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1 Introduction

For a measurable set E C R™, n > 1,0 < s < 1, and a connected open set 2 € R™ with Lipschitz
boundary (or simply © = (a,b) € R if n = 1), we consider the functional

Ts(E,Q) :== JHE,Q) + TX(E, ),

where

1
jsl E.Q ::/ / ———dxdy,
( ) EnQ JEeng [T —y["ts

1 1
J2(E,Q) ::/ / d:vdy+/ / ———dzdy.
° Bne JEenae [T — [T Bnoe JEeng [T — [T

The functional J(E, Q) can be thought of as a fractional perimeter of E in Q which is
non-local in the sense that it is not determined by the behaviour of E in a neighbourhood of
OF N, and which can be finite even if the Hausdorff dimension of OF is n — s > n — 1. Notice
that the term J!(E,Q) is simply half of the fractional Sobolev space seminorm IXElws1(0),
where y g denotes the characteristic function of £. Roughly speaking this term represents the
(n — s)-dimensional fractional perimeter of E inside €, while J2 is the contribution near 9.
This can be made precise when letting s T 1. We also recall the following elementary scaling
property:

TJHAE,NQ) = NS THE, Q) for A>0,i=1,2. (1)
This functional has already been investigated by several authors. In [15] Visintin studied some
basic properties of Js, and in particular he showed that 7, satisfies a suitable co-area formula,
see Lemma 10 below. Caffarelli, Roquejoffre and Savin [4] studied the behavior of minimizers
of Js, proving that if E' is a local minimizer of Js(+, ), i.e.

Ts(E,Q) < Js(F,Q) whenever EAF € Q,
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then (OF) N Q is of class C1* up to a set of Hausdorff codimension in R™ at least 2.

As it is well-known (see for instance [10] and the references therein), for minimizers E of
the classical De Giorgi’s perimeter, which we shall denote P(E, (), the regularity results are
stronger. The boundary of a local minimizer E of P(-,Q) is analytic if n < 7, it has (at
most) isolated singularities when n = 8 and it is analytic up to a set of codimension at least
8 in R™ if n > 9. This suggests that the results of [4] might not be optimal for s close to 1.
Motivated by this, Caffarelli and Valdinoci [5] studied the limiting properties of minimal sets
for the s-perimeter as s — 17

Partly motivated by their work, we make a complete analysis of the limiting properties, in
the sense of I'-convergence, of Js as s — 17, under no other assumption than the measurability
of the sets considered. Our proofs differ in particular from those in [5] because they do not rely
on uniform (as s — 17) regularity estimates on s-minimal boundaries borrowed from [4]. The
only result we need from [4], in the proof of our Lemma 14, is the local minimality of halfspaces,
whose proof is reproduced in the appendix.

We start by proving a coercivity result.

Theorem 1 (Equi-coercivity) Assume that s; T 1 and that E; are measurable sets satisfying
sup(1 — si)jsli (E;, Q) < o0 vQ' e Q.
ieN

1
loc

Then (E;) is relatively compact in L;. (), any limit point E has locally finite perimeter in €.

Notice the scaling factor (1 — s), which accounts for the fact that Ji'(FE,Q) = +oo unless
E C Q° or Q C E, as already shown by Brézis [3].
Let wy, denote the volume of the unit ball in R¥ for k > 1, and set wq := 1.

Theorem 2 (I'-convergence) For every measurable set E C R™ we have
r— limTilnf(l —85)THE,Q) > w,_1P(E,Q),
S

I' — limsup(l — $)Js(E, Q) <w,—1P(E,Q),
sT1

(2)

1

e convergence of the corresponding

with respect to the local convergence in measure, i.e. the L
characteristic functions in R™.

We recall that (2) means that
liminf(1 — 5;,) 7, (E;, Q) > wp—1P(E,Q) whenever xg, — xg in Li..(R"), s; T 1,
1—00

and that for every measurable set EZ and sequence s; 1 1 there exists a sequence E; with xg, — xE
in L (R™) such that
limsup(1 — $;)Js, (Ei, Q) < wp—1 P(E, Q).
1—00

We finally show that as s 17 1 local minimizers converge to local minimizers, where by a local
minimizer of J5(-,€2) we mean a Borel set E C R" such that J,(E,Q) < J(F,Q) whenever
EAF € Q. Notice that if E is a local minimizer of Js(-, Q) and Q' C Q, then E is also a local
minimizer of Js(-, ). A similar definition holds for P(-, ).



Theorem 3 (Convergence of local minimizers) Assume that s; T 1, E; are local minimizer
of T5,(-,Q), and xg, — xk in LL . (R™). Then
limsup(1 — s;)Js, (Ei, Q) < +00 vQ' e Q, (3)
1—+00
E is a local minimizer of P(-,Q) and (1 — $;)Js,(Ei, V) = w1 P(E, Q) whenever Q' € Q and
P(E,09) = 0.

We point out that I-convergence results for functionals reminiscent of JJ(-,R™) have been
proven in [13], [14].

We fix some notation used throughout the paper:
— we write € R" as (2/,z,) with 2/ € R*~! and z,, € R;
— we denote by H the halfspace {z : x, <0} and by @ = (—1/2,1/2)" the canonical unit cube;
— we denote by B,(x) the ball of radius r centered at = and, unless otherwise specified, B, :=
B,(0).
— for every h € R™ and function u defined on U C R™ we set tpu(x) := u(x+h) for all z € U — h.
For the definition and basic properties of the perimeter P(E,(2) in the sense of De Giorgi
we refer to the monographs [1] and [10].

2 Proof of Theorem 1

p

The proof is a direct consequence of the Frechet-Kolmogorov compactness criterion in L

(applied with p = 1), ensuring pre-compactness of any family G C Li (Q) satisfying

loc

lim sup ||7pu — ul| 1oy = 0 vQ' e Q,
h—0 ueyg

and of the following pointwise upper bound on ||7pu — u|;1: for all u € LY(Q), A € Q, h € R®
with |h| < dist(A,9Q)/2 and s € (0,1) we have

|Thu — ul[ 14y < C(R)[A*(1 — 8)Fs(u, ), (4)
where
[,
Fulu, Q) ._/Q [y (5)

The functional F; is obviously related to J! by
FS(XE’ Q) = 2JSI(E7 Q)

The upper bound (4) is a direct consequence of Proposition 4 below, whose proof can be found in
[11]. Since the inequality is not explicitly stated in [11], we repeat it for the reader’s convenience.

Proposition 4 For allu € L'(Q), A € Q and s € (0,1) we have

Imeu — UHLl(AW)
€[+

[ Thu — ull g ay
|hl®

whenever 0 < |h| < dist(A,09Q)/2, and Ay, = {x € R" : dist(z, A) < |h[}.

<C(n)(1-s) / d¢ (6)

B
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We start with two preliminary results.

Proposition 5 Let u € LY(Q), h € R™ and A € Q open with |h| < dist(A,9)/2. Then for
any z € (0, |h|] we have:
I
v =l < Oy | Irew = uloaga s (7)

z

where A‘h‘ 18 as in Proposition 4.

Proof. Fix a non-negative function ¢ € C}(Bj) with [, pdr =1. For v € A and z € (0, |h]] we
write

uw) = [t +ye(L)dn+ o [ )~ utz+ o)y

=:U(z,2z) +V(z,2).

Then we have

lu(z 4+ h) —u(z)| <|U(x+h,2) = Uz, 2)| + |V(z+ h, 2)| + |V (, 2)]. (8)
The second and third terms can be easily estimated as follows:
V2] + Vi) < 2 [ finute) —u(w)] + Inyuta + ) — ae+ 1]y
B.

For the first one instead notice that

1 Yy—
V) = [ V(T )y

= *ﬁ /Bzm (u(y) — “($)>V“"(y e x)dy

and so
1
\U(z+ h,z) —U(z,2)| < \h|/ |V U(x + sh, z)|ds
0

h 1
gsup\Vgolzul/o /B lu(y + = + sh) — u(x + sh)|dyds.

Notice now that z < |h| and so 1 < |h|/z, hence from (8) we have:

lu(z +h) —u(z)] < C’{Zln/ Iryu(x) — u(z)| + |ryul + h) — u(z + h)|dy
B:
1
+Z|n}it’1 /0 / |u(y 4+ + sh) —u(z + sh)]dyds}

C!ﬁl { /B |ryu(z) — u(z)| + |7yu(z + h) — u(z + h)|dy

IN

1
—I—// \Tyu(x—i-sh)—u(x—l—sh)|dyds},
o JB.
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with C' = sup |¢| + sup |V|. Integrating both sides over A we infer (7) with C'(n) = 3C. O

Recall now the following version of Hardy’s inequality:

Proposition 6 Let g : R — [0,00) be a Borel function, then for every s > 0 we have

Tl ff L7 g(t)

Proof. We have

r 1 13 r r 1
17 1 1 1 (7 g(t)
= t)—— ——)dt < dt.
n+s/0 g()<t”+5 r"+3) _n—i-s/o tnts

0

Proof of Proposition 4. Multiply both sides of (7) by 2% and integrate with respect to z between
0 and |h| to obtain

’h|(1_5)
(1-s)

Now apply inequality (9) with

Il
v =l < CO [ Sy [ e = ulloaa, e

90)i= [ e ulaa, a1 E)
OBy

and obtain

Mo ded BRI
_ = t)dt
| e [ e = sz = [ i [ ot

bl 1 ITeu — “HLl(AW)
dt = d¢. (1
< C(n)/o thrsg(t) t C(n) /Bh| |£|n+s 5 ( O)

Putting all together

ITeu —ullpr(ay,)

g ©

Tnu — ull L1 a)

(1—s)

and the thesis follows. OJ

<cn |

Bin



3 Proof of Theorem 2

In the proof of the liminf inequality we shall adapt to this framework the blow-up technique
introduced, for the first time in the context of lower semicontinuity, by Fonseca and Miiller
in [9]. The proof of the limsup inequality, which is typically constructive and by density, is
slightly different from the analogous results in [5], since we approximate with polyhedra, rather
than C1® sets. Notice also that the natural strategies in the proof of the liminf and lim sup
inequalities produce constants I'y,, see (11), and I'} > I'y,, see (17); our final task will be to show
that they both coincide with w,_1.

3.1 The I' — liminf inequality

Let us define
Iy, :=inf { liminf(1 — )72 (Es, Q) | Xp. — x& in Ll(Q)} (11)

sT1

We denote by C the family of all n-cubes in R™

C:={R(zx+rQ): zeR", r>0, Re€SO(n)}.

1
loc

Lemma 7 Given s; T 1 and sets E; C R" with xg, — xg i L (R™) as i — oo, one has

liminf(1 — s;) 7. (E;, Q) > T, P(E, Q). (12)
71— 00
We can assume that the left-hand side of (12) is finite, otherwise the inequality is trivial.
Then, passing to the limit as ¢ — oo in (6) with s = s; we get

|mnxE — xElL1 @) < C(n)|h| lig(i}glf(l — si)jsli(Ei, ) vQY € Q

whenever |h| < dist(Q',09)/2, hence E has finite perimeter in €.
We shall denote by u the perimeter measure of E, i.e. u(A) = |Dxg|(A) for any Borel set
A C Q, and we shall use the following property of sets of finite perimeter: for p-a.e. x € Q
there exists R, € SO(n) such that (E — z)/r locally converge in measure to R, H as r — 0. In
addition,
lim W+—W =1, for p-ae. z. (13)
r—0 rn—
Indeed this property holds for every x € FFE, where FE denotes the reduced boundary of F,
see Theorem 3.59(b) in [1].
Now, given a cube C' € C contained in () we set

a;(C) == (1 = 8;)J,. (E;, C)
and

a(C) = liminf o, (C).

1—00



We claim that, setting C.(x) := z + rR,(Q, where R, is as in (13), for p-a.e. x we have

Ca(C(x)
G )

Then observing that for all € > 0 the family

>T1, forpu-a.e ze€R" (14)

A= {Cr(:w CQ: (1+e)a(Cr(x)) = FW(CT@))}

is a fine covering of p-almost all of €2, by a suitable variant of Vitali’s theorem (see [12]) we can
extract a countable subfamily of disjoint cubes

{C;cQ:jeJ}

such that p(Q\ U Cj) =0, whence
jedJ

P(E,Q) = rnu( g Cj) =T > u(Cy)

Jj€J jeJ
<(14e)> a(C)) < (1+e) 1ig£fzai(cj)
JjeJ jeJ
< (1+e)liminf(1 — ;) 7. (E;, Q).
1—00

In the last inequality we used that J! is superadditive and positive for every s € (0,1). Since
€ > 0 is arbitrary we get the I' — lim inf estimate.

We now prove the inequality in (14) at any point x such that (E — z)/r converges locally in
measure as 7 — 0 to Ry H and (13) holds. Because of (13), we need to show that
(o)

1 f ———— >T,. 15
. (15)
Since from now on z is fixed, we can assume with no loss of generality (by rotation invariance)
that R, = I, so that the limit hyperplane is H and the cubes C,(x) are the standard ones
r + rQ. Let us choose a sequence rp — 0 such that
C

lim inf w = lim

r—0 rn—1 k—o0 'r]?

a(Cr (2))
1 .

For k > 0 we can choose i(k) so large that the following conditions hold:

() (Cry, (7)) < (G (2)) + 78,5
T;*Si(k) >1— %’
1
‘XEi(k) - XE‘d:B < E
L Cry (@)



Then we infer

—T
T L= rg_l F
(1 = si)) Ty ) (Eigry — ) /7y Q)ry ¥
= Tn—l — Tk
k

1
> (1 - E)(l = $i()) Tar g (Bigry — ) /13, Q) — 7,
ie.

lim > liminf(1 — Si(k))jsli(k)((Ei(k) —x) /T, Q).

k—o0 rZ k—oo

On the other hand we have

khjélo/Q IX (B, —2)/re — X(B—z)/r,|dT =0,

and

lim /Q IX(E—2)/r, — XH|dz = 0.

k—o0

It follows that (Ejy) —«)/re — H in L'(Q). Recalling the definition of T',, we conclude the
proof of (15) and of Lemma 7.

3.2 The I' — limsup inequality

It is enough to prove the I' — lim sup inequality for a collection B of sets of finite perimeter which
is dense in energy, i.e. such that for every set E of finite perimeter there exists Ey € B with
XE, — XE in L _(R™) as k — oo and limsupy, P(Ey, Q) = P(E, ). Indeed, let d be a distance

inducing the LllOC convergence and, for a set E of finite perimeter, let £} be as above. Given

si 11, we can find sets B}, with d(XEk7XEk) < 1/k and
. 1

loc

Then we have x — xp in Li _(R™) and

limsup(1 — s3)Js, (Eg, Q) < limsup T} P(Ey, Q) = T P(E, Q).

k—o0 k—o0

We shall take B to be the collection of polyhedra IT which satisfy P(II,09) = 0 (i.e. with
faces transversal to 0f2, see Proposition 15). Equivalently,

%i_r)%P(H, QfuQy) =0,
where
Qf ={2 Q| d(z,Q) <5}
Q5 ={r € Q|d(zx,Q°) < d}.

In fact, we have:



Lemma 8 For a polyhedron II C R™ there holds

limsup(1 — 8)75(I1, Q) < T P(IL, Q) + 2T lim P(IL,Qf UQy),
st -

where

I'* = limsup(l — )7 (H, Q). (17)
sT1

Proof. Step 1. We first estimate J.!(IL, ). For a fixed € > 0 set
(0Il); :={x € Q| d(z,0II) < e}, (0II); := (OI). NIL.

We can find N, disjoint cubes Q5 C €2, 1 < ¢ < N, of side length ¢ satisfying the following
properties:

(i) if Q5 denotes the dilation of Q5 by a factor (1 + ¢), then each cube QF intersects exactly
one face X of JII, its barycenter belongs to ¥ and each of its sides is either parallel or
orthogonal to 3;

(ii) H! (((an) N\ UY, Qg) — |P(IL, Q) — Nee" | = 0 as e — 0.
For x € R" set

dy
Iy(z) := / _
° 1eNQ |5C - y|n+s
We consider several cases.

Case 1: x € (IINQ) \ (9II)7. Then for y € I1°N 2 we have |z — y| > ¢, hence

1 * 1 Wy,
I(z) < —dy = ——dp = —2

since nw, = H"1(S"1). Therefore

R LI NQ
/ L (2)da < "onE"IINSY. (18)
(MN)\ (@)= se?
Case 2: x € (OII) \ Uf\fl Q5. Then
1 * 1 nw
Ii(z) < / ——dy = nwn/ dp = = . (19)
(Ba(z,meng) (2))° |z —y[rts d(z,I1°NQ) pst sld(z, 1IN Q)]*

Now write (OII) N Q = U‘jjzl ¥;, where each ¥; is the intersection of a face of OII with €2, and
define
(OI)_; = {z € (O1I), : dist(z,11° N 2) = dist(z, ;) }.

Clearly (0II); = szl(an);j. Moreover we have

(an);j Clz+tr:xzeX.;, te(0,¢e),vis the interior unit normal to X, ;},

9



and ¥, ; is the set of points « belonging to the same hyperplane as ¥; and with dist(z, ¥;) < e
Clearly H" 12 ;) < H"Y(X;) + Ce as € — 0. Then from (19) we infer

nw 1
I(z)de < — / A I ~dx
/(aH)E\Uﬁvf1 Qs Z - \UYe, @; [d(x, T19)]

nwy, 1
< 7dl‘
Z/ MUY o [d(@, Xeg)]*
(20)
<"“’“z/ (/ dst>d7-1"1
(e U ot
nwpet S el *o(1)
= E € =
(1—3 (U "7>\UQ s(1—s)’
with error o(1) — 0 as ¢ — 0 and independent of s.
Case 3: z € IIN U,fifl Q. In this case we write
d d
A@=/ %H+/ ‘4%ﬁ
(IenQ){y:|e—y|>e2} [T — Y| (IenQ){y:|e—y| <2} 1T — Y|
o) + ().
Then, similar to the case 1,
>~ 1 nw
1 o n
IS(CL’)S'I’LOJTL/&Q de—@,
hence (since all cubes are contained in §2)
(2
/ INz)dz < L,gm"” (21)
nnuYs, Qf se

As for IZ(z) observe that if z € Q5 and |z —y| < &?, then y € Q¢, where Q5 is the cube obtained
by dilating Q5 by a factor 1+ ¢ (hence the side length of Q) is € + £2). Then

N
< 1
I?(x)dx < E / / ———dydx < E / / ———dydx
/nnujvfl Q ~ Jung: Jnengs | — y!”“ nngs Jrengs |z — y["*e

:M@(¢+MQ=M@ﬂY”£WQ%
(22)

where in the last identity we used the scaling property (1). Keeping € > 0 fixed, letting s go to
1 and putting (18)-(22) together we infer
limsup(1 — s)7M(IL, Q) < o(1) + limsup(1 — s) T (H, Q)N.(e + &*)" !
sT1 sT1
=o(1) + I, P(IL ),

10



with error o(1) — 0 as € — 0 uniformly in s. Since ¢ > 0 is arbitrary, we conclude

limsup(1 — )7} (I, Q) < T P(I1, Q).
sT1

Step 2. It now remains to estimate J2. Let us start by considering the term

1
——dydzx.
/Hmﬂ /Hchc ’33 - y’n+s

Case 1: x € IIN (2 \ Q). Then for y € I1°N Q° we have |z — y| > J, whence

d * d
enqe |2 — Y|t s Pt st

Case 2: x € IIN € . In this case, using the same argument of case 1 for y € II° N (Q¢\ Qf ), we

have
dy dy
I(l’) :/ _ n—+s +/ _ n+s
e} [T =yl nen@e\;) 17— ¥l
S/ dy n MW
enat 7=y e
Therefore

/ / dydx 2nwn 19 / / dydx
nQ Jienae |T —y|"+s - 808 ne; Jreno}t |z —y|nts

2nwy || / / dydx
< —* —_—.
50° IIN(Q; uQk) JIIen(Qy uy) @ —y|"ts

An obvious similar estimate can be obtained by swapping II and II¢, finally yielding

4nwy, |©2 dyd
jsz(n,g)gnwllw/ / _dydr
50° 1IN(Q; uQy) JIen(Qy ue) |z — y|nts

4w, Q]

5 T 27 (T, Q5 U Q).

Using the result of step 1 we get

limsup(1 — 8)J2(I1, Q) < 2T P(I1, Q5 U Q).
sT1

Since § > 0 is arbitrary, letting § go to zero we conclude the proof of the lemma.

Lemma 9 (Characterization of I'})) The limsup in (17) is a limit and I'}, = wp_1.

11



Proof. The proof is inspired from [5, Lemma 11]. We shall actually prove a slightly stronger
statement. Set for a > 0

Qo:={z:|zj| <1/2for1 <i<n-—1, |z, <a}.

Then we show that
lim(1 — s)JHH,Qu) = wn_1,  Va>0.

sT1

Let us first consider the case n > 2. Fix z € Q,N H and write as usual x = (2/,x,), vy = (¥, yn)-

We consider
Iy(z) / L // L yd
T) = Tdy = Tdydy,.
° QaNHe |z — y|"*s 0 «NOH |z — y|nts "

With the change of variable 2’ = (y' — ') /|y, — x| and setting

zh

2+ t
Y|z — Yl

Yz, yn) = {Z’ ceR"L:

< forlgign—l},
2|xn_yn‘

we get

a 1
I = dz' dyy,
(DU) /0 /Z(x,yn) |=’En _yn‘s+1(1+ ’Z/|2)(n+s)/2 zZ ay,

a 1 1
< 761 n d /
N /O |xn - yn|s+l Y /Rn—l (1 + |Z"2)(n+s)/2 c (23)

_ (_$n)_s — (a - xn)_s o pn—2
= 5 . (n — 1)(.4)”_1 ) de

Now integrating I with respect to x, observing that H"~!(Q,NAH) = 1 and that by dominated
convergence one has

00 pn72 00 pnf2
i |, G ), G

24
i et S 21)
T -1+ p)D2], T n—1
we get
0
/ I (x)de < H" 1 (QuNOH) sup / I(2', 2p)dxy,
HNQ, 2'€Q.NOH J—a
0 /_ -5 __ _ —s
—a s
w1 (T4 0(1))al 752 — 2179)
N s(1—s) ’
with error o(1) — 0 as s 1 1 dependent only on s. Therefore
limsup(1 — s) 7 (H, Q,) = limsup(1l — s) / Is(z)dr < wp_1. (25)
sT1 sT1 HNQq

12



Now observing that for € small enough
2 2 1 .
lzn| <% ynl < &%, |xi\§§—6for1§z§n—1 (26)

implies that By /2:)(0) C X(z,yn), similar to (23) we estimate

62
1
I (x 2/ / ——dy'dy
@) o Jonom v —y["te !

&2

1
= dz'dy
/0 /Bl/(ZE)(O) ’xn - yn|5+1(1 + |Z/’2)(n+s)/2 n

1

() - (2 —xn)”* 2 P
- 5 = e J G e

n—2

whenever z is as in (26). Integrating with respect to x satisfying (26) one has
0 _ -5 _ (22 _ -5
/ L(x)dz > (1 — 25)"1/ (Zzn) ™" = (€7 — 2)
HNQq —e? 8
1 = d
X (TL - )wn—I/O (1 T p2)(n+s)/2 P

(= Dwng (1 26)7 12079 (2 — 21-9) / o
- s(I—s) o (1Lt p)mre2

dz,

Letting first s T 1 and then ¢ — 0 and using (24) again we conclude

limTilnf(l — $)JJ(H,Qa) > wn—1,

which together with (25) completes the proof when n > 2.
When n = 1 one computes explicitly

0 a 1 0 (*SC)_S o (CL o l‘)_s al—s(z o 21—5)
1 _ _ .
js (Han) _/a/o |x—y|1+5dyd$_/a s d{II— 8(1—8) ’

hence
ligl(l —8§)THH,Q,) =1 = wy.

3.3 Gluing construction and characterization of the geometric constants

A key observation in [15], which we shall need, is that F satisfies a generalized coarea formula,
namely Fy(u, Q) = fol Fs (X{u>t}> Q) dt; we reproduce here the simple proof of this fact and we
state the result in terms of Js.

13



Lemma 10 (Coarea formula) For every measurable function u: Q — [0, 1] we have

%}"S(u, Q) = /01 TJH{u > t},Q)dt.

Proof. Given z,y € €, the function ¢ = Xy () — X{us¢}(y) takes its values in {—1,0,1} and
it is nonzero precisely in the interval having u(x) and u(y) as extreme points, hence

1
) = )] = [ et @) = g W)l
Substituting into (5), using Fubini’s theorem and observing that

IX{ust1(T) = Xqus 63 (W) = Xqus 63 (@) X\ fust) () + X\ fust) (B) X fus3 (9)s

we infer

1 —
Folu, Q) = / / X () = Xy Wl gy g,
QJ/aJo [z =y

1
o Just Joguse [T =yl
1
_ 2/ T ({u > t},Q)dt.
0

O

Proposition 11 (Gluing) Given s € (0,1), measurable sets E1, FEy in R™ with JL(E;, Q) < oo
fori=1,2 and given §1 > §3 > 0 we can find a measurable set F' such that

(a) lIxr — x& o) < Ixe, — XBllL @),
(b) FN(2\Qs,) =E1N(Q\Qs,), FNQs, = E2NQy,, where

Qs :={zeQ:d(z,0 <} ford >0,
(c) for all e > 0 we have

TNE,Q) <THELL Q) + THE2, Qs,4e) +

€n+s

IxE — XE HL1(951\§252

)
+ C(Qu o1, 62) (1 — 8) + ||XE1 - XE2HL1(Q) :

Proof. Consider a function ¢ € C*°(R") such that 0 < ¢ < 1in Q, ¢ =01in Qs,, ¢ = 1 in
0\ Qs,, and [V| <2/(81 — 2).

14



Given two measurable functions u, v :  — [0,1] such that Fs(u,Q) < oo, Fs(v,Q) < 0o
define w : Q@ — [0,1] as w := pu + (1 — )v. For x,y € Q we can write

w(z) —w(y) = (p(x) — p(y)u(y) + p()(u(r) — uy))
+ (1= (@) (v(x) —v(y) —v(y)(p(x) — @(y))
= (p(z) — o) (u(y) —v(y)) + ¢(@)(u(x) — u(y))
) —

+ (1= () (v(z) —v(y)),

and infer

[w(z) —w(y)| <[e(z) — e)lluly) —v(y)]
+ X{pr0y (@) u() = u()] + X{pz1y (@)[v(2) —0(y)].

Observing that {¢ # 0} C Q\ Qs, and {p # 1} C Qs5, we get
Fiw < [ fuly) - o] [ ED= 2 sy
Q Q

|I |n+s
R L=y BT
0\Q;, /0 |z — y|"ts s, Jo |z — y|nts
=0+ 1y + Is.

From 1
lp(x) — ()| < [Ve(y)||lz —y| + §|!V2<p|!oo\w —y|?

and the inequalities [, |z — y|~"+*~¥dz < C(Q)/(a — s) (with o = 1, a = 2) we have

Vel(y [V2lloo
I < /|“ —o( ‘/<‘x y‘n+s 1 2|$_y|n+572 dxdy

H“—UHLlQ Q u— vl
< 0(9,51,52>< 1_(3‘“\ o | 5 _H;’)(Q)

Clearly Iy < Fs(u, ). As for I3, choosing € > 0 we get

Iy < / / @) = vl 4, g, +/ / o) = Wl ;. 4,
s, Jas, 1 !Jf— yl s, Jo\as, 4. |33— |

2‘Cn(Q51 )‘Cn(ﬂ \ Q514-:5
En—l—s

< .F ('U Q61+5)
Summing up we obtain

llw = vl L1 (05, \05,)

fs(w, Q) S‘Fs(uw Q) + fs(v7 Q(Sl+€) + C(Q’ 517 52) 1 — S (27)

c©)
+ ents '

+ C(Q, (51, (52)Hu — UHLl(Q)

15



We now apply this with u = xg,, v = xE,, so that (27) reads as

IxEr = XB2 L2 (025, \05,)

Fo(w, Q) <2THE1, Q) + 2T (Fa, Q5,10) + C(, 61, 62) — .
- 28

c(©)

ents ’

+ C (82,61, 02) | xE, — XBo L1 () +
and by Lemma 10 there exists ¢t € (0,1) such that F := {w > t} satisfies
2T71(F, Q) < Fo(w,Q).

By construction we see that F' satisfies conditions (a) and (b), and by (28) it follows that also
condition (c) is satisfied. O

The following corollary is an immediate consequence of Proposition 11.

Corollary 12 Given measurable sets E; C R™ for s € (0,1), with xg, — x& in L*(Q) as s 11
and with J}(Es, Q) < oo, JHE,Q) < oo, and given 6 > da > 0 we can find measurable sets
Fy, C R" such that

(a) xr, = xE in L'(Q) as i — oo,
(b) FSH(Q\Q(sl) :ESH(Q\le), FSQQ% :EOQ(;?,
(c¢) for alle >0 we have

anilnfu —5)JH(F,,Q) < limTilnf(l — 8) TN E,, Q) + limsup(1 — ) JH(E, Qs,12)-
S S 511

We devote the rest of the section to the proof of the equality of the consants I';, and I'}
appearing in the proof of the I'-liminf and T'-limsup respectively (we already proved that I'} =
wn_1). We shall introduce an intermediate quantity T, € [, T%] and prove in two steps that
r, =TI, (by the gluing Proposition 11) and then use the local minimality of hyperplanes to
show that T',, = T'%.

Lemma 13 We have I';, = fn, where

P = inf {Timnf(1 = )7} (B, Q)}

with the infimum taken over all families of measurable sets (Es)o<s<1 with the property that
e, — xm in LYNQ) as s T 1 and, for some § >0, EsNQ°% = HNQ° for all s € (0,1), where
Q’={zeQ:d(z,Q° < d}.

Proof. Clearly T',, > T',,. In order to prove the converse consider sets E; C R™ for s € (0,1) with
xE. — xu in LY(Q) as s 1 1. Without loss of generality we can assume that J!(Es, Q) < oo
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for all s € (0,1). Then according to Corollary 12 for any given § > 0 we can find a family of
measurable sets (Fi)o<s<1 such that xp, — xz in LY(Q) as s 11, F,NQ° = HNQ? and

T, < 1imT inf (1 — $)THNF,, Q) < hmT inf (1 — $)THEs, Q) + T inf P(H, Q+e),

where we also used Lemma 8. Since § > 0 is arbitrary and P(H, Q%) — 0 as § — 0 we infer

T, < limTilnf(l — 5)THNE,, Q)
S
and, since (F,)o<s<1 is arbitrary, this proves that T, < T',. O

Lemma 14 We have I, = T'%.

Proof. Clearly T,, < I'¥. In order to prove the converse we consider sets (Es)o<s<1 with
xE, — xg in LYQ) as s T 1 and with E,NQ% = HNQ? for some § > 0 (here Q° is defined as in
Lemma 13). Since our goal is to estimate J}(Es, Q) from below, possibly modifying E, outside

() we may assume that
E;N(R"\ Q)= HN(R"\Q). (29)

This implies, according to Proposition 17 in the Appendix, that Js(H,Q) < Js(Es, Q) for
s € (0,1). Then, in order to prove that

111{111(1 - S)jsl(H7 Q) < lim lnf(l - 5)\751(E57 Q)’ (30)

s—1—

it is enough to show that
lim(1 = 5)(J7(H, Q) = J(E, Q) = 0. (31)
One immediately sees that (29) imples

’jsz(H7 Q) - j52(E57Q)’ S/ dl’dy

(B.AH)NQ /Hchc |z —y|"Ts

1
—|—/ / 7+dwdy::I+II.
(Beare)nQ Junge 1T — y|"t*

Observing that (EsAH) N Q° = () we can estimate for y € (E,AH) N Q

1 nw
————dz < / do = —,
/Hcm@c |z — y|ts R\ Bs(y) [T — Y™t 50°
hence I < nwy,/(s6°). One can bound from above I in the same way. Now (31) follows at once

upon multiplying by 1 — s and letting s 1+ 1. This shows (30), and taking the infimum in (30)
over all families (Es)o<s<1 as above shows that I'} < T'),. O
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4 Proof of Theorem 3

In order to prove (3) define €5 as in Proposition 11 for some small § > 0 and set F; :=
E; N (2°UQs). By the minimality of F; we then have

limsup(1 — ;)75 (Ei, @\ Q5) < limsup(1 — si)(jsi (B, Q) — TL(E,, 95))

1—+00 17— 00
< limsup(1 - ;) (5, (F, @) = T2 (B, )
—+00
= limsup(1 — s;) [(J;,.m, Q) - T, (F, Q) + T2(F, m]
1—00
Since F; N (2\ Qs) = 0 we have, using Proposition 16 in the appendix,
limsup(1 — s;) (3. (F3, Q) — T4, (Fi, Q5)) < limsup(1 — ;) T, (2 \ Q5,9)

i—00 i—00
Fs; ,Q
= limsup(1 — sZ)Z(XS;\Q‘S)
1—00
< nw, P(Q\ Q5,R™)
- 2

Again using Proposition 16 in the appendix we get

limsup(1 — sz)jfl(Fz, Q) < limsup(l — si)jSli(Q’R”) < nwn P(&, R™)

;
1—00 1—00 2

whence (3) follows for ' C Q\ Qs, hence for every ' € Q.

For the sake of simplicity we first consider perturbations in compactly supported balls. The
general case will require only minor modifications.

Consider the monotone set function o;(A) := (1—s;)J. (E;, A) for every open set F C  (see
the appendix for the definition and some basic properties of monotone set functions), extended
to

a;(F) :=inf{a;(A) : F C AC Q, A open}
for every F' C Q. Clearly «; is regular. Thanks to (3) and Theorem 21, up to extracting a
subsequence, «; weakly converges to a regular monotone set function «, which is regular and
super-additive. We shall now prove that if Bg(z) € 2 and a(0Br(z)) = 0, then FE is a local
minimum of the functional P(-, Br(z)), and

lim (1 — s;)Js,(E;, Br(x)) = P(E, Br(z)).

11— 00
Indeed consider a Borel set F' C Q such that FAF € Bpr (here and in the following x is fixed

and B, := B,(z) for any r > 0). Then we can find r < R such that EAF C B,. By Theorem 2
there exist sets F; such that

lim ’(EAF) N BR‘ =0, lim (1 — Si)jsi(Fiy BR> = wn_lP(F, BR)
i—o00 i—o0
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According to Proposition 11, given p and t with » < p <t < R, we can find sets G; such that
Gi = Ez in R \ Bt, Gz = Fz in Bp,
and for all € > 0 there holds
T (Gi, Br) < JL(Fi, Bg) + J.(Ei, BR \ Bp—c) +

C|(E;:AF;) N (B \ B,)|
(1 — Si)

gn—&-si

By the local minimality of F; we infer
Js:(Ei, Br) < Js,(Gi, Br).
We shall now estimate
dxd dxd
A I B B B
G;NBg JGSNBS, |1‘ - Z/| ¢ G¢NBgr JGiNBS, \m - y! ‘
=]+ 1]

We have

/ / dxdy / / dxdy +/ / dxdy
GiNBg J E¢nBS, |z — y[rts: GinB; JEenBg, [T — Y| Ein(Bp\B:) JEenBe, [T — [T

C|G; N By dxdy dzxdy
< S; + n+s; + n+s;
si(R=1)%  JenBr\B) JENBr\Br) 1T = Y™ JEn(BR\BY) E¢nBE, |z — y|ntsi

— C 1 1
<5\ B + (e + G )

for any R’ € (R, dist(z,99)). Since I can be estimated in a similar way, we infer

2 ) 1 . n g 1 1
k%K%BMS2£AEiW\B”+&<m—wﬂ+(H—Rw>’

hence,
limsup(1 — ;)77 (Gi, Br) < 2limsup(1 — 5;)Jy, (E;, B \ By).
i—o00 i—o0
Finally
wp—1P(E, BRr) <111H_1><1£f(1 — sl)js (E;i, Br) < lig(i}olf(l —5i)Js,(Ei, Br)
gliirg(i)gf(l — $i)Js,(Gi, BR)
< lim inf(1 — 5i)J:(Gi, Br) + hgigp(l —5i)J; (Gi, Br) (32)
<liminf(1 — s;)J;. (F;, Bg) + 3limsup(1 — 5;,)7J,. (Ei, Br: \ By—c)

=00 i—00

+C lim [(BAF) N (B \ By)l.
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The last term is zero, since E = F in B, \ B, and |(E;AE) N Bgr| — 0, [(F;AF) N Bgr| — 0 as
i — oo. Using Proposition 22 from the appendix, and recalling that «(0Bgr) = 0, we infer

li 1i 1—$)JNE;, By \ By—.) = lim li (B Br_s) =0,
[T 1&82;1)( 5i)Js.(Ei, Brr \ Bp—c) lim 11£ri>sololpaz( R+s \ Br—s)

and (32) finally yields

wn—1P(E, Br) < lim (1 — 8;)J5,(F;, Br) = wa—1P(F, Br),

1—00

so E is a local minimizer of P(-, Bg). Choosing F' = E the chain of inequalities in (32) gives

lim (1 — ;) Js, (s, Br) = lim (1 — ;)72 (Es, Br) = wn_1P(E, Bg), (33)

i—00 i—00

as wished. In order to complete the proof we first remark that the above arguments applies to
any open set ' € Q with Lipschitz boundary and «(9Y") = 0, upon replacing Bgr(z) by ¢,
BR+5 by N(;(Q/) and BR_5 by N_(;(Q/), where

Ns(Q) :={z € Q:d(z,) <}, N_5Q):={zxeQ  d(z00) >4 ford>0small

In particular a(Q') = P(E, ) for every open set Q' € Q with Lipschitz boundary and «(9€') =
0. Since for every Q' € Q and € > 0 small enough the set

(5 € (—¢,¢): a(ON5(Q)) > 0}

is at most countable (remember that « is super-additive and locally finite), and since both «
and P(F,-) are reqular monotone set functions on (2, it is not difficult to show that o = P(FE,-),
and the proof is complete. O

5 Appendix. Some useful results

We list here some results which we used in the previous sections.

Proposition 15 Let E C R™ be a set with finite perimeter in ). Then for every € > 0 there
exists a polyhedral set I C R™ such that

(i) (EAT) NQ| < e,
(ii) |P(E,Q)— P(I1,Q)| < e,
(iii) P(II,09) = 0.

Proof. Classical theorems (see for example [1, 7]) imply that there exists a polyhedral set IT’
satisfying (i) and (ii). In order to get (iii) first notice that

P(I',0Q) > 0 if and only if #"~1(dII' N 9N) > 0,
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and that the latter condition can be satisfied only if OQ contains a piece ¥ with H" (%) > 0
contained in a hyperplane and vq = fv = const on ¥ (here v and vy denote the interior
unit normal to 92 and OIT' respectively). Since the set

{ves ' H"  ({z € 00 : vo(z) = v}) > 0}

is at most countable, it is easy to see that there exists a rotation R € SO(n) close enough to
the identity so that the polyhedron IT := R(II') satisfies (i), (ii) and (iii). O

Proposition 16 Let u € BV (Q) and let Q' € Q be open. Then we have

h _
lim sup(1 — 8)F(u, ) < nep limsup | EED Z0@ 0 Dul@). (34)
st h—0 Jor A

Proof. For h € R" let us define

_ [ |z 4 h) —u(z)]

g(h) = dx
W= Tl

and fix L > limsupy,_,og(h). Then there exists 6 > 0 such that Q' +h C Q for all h € Bs,
and L > g(h) for 0 < |h| < 6z. Multiplying by |h|~"7**! and integrating with respect to h on
Bs, we obtain

WO L h h) —
Henlr 2> / 79& ) = / fule + >+ U g, (35)
1—s By, ||t B; Jov |h[ts
Now notice that
/ lu(z) — uiy”dxdy
o Jor |z —y[te
:/ lu(z) — :J(i”dmdy +/ lu(z) — :ﬁ”dwdy
(@) {|z—y|<sr} [T — Yl Q@ x ) {|z—y|>5.} [T — Yl 5)
S/ |U(~”U+h)+— u(x)|dxdh+/ \U($+h)+— w@)| oo
B, Jov A"t B;, Jor A"t
lu(z + h) — u(z)] 2nwy,
< dr + ——[|ul| L1 (q)-
L L e " e

Putting together (35) and (36) we obtain

nwyp L > limsup(1 — s)/ dedy,
st1 e lr =yl

and for L — limsup g(h) the first inequality in (34). The second one is well-known. O
|h|—0
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5.1 Minimality of H

Proposition 17 For every s € (0,1), H is the unique minimizer of Js(-, Q), in the sense that
Js(H,Q) < Js(F,Q) for every set F C R™ with F N Q° = H N Q°, with strict inequality if
F+H.

The proof of Proposition 17 easily follows from a couple of results of [4], which we give here
for the sake of completeness.

Proposition 18 (Existence of minimizers) Given Ey C Q¢ and s € (0,1) there ezists E C
R"™ such that ENQ° = Ey and

inf F.Q)=Js(E, Q). 37

Fﬁgz:Eoﬂ( ) ) js( ’ ) ( )

Proof. This follows immediately from the lower semicontinuity of Js with respect to the LllOC

convergence (a simple consequence of Fatou’s lemma) and the coercivity estimate of Proposition
4. O

In general a set E satisfying (37) will be called a minimizer of Js(-, ). Following the notation
of [4], we set L(A,B) := [, [g|v—y| " *dady for s € (0,1) and A, B C R" measurable. Notice
that L(AUB,C) = L(A,C)+ L(B,C) if [ANB| =0and L(A, B) = L(B, A). Now we can write

J(B,Q) = L(ENQ, E) + L(ENQ°, E°N Q).
It is easy to check that a minimizer F of Js(+, ) satisfies
L(A,E) < L(A, E°\ A) for A C E°NQ (38)
L(A, E®) < L(A,E\ A) for A C ENQ. (39)
It suffices indeed to compare E with F'\ A and with FU A.

Proposition 19 (Comparison principle I) Let E satisfy (38) with Q = Q and assume that
HNQ°CE. Then H C E up to a set of measure zero (i.e. |HNE|=0).

Proof. Let T(x',x,) := (2/,—x,) denote the reflection across H and set A~ := H N E°,
AT :=T(A")NE A:= A-UA" C E°NQ, A1 := AT UT(AT), Ao = A=\ T(A") and
F:=T(E°\ A) C H. Then, observing that L(B,C) = L(T(B),T(C)), from (38) we infer
0>L(AE)—L(AE°\A)=L(AE) - L(T(A),F) = L(A,E) — L(A,F) — L(T(A2), F)
= L(A, E) — L(A, F) + L(A3, F) — L(T(43), F) = L(A, E\ F) + L(A3, F) — L(T(43), F)
=L(A,E\F)+ L(AQ, E \ F) + (L(AQ, F) — L(T(AQ),F))
The first two terms on the right-hand side are clearly positive. We also have L(Ag, F)) >
L(T(As2), F) unless |Az| = 0, since for y € F and x € Az \ 0H one has |z — y| < |T(z) — y|.

Therefore the right-hand side must be zero, |4s] = 0 and either |A;| = 0 (and the proof is
complete), or |E \ F| = 0. In the latter case consider for a small ¢ > 0 the translated set E, :=
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E+(0,...,0,¢), which satisfies (38) in Q. := Q + (0,...,0,&), hence also in Q. := Q. NT(Q-).
Repeating the above procedure for E. in Q. we get |A2.| =0 (A7, AF, ete. are defined as above
with respect to the set E. in the domain Q., still reflecting across OH; we use also the fact since
H C H.:=H+(0,...,0,¢), we have H N Q¢ C E.) and, since |E. \ F:| = 00, |A1¢| = 0. This
implies at once that |AZ| = 0 and |H \ E¢| = 0. Since this is true for every small € > 0, it follows
that H C E (up to a set of measure 0). O

By a similar argument, the proposition above also holds replacing H by H¢. Also, it is easy
to see that if F satisfies (39), then E° satisfies (38), hence by applying Proposition 19 to E¢ and
H¢ one has the following corollary.

Proposition 20 (Comparison principle II) Let E satisfy (39) with Q = Q and assume that
ENQ¢C H. Then E C H up to a set of measure zero (i.e. |[H°NE|=0).

Proof of Proposition 17. According to Proposition 18 a minimizer E of Js(-, Q) with ENQ° =
H N Q° exists. Then E satisfies both (38) and (39), hence by Propositions 19 and 20 we have
H C F and E C H (up to sets of measure 0), i.e. £ = H. O

5.2 Monotone set functions

We report some of the main results of [8], see also [6, Chapter 16] for more general and related
results. In the sequel for an open set 2 C R™, we denote by P(€2) the set of subsets of Q and
by A(Q), K(Q) C P(R), the collection of open and compact subset of  respectively. We also
define

C(©) ::{ﬁjQi: Qi € Q, MGN},
i=1

where Q is countable the set of open cubes Q,(z) :=z+rQ € Q with x € Q" and 0 < r € Q.
The collections A(2), K(£2) and C(£?) satisfy the following property

Ae AQ), K e K(Q), K C A = there exists C € C(2) with K C C € A. (40)
We say that a set function « : P(Q2) — [0, o0] is monotone if
a(E) < a(F) wherever E C F,
and that a monotone set function is regular if the following two conditions hold

a(A) = sup{a(K): KC A, KecK(Q)} for any A € A(Q), (41)
a(E) = inf{a(Ad): EC A, Ac A(Q)} for any F € P(Q). (42)

Thanks to (40) it is clear that (41) is equivalent to

a(A)=sup{a(V): Vel Ve AQ)} =sup{a(C): Ce A, CeC()}. (43)
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We also say that a monotone set function « is super-additive if
a(EUF) > a(E)+ a(F), wherever E,F € P(Q), ENF = 0.

We say that a sequence of regular monotone set functions «; weakly converges to a monotone
set function « if the following two conditions hold:

liminf o;(A) > «(A) for every A € A(Q), (44)
1— 00

limsupo;(K) < «a(K) for every K € K(Q). (45)
1—+00

The limit need not be unique, but it is easy to see that a sequence of regular monotone set
functions admits at most one regular limit.

Theorem 21 (De Giorgi-Letta) Let (o) be a sequence of regular monotone set functions
such that
limsup o;(Q') < 0o for every open set ' € Q.
1—00
Then there exists a subsequence (o) weakly converging to a regular monotone set function «.
Moreover if each o is super-additive on disjoint open sets' (and hence on disjoint compact sets),
then so is a.

Proof. Since the proof is standard we only sketch it.
Step 1. Being C(2) countable, we can easily extract a diagonal subsequence, still denoted by
(c;) such that,

B(C) == lim o;(C) < oo for any C € C(Q).

11— 00

Step 2. We define

a(A) :=sup{B(C): C €A, CeC(Q)} forevery Ae A(Q),
a(E) :=inf {a(Ad): ADE, Ac A(Q)} forevery E € P(Q).
Clearly for C' € C(€2) we have a(C) < (C).
Step 3. The set function « is clearly monotone, and if every «; is super-additive on disjoint

open sets, then so is . It is also easy to see that (44) is satisfied. As for (45), it is an easy
consequence of the identity

a(K) =inf{B(C): C DK, CeC()}.

which follows from (40). Then «; converges weakly to a.
Step 4. It remains to prove the regularity of «. Identity (42) follows by the definition of a. In
order to prove (41) fix any A € A(2). Then for C € C(Q2) with C' € A, we have

B(C) = lim a;(C) < limsup oy(C) < a(C) < a(C") < B(C").

100 1—00

From this and the definition of a(A), (43) follows at once, hence also (41). O

!This means that a;(A U B) > ai;(A) + a;(B) wherever A, B € A(Q) are disjoint.
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Proposition 22 Let («;) be a sequence of reqular monotone set functions weakly converging to
a regular monotone set function o, and let K; | K be a decreasing sequence of compact sets such
that a(K) = 0. Then

lim limsup o (K;) =0

J70 oo
Proof. We have

0=a(K)= lim a(K;) > lim limsup o;(K}),
where the second equality follows from the regularity of a. Indeed for A € A(Q) with A D K,
we have by compactness A O K for j large enough, hence
a(4) > lim a(K;) > a(K) =0,

J—00

and the claim follows by taking the infimum over all A € A(Q2) with A D K. O
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