subsequence r’, still denoted by 7, such that
PZ[HAP-H,M < 1871] Z 8

for all n sufficiently large.
Fix ¢ > 0 to be chosen later. Denote by v : D(R4, V) — D(R4, V), s > 0, the semigroup
of translations of a trajectory: (J5xr)(r) =r(r + 5), r > 0. By the strong Markov property,

P; [H,y;ngpﬂ) < ,3,, + l‘@,&p)] > Pﬁ[HApH,m < ,Bn, H,y;n(lpﬂ) o ﬂHAp-»—l,m < l‘@,&p)]

>P[Ha,,,, <Pl min PI[Hppm <16{]
' ZeA]7+l,m m

7 . n 7(p+1
>PUHa,.y, < Bad _min PIX )€ 7 PH0].
ZeAp+l,m n

By the first part of the proof, the first term is bounded below by § for n sufficiently large. By
Theorem 3.1.(d), proved in the previous subsection for p, for each z € A,y , the second
probability converges, as n — oo and then t — oo, to

Y a0
LeSp1\{m}

By definition of A1, this term is strictly positive for each z € A1 ;. Therefore, there
exist 8 > 0 and ¢y < oo such that

liminf min P![X ) € 7, PTD] >4
n—=00 z€A,qim 06y

Putting together the previous estimates yields that

l%rg%)rolfpz [H'f/:,(,p+') <Bu+ ZOQ,E‘D)] >0,

in contradiction with the statement of Lemma 5.2. This completes the proof of the corollary.
]

Form € §p41, let
P = {x eV :a? (x,m)=1}.
By (5.2) and the definition of the set A,y ,, introduced just before the statement of

Corollary 5.3, the set %”(lerl) is equal to “//,,EPH) U[Aps1 \ Api1,m]. Thus, (%,,SPH))C =
“(p+1
TPV U A g
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PROPOSITION 5.4. Let 07 < By < 0PV Then, forall x € V,

11m p(n)(x )_ P(xy')v

n—oo

where I1,(x, ) has been introduced in (3.6).

PROOF. Fix ¢ > 0. By (5.7), there exists ¢, such that

lim p(”)

n— 00 (1’)

(5.10) (x,y)—Ipx,y)| <e

forallx,yeV,t>t,.
Fix t > t,. By the Markov property,

Py = p” 9<,,) (x, z)p g @)
zeV
By (5.10) and (5.4), this expression is equal to
(5.11) > My aPHX, oo =yl+0a(1) + OC).
zey (Pt
Fix s > 0, and rewrite the sum appearing in (5.11) as

2 X LM aPX, m=y. Xy e =wl

mGSp+1 Ze/y/ngp"'l) weV

We have shown just above the statement of the proposition that (%" ™) = 77T U
Api1,m. Hence, by Lemma 5.2 and Corollary 5.3, we may restrict the third sum to w €

%,,5” +) by paying a price of order o,(1). Apply the Markov property to rewrite the resulting
expression as

X2 2 M@aPlX, L oom = wlPLIX o=yl

1 1
meS,,H ZE’V”SH )we{?/,,(,p+ )

By (5.7) the last probability converges, as n — 00, and then s — oo, to IT,(w, y). By
the definition of I, and the one of @/,,5” H), since w € %,,(,p D and a® (x,-) is a proba-

bility measure on Sy, I[1,(w, y) = n,ﬁf’“)(y). This expression does not depend on w. By
Lemma 5.2 and Corollary 5.3, the previous sum is thus equal to

Yo > MGV + o).

mesSy i ZG’VWEPH)

By the definition (3.6) of I1,, this expression is equal to
1
3 a0V,
EESP‘H

as claimed. [

9(p+1). (p+l)

= +oo for all n and the
9,5” ) <

The time scale If S,y is a singleton, p = q,

proof of Theorem 3.1 ends at the previous step where we considered the time-scale
Br < 05" = oo

Assume that S, 1 is not a singleton. The next result completes the recursive argument and
the proof of Theorem 3.1. It states that the induction hypothesis (5.5) holds at level p + 1 if
it holds at level p.
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PROPOSITION 5.5. Forallt >0,x,y €V,

1
lim p (pﬂ)(x,y): Z a),(p+ )(x,m)n,§1"’+1)(y).

n—oo
m€Sp+1
The proof of this result is based on Lemma 5.6 below.

LEMMA 5.6. Recall the definition of the set A1 introduced in (2.13). Then,

lim limsup max max sup PI[X 56P+D €Apy1]=0
=0 n—oo meSyqy GV(p+1) 285<5<38

PROOF. Fix § > 0, ¢ > 0. By (5.8), there exists ¢, < 00
(5.12) mnmuP[X<>¢%@“ﬂ<a

n—oo xegV

for all ¢+ > ¢,. By the Markov property, since H,Ep ) < 0(1) +h

statement of the lemma is bounded by

, the probability appearing in the

max P” eA
max v X, g0 € Apti]

for all x € V, s € [26, 38]. By (5.12), this expression is bounded by ¢ + 0, (1), which proves
the lemma. [

By [37], Proposition 2.1, [45], Theorem 2.7, and Lemma 5.6 for every t > 0, £, m € Sy 1,
xe %(p+l)’

(5.13) lmP[¢MeﬁHW:wMWmL

n—oo

where, recall, p,(p +1)(£, m) is the transition probability of the S, -valued Markov chain
(p+1)
X; .

PROOF OF PROPOSITION 5.5. Suppose that y € A, and fix ¢ > 0, ¢ > 0. Recall the
definition of ¢, introduced in (5.12). By the Markov property,

PLUX i = V1= D PUX g0, o0 = 2IPLIX, i =]
zeV

<maxP X =y].
i [ 16,51’) )’]

By (5.12), this maximum is bounded by ¢ + 0, (1), so that
Jim PELX ooy = y] =0
as claimed.

Suppose that y € "//nﬁp +D for some m € Sy and fix > 0, & > 0. Recall the definition of
[T, introduced in (3.6). Choose t, large enough for

(5.14) max

z,7/eV

lim p (1,)(2 Z)—M,(z,7)|<¢

n—o0

forall t > t..
By the Markov property, as G,SP ) < G,EP +1),

PUX e = )]

= > PUX, o =dPIX vy, 0 =2 TPLLX, jo0 = ¥].

z,7/€eV
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By (5.14) and (5.4), this expression is equal to
Z Z Z I, (x, 2)P] [Xl9£p+1)_2189’5p) =71, (", y) + O(e) + 0n(1).

7€V LeSyy Zea,,[(pﬂ)

The first part of the proof permits to restrict the first sum to 7’ € 7 (?*1_Since y € 7/,,2” +h , by
(5.3) we may further restrict the sum to 7’ € ”f/n$p 1At this point, by (5.2), we may replace

I1,(z', ) by n,ﬁf’ +1)(y). Hence, the previous sum is equal to

w0 2 X M OPLX oy, g0 € VP4 0@ + on(1),

[GS[H.I ZG«Y/Z(IH'I)

where we summed over 7' € 7/,,51’ +l). By (5.13), as n — o0, this expression converges to

oY meap”emrPt o)+ o).

LeSpt ZG'Y/((I)-H)

By the definition (3.6) of T, and since the measure n,ﬁp o kes p+1, 18 supported on

”//k(p +]), the previous expression is equal to

Y aP@, 0pP @ mrPH () + o),
@ESI;+|

as claimed. [

Proof of (3.8). Recall that Q,EqH) = +00, and fix a sequence B, such that Q,Eq) < By <
9,§q+1). Since 7, is the stationary state,
Tn(Aqi1) = Y Tn(OP{[Xp, € Aqi1] < maxPi[Xp, € Ayl
xeV
By the tree construction, Sq4 i8 a singleton and there is only one measure at step q + 1,
the measure nl(qﬂ) which is concentrated on "1/1(q+1) =+D  Since nl(q+1)(Aq+1) =0, by
(3.6), and the previous displayed equation,

) 1
limsup 7, (Aq41) < 7T1(q+ )(Aq+1) =0.
n—oo

It follows from the previous estimate that lim,— o 77, (¥ @+1Dy) = 1. Hence, by (2.16), for
all x € @t

lim m,(x) exists and belongs to (0, 1].
n— oo

6. Proof of Proposition 3.4. The proof is divided in several lemmata. We start with the
asymptotic behavior of the stationary states ;.

LEMMA 6.1. Forall je S|, x €],

75 (X)

—
Jim (7)) =m"(x)>0.

PROOF. Fix j € §1. By (2.16), the limit m, (x) /7, (7;) exists for all x € ¥} and is strictly
positive. It remains to show that it is equal to 7% (x). Denote the limit by m(x). Since 1, is a
stationary state, for all x € ¥/,

Y TR (x, ) =D mn (MR (¥, x) = D () Ru(y, x).

yeVv yev €Y
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As ¥ is a closed irreducible class for the chain X;, dividing by m,(7;) and passing to the
limit yields that

3 m@Ro(x, 1) = Y m(»)Ro(y, x).
yev yev

Summing over x € ¥; shows that this inequality must be an identity for all x € #;. Therefore,
m is a stationary state for the chain X; on #; what implies that m = 7%, as claimed. [

LEMMA 6.2. Fix1<p<q.ForallmeS,1,j E%ﬁf),

(p)
T (V)
lim L = M.
oo 7Tn(7/mp )

PROOF. Fix 1< p <qandm € S,;. Consider the sequence of measures on 9{,(,{’ ) de-

fined by m, (j) = m, (”1/j(p))/nn (“//nﬁ“”). By (2.16), it converges to a limiting measure, de-
noted by m(j).

By [1], Proposition 6.3, 7, (-) /7, (¥ (P)) is the stationary state of the chain ¥;"”, the trace
of Xt(") on ¥P) Hence, for all j € AP xe ”//j(p),

Y mORP = Y mMRP )= Y Y m R, x).

yey'(p) yey ) kem%’) yG%((]?)
Sum over all x € Vj(p ) to get that

Z Z nn(x)R,gl’)(x,n//k(P))Z Z Z nn(y)R,(,”)(y,“//j(”)),

kGpreayj(P) kef)%,(np) yenf/k(l’)

where R,(,p ) (z, 7/8(1) ) )y=>_ R,(lp ) (z, w). Remove on both sides of this inequality the case

(p)
wev,

k = j.By (2.9), this new expression divided by 7, (”I/,,(lp +1)) is equal to

» (p)
T s g Y ) o

Aras) no A= ey
Tn (") keS\1) keRD\(j) n (Vi

By the assumption on the measure m, and by (2.10), as n — o0, this expression multiplied
by 9,517 ) on both sides converges to

m() Y. rPGo= Y mlorP &, j).

keSpy\{j} keR\(j}

Since %ﬁf ) is a closed irreducible class for the chain Xt(p ), rP)(j, k) =0 for all k ¢ 9%,(“" ),
and the first sum can be restricted to this later set. Summing over j yields that this inequality

must be an identity for all j. Therefore, m is a stationary state for the Markov chain Xt(p )
restricted to 9%%’ ). By ergodicity, m = M,Sf ), as claimed. O

COROLLARY 6.3. Fix1<p<q+1.Forall je S, x € “//j(p),

lim ) 7P ().

n—00 i (7/](1’)) -
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PROOF. The proof is performed by induction. Lemma 6.1 covers the case p = 1. Assume
that this corollary has been proven for all 1 < p < po, where po < q+ 1. Fix j € §), and

X € “//j(p 0 By construction of 7/j(p 0 there exists k € S po—1 such that x € "//k(p 0D - 7/j(p 0)
We can write

() om0 ()
7.[”(7/]([70)) nn(%{(mfl)) 71,”(/7/]([)0))

By Lemma 6.2 and the induction assumption, as n — 00, this expression converges to
-1 -1
7.[15170 )(X)MJ(-pO )(k)
By (3.2), this expression is equal to rr,(-p 0) (x) as claimed. [

We turn to the absorbing probabilities. We first consider the case where the state belongs
to the valley.

LEMMA 6.4. Foralll1<p=<q+1,jeS,andxc ”//j(p), a(p_l)(x,j) =1.

PROOF. The proof is by induction on p. Fix j € S and x € ¥;. By (3.3), aOx, =1
because 7 is a closed irreducible class for X; and x belongs to 7.

Suppose that the results has been proved for p — 1. This means thatif j € §, and x € ”f/j(p ),
then a?~V(x, j) =1. As a?~D(x, -) is a probability measure on Sp, a?~D(x, k) = 0 for all
keSp\{j}.

Fix m € §y41 and x € “//nﬁ”“). As 7/,,5”“) = U/em@) 7/(17) X € “//(p) for some j € f)%ﬁ,{?).

By (3.5), and since, by the induction hypothesis, alP— 1)(x, k) =36k,

a? e m) =" a? Vi, AP (k, m) = AP (j, m).
keS,

As je SRE,{? ) and S)‘i,(f ) is a closed irreducible class for X;p ), by the definition (3.4) of AP,
AP (j, m) = 1, which completes the proof of the lemma. [J

It follows from this lemma and from (3.6) thatforall 1 < p <q+1,j€S§,,x € ”//j(p ) and

sequences S, such that G,EP D2 Bn < 9,51) )
S PN (O
6.1) Jim pf (v, =7 ).

Lemma 6.4 provides a formula for a®? =D (x, -) when x € ¥(P). Lemma 6.5 completes the
characterisation of a’? =1 (x, -). The proof of this result relies on the following bound.
We claim that foralla >0, 1 <p<q+1,x ¢ ¥ (P) and sequence S, such that Q,Ep_l) =<
(p)
ﬂn < 9 )

(6.2) lim maxP}[H, ) > aB,] =0.

n—00 xeV

If x € ¥P), there is nothing to prove. Fix x ¢ ¥ (P) and observe that {Hyp > afn} C
f[o, apy] X2, (X$)ds > aPy,. Hence, by the Chebyshev inequality,

apn 1 a
Pi[Hy ) > afp] <P} [/O xa,(X$)ds = aﬁn] < ;fo Ex[xa,(X5g,)ds].
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The last term can be written as
Z / p(n) (x,2)ds.
ZEAp

For each fixed 0 < s < a the sequence sf,, satisfies the hypotheses of Theorem 3.1.(a). Hence,

since n](-p ) (Ap)=0forall j €S, ps(gi (x, z) = 0. Therefore, by the dominated convergence
theorem, the previous expression vanishes, which proves claim (6.2).

LEMMA 6.5. Foralll<p<q+1,je€S,,xeV,
—1 . .
al? )(x, J) =nlir{.loP§[H,Vj(p) < H,y;j(p)].

PROOF. Fix1<p<q+landjeS, Ifxe () this result follows from Lemma 6.4.

Assume that x ¢ #(P) and fix a sequence S, such that 9,51) -2 Bn < 9,5’7 ). On the one hand,
by (3.6),

lim Y pi e, y)=aPV(x, ).

n— oo
ye //I(P)
On the other hand,
Z p(’l) (x y) Pn [Xﬂn 7/(!7) Z Pn 7/(1’) — Hy/(p) Xﬁn 7/(!7)]
y€7/~(p) kGSp
j

Fix k € §; and 0 < ¢ < 1. By (6.2), the previous probability for the fixed k is equal to
P [Hyo < B, Hq,/k@) =Hyp, Xg, € ”//j(p)] +0,(1).
By the strong Markov property at H, (), the previous probability is equal to

(»)
EX[Hy ) < &P, H, = Hyw, Pt o) [XBa—H i €757 11

In this formula, one computes the probability Pr)‘(( Hd,,(p))[X Bu—t € “//j(p )] and then replace ¢ by
H . After the proof of this lemma, we show that for all z € V

(6.3) sup P![Xg, € /"] < max P! yUH 0 < €pa] +PI[Xp, € 7P UA,]
1=<ePy erJ(

By (6.4),

lim max P [H 1/(”) <eBr]=0
n=o0 ,/<p)

Therefore, up to this point, we proved that
a?"D(x, j)

keS,,

By (3.6) and Lemma 6.4, if k # j the previous expectation vanishes as n — oo. If k = j by
the same reasons, the probability inside the expectation converges to 1 as n — oo. Hence,

a? Dix, j) < minfPY[Hy ) < &fn, H«y/jw) =Hyw»l.
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Therefore, by (6.2), for all j € S5,
—1 . ..
aP=V(x, j) < lyggéfPZ[Hy/j(p) =Hypl.

The previous inequality implies that equality holds for all j € §),. Indeed, assume that
strict inequality holds for some j € S,. Then, as a?~D(x, .) is a probability measure on S D

1= a? U, j)< D liminfP{[H, yo = Hy]
JESp JESp

< = =
liminf Z Pl ,/(m Hyp]=1,
JESp

which is a contradiction. [
We turn to the proof of (6.3). Inserting the event {Xg, € 7/j(p ‘uA p} and its complement

inside the probability appearing on the left-hand side of (6.3) yields that this probability is
bounded by

P! [Xp,— € VP Xp, ¢ V" UL +PIXp, €77 UA,]

< max P{[X, ¢ VPV UN |+ P [Xp, €7V U]
yei/p

where we used the Markov property to estimate the first by the second line. As ¢ < &g, this
expression is clearly bounded by

max Pj[H,; " <epul +P2[Xp, € VP UA,
yei/

as claimed in (6.3).
To complete the proof of Lemma 6.5, it remains to show that forall 1 < p <q, j € S,

(6.4) lim lim sup mag()P [H e <a9(1’)] 0.

a—0 n—00 xey/ﬂ

Fixl1<p<gq,jeS§, xe ”f/j(p ). Recall that Y™P represents the trace of the process X} on
(P and that d,: AR Sp stands for the projection which sends x € “//j(p) to j. By [45],
Theorems 2.1 and 2.12, under P”, the process ® p(er;;;;’)) converges weakly in the Skorohod
topology to X;p ) In particular,

lim lim sup P%[ V(p)(Y”’p) <ab{P]=0.

a—0 p—oo

In this formula, H. 7;_(p)(Y””’) stands for the hitting time of 77j(p ) for the process Y, Since

J
H 1) (Ynp) < H%p), assertion (6.4) follows from this last result.
J J

We complete this section with a consequence of Lemma 6.5. Recall from (2.11) that Q,((p )
stands for the measure on D(R, S,) induced by the process X;p ) starting from k € §.

LEMMA 6.6. Forall2<p<q,ieS,_ andxe’f/(p 1)
a? Vx, )= QP V[ Hy < Hgnl, j € Sp.
J J

o (p) B (P)
where R}” = Uges,\jy -
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PROOF. Recall that ¥,"'” - represents the trace of X t(”) on 7P~V By [2], Theorem 2.1,
under the measure P’} the process el =0 p—1 (Yt’;:;;jll)) converges weakly in the Skoro-

hod topology to the S;,_1-valued process X,(p =V introduced below (2.10).
Clearly, under the measure P,

{H, ) (X") < Hpin (X")} = {H i (Y"P7") < Hpin (Y77},
J J J J

This identity asserts that the process X" hits the set Vj(p ) before the set ”/7]-(17 ) if and only if

this happens to the trace process Y”»?~!. By projecting the process Y”»?~! with ® p—1, the
last event becomes

{Hm;p) (Xn,p—l) < Hfj’%;p) (Xn,p—l)}‘
Therefore, by Lemma 6.5, for2<p <q+1, j €S,
(p—1) N — 1 n
a (x,j) = lim_ Px[Hy/j(p> < H%<p>]

. p—1 p—1
= nll)ngopg [Hm;p) (Xn P ) < H%;p) (Xn P )]
As X™P~1 converges weakly in the Skorohod topology to X(?~D,
: ,p—1 2=\ — nip—D
Jlim Pﬁ[ngm (XmP=1) < Hg“{.(fp) xmr=H]=qQ;” [Hmyn < H¢§p>],
as claimed. [

7. Preliminary estimates. In this section, we present some estimates needed in the proof
of Theorem 3.5. We assume throughout it that the process is reversible. We start with some
estimates on the stationary state, now assumed to be reversible.

Fix x € A. As x is a transient state for the chain X;, it is eventually absorbed by a closed
irreducible class 7%, k € S1. Fix j € S1 such that a©(x, j) > 0, where a©(x, J) has been
introduced in (2.3). We claim that

(7.1 Tn (x) < 1, (75).

Indeed, as a@ (x, Jj) > 0, there exists a sequence x = xy, ..., Xy of elements of V such
that Ro(x;, x;+1) > 0, x; € A,0<i < £, x; € ¥;. By reversibility,
T (Xi) . Ry (xiy1,x;) )
Tn(Xit1)  Rn(xi, xit1)

Since Ry (xi, xi+1) = Ro(xi, xiy1) > 0, by (2.1), 7, (x;) Xy (Xi11). Asxe—1 € A, xp €Y,
Ry (xg, xp—1) = Ro(xe, x¢—1) =0, so that 7, (xg—1) < 7, (x¢), which proves claim (7.1).
Next result extends this estimate

LEMMA 7.1. Fix2<p<q, je€S, x € P\ vW Jra®P=D(x, j)>0, then,
70 () < T (V7).

PROOF. The proof is similar to the one presented to derive (7.1). Suppose that x €
”i/l-(p_l) \ v P fori e Sp—1. As x does not belong to VAR R= Tpo1.
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As a?~D(x, j) > 0, by Lemma 6.6, there exists a sequence i = i, ..., i¢ of elements of
Sp—1 such that rP~D (g, igs1) > 0.iq € Tpo1.0 <a < £,iy € RY ™. By reversibility, (2.8)
and (2.9),

-1 -1,. .
n”(%sp )) . rl’(lp 1)(1a+1ala)

N -,. .
(V) P g, iagr)

(7.2)

. -1 -, . Dy -1 -1
Since 0, liasias1) = 1PV, ia1) > 0, by 2.10), 7 (477 2w ().
Asie—1 € Tpo1.ig € R0 VrP g i) — rP (g, ig—1) = 0, 50 that , (%"~ ) <

n”(“//il(p_l)). Since i; € EREP_D, “//l»;p_l) C ”f/j(p), and the lemma is proved. [

COROLLARY 7.2. Fix2<p<gq, j€ Sy xeV\?P Ifa?=VD(x,j) >0, then,
7a (x) < 70 (V7).

PROOF. Fix x € V \ ¥ and let r(x) be the element r of {1,..., p} such that x €
w =D\ @) where ¥ = V. The proof is by induction on r(x).

If r(x) = p, the assertion corresponds to the one of Lemma 7.1. Suppose that the corollary
has been proved for y € # =D\ 7" andallr e {s+1,..., p}, and fix x € ¥ =D\ ),
By the strong Markov property at time H. ),

a?=V(x, j) = Jim Pﬁ[H,j(p) < H,y;;p)]

= nll)rrolo Z Z PQ[H,VI{M =Hyw, X(Hys) = Z]PQ[H,,/]_@) < H,;j(p)]-
keS; ZG%(S)

The sum can be restricted to elements k € S; and z € “//k(s) such that a(s_l)(x,k) > 0,
a?=D(z,j) > 0. By Lemma 7.1, m,(x) < nn(”//k(s)) and by the induction assumption,
mn(2) X1y (7/j(p )). The previous estimate may not be strict as it might happen that z belongs
to 7/j(p). By (2.16), 7, (“//k(s)) ~ 1, (z) so that 7, (x) < 7, (”//j(p)), as claimed. O

Potential theory. We turn to estimates involving the capacity. Recall the definition of
comparable sequences introduced just before the main hypothesis (2.4). Let ¢,: E — Ry
be given by ¢, (x, ¥) := m,(x) R, (x, ¥) and note that ¢, is symmetric. It follows from (2.4)
(cf. equation (2.5) in [2]) that the sequences ¢, (x, y) are comparable. A self-avoiding path
y from & to B, o, BCV, o/ N B =, is a sequence of sites (xg, X1, ..., X,) such that
xo €A, Xy € B, xi #xj,1# J, Ry(xi,xi31) > 0,0 <i <m. Denote by I' s » the set of
self-avoiding paths from .2/ to % and let

cn(f, #):= max cn(y), cn(y) = min cn(Xi, Xi41).
velw % O<i<m
Note that there might be more than one optimal path and that ¢, ({x}, {y}) > ¢, (x, ¥), with
possibly a strict inequality. The next result is [2], Lemma 4.1.

LEMMA 7.3. There exists a positive and finite constant Cy such that

_ cap,, (<7, B)
cil< =" <
N A B

for all n > 1 and nonempty, disjoint subsets <7/, B of V.
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Fix two disjoint, nonempty subsets <7, & of V, and let h ., _z be the equilibrium potential
between .« and 4:

hy #(x) = Pﬁ[HM <Hgl, xeV.
Denote by D, (f) the Dirichlet form of a function f : V — R:

Dn(f) = (f, (_fn)f%fn
It is well known [34], equation (B.7), that

Capn(&{7 %) = Dl’l(hd,ﬂ)

LEMMA 7.4. There exists a finite constant Cy, independent of n, such that
oA, B
horn(0)? < Co 2L )
cap, ({x}, #)
forall x ¢ o/ UA.

PROOF. Leth=hgy »,andlet y = (x = xp, ..., x,) be a self-avoiding path between x
and #A. Hence R, (xj, xi+1) > 0,x; ¢ B,0<i <m and x,,, € B. As x;,, € B, h(xm) =0 so
that

m—1 —

h(x)? = (h(xo) — h(xm))” < 3 en(xi, xip ) [AGxi41 — h(x)] Z

i=0 i—0 Cn(xl’xH—l)
As the path is self-avoiding, this quantity is bounded by
1
|E|D,, (h) max —— = |E|cap, (&, $) max _
O<i<m Cp (X, Xi4+1) O<i<m C}’l(-xl7xl+1)
Minimising over all possible paths y from x to 4 yields that
1

max,, ming<; < Cn (Xi, Xi41)

her,5(x)* < |E|cap, (<, B)
The assertion of the lemma follows from Lemma 7.3. O

LEMMA 7.5. Fix 1 < p <q, and suppose that r'P)(j, k) > 0 for some j, k € Sp. Then,

9(1’)
liminf nfpcapn (v P, ”f/k(p)) > 0.

n— o0 nn(%( )) J

We do not exclude the possibility that this liminf is 4+o00.

PROOF. We argue by contradiction, proving that if the liminf vanishes then r ") (j, k) =
0, but we first derive a consequence of the positivity of (") (j, k).

Fix x € ”f/j(p ). The main result in [2] states that under the measure P”, the process X; ¥ =
P p(Yt';’(f,)) converges weakly in the Skorohod topology to the §),-valued process X,(p ), Hence,

if r(P (j, k) > 0, for every a > 0,
(1.3) liminfP{[H, ) (Y"7) < a6 ] = Q' [H <a] > 0.

Denote by Y,"’j * the trace of XJ' on “//j(p U ”//k(p ), By [1], Theorem 2.6 (for the process
Y,"’j * and with B = % = 7/j(p ), B = ”Vk(p )) and [2], Theorem 7.1 (Condition T4 ensures
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that the hypothesis (2.14) of [1], Theorem 2.6, is in force), under P, the random variable

H ) (Y"1 k) /6; u converges in distribution to a mean-one exponential random variable. In
k

this formula,

ik
/K =

Sk () )y

capy ik )

T, (zy/J(P))

ﬂ,{’k(”f/j(p)) _

and cap,{’k stands for the capacity with respect to the trace process Y,"’j . By [1], Lemma 6.9,
Capn(aj/j(l?)’ /»I/k(P)) — nn(ﬂj/j(P) U %k(P)) Cap{l,k(aj/j(l?)’ /»I/k(P)), so that

cap,, (%j(l’)’ 7/]((17))

jok
9}1

Suppose by contradiction that the limit appearing in the statement of the lemma van-
ishes, so that G,EP)/Q,{’k — 0 and Pﬁ[Hy/(p)(Y”’j’k) < a@,ﬁp)] — 0 for all a > 0. Hence, as
k

Hﬂ,;c(p)(Y"’f’k) < H,p(¥"P),
Jim P[0 (1) < a6 = 0.

This contradicts (7.3), and therefore one must have that »(P)(j, k) = 0, completing the proof
of the lemma by contradiction. [J

Fix 1< p<q, j€%,. Let A; be the recurrent points of the chain X,(p ) which can be hit
before any other recurrent point when the chain starts from j. More precisely, £ € A; if, and
only if, £ € 8P and there exists a path jo = j, ji, ..., jm = £ such that 7P (ju, jas1) > 0,
Ja€Tp.0<a<m. Letof;=Usen, 7,

LEMMA 7.6. Fix1<p<qg,x€ ”f/j(p), J €%, Then,
(p)

n

liminf ca x}, ;) > 0.
1> 00 JTn(X) pn({ } ])
PROOF. As x € ”f/j(p), J € %), there exists a path jo = j, ji,..., jm such that rP (g,

Ja+1) >0, ja €%y, 0<a <m, j, € Aj. Moreover, for 0 < a < m, by (7.2), with p instead
of p—1, nn("I/jip)) < nn("I/jii)l), and, by Lemma 7.5,

(p)
liminf

n (p) y(p)) < 0.
S, (1)

Cap”(ai/ja > 7 Jatl

This limit is finite because this capacity is bounded by the one obtained by replacing ”//Jii )1
by ”féip ), and the limit for this later one is finite in view of (2.10).

By the previous displayed equation and Lemma 7.3, the exist a positive constant cg
and self-avoiding paths y, from V]ip ) to ”f/Jii )1 such that ¢, (y,) > conn(”f/jip ) )/9,5’) ) >
coma (7 /0:7,0<a <m.

Denote by y,, 0 < a < m, the starting points of the paths y,, and by x,4; its ending
point. Let xo = x. Hence x,, y, belongs to the same well “//jip ), By Property (T4) in [2]
and Lemma 7.3, Theorem 7.1, there exist self-avoiding paths y, from x, to y, such that
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cn(y)) > conn(”f/jip )) /9,§” -D > corrn(“//j(p )) /Q,Ep ), where the value of the constant ¢y may
change from line to line.
By concatenating the paths y,, y,, we obtain a path y from x to .2Z; such that ¢,(y) >

coTn (“I/j(p ) )/ Q,EP ) If it is not self-avoiding, we may shorten it improving the lower on ¢, (y)
and keeping it as a path from x to .<7;. At this point, the assertion of the lemma follows from
Lemma 7.3 and (2.16). [

Fix x € A. Let ., be the recurrent points of the chain X; which can be hit before any
other recurrent point when the chain starts from x. More precisely, y € .7 if, and only if,
y € ¥ and there exists a path xo = x, x1, ..., X = y such that Ro(x,, x44+1) > 0, x5 € A,
0<a<m.

LEMMA 7.7. Fixx € A. Then,

1
liminf )capn ({x}, ) > 0.

n—00 1, (x

PROOF. By definition of the path from x to %, Ro(x4, x4+1) > 0 for all 0 < a < m.
Hence 7, (x4) X 7n(Xg+1) and ¢, (xa, Xa+1) = Tn(xXq) Ry (Xa, Xa+1) = 7n(xgq) = 7, (x). This
proves that ¢, (y) > m,(x) and completes the proof of the lemma in view of Lemma 7.3. [

LEMMA 7.8. Fix 1 < p <q. Then, forall forx ¢ VP, j € S,,

) Tn ()
lim —"=P{[H, ) = Hyin]’ =0.
J

n— o0 T, (a//j(l?))

PrROOF. If m,(x) /nn(”f/j(p ) ) — 0, the conclusion is straightforward. If m, ("I/j(p )) ~
7, (x), by Corollary 7.2, a?=D(x, j) =0, so that, by Lemma 6.5,

nlgrgo PQ[HVJ(p) =Hyp»n]=0,

and the assertion of the lemma follows.
Assume that rrn(”I/j(p )) < 1, (x), and suppose that x € ¥". Let 1 <r < p suchthatx € “//k(r)

for some k € T,. Such r exists and is smaller than p because x ¢ ¥ (7).

Recall the definition of the sets Ay, <% introduced just before Lemma 7.6. Add the index
r to recall that k € T, and write A, , <7k instead of Ay, <%, respectively. By definition,
Ay C a (r+1)

By the tree construction, since r < p, there exists B C S,4+1, such that ”f/j(p ) =
Uicn 7/i(r+1). By Lemma 7.1, m,(x) < ﬂn("f/e(r)), £ € Ari. Thus, as nn(”i/j(p)) < 7, (x),
Ty (”1/l.(r+1)) < nn(“f/g(r)) for all i € B, £ € A, . Hence, since by (2.16), all elements of the
same valley have measures of the same order, <7 x N “//j(p )=,

The proof is by induction on r. We first prove it for »r = p — 1. In the sequel, we show that

ifitholds forall r € {ro+ 1, ..., p — 1}, then it holds for rg also. First, assume thatr = p — 1
(and keep the index r of .7 as r, though r = p — 1). In this case, since .7 ; C ¥ (P) and

Ak N “//j(p — , we have that o7} C ”f;j(p ), Therefore,

PUH ) < Hpp] <PUH, ¢ < Hapy .
J J J
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By Lemma 7.4,

70 (%) capn(“//j(” ) )

7.4
(7.4) Onn(n//j(l’)) cap, ({x}, %.1)

7T, (x)
ni(p)P;[Hy/‘(p) < H.!fryk]z <C
T (V;) /

for some finite constant Cg. By equation (B.2) in [34],
Capn(“//j(p), ) < Capn("f/j(p), 7/;_(17)).

By (2.7), this expression is bounded by Conn(”f/j(p )) / 9,217 ) for some finite constant Co whose
value may change from line to line.
On the other hand, by Lemma 7.6, as r = p — 1,

(7.5) cap, ({x}, k) > comu(x) /6P

for some positive constant cg. Putting together the two previous estimates, we obtain that the
expression in (7.4) vanishes as n — oco. This completes the proof of the lemma in the case
r=p—1.

We turn to the induction argument. Fix » < p and assume that the result holds for r +
1,..., p — 1. Recall the notation introduced at the beginning of the proof and write

(7.6) PiH i =Hyp] <PUH ) < Hop 1+ Pi[He < H » < Hpol
J J J J

We estimate separately the square of each term on the right-hand side.
The argument for the first term is similar to the one presented for » = p — 1. By Lemma 7.4,
(7.4) holds for some finite constant Cy. By equations (B.1) and (B.2) in [34],

cap, (7", 1) < 3 cap, (5, i) < Y cap, (47D, /D),
ieB ieB
By (2.7), this expression is bounded by } ;.5 nn(“//,-(””)/@,ﬁr“) =, (”//j(p))/QrErH). On the

other hand, by Lemma 7.6, (7.5) is in force with G,Er) in place of 9,5” D and some positive

constant cg. Putting together the two previous estimates, we obtain that the expression in (7.4)
vanishes as n — oo.
We turn to the second term in (7.6). By the strong Markov property, it is bounded by

max P2 [H ) < H qp].
€y | S 7

To complete the proof, it remains to show that for all z € <7 ¢,

. ()
lim niP?[Hy/.(p) < H,y;.(p)]z =0.
J J

n—oo T, (nj/j(l’))

Since 7, (x) < 7, (z), it is enough to show that

(1.7 fim @

P'[H, » < H»]* =0.
n—oo nn(%(p)) z “//jp Vjp

This follows from the induction hypothesis. Indeed, as z € # "1 either z belongs to #(P) or
z belongs to some ”1/6(‘?) ,r <s < p,for some £ € T;. In the first case, the probability vanishes
because z € “/7j(p) (asze PN i and @ N ”//j(p) =0,z€ ”/;j(p)). In the second case,
(7.7) holds by the induction hypothesis.

It remains to consider the case where Jr,,(“//j(p )) < my(x) and x € A. We repeat the in-
duction argument. Write (7.6) with 7, instead of <7 ;. We estimate the first term on the
right-hand side of (7.6) as before, applying Lemma 7.7 instead of Lemma 7.6. The second
term is also bounded as before. At the end of the argument one needs to estimate (7.7) for

zeV, rrn(“i/j(p )) < 1, (z). This has been done in the first part of the proof. [J
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8. Proof of Theorem 3.5. We assume in this section that the dynamics is reversible:
Tp(X)Rn(x, y) =700 (¥) Ry (y, x) for all (x, y) € E.

Elementary properties of m,,. The proof of Theorem 3.5 requires some preparation. We
first introduce the transient equivalent classes of the chain X ,("). We say that y is equivalent
to x, y ~x if y = x or if there exists a sequence x =xg, ..., X¢ =Y, Yo=Y, ..., Ym = X such
that Ro(x;, xi4+1) > 0, Ro(yj, yj+1) >0forall0<i <¢,0=<j <m.

This relation divides the set V into equivalent classes. Clearly the sets ¥} are equiva-
lent classes, but there might be others. Denote by 47, ..., én the equivalent classes which
have more than one element and are not one of the sets #;, 1 < j < n. Note that the sets
b1,...,%6m, N,..., Y5 may not exhaust V: the set V may contain elements which do not
belong to one of the %}’s nor to one of the #;’s.

The first assertion extends (2.16) to the sets 6. We claim that if x, y belong to the same
class %%, then

. Tu(x)
8.1) lim =a € (0, 00).
n—00 7, (y)
Indeed, by definition, there exists a sequence x = xg, ..., x¢ = y, such that Ro(x;, x;+1) > 0,

for all 0 <i < £. By reversibility,

Tn(X) _ Ru(xe, Xe—1) ... Rn(x1, X0)
T (y) Ry (x0,x1) ... Ry(x¢—1, x¢)

By hypothesis, the denominator converges to a positive real number. On the other hand, by
(2.1), the numerator converges to a nonnegative real number. This proves that 7, (x) /7, (y) —
a € [0, co). Inverting the roles of x and y we conclude that a € (0, 00), as claimed in (8.1).

Fix an oriented edge (x, y) € E whose endpoints belong to the same equivalent class ”//j(l)
or 6, j € S1, 1 <k <m. We claim that

(8.2) Ro(x,y) >0 ifandonlyif Rg(y,x) > 0.

Indeed, assume that Rg(x, y) > 0. Since m,(x)R,(x,y) = m,(y)R,(y, x), by (2.16) and
(8.1), limy,_, oo R, (¥, x) = Ro(x, y) lim,,_, oo 7, (x) /7, (¥) > O.
Denote by ILEO), ]L(TO’)k, Jj € S1, 1 <k <m, the generators associated to the rates Ry re-

stricted to the equivalent classes 7/j(1) , Gk, respectively. This means that we set to 0 all jumps
from %} to its complement. Denote by v the stationary state of the Markov chain associated
to the generator L;E)’)k.

We claim that forall 1 <k <m,

T (x)

8.3 li
®-) w200 7, (Gi)
This result extends Lemma 6.1 to the transient sets %%. To establish (8.3), let m € 22 (%) be
the limit of the sequence of measures 7, (-) /7, (%%). This limit exists by (8.1). By reversibil-
ity, for all x, y € %,

=vr(x) forall x € G and that vy is reversible.

75 (X) T (y)
Rn ) =
o N = G

Passing to the limit yields that m satisfies the detailed balance conditions with respect to Ry.
Hence m is stationary (actually, reversible), and, by uniqueness, m = v;. This proves that the
sequence of measures 7, (-) /7, (%) converges to v and that vy is reversible.

Ry (y, x).

The same statement yields that nj(.l) is a reversible measure for the chain X; restricted to
v j € S.
]
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The functionals .#P). The first result of this section provides an alternative formula for
the functional .#© introduced in (3.11). Its proof relies on the construction of a directed
graph without directed loops. The equivalence classes of the chain X; form the set of vertices
of this directed graph. Denote them by 2, ..., 2. The sets #; and % belong to this set
and are vertices of the graph. In other words, for each j € Sy, there exists 1 < a < £ such that
V; = 2. A similar statement holds for the sets 6.

Draw a directed arrow from 2, to 2, if there exists x € 2, and y € 2}, such that
Ro(x, y) > 0. Denote the set of directed edges by A and the graph by G = (Q, A), where
Qisthe set {2y, ..., 2} of vertices.

A path in the graph G = (Q, A) is a sequence vertices (<2, ;10 < j =m), such that there
is a directed arrow from Qaj to e@ajH forO0<j <m.

This directed graph has no directed loops because the existence of a directed loop would
contradict the definition of the sets 2, as equivalent classes. (Mind that undirected loops
might exist.) On the other hand, since the sets “//] are closed irreducible classes, these sets are
not the tail of a directed edge in the graph. Finally, fix an equivalent class 2, which is not a
set 7;. Hence, the elements of 2, are transient for the chain X;. In particular, there is a path
(Zu =24, ..., Zy,) such that 2, ; 1s not a closed irreducible class for 0 < j < m, and 2,
is one.

Fix an equivalent class 2, which is not a set 7#;. Denote by D(Z2,) the length of the
longest path from 2, to a closed irreducible class. The function D is well-defined because
(a) the set of vertices is finite, (b) there is at least a path, (c) there are no directed loops in the
graph.

Fix a, b such that there is a directed arrow from 2, to 2},. Then,

(8.4) D(Z2,) =D(Zp) + 1.

Indeed, it is enough to consider the longest path from 2, to the irreducible classes. 2, does
not belong to the path because there are no directed loops. By adding 2, at the beginning
of the path from 2, to the irreducible classes, we obtain a path from 2, to the irreducible
classes of length D(2;) + 1, proving (8.4).

We may lift the function D to V by setting D(x) = D(2,) forall x € 2,,.

Let ¢ 0. (V) — [0, +00] be the functional defined by

FOw =3 (/. (L) £, <n+Z (~L) V3D,

8.5) / ES‘m
YD) @R+ Y D u)Ro(x, ).
k=1x€6 y¢6x xX¢EVY yeV

In this formula, € = U 6%, fj(x) = M(X)/JTJQ)(X), 8k(2) = u(2)/vi(z), x € 7/]'(1)9 2 € k.
LEMMA 8.1. Forevery ue 2(V), #Ou) = /(0)(/0-

PROOF. Fix u € Z(V). We first prove that j(o) (n) < £ (). By definition of the
generator (9,

(8.6) s Ow=sip-{ ¥ 2O Rt y)[u(y)—u(x)]}

u>0 (X,y)GEo ( )

where the sum is performed over all directed edges of Eo.
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Fix £ > 1, and define u, : V — (0, 0o) by

ue(x) = ED(X)\J@’ ue(y) = PO %’ up(z) = ED(Z),
7 (x) Vo ow(y

forx eV, jeS,ye6r,1<k<m,and z ¢ ¥ U%. Here, ¢ = 1/£ and guarantees that u
is positive. By definition of .#©,

(8.7) ﬂ“”(mzhmsup—{ P (X)Ro(x,y)[my)—qu)]}.
{—00 (x,y)€Eo ug(x)

We examine the asymptotic behavior of the right-hand of (8.7). Fix (x, y) € Eg, and sup-
pose, first, that x, y € ”f/J for some j € S7. In this case, the factors P cancel, and, as £ — 00,
the corresponding term in (8.7) converges to

7 GOy £ ORoCe, D[ (00 = £ )],

where f;(x) = u(x)/ Jt](.l)(x). Therefore, the contributions to the right-hand side of (8.7), of
the sum over the edges (x, y) € Eq such that x, y € 7 is

W5 (_Lﬁo))\/fj‘)n;w-

The same argument yields that the contributions to the right-hand side of (8.7), of the sum
over the edges (x, y) € Eg such that x, y € %} for some 1 <k <m, is

(VEE: (LT3 VER,

where gi (x) = u(x)/ve(x).

Up to this point we considered all edges (x, y) € Eg whose head and tail belong to the
same equivalent class ¥} or . Assume now that this is not the case, and consider the term
wu(x)
ug(x)

, v are strictly positive, ug(y) < CotP,

_ nx)
ug(x)
)

By definition, and since the measures 7;

Ro(x, )[ue(y) —ue(x)] = w(x)Ro(x, y) —

Ro(x, y)ue(y).

wx)/ue(x) < Cot™P®) for some finite constant Cp independent of x, y and £. The abso-
lute value of the second term is thus bounded above by Co¢P) P& Since there is an edge
from x to y, by (8.4), D(x) > D(y) + 1, which proves that the second term of the previous
displayed equation vanishes as £ — co.

Fix an edge (x, y) € Eg whose head and tail do not belong to the same equivalent class
¥ or 6. Since ¥; is a closed irreducible class, x ¢ 7. Suppose that x € 6. Hence, y ¢ 6
because they do not belong to the same class. These are the terms which respond for the third
sum in (8.5), the terms in which x ¢ % respond for the fourth sum in (8.5), completing the
proof that # @ () > 7O ().

We turn to the reverse inequality, ¢ Oy > 7O u). By (8.6),

m
0w =Y AW+ 3 I W+ 2 (w),
JjeST k=1

where f,(/?) (w) is given by formula (8.6) when the sum is performed over the directed edges

(x, y) whose head and tail belong to 7. ﬂ(g) (w) is defined similarly, while ft%(—,o) (u) contains
the remaining edges.
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By [58], Theorem 5,
(0) (w) = <\/JT (—LEO))\/?)NJ(I),

where f;(x) = M(x)/nj(-l)(x), x € ¥;. An analogous result holds for f(}g) (n). These two
terms correspond to the first two terms in (8.5).

We turn to J%O) (), which can be written as

f%o)(,u) Z w(x)Ro(x, y) + sup — Z (—Ro(x nu(y),
(X y) u>0 (X )) )

where the sums are performed over directed edges whose head and tail belong to different
equivalent classes. Since the second term is negative,

I < Y m@Ro(x, y).
(x,y)

We have seen in the first part of the proof that this sum can be written as the third and fourth
terms in 7 O (1), completing the proof of the lemma. [J

Note that for each 1 < k < m, there exists at least on x € C; such that Ro(x,y) > 0
for some y ¢ %%. On the other hand, as the Markov chain associated to g))k is ergodic,

(Vg (= ]L(O) )+/€)v = 0 entails that g is constant. Therefore, .% © (n) = 0 if and only if
there ex1sts a probability measure @ on S; such that
(8.8) p=y o
JESI

Fix 1 <p <gq,andlet 7 (P): P (V) — [0, +00] be the functional defined as follows. If
=3 jes, a)jn](-‘p) for some probability measure @ in S, w € Z(S)),
89 I Pwi= Y Vi CLIW i + 20 20 @irP (k).

meSpyi1 JEX, keS),

In this formula, IL,,(J,D ) stands for the generator associated to Markov chain Xfp ) restricted to the

closed irreducible set ER,Sf ) and fm(j) =wj/ M,(np )( Jj). je€ D%f,f ) To complete the definition
of 7 (P) set

(8.10) /(1’) (u) := 400 if u is not a convex combination of n(p), JES).

Recall from (3.13) the definition of the functional .# (") : 22 (V) — [0, +00]. The proof of
Lemma 8.1 yields that

LEMMA 8.2. Foralll<p<gq,ue 2(V), ISP ()= _#P ().

Note that, by (8.9) and (3.2), .% (P (u) =0 if and only if there exists a probability measure
@ in Sy such that

(8.11) w= Z DOm Z M,S{’))(j)ﬂj(-p)Z Z &smﬂ,ier]).

mGSp+1 jGER;(np) mGSp+1

On the other hand, if 4 is not of this form, by (8.10), .# ?*D (L) is set to be equal to 400.
Hence, the functional . (?*D is finite only at the 0-level set of .# (P) | Furthermore, since the
right-hand side of (8.9) is always finite,

(8.12) JPD () <00 ifandonlyif #P (u) =0
By (8.8), this assertion holds also for p = 0.
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The I"-convergence. We turn to the proof of Theorem 3.5. We proceed by induction. We
first show that .#, I'-converges to the functional .#®. Then, we observe that, according
to (8.8), the O-level set of .#© corresponds to the convex combinations of the measures

;1), j € S1. In the sequel, we prove that Qél)fn I'-converges to . (1. Clearly, by defini-
ey

tion, .# (D () = +o0 if u is not a convex combinations of the measures 7 i j € 81, while

D () < +ooifitis. By (8.11), the O-level set of .# () consists of the convex combinations
of the measures n/(-z), j €S

T

At this point, we iterate the procedure by examining the behavior of 9,52) 4, and so on
until proving that Q,Eq) #, T-converges to .# @ . The 0-level set of this functional is the sin-
gleton formed by the measure 7 (7*D . As the level set is a singleton, the iterative procedures
ends. Note that this approach produced the state 77 9T which is is the limit of the stationary
measures 77,: 79D (x) = lim,,_, o0 77, (x), x € V.

We turn to the proof that .#, I'-converges to . (),

PROPOSITION 8.3.  The functional .%, T'-converges to %O,

PROOF. We start with the I' — limsup. Fix u € (V) and consider the sequence
constant equal to u. By (3.10),

1 2
f,,(u)z5 > nn(x)R,,(x,y){\/u(y) _\/M(x)} ‘

) E Ta(y) N 7alx)

Fix an edge (x, y) € E. We examine the asymptotic behavior of

2
(8.13) m(x)Rn(x,y){\/:((yy)) —\/:(&))} .

By reversibility, this term is symmetric in x, y.

There are three types of edges. Assume first that R,(x,y) — 0 and R,(y,x) — 0.
By [45], Lemma 3.1, either 7,(x)/7,(y) converges to a nonnegative real number or so
does m,(y)/my(x). Assume, without loss of generality because (8.13) is symmetric, that
7w, (y)/mn(x) = a € [0, 00). In this case, (8.13) is equal to

pn)ma(y)

which vanishes as n — oo.

Assume that R,(x,y) /~ 0 and R,(y,x) — 0. Hence, Rg(x, y) > 0, Ro(y,x) =0. In
particular, as the set #; are closed irreducible classes, x ¢ 7 (if x € ¥} and Ro(x, y) > 0,
then y € 7 because it is a closed irreducible class. Hence, by (8.2), Ro(y, x) > 0, which is a
contradiction). Two possibilities remain, either x € %} for some k or x ¢ %.

By reversibility, w, (x) /7, (y) — 0. Hence, (8.13) is equal to

2
Rn<x,y){,/%’(’y”)m - mx)} ,

which converges to pu(x)Ro(x, y). If x € %%, by (8.2), y ¢ %%. These are the pairs which
appear in the third term on the right-hand side of (8.5). If x ¢ € these pairs are responsible
for the fourth term on the right-hand side of (8.5).

Finally, assume that R,(x,y) 4 0 and R,(y,x) / 0. This means that x and y belong
to the same equivalence class, say 7; or 6j. Assume that x and y € 7;. The argument is
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identical if we replace ¥} by %i. Replace 7, (x), m,(y) by 7, (x) /7, (¥}), mn(y) /70 (V}),
respectively. By Lemma 6.1, 7, (x) /7, (¥}) converges to n}i (x)= JTJ(-I)(X) > (. Hence, (8.13)

converges to
2
”J(I)(X)Ro(x,y)u n’fl()y()) —J et
iV T; (x)

Putting together the previous estimates yields that .7, (n) — ¢ O (w). To complete the
proof of the I' — lim sup, it remains to recall the statement of Lemma 8.1.

We turn to the T" — liminf. Fix u € £2(V) and a sequence of probability measures pi, in
P (V) converging to . By definition of .7,

T4 Mn(” T2 Ratx [0 —u()]
yev

Lu
jn(,un) > — v

forall u : V — (0, 00). As u, — p and R, — Ry, this expression converges to
p(x)
- X R »[u0) —ut)]
(x,y)€Eg

Therefore,

hmlnf] (n) > sul())— Z Z(—;f))Ro(x, W[uy) —ux)] = IO,
=0 (x,y)eky

which completes the proof of the lemma. [
Recall from (8.9) the definition of the functionals .# (P, 1 < p<q.
PROPOSITION 8.4. Fix 1 < p <q. The functional Q,Ep)fn I-converges to 7P,

PROOF. We start with the I' — limsup. Fix u € Z(V). If u is not a convex combi-
J(-p ), J € §p, there is nothing to prove. Assume, therefore, that
for some weights w;.

nations of the measures 7

( )
M= ZJGSP w; b
Let f, : ”1/(1’) — R4 be the function given by f, = Z/es,, ] (n))(“//(p), where w;(n) =

' j

w;j /Ty (“//j(p )). To extend this function to V, solve the Poisson equation (A.2) with . = .%,,

Vo=, g = +/ fu. Denote by h, the solution of the equation. Let u, = anhﬁnn, where o,
is a normalizing constant which turns w,, into a probability measure.
We claim that o, — 1 and p, — p. By definition,

S )+ Y D ) (x).

xg¢ v (P jeSPxE,V(p)
J

By definition of &, for x ¢ v (P)

2
i () zrn(x)—{z w0, (WP [H ,(,»—HW)]} 70 ()
JESp

< Co Z Pi[H, = Hoyp 10 (%),
jeS, Ttn (7/]
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where the constant Co bounds the cardinality of V. By Lemma 7.8, this expression vanishes
as n — oo. By definition of f,, the second term of the penultimate displayed equation is
equal to

which proves that o, — 1.

The previous argument shows that w,(x) = a,h;, ()2, (x) = 0 = p(x) if x ¢ v (P If
x € VP 1 (x) = ey fu ()T (x) = 0070, (x) /70, (#{"”). Since e — 1, by Corollary 6.3,
the previous expression converges to @ jn;p )(x) = u(x).

To complete the proof of the I' — lim sup, it remains to show that limsup,, 9,2” )ﬂn (up) <
ZP) (). By (3.10) and the definition of i,

Fn(n) = Oln<hn7 (_zn)hnLTn

By Corollary A.2 and the definition of #,, the right-hand side is equal to

ntn (VW o, (P W)
=~y Y @R LN ) = @),

x,ye”f/(m

where %, ") stands for the generator of the trace process ¥,"” introduced in (2.8), and JT(p )

for the measure 7, conditioned to ¥ (?). Since Jfn 1s constant and equal to w;(n) on each set

“//j(p ) , the previous expression is equal to

—ap Y Joim) Y (Veor®) —Joim} Y m@) Y RP(x,y)

Jj€S, keS,\1j} ey yer
=—an Y Joim Y (Vo) — Joym)m (VPP G k),
1eS,, kESp\{j}

where 7, P (J, k) is defined in (2.9). Up to this point, we proved that

0P Iuun) = 56 3 w7 )P G V) — oo )

J.keSy

where we used that 7, (“I/j(’7 ))r,(,p ) (j, k) =m, (7/k(p ))r,EP ) (k, j), an identity which follows from
the reversibility assumption.

Recall that «;, — 1. In view of the definition of w; (n), it remains to examine the asymptotic
behavior of

2
. Wk i
(8.14) nn(7/.<P>)9,§P>r,5P>(J,k){ / - / }
J ﬂn(,y/k(p)) ﬂn(/y/j(p))

As in the proof of Proposition 8.3, we divide the pairs (j, k) in three types. Assume
first that 6.7 7P (j, k) — 0 and 67 1P (k, j) — 0. By [45], Lemma 3.1, and (2.16), either
Ty (“//j(p )) /T (“//k(p )) converges to a nonnegative real number or so does 7, (”//k(p )) /T (“//j(p )).

Assume that 7, (7/,{@ ))/ iy (“//j(p )) — a € [0, 00). In this case, by reversibility, (8.14) is equal
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to

2
(8.15) 9,§P>r,§f’>(k,j){4/_wk — |o; } ,

which vanishes as n — oo.
Next, suppose that G,Ep)r,gp)(j,k) — 0 and G,Ep)r,gp)(k,j) — r(f’)(k,j) > 0, where

rP (k, J) has been introduced in (2.10). In particular, k is a transient state of the chain X,(p ).
By reversibility, 70, (V") /ma (V") = ri?(j. k) /i (k. j) — 0. Hence, (8.14), which is
equal to (8.15), converges to

r (&, jor.
Finally, suppose that 6" r\P(j, k) — r®P (j, k) > 0 and 6P (k, j) — rP (k, j) > 0.

This means that j and k belong to some closed irreducible class ERS,{’ ) of the chain X,(p ). By
Lemma 6.2, the expression (8.14) converges to

2
Mr(np) (D) k,j { Wk _ wj } ]
o (J)/MWQ) ML ()

Combining the previous estimates yields that 9,5’7 )fn (n) converges to # (P) (), which
completes the proof of the I' — lim sup in view of Lemma 8.2.

We turn to the I' — lim inf where we use an induction argument. Fix 1 < p < g and assume
that the I"-convergence of Q,EP _l)ﬂ” to . (?=1 has been proved. Fix a probability measure
on V and a sequence (i, converging to (L.

Suppose that .#P~D(y) > 0. In this case, since 9,5’) _I)Jn I'-converges to .# P~ and

’gp)/elgp—l) — 00,

(p) 0 (p)

iminfo® = limi n (p—1 (p—=1 i "
B 00" Gan) = Tl gy ) = ST g, oy = 00

On the other hand, by (8.12), .# » _1)(,u) = 00. This proves the I' — liminf convergence for
measures  such that .# =D () > 0.
Assume that .#?~D(y) = 0. By (8.10), there exists a probability measure w on § » such

that = 35, ;. By (3.9),

Lu

L%maz—/ din
Vv

forallu:V — (0, 00).
Fix a function 4 : ¥ — (0, 00) which is constant on each “//j(p ), JESy h=
> jesy h(j)yx y- Let u,: V. — R be the solution of the Poisson equation (A.2) with
j

L =%, Vo= and g = h. By the representation (A.3), it is clear that u, (x) € (0, c0)
forall x e V.

Since u,, is harmonic on V \ 7" and u,, = h on #P), by Lemma A.1, the right-hand side
of the previous displayed equation with u = u,, is equal to

Lnuy Luy fn(p)h
_ din, = — di, = — diLy.
,/V(p) Uy Hon [y/(p) h Hon ,[1/(17) h Hn

Here, as in the first part of the proof, ,,2”,1(17 ) stands for the generator of the trace process Y; "
introduced in (2.8).
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Since h is constant on each set 7/ ) (and equal to h(j)), the last integral is equal to

S [h(k) —h()] S (x)/Ln( )R(p)( ’7/](<p))’
jkES h(]) ) n( )
xGVj

where RY” (x, 7 ") = ¥ RY (x. ). By Proposition 3.4, 7, (x) /m, (V") — 7 (x)

}E,/(p
forallxe“//(p) Thus, since pin — n =3 jcs, wj7 J(p),

o (X)

: (p)
nlggo Tn (7/1 ) 7, (%)

=w; forallxe ”f/j(p).

Therefore, by (2.10), as n — oo, the penultimate expression multiplied by 9(p )

— P)(j,k)[h(k) —h L"h
Z w;j ()Zr (Js )[() (]) Zw]

JESp keSy JESp

converges to

Summarising, we proved that

L®n
h 9

liminf6” 7, (1n) = sup— Y o)
JESp
where the supremum is carried over all functions h : §, — (0, c0). By (3.13), the right-hand
side is precisely .# (P) (1), which completes the proof of the I' — liminf. [

APPENDIX: POTENTIAL THEORY

We present in this section some results on potential theory used in the article. We do
not assume reversibility. We keep the same notation of the article, removing the index n. In
particular, X; is a V-valued, continuous-time irreducible Markov process whose jump rates
are represented by R(x, y). Denote by (F; : t > 0) the canonical filtration induced by the
chain X;. Hence, F; is the o -algebra generated by the variables X, 0 <s <t.

We first recall for the reader’s convenience the definition of the trace of a process on a
subset.

Trace process. Fix a nonempty subset W of V. Denote by TW () the total time the
process X; spends in W in the time-interval [0, ]:

o= [ wxods
where, recall, xw represents the indicator function of the set W. Denote by S% (¢) the gener-
alized inverse of TW (¢):
SV(t)=sup{s >0:T"(s) <t}.
The trace of X; on W, denoted by (X IW 1t > 0), is defined by
(A1) XY =Xgwi: t=0.

By Propositions 6.1 and 6.3 in [1], the trace process is an irreducible, W-valued continuous-
time Markov chain, obtained by turning off the clock when the process X; visits the set W€,
that is, by deleting all excursions to W¢. For this reason, it is called the trace process of X;
on W.
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Denote by Zw, Rw, Aw, pw and my its generator, jump rates, holding times, transition
matrix and stationary state, respectively. The measure Ty is obtained by conditioning 7 to
W:aw(x)=n(x)/m(W).

Let P)‘C’V, x € W, be the probability measure on the path space D(R, W) induced by the
Markov chain X ,W starting from x. Expectation with respect to PXV is represented by EEV .

Poisson equation. Fix a nonempty proper subset Vg of V and a function g : Vo — R. Let
f be the solution of the Poisson equation

{zf:o, VA Vo,
f=g Vo.

Recall from (2.5) the definition of the hitting and return times to a subset <7 of V. By the
strong Markov property, the solution of the Poisson equation can be represented as

(A3) fx) = Ex[g(XHVO)], xeV.

Fix Vo C W C V and denote by fw the solution of the Poisson equation

ifwfz(), WA Vo,

(A.2)

A4
(A4 f=g, Vo.

Mind that W may be equal to Vj.
Starting from x ¢ Vj, the processes X; and XtW hit the set Vp at the same point:

XLVVO(XW) = Xny,» Py as. In this formula and below, Hy, x"), H‘j(')(XW) stand for hit-

ting and return time to Vy for the process X" . By the representation (A.3) and the previous
observation, for x €¢ W

A5 fw@ =EY[sXn)] =Eds (X} w)]=EulsXn)] = ).

LEMMA A.1. Fix Vo C W C V. Denote by f, fw the solutions of the Poisson equations
(A.2), (A.4), respectively. Then,

(ZNHx) = (Zw fw)x), xeWN.

PROOF. Fix x € Vj. The left-hand side of the identity appearing in the statement of the
lemma can be written as

Ax) Y p [ — F).

yeV

Without loss of generality, assume that p(z, z) = 0 for all z € V (if this is not the case, one

redefines the holding time A(z) for the identity to hold). By (A.3), f(y) =E,[g(X HVo)] for

all y € V, and by the strong Markov property E, [g(XHV+ )1 =2yev p(x,y) f(y). Hence, the
0

previous sum can be written as
(A.6) A(xX){Ex [g(XH;:))] - f}.

Recall that we denote by X ,W the trace of the process X; on W. We consider two cases.
If HVJ{, < H then the process X, and X tW return to V at the same point X Hy, (to prove

this assertion, consider separately the two situations { H% < HI}and {H J:) = H;'}). Thus, if
w
).

+ + :
Hy, < H," we may replace in (A.6) g(XH%) by g(XH%(XW)
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If H{{, = Hj’ , the process X; returns to V (and also to W) at x. In contrast, in the time
interval [0, HVT,] the trace process on W remains at x, and X tW may return to Vg at a point

y # x. In particular, X; and X ,W may return to V at different points. In this case, since
H‘J,B = H/, we have

Elg (X (1 = Hi)] = P [H = 1y
Up to this point, we proved that for x € Vj,
w
E, [g(XH‘J/B)] =E, [g(XH‘v/LO(XW))XAC] + g(x)Py[A],
where A is the event {Hj = H;;}. Write xac as 1 — x4. On the event A, H%(XW) = H‘J,:) +

+ W o . . . . + _
Hvo (X")o z?HV+O. Hence, conditioning on J—"HV+O ,since A is J-"H% -measurable and X (Hvo) =x

on the event A, by the strong Markov property,
Ex[g(X e o)) ] = PoLAIE [ (X} )]
Therefore, for x € V),
(A7) E[g(X )] — 8(x) = Pe[Hyy < H/]{E; [g(Xﬁ,V%(XW))] —g(0)}.
By equation (6.9) in [1], )L()C)P)C[H‘jvIr < Hj] = Aw (x). Therefore, (A.6) is equal to
dw OE [¢(X )] = f ().
By the strong Markov property and (A.5), this expression is equal to

aw ) Y pwx, M{EY [¢(X )] — f(x)}

yeW

=w(x) Y pwx. W{fw () — fw @)} = (Lw fw)(x),

yeWw

as claimed. O

Denote by D( f) the Dirichlet form of a function f: V — R:
D(f):=(f, (=) f),-

COROLLARY A.2. Fix Vo C W C V. Denote by f, fw the solutions of the Poisson
equations (A.2), (A.4), respectively. Then,

(A.8) D(f)=maW)(fw, (—=Lw) fw),,, -
PROOF. By definition of the Dirichlet form,

D(f)=(f. (=D f), == D7) f)(ZL ).

xeV

Since f is harmonic on Vjj, the sum can be restricted to V. Hence, the previous expression
is equal to

— > 7)) fE(ZL ).

xeVy
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By (A.5) and Lemma A.1, this sum is equal to
— > () fw () (Lw fw) (x).

xeVy

Since fw is Ly -harmonic on W \ V), we may extend the sum to W. To complete the proof,
it remains to recall that 7w () = 7w () /m(W). O

The same proof yields the following result.
COROLLARY A.3. Fix Vo C V, g: Vo — R, and let u be the solution of (A.2). Then,

Z 2
v u Voo 8

for all probability measures (1 on V.

PROOF. Since u is harmonic on V \ Vj, we may restrict the integral to Vy. By
Lemma A.1, on Vp we may replace -Zu by £y, uy,, where uy, is the solution of (A.4) with
W = Vp. However, as W = V), the solution of (A.4) is uy, = g. Hence, £y, uy, = £y,8. As
u = g on Vy, the proof is complete. [J

We turn to an estimate of hitting times. Denote by w4, A C V, the stationary measure 7w
conditioned to A
(x)
m(A)
The next result is [39], Proposition 8.4. It holds for nonreversible dynamics. The assertion

in the case where A is a singleton follows from the proofs of [5], Corollary 4.2, and [39],
Proposition 8.4.

x e A.

wa(x) =

LEMMA A.4. Let A, B be two nonempty disjoint subsets of E. Then, for every probabil-
ity measure v concentrated on the set A and ¢ > 0

2 A, B
P,[Hp < 0]° < €*Ey, [(%) }%Q-

If A is a singleton, A = {x}, then for every o > 0

cap({x}, B)

P,[Hp <ol <e )

This result helps in showing that the left-hand side vanishes asymptotically if [cap,, ({x},
B)/mtn(x)]on — 0.

REMARK A.5. For two sets A, B satisfying the hypotheses of Lemma A.4, let v4 p be
the equilibrium measure on A:

1
UA’B(X)anp(TB)n(X))\‘(X)PX[HB <H:], x €A.
By Chebychev inequality and [4], Proposition A.2,
1 Ex[h} gl
P Hp >po]l<—E Hpl= —— 22—,
VA,B[ B_Q]_Q UA,B[ B] Qcap(A,B)
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where hj’ p stands for the equilibrium potential of the time-reversed process (sometimes
called the adjoint process): h’j\’ () = P;[H 4 < Hpg], and P* stands for the distribu-
tion of the continuous-time Markov chain with jump rates R*(x, y) given by R*(x,y) =
7(y)R(y,x)/m(x). In many cases, E\, ;[Hp] =1+ o(1)]7 (A) so that

T (A)
ocap(A, B)’
This inequality demonstrates that the bound in Lemma A.4 is sharp whenever E,, ,[Hp] =
[14+o(D)]m(A).

PVA,B[HB = Q] = [1 + 0(1)]
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