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Prehistory. (~1996) Catalan derivations (J. Ecalle)
— act on an algebra of functions (resurgent functions)
— belong to an algebra of so-called “alien” operators
Middle age. (=2006) The algebra of “alien” operators is isomorphic to Sym.

Up to the present days. Many properties related to algebraic and combinatorial structures, Rota-Baxter algebras,
Quadrialgebras, Hopf algebras of plane forest, Tamari order.
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1 Lie idempotents and Noncommutative symmetric function.

1.1 Lie idempotents.

Let V' a vector space over IK, T'(V') its tensor algebra and L(V') its free Lie algebra

T(V)—M@(@ Tn(V)>, . T,(V)=ver L, (V)=L(V)NT,(V).

n>1
There is a right action of K&,, on T,,(V) :
(V1@ -+ ®Vp)-0=Vp(1)® -+ @ Vg ().
and 7, € KG,, is a Lie idempotent (resp. quasi-idempotent) if

I, : T,(V) — T,(V)

v = vy,
is an idempotent (resp. quasi-idempotent) such that ImIT,, =L, (V).
Vv e L, (V), I, (v)=v (resp.ll,(v)=av).

Among idempotents, the Solomon idempotent and the Dynkin idempotent can be characterized as elements of the Hopf
algebra Sym of noncommutative symmetric functions.



1.2 A short reminder on noncommutative symmetric functions.

Sym is the free associative algebra IK(S1, S5, ...) over an infinite sequence S,,, endowed with the grading deg S,, =n
and the coproduct

:Z SL®S,_k (S():: 1)

If o, =1+ Zn>1 t"S,,, oy is group-like:
Aoy =04 R oy.
Basises:
Sym,, = Vect{S!=5; S;,--- Si,IEn}=Vect{®P! =&; &;,---®; . [Fn}
With I Fn compositions of n that is:
I={(i1,...,i,) with [I| =41+ -+ +4,=n and i € N~°
and

Zt”(l) =log(oy) (ADP,=10®,+d,®1).



One can also consider the noncommutative ribbon Schur functions R; as a basis:

ST = Z Ry, for instance S'13 = R34+ Rz + Rs.

J<I

or rather the signed ribbons basis. Let £={0}{J,,. ,{e=¢e1...cn,ei=%}={, - En For I =(i1,....1;) En,

— if iEDeS(I):{il,i1+i2,i1—|— —I—’ir_l}
+ otherwise

(—1)6(1)_1R]:R51___5n71.:R€. with €= {
For instance,
R_y4—t—te=—Ri32

As for the product

RaoRbo — Ra+bo - Ra—bo



1.3 Descent algebra and Lie idempotents.

Vo €6y, Sgn(o)=e¢1...6n-1, ei_{ + if o(i)<o(i+1)

Sgn((623145)) = —+—++

The descent algebra >, of G,, is spanned by

Dao:Dsl...sn_lo: Z o
Sgn(o)=¢

Let

(67 En — Symn
Deo — (_1)m(€)R€o m(e):#{i3€i:_}

Theorem 1. [Gelfand, Krob, Lascoux, Leclerc, Retakh, Thibon (1995)]. Let F'= «(m) be an element of Sym,,, where
m € X,. The following assertions are equivalent:

1. 7w is a Lie quasi-idempotent;

2. F'is a primitive element for A;

3. I belongs to the Lie algebra L(®) generated by the ®,,.
Moreover, T is a Lie idempotent iff ' — ®,, is in the Lie ideal [L(®), L(®D)].



1.4 The exemple of the Solomon idempotent.

If Z t"®, =log(or) =log(1+>_, -, t"Sn),

o= S PEPERR L ()= f{iiei=—hple) = iz = +)
(1)3 — O:;?'R—l——i—o 13—}'R——|—o+1é} R—|— o 23—}R——o
= §R++. + ER__H + 6R+—. + ER__.
_ a(%(lZB) - %((213) +(312)) — %((132) +(231)) + %(321))
1
- o §l1230+ 1, 12.30)
= a(¢s)
and

(11 @ V2@ v3)-P3= %([[Ula 2], v3] + [[v1, [v2, v3]]) € L3(V)



2 The family of Catalan idempotents.

Consider the Narayana polynomials :

cal?l = 1

cad?t = a+b

cad? = a’+3ab+b?
cad’t = a’+6a*b+6ab*+0b°

cal? = a*4+10a*b+20a2b%410a b3+ b*
For any word € =¢1...5,, consider its “stack” decomposition:
e=(m)"...(n)"=(F)(F)™.. (=) () )Y,

Theorem 2. [Ecalle, M., 1996], [M., Novelli, Thibon, 2008]
Forn > 2,

Cob = Z H a H b caﬁib . cais’bRs.
en)=(m)"

e=(e1,..., Lo..(ns)™s \ mi=+,i<s ni=—,1<8

is primitive and thus corresponds to a Lie (quasi)-idempotent.

Cga’b = Rie+R_,

CS" = (a+b)Ryje+aRy_o+bR_1o+(a+bR__,

C4 = (a®+3ab+b?)Ryyieta(a+b) Ryt _otabRe_ o+ (a+b)bR_4 4
+a(a+b) Ry _o+abR__¢+(a+b)bR__ 1o+ (a*+3ab+b>)R___,



3 Resummation theory and the Catalan idempotent as an alien operator.

3.1 Algebras of resurgent functions and alien operators.
In resummation theory :

B CiGOO

PO =Y ant e C-20(0)= Y Bene €l ut) = [ plg)e el

n>0 n>0 ) 0

Resn is a an algebra of functions ¢ holomorphic near the origin, analytically continuable along any path that follows
IR™ and dodges each point of N*.

Moreover, Resy is stable by convolution

R ¢ R
(px)(C)= /O H(C)D(C — C)dG.

and stable under the action of alien operators.



Let E={0}J,~,{e=¢c1...cn,ei==%}=J, ,En one can label the analytic continuations of a function ¢ by such
sequences: For ( €]4,5[, 7~ ~7(() is the continuation along the path

Let Ag=1Id (ALIENy=CDyp) and for e € £,, 1 let Ace € ALIEN,, the endomorphism of Resy such that:
V€ Resn, VCR0,  (Ace @)(C)= 05 (C+1(e0)) = 5= (C+i(e®))
(A, @)Q)=¢" TTH(C+5) =@ 7T (C+5)
Proposition 3. For (e,m) €€,
AceAne=Anico—An—co
thus ALIEN is a graded algebra with unit 1 = Ay.

For n > 1, let

A=Ay, A= Y (#Hei=+D(#ei=-D! ,

then " A, =log(1+ > A)
and ALIEN is the polynomial algebra generated by the family {A'} (or {A,}).



3.2 Derivations, automorphisms and the Catalan derivation.

The action of these operators induces a coproduct 6 on ALIEN: V¢, 1@ € Resn,

AL (@) = Y AL@) ALk (¥) — §(A%) = Y AfeAl,
k=0 k=0
An(@x1h) = Ap(@) D+ @xAn(¥h) — 8(4,) = 104, +A,®1

It turns ALIEN into a graded Hopf algebra where:

—  The derivations A,, are primitives elements.

—  The automorphisms AT =1+ A is group-like elements.
Theorem 4. ALIEN is isomorphic to the Hopf algebra Sym

A natural isomorphism send A}; to S, A, to @, and A, - e to R cie-

Compare

AsoAno — An—i—eo_An—so
RsoRno — Ae—l—no _Ae—no .



4 The Catalan idempotents in the Lie Module.

For the Solomon idempotent:

(123) — 1((213) + (312)) — £((132) + (231)) + 5(321) € K&

6
(111, 2], 3] + (11, [2, 3]])

1
¢3 = §
é € Lie(3)

The Poincaré-Birkhoff-Witt basis of Lie(n) (of dimension (n — 1)!) is indexed by complete binary trees with n leaves
labelled by [n] such that, for each internal node, the smallest (resp. greatest) label is in the left (resp. right) subtree.

For n =4, the basis PBW, is indexed by

-
% / .
-K 3 ] \1‘- 1 2 3
Wl A
1 2 2 3
L ] L] L]
P e, 9% £ LN
. . 1 - 1 -
™ SN
¥ A gt Ty a5 e i iy
PN Fall
2 3 3

corresponding to



Theorem 5. [Foissy, M., Novelli, Thibon, 2022]. For n > 2 the Lie quasi-idempotent abC', " corresponds in Lie(n) to

abCﬁ’b _ Z a#{left leaves}b#{right leaves }T

TEPBW,,
;'xj ;'xl 'E.HHH.
G > N PR
& 3 1 - 1 & 3
Pk A
1 2 2 )
.f"a,_“. ];-x ]f.x
gf iyt o 5 N
7 7 %
2 3 3
abC®’ = ab3[[[1,2],3],4] + a2b2[[1, [2, 3]], 4] + a2b2[[1, 2], [3, 4
4
£ a1, 3], [2,4]] + a2, [12, 3], 4]] + a%[L, [2, 3, 4]]

Proof based on a fixed point equation in the Malvenuto-Reutenauer Hopf algebra involving its quadrialgebra structure.



5 The Catalan idempotents and Rota-Baxter algebras.

5.1 Rota-Baxter algebras and Birkhoff decomposition.

A commutative algebra A over a field K is a Rota-Baxter algebra if A=A~ @ A" where AT and A~ are subalgebras.
If P, (resp. P_) is the projection AT (resp. A™) parallel to A~ (resp. A™) then,

Py (zy) Py (z Pi(y) + Pi(z)y ) — Pi(z) Pi(y)
P (zP(y)) = Py(z) Pi(y)+ Py (P-(2) y)

In the A-module Sym 4, there exists a unique Birkhoff decomposition (o, 0, ) € Sym 4+ x Sym 4 of o, =1+>"2"S,,

(z e A):
n

O, =0, 0.

Moreover, if V: AT — K is a linear map such that:
V(z,y) e AT x AT, Vizy)=0

then D, =V (o, —1) is primitive in Sym.



One has

Let

for instance,

then

Py (x)=P_(xP_(xP(x)))

cT(eo)=Pey(x), clee)=V(Pei(x)).



5.2 The case of the Catalan idempotents.
Consider A= %IK[%] dK[[z]]=A"® A, with V =Residue.

Ifx:%—ktbzzg—kb—kbz—i—b%—k--- then, for n > 2,

Dw,n:ang’b

abC%’ = ab(a+b)Rise+a®bRy_o+ab?R_.o+abla+b) R__,

o) = P+<<Z+1bz)1’+((;+1bz)f’+<i+1”z))) = r((2r)n((2r 2 )E)
+

N p o a* ab B a3+2a2b+a2b+ab2
N H\lz 12\ 22" 2 N z3 22 z

n

. a b o . . .
Smaller idempotents : replace r=—+1— by 2= - anz 1 and isolate monomials in ag, ai, ...
- =

D, 3= (a§az+apa?) Ryie+ (afas) Ry o+ (agai) R_ye+ (a§as+agb?) R__,



6 Catalan idempotents and trees

6.1 HXck and the morphism Sym — HYck

Consider planar rooted forest F = - Fj:

el venlo 1 VL
AR TUNUE SUUUE SR VNN VAR SUE SRS S {/ \/I, \fi |

HXck is the graded Hopf algebra with linear basis { X, F' € F'} and deconcatenation coproduct:

AXp = Z Xr, @ Xp,.
F=FF

The product X, Xp, is the sum of Xy over all the graftings F' of F into Fb:

X.IX' :X'I'+XI+X\/I —l—X”I —|—XII +X..I

The algebra map © such that:

is a Hopf morphism.



For z in a Rota-Baxter algebra, the Birkhoff decomposition o, = o o, gives

with ¢ (F1Fy) = ¢t (Fy)c™(Fy) and, for instance,

™ ( I\V) = Py | Pr(Py(x)x) Py (z) Py () x

7 \ 7\

o1y ct(e) et (s)



6.2 The Catalan idempotents in H\ck

/\
\ e

3
ct(een) = %
+ I . (lg a(2)£11
¢ (‘ ) = 3+ 0
3 2
C+(I .) — Z‘_g + aggfl
. 3 2 2
C+( \( ) —_ (Zl_g + aggl %
C+(I) — :—§ + 2“5;1 + agzaz + aoza1

Theorem 6. [M., Novelli, Thibon, 2024] For any forest F,
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Consider for a forest F' and on any vertex that is not a leaf, define the transformations:

First kind:

Second kind:

Let F', G be two plane forests. We shall say that G > F' if G can be obtained from F’ by a finite number of the preceding
transformations.






6.3 Rota-Baxter algebras and the Tamari order.

For any Rota-Baxter algebra, the coefficients ¢ (F') are sums over Tamari intervals of coefficients d(G) obtained by
the same way, but alternating the signs on each level [Foissy,M., in progress]:

Recall that:
c*( I\V ) = Py | Py(Pi(2)z) Py(z) Py()a
N ~~ 7 N—— N~
ct (1) ct(e) ct(e)
then:
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