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Fundamental invariants and equivariants

@ Motivation: symmetry & computations
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Ss

Symmetry : groups and their representations

relationships

The group of order 6 with generators s; and s, and

st=s55=(s1%)° =1

D3 : the group of symmetry of the triangle
V3

2
1
2

ORI A T(Sz):{%

the group of coordinate permutations in R3

S3:
0 1 0 1 0 0
p(sl):|:1 0 0}, p(sz):{o 0 1}
0o 0 1 0 1 0
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Invariants and equivariants S3

o The p-invariants of the representation of ©3 by permutation of
coordinates are the polynomials h € R[x, y, z] s.t. ho p(s) = h.

hh=x+y+z, h=yz+zx+xy, h3=xyz
generate the invariant ring R[x]®3 = R[hy, ho, h3]

o The (p:7)-equivariants are the row vectors of polynomials

q=[q1 @] st. qop(s)=q7(s)
They are generated by a1 = [V3(x+y—22) 3(y—x)],
@ = [V3(2z(z—x—y)—y*—x*+4xy) 3(x—y)(x+y—2z)]

to form the R[x]|®3-module  R[x]%3

R[x]7* = R[] a1 @ R[] a2
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C. Bonafé, Experimental Mathematics (2019)

Some singular surfaces arising from invariants of complex reflection groups

FIGURE II. Part of the real locus of Z(F,,) for W = Gy,.
FIGURE L. Part of the real locus of Z(p,) for W = Gy = W(E).

A

FIGURE II. Part of the real locus of 2(¢,) for W =Gy

FIGURE VI. Part of the real locus of 2(g[2])
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Dynamical systems with symmetry

N ////////

== /(i
E - R > [dﬁ @]:[Pl(xlaxz) p2(x1,x2)]

dt dt
/ ~

l\‘

N ( \ p(x-7(g)) = p(x) - 7(g)
\\
l\\\\\\\

Noonburg's Neural Network model

x1=1—x(c+x2+x2
p(x-p(g))=p(x)-p(g) xlzl—xlECerzzﬁLX%g

x3=1—x3(c+x? +x3)
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Symmetry adapted bases in algebraic computation
J

Global optimization [Gatermann Parillo], [Riener et al.] Approximation theory [Singer H.], [Rodriguez H.], [Collowald H.]
Combinatorics [Stanley], Cryptography, ...as well as Physics, chemistry [Fassler Stiefels], [Muggli], [Cassam Chennai et al], ...

Xyt 2 — (222 22X+ x%y?) > 07 Is it a sum of squares?

2
. i .- A6 |xy If so then also,
= [X2 xy y? yz 22] y? in a symmetry adapted basis
a ... 3 yg [Gatermann & Parillo 06]
|7
=0 h%

A0 0 07"
=[h h meu gu Mg 2] | 0 A® 0 1911
0 0 A@] ™
h1q12

=0 a2

Major motivation: Forming higher degree symmetry adapted bases
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Previously for finite groups and

Computing invariants: with the Reynolds operator: (1) : C[x] — C[x]®

A1) = 51 3 Fonle)

ged
o Using the Hilbert series of the invariant ring, known from Molien's
formula, for termination [Sturmfels 93], [Gatermann 00]
o Computing a homogeneous system of parameters and then using the
Hilbert series of the invariant ring [Sturmfels 93], [Derksen & Kemper 02]

@ Using the Hilbert ideal [Derksen 99], [King 13]

Computing equivariants: the module of (p : 7)-equivariants can be
identified to a submodule of the ring of (p @ 7)-invariants  [Gatermann 00]

Today: Compute simultaneously the fundamental invariants and equivariants by
constructing the bases of the Hilbert ideal and its orthogonal complement. J
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Fundamental invariants and equivariants

@ Symmetry adapted basis
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S3

Symmetry : groups and their representations
relationships

The group of order 6 with generators s; and s, and

P =52 =(s1%)° = 1.

D3 : the group of symmetry of the triangle
V3

2
1
2

}

)

ORI T(Sz):{%

irreducible

the group of coordinate permutations in R3

63
0 1 0 1 0 ©
p(sl):|:l 0 0:|, p(sz):|:0 0 1:|
0o 0 1 0o 1 0
1 . . . .
RH and its orthogonal complement are invariant: reducible
1
A finite group has finitely many irreducible representations.
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Irreducible representations

S3
63‘ 51 S
O 1] 1
@[t o] 11 V3
0 —-1| 2(v3 1
| [-1] [-1]
<3
<3 g
@ 1]
@ [ei%ﬂ}
t® [e 1% ]
@ @ 3) %b% fﬂ
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Symmetry adapted bases

0:® — GL,(C) t@ ..., ¢ the irreducible representations of &

Im @ (g) 1
o(g) =@ Q
Im, ® (Y (g)

Q ZQQ(E) with Q1) = {[q%),..,qffﬂ |1<i< mg}
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Symmetry adapted bases

0:6 — GL,(C) t@ ..., ¢ the irreducible representations of &

Im, ® {(D(g) 1 (D)@ Im, 1
Im ® (V(g) (g) ® Im,

Q ZQQ(E) with Q1) = {[q%),..,qffﬂ |1<i< mg}

P provides a symmetry adapted basis.

It can be computed thanks to ) q([) _____ q( ) a basis of 7r( ) (R"
Ty =2 5 e ) ele O_ (0 o
ge® g =Th (qil )
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Block diagonalisation of equivariant linear maps

Equivariant linear map

o UV p6 -
v:% —

In s.a.b. of U and V the matrix of ® is

diag (T, @ ®[1 <0< ) =
Q)

Pt
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Symmetry adapted bases of C[x] and basic equivariants

0:® — GL,(C) Clx] = Clx, - . ., xn]
p:6—GL(Clxla)  plg)(f) =foolg™)

Clg =CKHY & ... o CxY

C[X]Sf) spanned by the components of qg ), A q%Z where qg) IS (C[x]t%

C[x] ©combination of generators of C[X]S?Z), o (C[X]S?” provide s.a.b. of C[x] J

Our contributions: Fundamental invariants and equivariants

From a s.a.b of C[x]<4 compute minimal generators for C[x]® and (C[X]S?[)

and these provide generators of (C[X]f_5 for any representation 7.

E. Hubert (Inria) 14 /25



Fundamental invariants and equivariants

@ Fundamental equivariants
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Fundamental invariants and equivariants

Consider a finite group & and a representation p : & — GL,(R)
o tM, ... ¢() the irreducible representations of &:
Wig)y=n] .6 - CL,(C)
o A t(V)-equivariant is a row vector g = [q1 ... qn,] € R[x]" s.t.
a(o(g)x) = a(x)t(g) forall ge®
t(")-equivariants form the module C[X]t%

The fundamental invariants and equivariants consist of
o the generators of the ring C[x]”
o the generators of the C[x]®-modules C[X]?g), 2<0<t
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Fundamental invariants and equivariants of &3

0:6; - GL3(R) st p(sl):[z g 3} p(SQ):[é : Z}
s S
(] 1]
1l 5 s Y

Fundamental invariants and equivariants:
o Cx|® =C[x+y + z, yz + zx + xy, xyZ]
° (C[x]63 = C[x]®3 a1 @ C[x]®2 q» where
@ = [V3(x+y—22) 3(y—x)],
and q2 = [V3 (2z(z—x—y)—y?*—x*x+4xy) 3(x—y)(x+y—2z)]
o Cl = ClX% (v — 2)(z — x)(x — y)
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Fundamental invariants and equivariants

@ Simultaneous computation of invariants and equivariants
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Algorithms for fundamental invariants and equivariants

finite groups

o Reflection groups : ideal interpolation along an orbit

The invariants are read on a H-basis of the ideal J of a generic orbit.
The equivariants on the s.a.b. of the least interpolation space (a.k.a. the
orthogonal complement of J°) [Rodriguez Bazan & H, JSC 23]

o Free module generators over primary invariants

from the s.a.b. of an invariant complement of the ideal generated by the
primary invariants [Rodriguez Bazan & H , JSC 21]

o Minimal set of generating invariants and equivariants

Computing invariants and equivariants degree by degree.
Constructing

o the H-basis of the Hilbert ideal N
o a s.a.b. of its orthogonal complement.
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Hilbert ideal and covariant algebra : the key concepts

Hilbert ideal: N = (h| h e C[x]® \ C)
[Hilbert 1890] hy, ..., hy generate C[x]® as a ring iff N = (hy,. .., hy)

Covariant algebra: C[x|/N a C-vector space
& finite = CJ[x]/N finite dimensional C-vector space
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Hilbert ideal and covariant algebra : the key concepts

Hilbert ideal: N = (h| h e C[x]® \ C)
[Hilbert 1890] hy, ..., hy generate C[x]® as a ring iff N = (hy,. .., hy)

Covariant algebra: C[x|/N a C-vector space
& finite = CJ[x]/N finite dimensional C-vector space

If Clx] = N® Q then Q = C[x]/N.
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Hilbert ideal and covariant algebra : the key concepts

Hilbert ideal: N = (h | h e C[x]®\ C)
[Hilbert 1890] hy, ..., hy generate C[x]® as a ring iff N = (hy,. .., hy)

Covariant algebra: C[x|/N a C-vector space
If Clx] = N & Q then Q = C[x]/N. Choose @ invariant

Q= Uzzl 0 with 0 = {[q,(f), el qfﬁ” |1<i< mg} s.a.b. of Q

[Nakayama] and consequence

t n 0
Cixl=C® o PP Ccx®q’

(=2 j=1 i=1

= 0 is a basis of (C[X]S?,_;) as a C[x]®-module.
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Basic ideas of the algorithm

Compute degree by degree
o an orthogonal H-basis H of the Hilbert ideal N = (h|h e C[x]® \ C)
o asab. Q={J, QY of the orthogonal complement of N in C|[x]
Then
o H={hy,..., hg} is a minimal generating set of invariants
o QU is a basis of (C[X]S?g) as a C[x]®-module .

Basically Vy(H)=> (ph| deg(p) + deg(h) = d)
heH
1 1
o Clx]lg =Vy(Hy-1) & (Ka)c @ (Ra)c
0 Hy < Hg-1 U Ky; Qd + Qd—1 U Ry.

taking into account the p — 74 equivariance of W
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Fundamental invariants and equivariants

Algorithm
d:=0; R(gl) = {1},
do d<d+1

o (C[X](l) :¢(1)(Hd—1) GLB (Kd><c

AL emma L

» Hy+ Hy_1 UKy, Qd — Q(e) Z)
until J_, RV =0 i.e. (Hy) NC[x]yg = C[x]4
Output:

« H=1{hy,..., he} is a minimal generating set of invariants
« QY is a minimal basis of (C[X]S?g) as a C[x]®-module

E. Hubert (Inria)



Reflection symmetry ®3

6 , IR R
i ol
I

H= {x2+y2, x(x2—3y2)}

QW = {1}, Q@ = {[x.y]. [y® — x*. 20/}, Q¥ = {y(y* — 3x*)}

Rix,y]®* = R[C+y?, x(x*=3y%)],  Rlx,y]23 = y(y* — 3x°) R[x, y]**

Rlx,y]%5 = [x, YIR[x, y]®* @ [y* — x*, 2xy|R[x, y]*
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@
‘C(2) [ei%']
3 [e=1%]

@ @@ | 1 b% :ﬂ

H={x2+y% x(x*=3y?), y(y* - 32)}

1 _ {1}, Q (2+3) {[X vl, [ X2,2xy]}

R[X7y]€3 = R[X2+y27X(X2_3y2)7y(y2 _ 3X2)]7
R[x, ¥]53,5 = X, yIR[x, ¥ + [y — X%, 2xy] Rx, y]®
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Prototype Maple Package SyCo (Symmetry & Computations)
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