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Astrochemical motivations

Sky map

block Geminals:

Tonight at midnight
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Astrochemical motivations Interstellar clouds

Barnard68
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Astrochemical motivations Interstellar clouds

In emission

Barnard 68

Dust Emission C180 1-0 N2H* 1-0 DCO* 21

» -
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Astrochemical motivations Interstellar clouds

|dentified inter/circumstellar molecules 06/2024
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Astrochemical motivations

Unidentified molecules

TMC-1: scan from 10-50 GHz

Interstellar clouds
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Astrochemical motivations Planetary atmospheres

Neptune's atmosphere abundancies

AdeA 518, L152(2010)
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Astrochemical motivations ~» Computational Spectroscopy

Schrodinger equation

Erwin Rudolf Josef Alexander Schrodinger
(1887 — 1961)

.0 5
zha\ll(r,t) = HU(r,t)
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Astrochemical motivations ~» Computational Spectroscopy

Stationary Schrodinger equation

ih%\ll(r, t) = I:I\Il(r’t) M f[q/)(r) = FEy(r)

ou :
H Hamiltonian: operator defined on a Hilbert space
P(r) wave function: vector of the Hilbert space H = L*(Q C R")
E Eigenvalue of the Hamiltonian
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Astrochemical motivations ~» Computational Spectroscopy

Solutions of the Stationary Schrodinger equation

A given molecule (ex.: CO, CHy) ~ a well-defined H (ex.: Hco,
Hem,)

We solve the eigenvalue equation:  Hi(r) = Ei(r) :

EO<E1<E2<-..<EZ<'..

1/)07 1/)% 1/)27 R} 7/"277

Line positions ~~ Possible wavelengths of emitted or absorbed photons

he
Noos—
T |Ei - E

Transition intensity given by v;, ;.
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Antisymmetrized Product of Geminals

© Antisymmetrized Product of Geminals
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Antisymmetrized Product of Geminals Born-Oppenheimer Separation

Electrons+nuclei eigenvalue problem ~~ Electrons only eigenvalue
problem ( + nuclear motion only eigenvalue problem)

H(KQ7)7] v = VBO[(QI)I] v

He

[(@:);] Hamiltonian for the electrons (fixed nuclei at positions (Q;);)
U € A\"H, n-electron wave function,

H Hilbert space of the form: H := H, ® H.s,
H, = C? and H, a finite dimensional vector subspace of L?(R?) ,
called the space of “orbitals”, dimH, = m.

Mathematical references

* G. A. Hagedorn, A. Joye, Comm. Math. Phys. 223, 583, 2001.
"A Time-dependent Born-Oppenheimer Approximation with exponentially small error estimates

* T. Jecko, J. Math. Phys. 55, 053504, 2014. “On the mathematical treatment of the Born-Oppenheimer approximation”
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Antisymmetrized Product of Geminals Notation and terminology

‘H : Hilbert space of one-electron functions , spanned by a set of
“spin-orbitals” (v;); , dimH = 2m.

A™H : Hilbert space of n-electron functions , spanned by the “single
configurations” (i, A iy A+ A i) iy <i<rcin) + dim A" H = (37).

n

As required by Pauli's spin-statistic theorem:

Vo € Sp iy Npig N Ny, = (71)‘0‘@/}0@1) ARERRA ,l/)U(in)

H = H, ® C? is usually regarded as a sum of 2 orthogonal subspaces:

H=H.®Hg, dimHy = dimHg = m,

* H,, : Hilbert space of a = (1)-spin-orbitals , spanned by (1;);

* Hg : Hilbert space of 3 = (—3)-spin-orbitals , spanned by (¢;);
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Antisymmetrized Product of Geminals Inspiration

Lewis pairs of “classical chemistry”

o g
H—Q—ﬁ—Q—H /N
O,

Sulfuric acid Water
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Antisymmetrized Product of Geminals Definition

APG wave function

geminal: T' € A?H

I'= > ciyip ¥is A i,

11 <ig
antisymmetrized product of geminals wave function: ®4pg € N2k

Papg=T1AToaA--- AT}, I, Ty € N*H
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Antisymmetrized Product of Geminals Motivations

Strongly correlated electronic systems

equidistant Hy chain dissociation

5
R/ (a.u.)

Limacher, Ayers, Johnson, De Baerdemacker, Van Neck, Bultinck, JCTC 9 (2013) p.1394 J

FCI: Full Configuration Interaction

HF: Hartree-Fock method

CCSD: Coupled-Cluster Single and Double

APNOG ~» AP1roG : antisymmetrized Product of 1 reference orbital Geminals = pCCD
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Antisymmetrized Product of Geminals Classification

Antisymmetric Product of set-divided Geminals (APsetG)

General geminal: |, ¥;,, v, € H
I'= Z Civiz Yir N\ Pig

1<iy <i2<2m
Each geminal is parametrized by m(2m — 1) independent scalars c;, 4,
APsetG geminal: , 9;, € Ha,izm € Hp S'Z eigenfunctions

Dot — z Ciqig 77bi1 A "Zig S,=0

1<i1,i2<2m
Each APsetG geminal is parametrized by m? independent scalars @

Iset is parametrized by an m x m matrix: C' = (¢;, ;,)

(LJAD) Cetraro 08/06/2024 18 /45



Antisymmetrized Product of Geminals Classification

Antisymmetric Product of set-divided Geminals (APsetG)

S2-Spin-adapted geminals
Singlet = ¢;,4i, = Ciyi, i-e. C symmetric

Fsinglet = Z Ciyiy 1/%'1 A I;il + Z Cirio (@% A inz + @% A 1/7]1'1)

1< <m 1<iy<ig<m
Triplet = ¢;,4, = —Ciyi, i.e. C antisymmetric
Dirplet = 20 Cigig (Wi A iy — Wiy Ay,)
1<i1<iz<m

Hermitian product = “overlap” formula: T' <+ C, IV «+ C’

Ty = tr[CTC"]
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Antisymmetrized Product of Geminals Classification

APsetG overlap formula
* General overlap closed formula: T'; <> Cj, T, <> C]

(Ty A ATR|TY A+ ATR) = (0la(T'x) - - - a(T2)a(T1)a’ (T)al (T%) - - - at (Th)0) =

Nk i
1§ A (e c
=

] s CF . (o
k (T pNy,p+(G-1)i+1) o’ ,i\,'”\" pt+(G-1)i+1) o( X PN ptii 7"‘2““\" ptii)
> e ST . S :
0 Np 0y Ni o <k 7,0/ €6, i=1 &
x Ex.. k =3 ~ 3 partitions of k
— N31=3, N32=0, N33=0 ~» 3%x14+0%x2+0%x3=3=1+1+1, N30=0

” > tr [(';‘_(‘,’MJ tr [( o Clren|

. 3!
— N31=1 N3o=1 N33=0 ~ 1%x14+1%x240%3=3=0+1+2,

S /,[(3; e } //{(i‘, (% 3‘(“‘”{‘(’,;";‘J

2

N3o=1

ey

- )\“vg.l =0, )V;j_g =0, )\:3'3 =1 2%

0%1+0%2+1%3=3=0+0+3, Nzg=2
> tr[C ) Corr Chn CorrChin oo

3
0.0/ €Sy
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Antisymmetrized Product of Geminals Classification

APsetG overlap formula

(®arc|®upg) = (T1 A~ ATRTLA--- ATY)

Scaling of the general overlap formula ~~ Exponential computational cost

: 1 12k
§ nb. of terms — )
k—+o00 4]4\/5 exXp <7T 3 )

0<Nk,0,---\Ng,k <k
k ko
> Nii=3 iNg;=k
i=0 i=0
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Antisymmetrized Product of Geminals Classification

Antisymmetrized Product of Interacting Geminals

APIG All Cj, C’; matrices are diagonal

X0 ... 0 Neoooo0
vi, ¢;= | o
: . .0 : . . 0.
0 ... 0 X, 0 ... 0 N

Seniority-0 geminals Ti= > MogjAg;
1<j<m

m

OB, e CLGR] > 552 A
=

Scaling still 4]“[ exp ( 2;‘) AP1roG, Richardson-Gaudin states
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Antisymmetrized Product of Geminals Classification

Antisymmetrized Geminal Power (AGP)

aka Projected Bardeen-Cooper-Schrieffer wave function Vi, C; = Cj

ZJ,U’EGk, - (k|)z

tr[cT ) c s @ @

i—1 i—1 : i—1 i=1
o(¥ pNg p+(—1)i+1) o'( X pNg p+(G—1)it+1) o(¥ pNg p+ii) o (X PNE p+id)
p=0 ? p=0 p=0 ? p=0

— tr[(CiCo)]

Without loss of generality: Vi,5, (Co)i; = 6, jni

m

tr[(CiCo)’]l = - (n?)

j=1

<F0/\"'AF0|F0/\"'AF0>Z(k!)gx( > 77%"'”%)
1< <..<ixg<m

k times k times
m m m m m m
6 2% 4 2% 2% 2
2 ; 1771 : 177J P 1772 : 177] £ 177k
— i=1 = = i= = =
Ex. k = 3, < 3 5 + 6 )
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Antisymmetrized Product of Geminals Classification

Antisymmetrized Product of Strongly-orthogonal Geminals

APSG aka 1-orthogonal geminals wave function
Vb 0 5= g QUCH=ClE] = @0 =G
Only the partition k =1+ 1+ --- + 1 contributes

N T ’ T ’
tr |:Cclr(1)cn"(l)i| e tr |:C;(k)oa’(k):| k!
ZU,U’EGk k! - Zae@w — K

(Cy A ATRTY A=+ ATY) = m[cj‘cg} m[c;c;,}
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Antisymmetrized Product of Geminals Classification

Antisymmetrized Product of Strongly-orthogonal Geminals

More explicitly

0 0 0 0

0 0 0 0

0 0 A 0 0 0
Ci=10 0 :

0 0 0 Ay 0 0

0 0 0 0

0 0 0 0

Restricted Hartree-Fock: Vi, d; =1
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2D-Block Geminals

© 2D-Block Geminals
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2D-Block Geminals Motivations

Strong orthogonality shortcomings

Ground state energies in Hartree at " experimental” geometry
(STO-3G calculations)

System LiH Be Lig BeHo BH Beso
E?’CI -7.882392 -14.403655 -14.667340 -15.594861 -24.809945 -28.804345
EOGSCF -7.882372 -14.403655 -14.667114 -15.594715 -24.809938 -28.803212
with 2-orthogonality -7.882368 -14.403654 -14.667090 -15.594703 -24.809920 -28.803080
APSG -7.882203 -14.403630 -14.666584 -15.588630 -24.807908 -28.781789
E(I]?HF -7.862002 -14.351880 -14.638725 -15.559405 -24.752780 -28.698990

Electric dipole moments

System LiH BH
D 46201 06138
D&scr -4.6197 0.6138
with 2-orthogonality -4.6189 0.6142
e -4.6269  0.6861
D -4.8578  0.9569
P. Cassam-Chenai, V. Rassolov, Chemical Physics Letters 487, 147-152, 2010. )

S T



2D-Block Geminals Motivations

Seniority zero shortcomings

—3.81
—-3.91
o
g
E -4.0
z
? -4.1
E RHF
-4.2 —e— RG 10101010
—«— DOCI
—4.3 1 —x— FCI
2 3 4 5 6
Distance (Bohr)
Fecteau, et al., The Journal of Chemical Physics 156, 194103, 2022. J

RHF: Restricted Hartree-Fock method
Ridchardson-Gaudin

DOCI: doubly occupied configuration interaction (with optimized orbitals)
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2D-Block Geminals 2D-block constraint

Extended Permutation Invariant 2-Orthogonal 2D-blocks

1D or 2D-block diagonal matrices:

)\j scalars

and 7} € {Id1}

0 M7t 0 0
C - 272 | |

0 0 i VO ' or 7, € {Idy,04,10y,0,}
0 0 O )\1717—7171/

@i TZ € {U(O‘)aga;-/iffy}

: , Sin(«) 0
with (@) = V2 ( 0 Cos(a) )
if 71 =7/ and i # j then A\, \; =0

Cetraro 08/06/2024 29 /45



2D-Block Geminals Focus on 2D /2 types Block geminals

Singlet geminals with two 2D-block types
Vk, i € {o(a), 0.}

~=  Minimalistic way to go beyond strong orthogonality and seniority O
approximations: g ~ (qSk A Pr+1 + Prr1 A ¢k) i.e. singlet
“mono-excitations” to the next orbital.

~» computational cost is under control (easy traces, only 3X2m
parameters to optimize)

~  flexibility: includes APSG, hence HF, GVB, ...

~» implementation in TONTO (actually all block types are implemented)

(LJAD) Cetraro 08/06/2024 30/45



2D-Block Geminals How to choose matrix-types ?

N2 example input file

name= N2

basis_name= 6-31G(d)

basis_directory= /home/cassam/QCP/Perso-ware/tonto/basis_sets
use_spherical_basis= TRUE

charge= 0

multiplicity-

{ units= angstrom } pos= }

0.0d0 -0.55025d0
0.0de +0.55025d0
rhf

}
pauli_block_geminals= {
guess_type= readin
ition= 0 14 0
Ito read in molecular orbitals instead of using canonical Hartree-Fock orbitals
ntegrals» TRUE !an <ij|Kl> archive file will be used
opt_gd2_angles= TRUE
grad_tol= 0.00000001
.00000001
TRUE

G2 2 Ip2 I2 ID2 ID2 ID2 Ip2 ID2 ID2 ID2 ID2  ID2  ID2
+1.0d0 9 0de +0.0d0 -0.0d6 +0.0d0 -0.0d0 +0.06d0 -0.06d0 -0.0d0 -0.0d0 +0.0d6 -0.0d6 +0.0de -0.0d0

102 GD2 102 2 D: 2 102 102 102 102
+0.0d0 +1.0d0 +0.0d0 -0.0d0 +0.0d0 -0.0d0 +0.06d0 -0.0d0 -0.0d0 -0.0d0 +0.0d0 -0.0d6 +0.0de -0.0d0
2 12 G2 I2 ID2 ID2 ID2 ID2 ID2 ID2 ID2 ID2  ID2  ID2
+0.0d0 +0.0d0 +1.0d0 +0.0d0 +0.0d0 -0.6de +0.0d0 -0.0de -0.0d0 -0.0d0 +nAedo -nAode +0.0d0 -0.0d0
02 ID2  ID2 D2 GD: 6D2 D; I I I D; I

Gl 2 D 6D2 D2 D2 D2 102 D2
+0.0d0 +0.0d0 +0.0d0 +1.0d0 +1.6d0 -1.6d0 +1.6d0 -0.06d0 -0.0d0 -0.0d0 +0 0d0 0 9d0 +0.0d0 -0.0d0
102 102 102 102 2 2 D2 GD2 Gb2 2 D2

1D: 102 1D: Gl 1D: I
+0.0d0 -0.0d0 +0.0d0 -0.0d0 +0.0d0 +0.0d0 +0.6d0 -1.06d0 -1.0d0 -1.0d0 +B 01.10 D OL‘IO +0.0d0 -0.0d0
2 12 ID2 ID2 ID2 ID2 ID2 ID2 ID2 ID2 GD2  GD2  SX SX
+0.0d0 -0.0d0 +0.0d0 -0.0d0 +0.0d0 -0.0d0 +0.0d0 +0.0de +0.0d0 +6.0d0 +1.0d0 -1.6d0 -0.1d0 +0.1de
SX SX SX SX SX sx SX sx SX SX SX SX 62 b2
+0.1d0 -0.1d0 +0.1d0 -0.1d6 +0.1d6 -0.1d0 +0.1d0 -0.1d0 -0.1d0 -0.1d0 +0.1d6 +0.1d6 +1.0de -1.0d0

gd2_info= 1.5d® 1.5d0 1.5d0 1.5d6 1. Sdb 1.5de 1.5d6 1 Sdb 1.5d0 1.5d6 1.5d@ 1.5d6 1.5d@ 1.5d0

}
pbg_optimization
put_pauli_block_geminals
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2D-Block Geminals APSG reference

Ethylene geminal isodensity surfaces

C-C o geminal

>

core geminal

C-H o geminal C-C 7 geminal
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2D-Block Geminals Taming the combinatorics

Choosing o(«) locations

Location fixed to be able to reproduce at least the APSG ansatz

.%APSG = Dll. iy /\¢?z‘1 +D% Dy /\¢?i2 +"'+D§k71 Piggy—1 /\‘5121&-71 +D%k Pinse A$i2k

AiU(@l) Apo(ag)

|Di| > |D3| > --- > |Dhj,_y| > | Dyl
L= V2)\! Sin(a1), Di=+v2X\i Cos(ay),

Blocks are arranged in decreasing order of geminal coefs, DJ while geminal are
ordered in increasing energies.

If “Arai” sub-Hilbert space H! := span(¢;,,- - ,$i,), is of odd dimension:
p =2k + 1 (odd number of pairs in the expansion)
~~ add a 1D-block for the less populated pair with coef. DékH
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2D-Block Geminals Taming the combinatorics

Choosing o, locations

SE (29 e = 1)Netocks possibilities to choose the o,'s positions!

QAPSG Dl iy A ¢11 + D2 Giy N ‘7’12 ot Dékfl Pigp_y N qgiZk—l +D%k Bigy, N (;;iQk

Block 1 of geminal i Block k of geminal i

However, in general |D%| > |D§| > --- > |D%, | > |D%,|

It is useless to excite an orbital which is weakly populated
~> 0, restricted to blocks that are the first block of one of the geminals

Huge reduction down to (Ngcminals - 1>Ngcmmazs possibilities to choose
the positions of the o,'s
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2D-Block Geminals Taming the combinatorics

N2 APSG Guess

-1.54 .......00...
..
o
U
-2.0 cogel’ ..‘
§ oooo..... o®
£ i LT L]
= =25 .:'.000000-- oo
c L J
IN = NI © —301 o’
N — N 2 O.
g _3s o*
w —3.0 1 °
..
..0 e Géminales non-liantes
-4.0 1 ' Géminales Lx,Ly
..0'. e Géminales Lz
-45 T T T T T T
1.5 2.0 25 3.0 3.5 4.0

Distance inter-nucléaire en Bohr

color code Valence geminal energies
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2D-Block Geminals Taming the combinatorics

02 APSG Guess

color code Valence geminal energies
-1.5 1
-2.01
-2.51
' I \
o I 0
-3.0
-3.5 1
-4.0
Geminal 3
—4.5 Geminal 4
—— Geminal 5
—5.0 1 —— Geminal 6
—— Geminal 7
=5.5 1 —— Geminal 8
1.'5 2.'0 2?5 3.IO 3,'5 4;0
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2D-Block Geminals Proof of concept

2D, 2 types, Block APG calculations

Lowest singlet energies from 2D-block, {o(«), 0 }-type calculations
at geometries derived from experiment (in Hartree)

Homonuclear diatomics No No Os Fo
re’? (A) 1.098 1.098 1.2075 1.412
Basis set cc-pVTZ cc-pVDZ cc-pVDZ cc-pVDZ

Ef{)a(a%%} -109.134390  -109.082362  -149.718718  -198.853436
E%OPSG -109.110630  -109.058601 -149.689436  -198.840387
ESur -108.983412  -108.954087  -149.542930  -198.685664
nb. of geminals 7 7 8 9
nb. of blocks 30 14 14 14
nb. of parameters 70/90 35/42 36/42 42/42
nb. terms in overlap 64974 360 343 1116
cpu time (s) 0.4 0.01 0.01 0.02

P. Cassam-Chenai, T. Perez, D. Accomaso, The Journal of Chemical Physics 158, 074106, 2023.)
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2D-Block Geminals BO Potential Energy Curves

N2 PECs (cc-pVDZ basis)

N2 2D-block Potential energy curve

-108.2

= Restricted HF
= APSG
—— 2D-block geminals
_108'4 B 1-1-7-7-5-5-2
0 1-1-4-4-5-5-4-4
-6-2
-4-4
I 1-1-8-8-3-3-4
1-1-9-9-2-2-4
—108.6 B 11-10-10-2-2-2

—108.8

Energy in Hartree

-109.0

-109.2

1.5 2.0 2.5 3.0 3.5 4.0
Internuclear distance in Bohr
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2D-Block Geminals BO Potential Energy Curves

02 singlet PECs (cc-pVDZ basis)

02 singlet 2D-block Potential energy curve

— R d HF
—148.8 4 oot
—— Frozen GD2 angles
~—— 2D-block geminals
B 1-1-5-5-5-5-4-2
1-1-4-4-5-5-4-4
—149.0 A B 1-1-4-4-5-5-2-6
) B 11-5-5-5-5-2-4
(9] 1-1-6-6-5-5-2-2
jud
&
t
©
T —149.2 4
s
>
o
@
2 -149.4 1 ."“ﬂ“
w .“'.
—149.6 1 M
—149.8 A

1.5 2.0 2.5 3.0 3.5 4.0
Internuclear distance in Bohr
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2D-Block Geminals BO Potential Energy Curves

O2 singlet frozen angles (cc-pVDZ basis)

Energy difference between Frozen GD2 angles and full optimization
0.010

0.008 A

0.006 A

0.004 A

0.002 A

0.000 A

Energy in Hartree

—0.002 -

—0.004 -

—0.006 -

1.5 2.0 2.5 3.0 3.5 4.0
Internuclear distance in Bohr
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2D-Block Geminals Vibrational frequencies

O2 singlet calculations

RHF APSG FA-2D-EPI20 | 2D-EPI20 | exp.(NIST)
re (A) 1.1572 1.2220 1.2175 1.2224 1.2269
Ermin (Hartree) —149.548 | —149.690 —149.720 —149.722
Eo — Epin (em=1) | 992,51 704.37 756.18 740.86 738.53
we (em™1) 1989.07 | 1420.23 1520.99 1488.97 1483.50
E1 — Eo (em—1) 1969.42 | 1376.83 1487.50 1459.13 1457.7

re equilibrium distance

FEnin Minimum energy

Eo — Emin Zero point energy
we harmonic frequency

FE1 — Eo fundamental frequency.
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2D-Block Geminals Conclusions

Lessons to take home

@ Proof of concept that 2D-block geminals is more accurate than APSG

@ Partitionning of MOs into blocks dictated by the APSG Arai space
partitioning and decreasing orbital occupation ordering seems optimal

© o,-matrix type and 1D-block to reproduce APSG

@ Simple rules to choose the best geminal for the mono-excitation of
each block i.e the o,-matrix type ~» tamed combinatorics
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2D-Block Geminals Conclusions

Perspectives

@ TO DO: Release the constraint of only one o,-matrix type per
2D-block to avoid some symmetry breaking ~~ Implementation on
quantum computers

@ TO DO: Investigate the hierarchy 3D-block, 4D-block - - -

© TO DO: Investigate properties such as dipole moments (to compute
line intensities)

@ Other ideas to simplify the general overlap formula?
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2D-Block Geminals Conclusions

APsetG overlap formula
* General overlap closed formula: T'; <> Cj, T, <> C]

(Ty A ATR|TY A+ ATR) = (0la(T'x) - - - a(T2)a(T1)a’ (T)al (T%) - - - at (Th)0) =

Nk i
1§ A (e c
=

] s CF . (o
k (T pNy,p+(G-1)i+1) o’ ,i\,'”\" pt+(G-1)i+1) o( X PN ptii 7"‘2““\" ptii)
> e ST . S :
0 Np 0y Ni o <k 7,0/ €6, i=1 &
x Ex.. k =3 ~ 3 partitions of k
— N31=3, N32=0, N33=0 ~» 3%x14+0%x2+0%x3=3=1+1+1, N30=0

” > tr [(';‘_(‘,’MJ tr [( o Clren|

. 3!
— N31=1 N3o=1 N33=0 ~ 1%x14+1%x240%3=3=0+1+2,

S /,[(3; e } //{(i‘, (% 3‘(“‘”{‘(’,;";‘J

2

N3o=1

ey

- )\“vg.l =0, )V;j_g =0, )\:3'3 =1 2%

0%1+0%2+1%3=3=0+0+3, Nzg=2
> tr[C ) Corr Chn CorrChin oo

3
0.0/ €Sy
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