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YOUNG DIAGRAM
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THE STANDARD REPRESENTATION

exp i91 0 0
0 exp 165 0
0 0 exp —i(61 + 0)

DYNKIN LABEL (1,0)
PARTITION (1,0)

THE DUAL OF
THE STANDARD REPRESENTATION

X — w(X)
X*~» —a(X)?

DYNKIN LABEL (0,1)
PARTITION (1,1)
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THE ADJOINT REPRESENTATION OF sl(3, O).

DYNKIN LABEL (1,1)
PARIITION (2,1)

ALCAZAR D€ SEVILLA

THE ROOTS ALLOWS US TO
MOVE IN THE DIRECTIONS OF THE
THREE LONG DIANGONALS
OF THE RHOMBI



SYMMETRIC POWERS OF THE STANDARD REPRESENTATION

Sym?V

DYNKIN LABEL (2,0)
PARTITION (2,0)

LONG DINGONALS DYNKIN LABEL (0,2)
OF THE RHOMBI PARIITION (2,2)




THE IRREDUCIBLE REPRESENTATION OF sl(3, Q).

Sym"V — Fn’o and SymnV* — I“O’n. TKIANGLES

DYNKIN LABEL (n,0) DYNKIN LABEL (0,Nn)
PARTITION (N,0) PARTITION (N,N)

OUTER SHAPE
» HEXAGON

¢ L',2)

° DYNKIN LABEL (1,2)
PARIITION (4,1)




GELL-MANN AND NEEMAN EIGHT-FOLD WAY

AVANEVAVAVAVANE-WAVAVAVAN L <S¢ o
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4 P Pl o) o000/1458

Richard Feynman, Murray Gell-Mann, Juval Ne'eman: Strangeness
Minus Three (BBC Horizon 1964) |


https://www.britannica.com/biography/Murray-Gell-Mann
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KIONSTANT PARTITION FUNCTION

POSITIVE ROOTS

aq,

— THE N\UNBER OF WAYS OF
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NEGATIVE REAL COEFFICIENTS

NON

p(nia; +nsas) = 1 + min(nq, ns).






KKONSTANT PARTITION FVOUNCTION

FIX A S€T OF POSITIVE ROOTS

aq, 9

WRITE

nioq -+ no o

L4
THEN

ni1oq -+ ’nzag)
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VECTOR PARTITION FOUNCTION
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SYMMETRY AND STABILITY

= Q1 + Q2

CYCLIC GROUP OF ORDER TWO

REFLECTION AROUND THE LINE
CYCLIC

GENERXATED BY
a3

SYMMETRY
STABILITY
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KIOSTANT MULTIPLICITY FORMULA

mult(p) = 3 (—1) @ p(w- (A + p) — (4 + p)).
weW
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THE LITTLEWOOD-RICHARDSON COEFFICIENTS

= (l1,43), m = (m1,mz) and n = (n1,ns).
¥ THe MULTIPLICITY OF V,, IN THE TENSOR PRODUCT

Ve ® Vi IRREP OF sl(3, O)

SCHUR. FUNCTIONS  LSA] Susy

05

£  THE TRIPLE MULTIPLICITIES

DIMENSION OF (Ve ® Vi @ V;¥)°V ()



THE TRIPLE MULTIPLICITIES

el n) = dim(ly e Ve % Vn)SU(S)

A
THUS  Cup  €Quals (£ m:n™)



THE SUPPORT OF THE TRIPLE MULTIPLICITIES

§ET OF DYNKIN LABELS WITH  c(f;m;mn) # 0

GENERATES A SUB LATTICE Ay oF ZO

g €y +my+n1 =Ly +ma+ny mod 3

c(€; m;n*)



A LINEAK SYMMETRY FORC THE TRIPLE MULTIPLICITIES

LINEAR  AUTOMORPHISM OF ATM
c(0(¢,m,n)) = c(é;m;n)

PERMUTATIONS OF THE DYNKIN LABELS S

c(l;m;n) =dim(V; ® V,,, ® Vn)SU(‘?)

DUALITY SYMMETRY G

(4,m,n) < (£*,m*,n*)

GROUP OF SYMMETRIES OF THE TRIPLE MULTIPLICITIES SU (k)
Gy X 63  ORDER 12 k>3



LITTLEWOOD-RICHARDSON COEFFICIENTS
O RATHER TRIPLE M\ULTIPLICITIES

Berenstein & Zelevinsky, 1991 Alcazar de Sevilla, 1090

Triple Multiplicities for s{(r + 1) and the
Spectrum of the Exterior Algebra of the Adjoint
Representation

A.D. BERENSTEIN AND A.V. ZELEVINSKY
Department of Mathematics, Northeastern University, Boston, MA 02115.

Received May 23, 1991, Revised October 10, 1991
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We fix a natural number r and put 7 =T, = {(i,5,k) € Z3:i+ j+ k = 2r — 1}.
Put also H = H, = {(i,5,k) € T,: all i,j5,k are odd} and G = G, = T, — H,.
Thus T, is the set of vertices of a regular triangular lattice filling the regular
triangle with vertices (2r - 1,0,0), (0,2r —1,0), and (0,0,2r — 1); this triangle is
decomposed into the union of elementary triangles having all three vertices in
G, and of elementary hexagons centered at points of H, (see Figure 1).



BERENSTEIN-ZELEVINSKI TRIANGLES

Y>=(0,3,0) Yo
o/ N\
Z4:(O’2,1) Z3=(1’270) R4——=23
Z5=(0,1,2) Z2=(2,1,0) <5 <2
Y3=(0)073) / -/ Y1=(3?O’O) y3 my z6 Z]_ mo yl

Z6=(1,0,2)2,=(2,0,1)

S$IDES OF THE HEXAGON SUM AS§ MUCH AS THE OPPOSITE SIDES

ol TmRA T oG T AD) A T L0

0 0 0
0/ \0 0/ \1 1/ 0
0—0 0—1 10
/ \ / \ / \
0 0 0 0 0 1
0/ \ AN 0/ \ / \0 0/ 7E N
b0 0 0—1—0—0 g 1 0 0

JOIN WORK WITH EMMANUEL BRIAND AND STEFAN TRANDAFIR



VECTOR SPACE  Lgy REAL LABELLING OF BZ TRIANGLES

THE CONE OF ALL POINTS WITH

BZ CONE NON-NEGATIVE LABELINGS

AN ELEMENT OF
BZ TRIANCGLE LATTICE OF INTEGRAL POINTS
IN THE BZ CONE

0 0 0
0/ \0 0/ \1 1/ \0
0D 0 0—1 1—0
/ A\ / \ - N
0 0 0 0 0 1
0/ \ i 0/ \ / \0 0/ \ 72
00 0 | 0-1—0-50 0.1 -0 -0



fi(t) =0, fa(t) =41 — ma —w(t), fa(t) = la —n1 + w(t),
g1(t) = —ma, g3(t) =01 —mo —ne —w(t), g5(t) =—n1+w(t),
go(t) = —n1, ga(t) = —mao — w(?), ge(t) =Lla —my —ny + w(t)

Withtd(t)=%(€1 + mg +n1—€2—m2—n2).

A PARAMETRIZATION s
OF THE SPANCE OF Vi, z > g;(t).
BZ-TRIANGLES

fa(t)—z

r—gs(t) r—ga(t)

fa(t)—x @, ) f1(t)—=
r—ge(t) x—g1(2)



THE RAYS OF THE
BZ CONC

RELATION

Al—)—l>+Al—)—3>+Al—)-;=A?+A3>.

FUNDAMENTAL
BZ TRIANGLES

GENERATE AS VECTOR SPACE
AND AS LATTICE

FUNDAMENTAL BZ TRIANCGLES

0 1 0
0/ \0 1/ \1 0/ \0
0—0 0—0 0—0
/ \ / \ / \
0 0 0 0
0o/ \ £aN1 0/ \ / \0 1/ \ / \0
OTO—OTI OTO—OTO ITO—OTO
. AC—,; . A@) & AE;
Cy = (00]01/|10) Cy = (10]00|01) C3 = (01]10/00)
0 0 0
0/ \1 0/ \0 1/ \0
0—1 0—0 1—0
/ \ / X / \
0 0 1 1 0 0
0o/ \ / \0 1/ \ / \1 0/ \ / \0
OTI—OTO OTO—OTO OTO—lTO
— A5, — A, — A,
D3 = (00]|10[01) Ds = (01[00|10) D; = (10|01]00)
0 0
0/ \1 1/ \0
0—1 1—0
/ \ / \
1 0 0 1
1/ \ / \0 0/ \ / \l1
OTO_IT OTI_OT
A A
< = (01/01]01) T = (10[10[10)




BERENSTEIN-ZELEVINSKY

SYMMETRIES OF THE BZ TRIANCGLES

GENERATED BY

A

(6;m;n) <> (m*;£%;n%)

(£;m;n) < (£5;n*;m*).

A NOT THE GROUP OF PERMUTATIONS OF
THE DYNKIN LABELS
(IT 1S ISOMORPHIC TO IT)

DOES NOT CONTAIN THE DUALITY SYMMETRY



A LINEAR SYMMETRY OF THE SPACE OF
BZ TRIANGLES PERMUTES

MINITMAL RAY GENERATORS
FOR THE CONE BZ

ANY LINEAR SYMMETRY
SHOULD STABILIZE

{A—> A—> A—>}
AND  {Az,Ap}

A51>-|—A53>+A55>=A?+A3>

THUS, IT SHOULD ALSO STABILIZE

{A—> Az A—>}

GROUP OF LINEAKR
SYMMETRIES OF ORDER 72

FUNDAMENTAL BZ TRIANCGLES

0 1 0
0/ \0 1/ \1 0/ \0
0—0 0—0 0—0
/ \ / \ \

0 0 0 0 0 0
0/ \ / \1 0/ \ / \0 1/ \ / \0
050—0+1 050—050 1-0—050
- AE; — AE; —_ AC—';
Ci = (00]01|10)  C3 =(10/00j01)  C3 = (01|10|00)

0 0 0
0/ \1 0/ \0 1/ \0
0—1 0—0 1—0

/ \ / \ / \

0 0 1 1 0 0
0/ \ / \0 1/ \ /\1 0/ \ / \0
0+1—0-50 050—0-0 05-0—1-0

A—) A—> AE{
P (00|10|o1) Di (01|00|10) D} = (10]01/00)
0 0

0/ \1 1/ \0

0—1 1—0

/ \ / \

1 0 0 1
1/°\ / \0 0/ \ /\1
0-0—1—-0 0+1—0—0

A3 Ap

< = (01/01|01) (10|10|10)

G{ACT{’AC_'%’AC_’;;} 2 G{Alﬁ’Alﬁ’Aﬂ} A G{A?7A_’}




ALINENRRMAP  pr : Lo, — RS

biy=y2+24, Mmi=ys+25, N1=9Y + 2o
bo =ys+ 25, Mmo=y1+21, No=1y2+ 23

0 0 0
0/ \0 0/ \1 1/ \0
0 () 0—1 1—0
‘ A\ / \ . \
0 0 0 0 0 1
0/ \ %N 0/ \ / \0 0/ \ 7€ WV
00 U | 0—1—0-50 0.1 0.0

THE LATTICE OF INTEGRAL POINTS OF THE BZ CONE
1§ SENT ONTO A,

IT SENDS THE BZ CONE TO THE CONE OF THE TRIPLE
NMULTIPLICITIES

c(l;m;n) = # (pr~'(¢; m;n) Nlat(BZ))

BERENSTEIN-ZELEVINSKI




A LINEAR SYMMETRY OF
THE TRIPLE MULTIPLICITIES

= = = =
Cl+02-|—03=D1-|—D3—|—D5=?—|—B)

t New

PROJECTIONS

THERE ARE NO OTHER RELATIONS
WITH ALL COEFFICIENTS POSITIVE

ANY LINEAR SYMMETRY OF
THE TRIPLE MULTIPLICITIES
STABILIZES THE TN CONE

THUS, PERMUTES ITS RAYS.

{C]/.7 Cé’ C:;’ ‘D{)Dé’ Dé) ?’ B>}'

MINITMAL RAY GENERATORS

TRIPLE MULTIPLICITIES

0 1 0
0/ \0 1/ \1 0/ \0
0—0 0—20 0—0

/ \ / \ /

0 0 0 0 0 0
0/ \ AN 0/ \ / \0 1/ \ / \0
OTO—OTI OTO—OTO lTO—OTO

Aa Aa . Aa;
C3 = (01[10/00)

C; = (00/01/10)

Cy = (10[00]01)

0 0 0

0/ \1 0/ \0 1/ \0

0—1 0—0 1—0
/ \ / \ / \

0 0 1 1 0 0
0/ \ / \0 1/ \ / \1 o/ \ / \0
04+1—050 050—050 050—1+0
= AB; = Ab_; = AB{

D3 = (00/10]01) D5 = (01]00[10)  D; = (10/01|00)
0 0
0/ \1 1/ \0o
0—1 1—0

/ \ / \

1 0 0 1
1/°\ / \0 0/ \ / \1
0—0—1—0 0+1—0-0

Az A
< = (01]01/01) T = (10]10|10)




A LINEAR SYMMETRY OF
THE TRIPLE MULTIPLICITIES

STABILIZES {?

v
- |

STABILIZES —-OR SWAPS THEM!

{C1,C3,C3} and {D1, D3, D5}

THUS STABILIZES

{? >} and {{01,02,03} {Dl,D3,D5}}

ISOMORPHIC &g X (63 0 6s)

ORDER. . 9

x (2 x (3)2)

TRIPLE MULTIPLICITIES

0/ \0 1/ \1 0/ \0
0—0 0—0 0—0
/ \ / \ / \
0 0 0 0
0/ \ £\ 0/ \ / \0 LAaN / \0
D= 0=el D=0 O=() 1==0 " O==(
A= A A
s 1 L 52> Sy (73)
Cy = (00[01|10) Cy = (10/00|01) C3 = (01/10/00)
0 /\ 0 0
0/ \1 0/ \0 1/ \0
0—1 0—0 —
/ \ £ X 74 \
0 1 1 0
0o/ \ / \0 1/ \ / \1 0o/ \ L3NG
0—1—0-50 050—050 050—1+0
D3 = (OO|10|01) Ds (()1|OO|10) D; = (10/01|00)
0 0
0/ \1 1/ \0
0—1 1—0

/ \ /\ / \

1 0 0 1
1/ \ / \0 0/ \ / \1
=010 el 0

A3 A
< = (01/01|01) T = (10[10/10)

SYMMETRIES OF
THE OUTER TRIANGLE

SYMMETRIES OF THE
INNERC HEXAGON



THE SUPPORT OF THE TRIPLE MULTIPLICITIES 1§ A CONE.

[vie{1,2,3}, z < fi(t)
\‘v’j €{1,2,3,4,5,6}, x> g;(t)

max ¢,(t) < z < min f,(¢)
q p

SYSTEM OF 18 INEQUALITIES:

Vi € {17273}3 = {17273743576}7 gj(t) < fz(t)

THE QUASI POLYNOMIAL:

c(t) = 1 + max(0, mpin Jo(t) — max 94(%)).



THE 18 CHAMBERS ARE FULL DIMENSIONAL

THE GROUP OF SYMMETRIES OF THE BZ TRIANGLES ACTS
TRANSITIVELY ON THE CHAMBER COMPLEX

CHAMBERS ARE SIMPLICIAL,

HAVE 6 RAYS, 5 EXTERNAL T1,...,1T5

INTERNAL RAY  (11[11[11)
S R G )

fundamental domains of the lattice have volume 1

RANK GENERATING FUNCTION

(1+3g+3¢9)°(1+29)(1 + q)°.
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