LECTURE /4

4.1

Iy\ ”ﬁms |\":?C/tLL‘-'”(“_ I ool bv(e{ilcj Shows l’\b(u f&

wse the theary o finle pavimeter cets in
& Concvete.  (and slﬂmp(@) 2ilualion.

i".l n i ;f\\h‘) S vfgacr»z = (,U!‘HA Wity pnal
Avea  and pve aenbed %eu.mﬂavﬁ

Lot 52 be a bounded, opon, conoex st 1 w3
( wewe geners\ly o R )

Let [ be a euvpe 0n 35U wohich 2gvees
ot the boundavy (reltive Ts O%) of 2
seb 2,

We fivet conshuct a A0
Smooth, boundesd open set -
Eo we R\ Q <um

that 2E_ NnoSL = Z,.

(We ascame Fhat 5L,

M, 2o 2ve f.%LbQ{:due,w"tf’fj
régulav ... )

Thew we mimikuze  P(E)

Among all &=tc E  woith
Binite povirmeler  ua B3 cuch

The existeunce oﬁ a w‘}iﬂimig@v s epsuved
’ué the  wswal WpacThe.qa Hneorem -?OV (?114”'6’—

peviwetes sets  and The fact that the

comsheint  EANSL - B, — O, more preasely,
ZP(EDAL) =0 — & closed.

10 E 152 2 minimiaer regulznly Hné’ovy
Chows that 9E is amooth insicle Sioand
Lipscady  on aSL { Hese veudts ave net at
all ’r\nmal) and thew it Collows st the
cupwvface Q= IENSL Primamizes e
Aves Bwmong all  swdaces  (ith Edvéj i
To Ucm(?.af Pais one st pefices thol a
Competillor S’ mugt be  comtaned wa the
Cenuen et L, othevwiee projecting S’ o

J2 weuld yedur e area witheut mocﬂﬁﬂuﬁ
Fhe bc)&mdévlj, Seﬁlwﬂelj ) the Surface

S'U (BB Teuwvme ol & ke a Compaet Uipseluly
Suvbacs  oithoot knumfavﬁ L R‘?, and therefore
it o ovieutal and  beuwds a set £ it

E;'CsAiﬁ‘a pevm,o,fev ot E'\R-E,.

Remarks

= This appreackh iwposes shvewng conshaints on
e gametry of the bounding euvve T
The ponT 15 Thal finite perimetey gels are ndl
really auwfed for Plafesws problem.
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- Thisz a\or;mach con be extended to ligher duwension
t  chlain  roimmal - hypey suwvfaces it pre eonved
boun davy . Hewever 'r-':gulav{‘ra cannot  be
e,xpecTs?d if 428

- Ov“f?, v\mqb\{‘ ‘Loeindt’v u)luj ae (,‘l{d I.f\c;T {}Ouﬂw
a smpler  ay, V\“z\mpbj TaK{hq the wef E
whieh W.llmvwgm +the  pevimeler ameng all s
E CAZT{‘T@H’\P({ U.A jz, “uch ﬁ"ﬁ & E (\Laj_:; = 20
The pescon is that  the Comelwint RENIS=Z,,
ov belter [ W= (BLEnaM)AZ,) =9, is wet Closed.
Thiz coan ke veduced to the fact That the Trace
opovsty - on the spece BV is el defined bt
Unlike whst happew = woith Scboley Spaces, s
only contlitons: Wt the nerw J"@Paioggfmﬂ
net tue dual Topalegy. Hove divedlly | comzider
the {%Uﬁwa‘»ﬁ exsmple |

PENAR - 3,

bt pOV +1ﬂ.‘:’. Cimt £
0{3 Eg as g£-20

PENAR + =,

— The laek (£ ales e ;? iz constadt meanc
e paviveulaw Thal £ e take o i 3ing

Sequence B, , there 11 1o way o ensuve,
that the lwat B Rl Ratielfy The Conctraivr,
that 1z, that The swrfece SEND has
boundav:j equsl To T,

—

Iz 1z hef yuet 2 Technics) F‘x’oloiem, but
conesponds o & “resl, phenomenon  hick
has alresdy lbeen mbcduced w prof. Hilelebravdt
le el pes .

Let 5L be bounded by Two rn\f:—_‘*HU{ Ploneg
at disfance W, and et 7 be the boundaw
of Twe diccs of vadws 4, one on eac
plave (2o

RN

i
|
|
[
i,
L,
Tt can ke preged that fee am:;-mﬁmu,mg.xg cuvface
S withh bdva M ois yadialy symmetvic (wut the
aris  pazsing thvough the cewlevs of the cises) and
i€ h s sufl e;;_eu"tfgi avge. T conmsts just of

re twe diges , thet s, S = 2

p L
P }\/f o
P ! o
2 | ¥
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Now, £ we winivmiqe “

PCE) Bvneng all et
E < F- s.T. d,‘E ﬂa&"u_’ ZQ

, theve  exicts no
mimmizey | and L?L’fb‘j mmmsmﬁ Beauen e
Ewn comoevge Cm the Li—c‘kisfev\fe) Fe Ha

Smply set | Lor tohich B*E:S‘éamd P(E)=0.

| ]

L
. Epn —p
Z 7
Z S x
- = b’y
7 — »— 11

! |
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Vicevevsa eve.ugmmg werks 1f we proceed

as ‘E‘:ufjﬁestczd at the bé—’_gr'wﬂ'wj ( ue that

cate The momuwazer 12 e set Eo , awnd

Poe  Covye :gpw‘ohlmo‘ primiimal  Suvface 1S indeed
o

AT, N AL = zg)_
(4.2, CAPWARITY — Se(ﬁltg cfﬁno Fmbm,

The "conlainer, i< an

Opan | bounded , Smooth
e =t o ow R

A ”c}mP,, 1s hepresented

by 2 gt E un S0
el e azzoume. Pov the Cime !ne,tm.ﬁ as

Smooth 2s needed). The Ffree swdsce , or

lkq.u_gd ~Bpouy iterface , i8S >f =0k s

The coniad surface | 4, lquid —5id mfevgecc?,
‘us. 2= JE N5 . F.‘V\.a(llj the contact e Y€
s the eomrmon l{)mmdava Ce 5 and <

At eu&/\:j Pmnjr »;Q the comtact lne Feo W
cdefove  the comlact al’\j]e © a3 w e pretivre :

F = F(B) = <L ‘ZFJ‘\ e— Fvea &£ {ee sud.

+ S | ZC] «— avwea of utect suvf.

+ 6ys [ AN
+ V aTwe_a Cf e {{ﬂd-uapour
T mtevface

yelime 2oty bnllom d‘? tre
enevgy | e.g. witegual  cuer
T oof the ggg,uihh‘av\al FoTwTL?l.
Sy 'S & cuvface enavgy denaly and Is
1
reepansible, Cor  Suvface Teusion.
Gla and G,o sccount for the wihersellion of

air and lUquid  with the all of The Container.
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The C@egﬁdemﬁ S,y ,6,c, Sy ADre 238timed
o sslisiy the " welling comdilions,

\SLS - 6\/3 \ < é'L_V

Cunee Hiie iz ascawmed , we can define
the Young ange O, € [o7] bt{f
Cos Qy 1= Svs T Sus
Sy
Hence, up b & cmataut the capiilav& energy

F o givew L:J(LJ

F(E) = 5, (12{31 - (s B, 12’3[)+\/

(.3 Fivat vavialiom & C’far:\!av:\j enevay

A dvop 15 al equilibium 1P 1T 13 2 (locsl)
mwimiger  of The eapllavy enevgy ot prescu bed
Ucfame. 1o devve  the equi€ilvium comdilions
we compute the st vavielm of the capll.
Cwnev gy (with vespect G veRume - pregevoing
VaviaWons  of E).

Civan 2 dvop E, consider @ veelovfield ]

own Z? wiicu 1z Tangent o o af

ewevy pot  of YT = ZCNaR, awd dor
eveny L (L) et E& be the vavialion of £
cbtained iobl moutng each loomlf xE i? 53 hn

G.%

‘For QM@VS fn, 2. Aenal l;xd ZE, :’:-sz and zo

on  the fvee s Pace the omteet swface efc.
= Egq.

Let us Gmmf;wfe, the cowe:pand;;uﬁ Uavialyeng
612 the  vavious grameTvic Guantilies v 0ded
e The @Lq@;uj_ﬁlon A the capllowy eunevyy .
To s end we wnle

(19{? L= <!‘V\J‘NLP>
PF = LAY

normal  dwponent

e&ermZ

Tangeul To aklykah'}'{

TThew  the wzuwal computalions yleld

e

e LUE = [
V;ELE&_\@ &l E,:o_n ;pso

et |20l
5 T~ 7
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s 9 |zf;\\ jH ot 4 [ o pe

of 8 N7
/

.ﬂns. Tevm cdees et QHOQEW h the.
Usual Fovmula fw the vaviatlion O?
the area, and 2 due G the
Pact Hhnat M s net  novwal G Z{a
at the boundavy of PRL

\\T 2;'

extrs boundey Fmﬁwh.

?Ma‘l.bj , & The veRume ferm e Fhe
€mev33 s
V= V(E) = f Ulx)dx

theu E
d = (ar o
5 V(Ee) e ‘JZY : P{z -

PU,UCLM% 'tf)@(-_ﬂ.‘l‘he\/ all thege preces e %QT

hr‘ ?JU LoV Con fe M1 *l m ff-i:‘,‘li;’ e n’,“%"-"".)‘i,‘
with pm awilbed vAFuLme 12

Y c h Cﬁn‘l‘ad'a’ﬂgte.

d, Fea)|, - L(ﬁcsu, H4 1) of

+j /(s o Coney) °

FTrom These computalion T pollpws  That

410

0= 4 FE)| IR,

. [aayance.
j\ VH+U_>\') ﬁg_e Yr‘w?ll( o
F dune to the

j w (Cose —em0y) o< NSt

fm, ey adw.sanb\e choice of " , thatie,

(i) - 6{.—\/ H + V = )\. = C@T\Et}"\f Oh i?

(2) © =6y (ie c@=8) ony*

E quation (1) is kwown a Laplace’s law:

it can ke wterpeted ta term of foreee
Suvface tewsion (:c—;‘w»;—s)
vetiwme forcea  (av)
dt@ca\zmce &F Cg?\)

pressuve at tine
twe sides f 2F

Equastion (2) s Kwewn 33 Young's law:
at W(L'ovubum Hhe contact anﬁle = Eotuxa\
to YouMq‘g aungle &b (-’_Uﬂ/ﬂ poim’r of Y.

PSS, (oelt, (f eonvee Al thew r_'czﬂmputéttcﬂg
ave  (Quite jlee’rcuj, and ould veed a
Macsie cleaqu.



(.4 Existence vesulte n the &amewak .1t
of finite ponimefer 2ifc

Le,“r how £ be a (%em‘r@_ Perimehev et we R
comtaimed W 51, Thew (e can <l de@'w_
the capillavry  ewergy Foby the formula

Fa) =a,, (1Z°1 - cosgy 12 + V
i
prout ded e wmodify the \YE’\TdX
deﬁ\v\LC@\fm Crf 7 and I° Ye\u\aexu\3
the. fﬁpo\ogucaf bdlra 2 with the esceulal

bdvy Oy E v 3¥. - 3,805, 27 20,6008

The exicfence «3@ 2 vn'm.(‘wije‘v of F(E)
with  preseribed vofume  can ke prowd by
the  wsuel  gewdealinwty - and- Compactness
method  provided  @ne showz thet the
as;uw#’aee povt, o F oz lower sewscabinucus
wvt the wsual () dictance o the clzes
O‘\Q \gan\l ‘}aevim.gﬁ?v aete containved e 3L,
(We dom't have 1o wovvy about The Velume pavt
Vo oeeause 1t os eleay by colinucus |, at leaat
£ vV iz oan 4 Lonellorn . The velieme Copsiv
is not a problew either, becduse (t iz
ohwoisly e!oged.J

PVOO? 6? T_;-EMJ-{CQV\H:V\A.QT,_&)

Cliven FUE) = [ZF] - cexpy (2

we  mugt  show, That Givew A Sequeunce L&[f
Conle povivmeter  sete B, Cmtamned Wi SL
Snd canvergivg T £ Phewe holds

FUE) < Quanf F'(E.) .

3 5o

We fiv:;,T Conchewct a Eihde peviime telr
&t £ covtaived o RINSL  such thst
2 ENOL= 35\E® ~ the comtaet Suvpoce of E.
( Since E & a oenevic Linite pev. et Has
15 ne triow! task: 1o construedt E e must
e & pesult due o £ Gaglavde, (which
wifles that evexij Bovel Lt covtained w
O can ke the contact surface of somwe L.
pov. et B coitained u. R\R).

ZN3L 2

~in o

P(EOE) = 12¢]+ 1S+ |25
P(E,0F) = 1251 + [Z 1+ (a5l | 2455 |



H Chnee
L I
FEN-FE) = |3f | - cocoy 25|
(st , <
u:'?e_%'\ne ideutities > ‘ * Cﬂ‘;‘;@v Iz |
Ll=lzinsi+ (20 5> = 158} - 159
[Z4 = (25N +| 262

se that ; % - -
NPIV-NT — 2 12 -12f) - |55

P(EVE) - P(EUE)
and oy the Luucontiiuily of pa/(lmefev

Cuning F/(E) - FIE) 2
W } - ~
2 Qi P(EWE) - P(EVE) 2 0.
W00
O
JAYINSR (,oemjmg eondiliomc
We have assumed =0 For twt the coefic.
Sy, Ca ) S 0 the Pyt Lovwulstil on or@
Fhe GBF'“;Vﬂ Qmeuﬁké S;a;TES'\Gg the we[:té:uﬁ
fm@quahtj IgLS_ 6’\/3] <= g[_v.
“This Qmecpu,aUIg Turne out Yo ke hecessary
1o make the capilovy enevgy T Eocoer—
“ e onttnuens (Wt the G?V\\Elfge\f\cn ©£
?«',\A.‘CUL pevimeter efc),
Indeed F cah always ke wvifen (wpio
2 comstont | and negleclivg the velume pavt)

(i3

+ By [25\25] - coedy 1257

s F'z 1281~ |29 whee ¢ = Sus—6is .
SLv

However | the proc of the seudcailiwnly
only woks f st thets, only f the
WeTvg  ivegpua\ly hodde.  And wdeed F'

s not  lower sewacamliuwous ofherwise *

W c<-, tetis, Sy-5 ¢ <-6,, The seuuwiling

—

?

Psil= Lor the (JO(.(D(DHJ:‘% sequen@ Ee

; L —> ENZ
j_ ./;4/\/ _

~Z
Z.C

a5
Pl = 1281—> (] +12 < |29 -<l] = P8

Vicevevea, £ ¢ > 4, thetis, 6.-6.>6,,
then sewicomlinwTy  Psils -?ov thic se Guence. ;

/ 2. (i
L [o)F
T ezl G
se€

253,
F(E) =28 |- 25— (ZF+ 1208 - |5
< [2f]-e}zY = F/(B)

Pur tus way, the weliug wegqualily may
seem & puve% fecuwmical comeltlion | lhat ot
adlually admuls 2 ”Phys:‘et*ai;, iv\ﬂ*vpvpiatbn:
R <l el Gutey< G 2 dyep  hever
Touchea the wall o€ the comlainev | beecduz
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( . 4.15
it 1 a'luja(js more Canenient (f?v!é?v% -~wie) to

Uneert @ thin @ayer of air to detach the
dvep Lrom the container . Similavly,

f Cri e, Gté, < Syg, s alwnys
comvenient o cover the wall of the
contaivey  toth 3 Hun Bilm o€ Qiquud awel
separate 1t Prom  the air.

And this s exactly the pomt of the
examples we wsd fo show e leck of
vty of F i

Gq.5 Final premarks

- Usma Lipite pevimeter sefs one albtaing
2asy exiglouce vewuft for wunumi zevg
ef  the (’a]:n“aw,j euevgy with  presevibed
vefume. Thew ome  ahould prove Hhat
these m}mmg@,@ are <mooth Suough

m ovdey To obtsin thst fheij c‘c‘ﬁwug

saliefy the equillbinuwm comdilioms we

devives i the clascical fa;efﬁu% { indeed

it is wel possible G define the mean
cuvudwwe. N mor the conteet cuvoe ¥©

and e contset sngle 6 for 3 gewevic

foante port meter 2et),

- Evem Hough ot Qtubj gatx'.sfadbva (ot leacr
Wit o swleble vequlanly ﬂ".?dfj) the
exicence. € minimizers in & “weak,
Framewok  ( Binte povimeler sefs here
Sowcey  LunMone  elzewbhere) (s Velepyt
becanse I offeve 3 vsldelon of Phe
p\mjﬁic:al wodel .

Clearly the sfendavd wmedel of Capiliavil
dees unat need valdalime, bud this 1s
not tyue of the many vavianls  coluch
have. beewn p‘ropo&ed Sven. wm vecaut Times,
For instance , the model of capillavity with
ihe tewsiom cConsisls i adc{i.us o the
Usual caplvy Onevgy amn dddilional term
propoviimal th the eenﬁw &F the econtsct
Line: however thig addilion imakes the
model Hll-posed, W the Seme that there i
ho existence 'H-weowd , futn W a weak aemuﬂ.
Hewe pueeisely | the enevgy 15 ol lower wwe.,
and  1Te lowev-sewemiinuous envelope (©sds
v meﬁquevs and eGuualdort wn  Conclilions
Wwhich ave et those pmd;’c*ed by the ovigiva)
e del
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