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Outline of Lecture #3

• Beyond formal linear-elastic dislocation theory
• The dilute limit: Γ-convergence

H. Mughrabi, Phil. Mag. 23 (1971) 869

Dislocations in 
copper single crystal

deformation
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Recall: The Micro-to-Macro transition
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The dilute limit – Line tension

D. Breuer, P. Klimanek and W. Pantleon, 
J. Appl. Cryst., 33 (2000) 1284-1294.

Total dislocation density vs. applied stress
in single-crystal and polycrystalline copper 
in the deformation range of ε ≤0.4

• Initial dislocation density 
~ 1010 cm-2

• Saturation dislocation 
density ~ 25 x 1010 cm-2

• Initial mean distance 
between dislocations ~ 
100 nm (278 lattice 
constants)

• Mean distance between 
dislocations at saturation 
~ 20 nm (56 lattice 
constants)

• Investigate dilute limit!
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The dilute limit – Discrete dislocations
screw segments
(lowest energy)

Peierls
potential

BCC slip plane

● Wish to account 
for Peierls potential: 
Discrete dislocations!

screw
segments

preferred
locations!
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Discrete dislocations – Square lattice

Screw-dislocation bundle Square lattice complex
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Discrete dislocations – Square lattice

elementary
dislocation dipole

closed dislocation loop
in three dimensions

M.P. Ariza and M. Ortiz, ARMA, 178 (2005) 149–226.
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Discrete dislocations – Square lattice

Screw-dislocation bundle Square lattice complex
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Discrete dislocations – Square lattice

Screw-dislocation bundle Square lattice complex
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Discrete dislocations – Square lattice

M.P. Ariza and M. Ortiz, ARMA, 178 (2005) 149–226.
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Square lattice – The dilute limit (I)

Sequence of increasingly dilute quadrupoles
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Square lattice – The dilute limit (I)

Sequence of increasingly dilute quadrupoles
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Square lattice – The dilute limit (II)

Sequence of increasingly dilute quadrupoles
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Square lattice – The dilute limit (II)
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Square lattice – Dilute dislocations

J.R. Munkres, Elements of Algebraic Topology, Perseus (1984)
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Square lattice – Dilute dislocations

J.R. Munkres, Elements of Algebraic Topology, Perseus (1984)
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Square lattice – Dilute dislocations

J.R. Munkres, Elements of Algebraic Topology, Perseus (1984)
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Square lattice – Dilute dislocations

M. Ponsiglione, SIAM J. Math. Anal. 39 (2008) 449-469
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Square lattice – Dilute limit

?



Michael Ortiz
ROME0611

Square lattice – Dilute limit
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Review of Γ-convergence

G. dal Maso, An Introduction to Γ Convergence, Birkhäuser, 1993
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Review of Γ-convergence

G. dal Maso, An Introduction to Γ Convergence, Birkhäuser, 1993
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Review of Γ-convergence
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Γ-convergence - Homogeneization
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Γ-convergence - Homogeneization

Want same
macroscopic
response!

uniform

?
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Γ-convergence - Homogeneization

minimum energy of
limiting functional

minimum energies of
sequence of functionals
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Square lattice – Dilute limit
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Square lattice – Dilute limit (1 of 4)
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Square lattice – Dilute limit (2 of 4)
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Square lattice – Dilute limit (3 of 4)
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Square lattice – Dilute limit (4 of 4)
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The dilute limit – General case
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The dilute limit – General case
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The dilute limit – General case

Direct system of dislocation lattices defined by refinement 
and sequence of increasingly dilute dislocation loops

M.P. Ariza and M. Ortiz (preprint)

dilute
dislocation

loop fine 
structure
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Line tension – Dislocation junctions

H. Matsui and H. Kimura, Mater. Sci. Eng., 24 (1976) 247 .
V.V. Bulatov and W. Cai, PRL, 89 (2002) 115501.

a) Dislocation lines on planes a and b collide at A. 
b) Junction bounded by two 3-nodes B and C is formed.

Network of ½<111>  
screw dislocations
forming <001>
screw junctions 

Atomistic simulations of
Bulatov and Cai (2002)

M.P. Ariza and M. Ortiz (preprint)
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Line tension – Dislocation junctions

H. Matsui and H. Kimura, Mater. Sci. Eng., 24 (1976) 247 .
V.V. Bulatov and W. Cai, PRL, 89 (2002) 115501.

a) Dislocation lines on planes a and b collide at A. 
b) Junction bounded by two 3-nodes B and C is formed.

Network of ½<111>  
screw dislocations
forming <001>
screw junctions 

Atomistic simulations of
Bulatov and Cai (2002)
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Summary – Outlook

• The stored energy of a crystal reduces to line 
tension in the dilute limit

• In this limit, long-range interactions between 
dislocation segments are lost

• Beyond energy? Kinetics?
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Metal plasticity − Multiscale analysis

Lattice 
defects, EoS

Dislocation 
dynamics

Subgrain
structures

length

tim
e

mmnm µm

m
s

µs
ns

Polycrystals

Engineering
applications

Lecture #2: Dislocation energies, 
the line-tension approximation

Lecture #3: Dislocation kinetics,
the forest-hardening model

Objective: Derive ansatz-free,
physics-based, predictive models 
of macroscopic behavior

Lecture #4: Subgrain
dislocation structures
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