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Ginzburg-Landau stochastic phase field model
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L Onsager coefficient , H free energy.

Dean-Kawasaki equation

H = pgEnt, T" = 1 and L = identity
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System of coupled two sided real Bessel processes
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Massive Particle Systems and Wasserstein Brownian Motions
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Theorem (Existence and uniqueness of solutions to the Dean-

Kawasaki equation) Let v € P(Rd) and F € 02’2(MF(Rd)),
Then the Dean-Kawasakt equation

p
2

OF
t

d,LLt =
has a (unique in law) solution p, t > 0, starting from v, i.e. uo = v. if and only

if € Nandv = %Z?:l i for some x* € R, i € [n] := {1,...,n}.
Moreover,

1 n
pt = ﬁdei(t)a t >0,
i—1

where X (t) = (X1(t),..., X"(t)), t >0, is a (unique) solution to the equation

| SF | |
dX'(t) = -V 5LM) (X*(t)dt + /B dw'(t), i€ |n],
t
with X (0) = (xt,...,2"), and w'(t), t > 0, ¢ € [n], are independent standard

Wiener processes on R<.
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Well-Posedness for Dean—Kawasaki Models of

Vlasov-Fokker-Planck Type.
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Definition 1.1 (Martingale solutions). A continuous Mp(R¥)-valued process (pui)i>o0 is a
solution to Equation (6) if for each ¢ € CF(RF)

t
M () = = (ue, ) —/ (us,aLyp + Fpu, - V) ds
0

1s a martingale with quadratic variation

(M. ()] = /Ot <us, IUTV¢|2> ds.



Assumption 1.2. (L.1) The operator L acting on C¢(R") admits a unique in law Markovian
family of diffusion processes X = (X tzgélfk solving the associated (L,Cg(R"),6.). cpr-

martingale problems.

(L.2) There is a set D C Ci (R¥) which is dense with respect to the topology of locally uniform
convergence and is stable under composition with functions ¢ € C™(R) satisfying 1 (0) =
0 such that for all ¢ € D and t > 0, it holds that Pyp € Ci(R¥) and P;Ly = LP;p €

Cy(R¥), where P, f(z) = Ef(X7).

(L.3) For allT > 0 and every function ¢ € D, the function (z,t) — ’O‘TV(PtQD)KZ) is uniformly
bounded on R* x [0, T7.

(L.4) There exists an exhaustion (An)nen C B(R¥) with A, /' R¥ such that for anyt > 0 there
exists a sequence (cn)nen C [0,1) such that Pila, (2) < cn for all z € R and n € N.



Assumption 1.4. (L.5) The fields o respectively b are continuous and bounded respectively
of at most linear growth. That is, there is some K > 0 such that |o(z)| < K and
b(2)| < K(1 + |z|) for z € R*.

(F.1) For some G € Ci,.(M?), we have

F() = (7" V52 ) .

(F.2) It holds that UTV‘;—Z;(#,.) is bounded and Vl‘;:j—f(,u, ) s for m,l € {1,2} of at most

linear growth, locally uniformly with respect to i on Mp and M? respectively.



Theorem 1.5. Let Assumption 1.2 hold, and additionally Assumption 1.4 be satisfied if the

interaction F' is nonvanishing, F' # 0. Let po € Mpr have a finite second moment. Then the
wnatial value problem

Orpe = aL™ e + V- (e Fpuy) + V - (/o W)

with initial condition po has a solution if and only if o po(R¥) =:n € N.

In this case, the solution is given by
He =3 JILET
i=1
where the system {zi}i=y "™ is the unique in law solution to
i i i i 1 i :
dz; = ab(z})dt + Vo o(z)dW; + F (— Z&Zj,zt> dt, i=1,---n,
(8 t
j=1

driven by n independent R'-valued Brownian motions {(W})i>o} =" ™.



Examples

1 Inertial Langevin dynamics without interaction

dxt = ’Utdt,
dv; = —yvidt — VU (z4)dt + V2dW,,

To fit Equation (7) into the framework of Equation (6), we set k = 2d and write z € R¥ as
a combined vector of position and velocity, z = (z,v) € R? x R?. Then the drift vector b and
the multiplicative noise o in (6) are given by

bz, v) = (—'vv . (x)) and o =2 (?Z:Z) ,

where Ogxq is a d X d matrix of zeros and 14x4 is the identity matrix in d dimensions. This
defines the operator L of (1).

In this case the corresponding degenerate Dean-Kawasaki Equation (Vlasov-Fokker-Planck
equation) reads (with a = 1 and F' = 0)

Orpre = (Appie — Vi - (vie)) + Vo - (o + VU (2))pae) + Vo - (Ve We).




2 Active matter

We now consider a class of active matter models, where individual agents at position z; € R?
are driven by a propulsion mechanism ¢g: R" — R%, for some [ < d,

dxt e g(@t)dt,
df; = dB;.

In this case, the corresponding degenerate Dean-Kawasaki equation (Vlasov-Fokker-Planck
equation) reads

Oupe = (5 Bame = V- (9(O) ) + Vo (VW)

cos(0)
sin(6)
as the direction the active particle is propelled into. See, for example, [35, 2] and references
therein. We assume that g € C (Rl, Rd). Then, a strong solution to the SDE (8) exist; since
the coefficients are Lipschitz continuous, the solution is unique. Hence (z¢,0:);>0 solves the
(L, C (Rd+l )) martingale problem for the generator

The classical example is g(0) = v ( ) for some v € R. Then the angle 6 can be interpreted

Lo(z,0) = 9(6) - Vap(w,0) + =Aop(z, ).



3 Fluctuating hydrodynamics for Vlasov-Fokker-Planck equa-
tion with interaction

p(.) = p(-xR?)

F,u(x) — /Rd fint(m,m’)dp(x,) - fint * p(.T)

O = (g Dot =V (o)) + Vi (04 VU@ + g (F 5 p0) + Vo - (Vi)

mn

corresponding particle system (:1:2, V! ) solves for2 =1,....n

dxi = v,fdt,

72— 1

dvg = —yvidt — VU (zp)dt — > f(zf,2]) + V2dW,.

1=1

One checks that condition (F.1) of Assumption 1.4 is verified by choosing

G(p) = (u,v- Fu),
so that indeed

VU((SS_/Cj(m7v) - V’U (’U ’ Fﬂ(x) + /R?d U/ ’ fint(ZU,CU,)d[.L(CL‘/,UI)) — Fﬂ(x)



4 Active swimmmers and flocking

Fy(z,0) = / xr(lz — ') VH(O - 0)du(z’,0),

1 .
Oeprt = (§A9m — Vg - (Q(H)Mt)) + Vo - (utFu,) + Vo - (VuetWe),

corresponding particle system

dzy = g(61)dt,
do; = = " xr(lz —2'|)VH(0; — 6])dt + dB,

jri

Gl = 5 / / xr(lz — 2V H( — 6)du(z, 0)du(z’ . 0').



Proof of the main theorem

Interaction-free Case F' = ():

Proposition 3.2 (Laplace duality). Assume a > 0 and po € Mp. Then for all non-negative
functions ¢ € Cp(R¥)

E (6—(ut,so>) — o (M0 Vi)

with Hamilton-Jacobi equation v; o =1,

Oty = alapy — P(?/Jt)', Yo =p €D

L(f,9)=(c"Vf)-o' Vg T(f)=T(f, ). -

Moment generating function for apt(A) |

9(s) =E (Sautw ) = E (&1 m)lont ()

= exp (<,u0, aln (Pte_| ln(s)ll"‘)>) :



Interacting case F' # 0:

Lemma 3.6. Let b be of at most linear growth and F: Mpr x R* — R* be continuous and

bounded. Assume that (pi)i>o0 s a solution to Equation (6) with initial condition po € M?.
Then p; € M? almost surely for all times t > 0.

Proposition 3.7. For a solution (jut)t>o0 of equation (6) with initial condition po € M* and
a function E € CZ(MF), the following process is a local martingale

‘ OF OF
M = E(u:) — E(po) —/ <us,aL5—(us, )+ Fug - Vo (s, -)> ds
0 H H

1 [! r . 0°FE
_§A <’U,S,O'O' :DW('LLS’.’.)> ds,

where above (D) (2) := 0;0k+ (2, 2) for ¢ € C*(R* x R¥), with quadratic variation

(MF), = /Ot <us,r (g—f» ds.

Proposition 3.10. Let the interaction F' satisfy Assumption 1.4 and let (ut)i>0 be a solution

to Equation (6) with initial condition po € MZ2. Define Q by dQ = dQ = e~ Mi =3 M%e gp o
Fi, fort > 0. Then, pu: solves

dpe = L pedt + 'V - (\/uro dWe)
on (2, F, (Ft)i>0,Q), where L™ denotes the dual of L.
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