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Abstract
We study the Dirichlet energy of non-negative radially symmetric critical points
u,, of the Moser-Trudinger inequality on the unit disc in R2, and prove that it
expands as

A + 4—2 +o(u™) < / IV, |?de < 4m + 6% +o(u™), asu— oo,
K B K

where y1 = u,(0) is the maximum of u,. As a consequence, we obtain a new proof
of the Moser-Trudinger inequality, of the Carleson-Chang result about the existence
of extremals, and of the Struwe and Lamm-Robert-Struwe multiplicity result in the
supercritical regime (only in the case of the unit disk).

Our results are stable under sufficiently weak perturbations of the Moser-Trudinger
functional. We explicitly identify the critical level of perturbation for which, al-
though the perturbed Moser-Trudinger inequality still holds, the energy of its crit-
ical points converges to 4w from below. We expect, in some of these cases, that
the existence of extremals does not hold, nor the existence of critical points in the
supercritical regime.

1 Introduction

Consider the Moser-Trudinger inequality in dimension two (see [16, 17, 22]):

Theorem A (Moser [16]) For Q C R? with finite measure || we have

sup / e dx < C|Q). (1)
Q

wEHY(Q):|| V2, <dr

Moreover the constant 4w is sharp.
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As noticed by Moser, the subcritical inequality

)
sup /e”2d$ < | ’a , (1a)
0 =4

we HY (Q):|Vul]2 , <a

is easy to obtain for v < 4m. Indeed, by symmetrization and scaling one reduces to the
case of the unit disk Q@ = B; and u = u(r) radially symmetric. Then, by the fundamental
theorem of calculus and Holder’s inequality, one bounds

1 2 1 1 2
, , d Vul5s 1
() < ( / s <p>|dp) < / 2moled () 2dp / o IVulliay o L)

2tp — 27 r

hence if ||Vul|7. < a < 4,

1 1
2 @ 1pe L _a m

/ e dxg/ 27rre2w1°grdr:27r/ ri e dr = —.

By 0 0 L=

The difficult part of Theorem A is to prove that (1) also holds with the critical constant
4m. To do that Moser considers a special class of functions, which are now known as
Moser-functions or broken-line functions, and notices that for such functions (1) holds
(and it fails if we replace 47 by a larger constant). Further he shows that any function
for which (2) is close to an identity at one point must be close to a Moser function in a
suitable sense.

The existence of maximizers (usually called extremals) for the Moser-Trudinger in-
equality has been pioneered for 2 = By by L. Carleson and A. Chang [4]:

Theorem B (Carleson-Chang [4]) When Q = By is the unit disk, the inequality (1)
admits an extremal.

The original proof of Theorem B is based on estimating

F(u) ::/ ¢ dx
By

on a sequence uy maximizing the supremum in (1), and showing, in a very clever way, that
lim supy,_, . F'(ux) < m(1 + e) if the sequence blows-up. On the other hand, this cannot
be the case, since the authors exhibit a function u* such that F(u*) > w(1 +e). Then
the sequence (uy) is precompact and converges to a maximizer. This method has been
extended to several more general cases, starting from the works of Struwe [20], Flucher
[7] and Li [11].

In this paper we shall give an alternative approach to Theorems A and B, based on
estimating the Dirichlet energy of the extremals of subcritical inequalities. Indeed it is



easy to prove that the subcritical inequality (I,) has a maximizer u, for every a < 4,
see Proposition 6 below. Such extremal satisfies

—Au, = )\auae“?!, (3)

for a positive Lagrange multiplier A\,. The crucial question is whether u, converges as
a T 47. The answer is affirmative and follows easily from the energy estimate of the next
theorem, which is the core of our argument.

Theorem 1 Let (uy) C H}(By) be any sequence (possibly unbounded) of radially sym-
metric and positive solutions' to

—Auk = )\kuke“i, (4)
for some A\ > 0. Assume
pr = ug(0) = maxuy, — 00, as k — oo. (5)
1
Then 4 6
T _ s _
47T+F+0(,uk4) < || Vg3 §47T+E+0(,uk4). (6)
k k

To prove Theorem 1 we build up on a technique introduced in [13] and perform a
Taylor expansion of the solutions uy near the origin, which needs to be precise enough to
obtain (6), see Section 3.

Consider now a mildly perturbed, though completely equivalent version of Theorem
A, namely for a € (0,47 replace (1) and (I,) with

Iy / (1+ g(w)e"dz < Cya, (12)
ueHg(Q):||VuH2L2§a Q
where
g € CY(R), i%fg >—1, g(t)=g(—t) and |tllim g(t)=0. (7)
—00

We want to investigate whether an analog of Theorem 1 holds for positive critical points
of (I9), and consequently whether (I{ ) admits an extremal. As we shall now see, this
is the case if g decays well enough at infinity. More precisely, observe that the critical
points of (/2) satisfy

—Au =\ <1 + g(u) + g;(;t)) ue” = A1+ h(u))ue®, (8)
for some A € R, where we set
h(t) = g(t) + 9/2(;), te R\ {0}. (9)

L Actually the radial symmetry follows from positivity and the moving plane technique.
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We further assume

inf h > —1, sup h <oo, limt*h(t) =0 (10)
(O,oo) (0,00) t—o0
and . .
t
lim sup £ | (t + M) - h(t)’ ~ 0. (11)
1200 |5 <1 ¢

A typical function g that we have in mind is g(¢) = |¢|”? near infinity for some p > 2.
More generally one can take a function x € C*°([0,00)) with x = 0 on [0,1], x = 1 on
[2,00), and consider for R > 0 sufficiently large

g(t) = ax(R™'[t) log (LYIL| P, a,q € R, p > 2, (12)
or even the oscillating function
g(t) = ax(R|t]) cos(log |t|)|t|™?, a€R,p>2. (13)
Then we have the following generalized versions of Theorems 1 and B.

Theorem 2 Let (uy,) C H}(By) be a sequence of radially symmetric and positive solutions

to
—Aug = M1+ hug) yuge, (14)
with Ay > 0 and h : (0,00) — R satisfying (10)-(11). Assume that (5) holds. Then
4m _ 4m +2m(1 +suph _
47T+F+0(,uk4) < || Vug||32 < 4m + (M4 ph) + o(u ). (15)
k k

Corollary 3 If g satisfies (7) and h as in (9) satisfies (10) and (11), then (I])) with
Q) = By admits an extremal.

It is natural to ask how sharp conditions (10) and (11) are. The following example
shows that the quadratic decay is indeed critical.

Theorem 4 Let h: R — [—1/2,1/2] satisfy h(t) = —at™2 for t > R for some a > 0 and
R > 0 fized, and let (uy) C Hy(B1) be a sequence of radially symmetric positive solutions
to (14) satisfying (5). Then

4 — dma _ 47 + 27(1 +suph) — 4mwa _
47T+T+0(,uk4) < ||Vuk||%2 < Adr + ( o ) +o(pk4).
k k

In particular for a > % + S e can find a value it such that for any positive solution u

to (8) with u(0) > i we have ||Vul3, < 4.

Open problem 1 Can one find a function h as in Theorem 4 and satisfying (9) for
some g as in (7) such that ||[Vul|2, < 47 for every positive u solving (8)?
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The function h given in Theorem 4 (and a corresponding function g can be easily con-
structed) covers the case when u(0) is sufficiently large but one should also rule out the
possibility that some “small” solutions have energy at least 4. If the above question has a
positive answer, for such functions g and h one would have that (I ) admits no extremal.
The non-existence of extremals for a very mildly perturbed Moser-Trudinger inequality
originally motivated our interest in Theorems 2 and 4. In [18] Pruss showed the existence
of a function g as in (7) such that the inequality (7§ ) does not have extremals. However
his construction of g is quite implicit and we do not know its asymptotic behaviour at
infinity. More generally the following appears to be open:

Open problem 2 For which functions g as in (7) does the perturbed Moser-Trudinger
inequality (If.) have an extremal?

Finally we remark that the following result is an immediate consequence of Theorems
1 and 2:

Theorem 5 Set

E(u) := /B (14 g(u))e dx, My = {ue Hy(By) : ||Vull7. = A},

where g is as in Theorem 2. Then there exists A* > 4w such that for every A € (4w, A*)
the functional E|p, has at least two critical points.

Theorem 5 for a general smoothly bounded domain Q C R? and with g = 0 was proven
in [10, 20] using variational methods, geometric flows, a sharp quantization estimate, and
a monotonicity technique. See also [5], where the existence of one critical point with
energy A for every A slightly larger that 47 was proven using a fixed point method via
Lyapunov-Schmidt reduction.

The paper is organized as follows. In Section 2 we will show how the energy estimates
of Theorems 1 and 2 imply Theorems A, B and Corollary 3, while the proofs of Theorems
1, 2, and 4 are contained in Sections 3, 4 and 5 respectively. Finally, in the last section,
we collect some open problems. While attempting to avoid repetitions, we had to allow
some redundancy to keep the paper reader-friendly. The proof of Theorem 1 is the most
detailed, and some parts of it will be reused when proving Theorems 2 and 4.

Notations For a non-vanishing function f : (0,00) — R we use the Peano notation
o(f(t)) and O(f(t)) to denote functions such that o(f(¢))/f(t) — 0 and |O(f(t))/f(t)| <
C as |t| — oo.

Since all function we use are radially symmetric, we will use the notation u(z) = u(r)
with z € R?, r = |z|, and also write Au(r) = r~(ru/(r))’.



2 Proof Theorems A and B using Theorem 1

In this section we prove Theorems A and B starting from the subcritical inequality (1)
and the energy estimate in Theorem 1. In fact we will be more general and work directly
with (I9), showing that Corollary 3 follows from Theorem 2.

Proposition 6 Assume that g and h satisfy (7), (9) and the first condition in (10).
Then for any a < 4w the inequality (19) has an extremal u, > 0 satisfying (8) for some

A€ <0, ﬁi(n(z)h). Here M\ (Q2) is the first eigenvalue of —A on Q with Dirichlet boundary

condition. If Q = By, then u, can be taken radially symmetric and decreasing.

Proof. Let (u) C Hy () with [|[Vug7. < a be a maximizing sequence for (I7). By the
compactness of the embedding of H}(Q) into L*(€2) we have that, up to a subsequence,
ur — U, weakly in H}(2), strongly in L?*(€2) and almost everywhere.

Fix now o/ € (@, 4m). Since @y := /% uy, satisfies || V|2, < o, using (1), we have
for any L > 0

’

N e 2
t/ (1 + glup))eide < e (5 °L<1+supgﬁ/
{zeQur>L} R Q

didy = O (e—(i'—l)ﬁ) — o(1)

as L — oo, uniformly in k. Then, by Lemma 7 we infer that

/Q(l + g(ug))e"edr = lim [ (14 g(uy))e"rda

k—o0 Q

= sup /Q(l + g(u))e” da.

ueHL(Q), HVuHiQ <a

Since
Va3 < limsup [ Vugl[3 < o
k—o0
we have that indeed u, is an extremal for (I9). Since (9)-(10) imply that (1 + g(t))e"’
is increasing for ¢ > 0, we have that ||Vu,|/?, = . In particular u, solves the Euler-
Lagrange equation (8) for some A € R. Multiplying (8) by u, and integrating we obtain

/ Vg |2de = )\/(1 + h(ug))ule dx > A(1 + inf h) / u?de,
Q Q Q

and using the variational characterization of A;(€2) we infer A € (O, 1/}:1&1?11)

That u, has a sign follows by considering |u,|, which is also an extremal, also satisfying
(8) hence by the maximum principle it never vanishes. In particular also u, never vanishes,
and by continuity it has a sign.

Finally, if Q2 = Bj, the claim about the symmetry of u, follows at once by choosing
uy, radially symmetric and decreasing, which is possible by symmetrization. 0



Proof of Theorems A and B assuming Theorem 1, and of Corollary 3 using
Theorem 2. Set oy = 47 — % and let uy = u,, > 0 be the radially symmetric extremal
to (19, ) with Q = By given by Proposition 6. According to (15) we have

lim sup u(0) = lim sup max uy < 00,
k—o00 k—00 B

otherwise for some k large enough we would have

1

47 + + 0(u,:4(0)) < ||Vuk||%2 = A7 — o

i (0)

which is a contradiction. Then u(0) = maxp, |ux| < C and by elliptic estimates we have
U — Use in C1(Q). Tt is now easy to see that u., is an extremal for (I] ). Indeed

/ (14 glup))e"fdz 1t | (14 glus))e“™dz, as k — oo,
By B1
and if there was a function v € H}(B;) with ||[Vv||3, < 47 and

/Bl(l + g(v))e” dx > / (1 + glum))e dz,

B1

we could find (for instance by monotone convergence) k large such that i, = /3
satisfies

/Bl(l+g(ak))eﬂidx > /]31(1+g(uw))euiodx 2/ 1+ glug))e.

B1

which would contradict the maximality of wug, since ||Vag|3, < ai. Then uy is an
extremal (I ). This also implies (I{ ) (hence (1)) for Q = Bj, and by symmetrization
and scaling, also for any domain (2 with finite measure. This completes the proof. O

Lemma 7 Let || < oo, and consider a sequence of non-negative functions (fi,) C L*(2)
with fr, — [ a.e. and with

/ fedz = o(1), (16)
{fe>L}

with o(1) — 0 as L — oo uniformly with respect to k. Then f, — f in L'(By).

Proof. By Fatou’s lemma (16) implies f € L'(2). From the dominated convergence
theorem
min{ fy, L} — min{f, L} in L'(),

and the convergence of fj to f in L' follows at once from (16) and the triangle inequality.
OJ



3 Proof of Theorem 1

Let uy and g = ug(0) — oo be as in Theorem 1. In order to estimate ||Vugl|/zz, after
a well-known scaling (see (18) below) we reduce to study a function 7, which solves a
perturbed version of the Liouville equation, namely (19). We will make a Taylor expansion
of the right-hand side of (19) up to order y,® (Lemma 10) and expand n;, = 1 + 3+
k
=+ ﬁ—’g Inspired from [13] (where the Taylor expansion was made only up to order p;*),
k k

we will prove uniform bounds on the error term ¢, up to sufficiently large scales. This
can be achieved by ODE theory and a fixed point argument, see Lemma 11. Together
with the asymptotic behaviour of wy, which is explicit thanks to Lemma 9, this implies

IVurlzz = 4 + O ™),

but with no information about the sign of the error O(x;*). In order to obtain the more
precise estimate (6) we shall need the asymptotic behaviour of the function z, which is
not given by an explicit formula. For this we will use the somewhat surprising Lemma 16
(also see Corollary 18).

3.1 Taylor expansions and behaviour at large scales
We will start with the following standard blow-up procedure. Set r; > 0 such that
T,%)\k,uie“i =4 (17)
and rescale u; to a new function 7 defined on BT;1 as
k() = o (u () — ). (18)
Notice that

2
2+ & _
—An, =4 (1 + Z—%) e oin [0,
me(0) = n;(0) =0
and, as ju;, — 00, the nonlinearity on the right-hand side approaches 4e?”. More precisely
one has:

(19)

Lemma 8 ([6, 13]) Let ry, nx be as in (5), (17) and (18), with ny solving (19). Then
as k — oo we have ry — 0,

(@) = no() = —log(1 + [2[*) in Ci (R?), (20)
and ng solves
—Any = 4e*™  in R2. (21)
Moreover
lim lim Apuletda :/ 4e*™dy = 4. (22)
R—oo0 k—o0 R2

BR'rk
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One easily sees that (22) implies

liminf ||Vug||72 > 47. (23)
k—roo
In order to improve (23) to
lim Vg3 = 4, (24)
—00

in [13] Malchiodi and the second author investigated the blow-up behaviour of the sequence
uy up to a higher order of precision.

Lemma 9 ([13]) Set wy := pi(nr — o). Then we have wy, — wo in CL (R?), where

2r 1, 1—r2 Y7 Jogt

s the unique solution to the ODE

—Awy = 4e*™ (g + n3 + 2wp) in R? (26)

wp(0) = w;(0) = 0.

Moreover wy(r) = no(r) + O(1) as r — oo and in fact
/ Awydr = —4r. (27)
R2
One can further prove that
2 log? r

wh(r) === + 0 ( = ) (28)

as r — 00, which will be important in our analysis. This follows from the explicit
expression (25) but can also be deduced from the structure of equation (26), see Corollary
17.

To prove Theorem 1 we need to further expand the right-hand side of (19), namely
we write

Wo 2k
N ="+ —35 + —,
k k

for an unknown (locally bounded) error zj, and formally compute

2
201+ &
—Ang 24(1—1—77—];)6 LT

H,
_ Lm0 {1 4 o + 15 + 2w L Wo + 2w§ + Anowo + 2woeng + 13 + 576 + 22k
1 i
+O0(1,°).



This suggests to define 2 as the only radial solution to the Cauchy problem

{ —Azy = 4™ (wo + 2w + 4nowo + 2wend + 13 + 315 + 220) in R? (20
20(0) = 24(0) = 0.
Even though we do not have an explicit formula for 2y, we will show
2o(r) = Plog(r) + O(1), asr — oo, (30)
for some constant . In fact we will prove
B= 217T / Azodr = —6 — %2 (31)

which will be crucial in the proof of Proposition 12. To simplify our exposition of the
proof, we postpone the analysis of the asymptotic behaviour of zy to the end of the section,
see Lemmas 15, 16 and Corollary 18.

The problem now is to use 79, wy and zy to approximate 7 in a good sense (up to
error O(p1; ®log® r)) and for sufficiently large radii. For this we will use a method inspired
from [13, Lemma 5.

Lemma 10 Let s < et and ¢ : [0,s:] — R be given so that ¢ = o(ul) uniformly on

[0, sg]. Set
pmmt 2
i Nk :“k
and
m+ 1 A A
0u(ri0) = i |1 (14 7 ) G G (3)
Mk ,Uk My,
Then

Or(r, ) = 4P (2¢ +o(1)¢ + O(1;, %) + 0(56)) ., uniformly for r € [0, s,

where
&(r) :==1+log(l+r). (33)

Proof. By Lemma 8, Lemma 9 and (30) we have |no| + |wo| + |20| = O(). Moreover the
assumptions on s;, imply g *¢ = O(1) uniformly on [0, s;]. This will be used several times
throughout the proof. In order to expand the exponential term in ®x(r, ¢) we write

772
¢3=277+F—2770

i (34)
Qwo + 1% 220 + 2now 2 _
= 2T | Zo It | 20 1 1) 2 1 0%,
M My Mk Ky

10



Similarly

Aw? + dwond + 176
2 = 20 + ;‘%0770 R/ O(l)ﬂ% + O(MZ2§2)M% + O "¢%),
P = O °¢%) + o(l)%c + O 4)%

From (34) we easily get that v is uniformly bounded for r € [0, s;] and we can write

2

e —1— 9= = O(max{1,e"}) v*

_ ¢ —geny @
= O(Nk 656) + 0(1)_6 + O(Nk4 4)_6-
M My
Therefore
v 2wo +n2 220 + 2w + 2ngwy + 2weng + %773
e’ =1+ 5 T 1
iy oy
2¢ 2¢ _ o) _
+ =5 +o(1) =5 + O °€%) 5 + O(1;,°¢°).
M M My
To obtain the Taylor expansion of ®,(r, ¢), we also need to multiply this term by
n o | Wo -6 ¢
I+ —5=14+5+—7+0(u"§) +o(l)=%,
i, A ‘ i

and finally, using (21), (26) and (29) we obtain
y(r, ¢) = 4e”™ (2 + o(1)¢ + O, *¢%)6 + O(£"))

as was to be shown. O

Proposition 11 There exist M > 0 and T > 0 such that

with
o) < MEr), Jorre 0.4, |6 <, forre[Te]  (39)

for k large (depending on M and T'), where £ is as in (33).

Proof. This follows from a fixed-point argument and the uniqueness of solutions of ODEs.
From Lemma 8 we have that for every interval [0,T], ¢, = o(ul) uniformly in [0, 7],
hence by Lemma 10

{ ~ Ay = B (1, 61) = 4620 (265 + o(1)é + O(1))

dr(0) = ¢4, (0) = 0 (36)

11



with o(1) — 0 and |O(1)] < C uniformly in [0, 7], and from ODE theory it follows that
¢y, is uniformly bounded in [0, 7]. In particular there exists a constant C'(7") such that

|ok(r)] < C(T),  |¢y(r)] < C(T), forr €[0,T], (37)

uniformly in k.
Define the norm

I/l = sup

re(T,etk]

fr)
logr —logT

For a large constant M > 0 to be fixed later, we will work with the following set of
functions

By = {6 € CU[T.e™]) : || — du(T)|| < M} .
Notice that for ¢ € By, we have

6(r)] < [or(T)| + |¢(r) — ¢(T)] < C(T) + M(logr —log T) (38)
for any r € [T, e#*]. In particular

M
o) Ot _

uniformly on [0, e#*] for k large enough. Then by Lemma 10 we have

Op(r,¢) = 4e”™ (29 + O(E")) (39)

where |O(£9)| < C&° uniformly for k > ko(T, M) sufficiently large.
~ Let now Fj : By — C°([T, e*]) (for a fixed k) associate to a function ¢ the solution
¢ of -
—p(rd'(r)) = @u(r,¢(r)) for T <r < et
AT) = on(T) (40)
¢(T) = ¢(T).

We will show that F}, sends B, into itself for suitable choices of M and T', and is compact.
Indeed for ¢ € By, one can integrate (40) and use (37)-(39) to get

01 = [re(r) - [ ruroar

" 8r|g(r)| Hacrt(r) (41)
< (T +or(1))C(T) + Mor(1) + op(1),

00 6
]oT(l)]g/T %dr—l—ﬁ Z(llc’:_—i%)d — 0, asT — oo.

where

12



Integrating again we infer

6) — T < [ 130
.

(T + or(1)C(T) + (M + 1)oT(1)dt
t
= ((T+ or(1))C(T) + (M + 1)or(1))(log r — log T).

IN

)
First choosing T" so large that |or(1)| <

% and then M such that
1 1 M
T+ = T - < — 42
(r+3)cm+3<3, (42)
we conclude that B
|0(r) — ¢u(T)| < M(logr —log T), (43)

hence ¢ € By;. Then Fj, sends By, into itself. Moreover it is compact by the theorem of
Ascoli-Arzela since for a sequence (¢,) C By and ¢, := Fi(1,,) we have

(ton(r)(logr —log T))" = ¢, (logr — log T') + @

which is uniformly bounded on [T, e#¥] by (41)-(43), so that up to a subsequence
Un(r)(logr —logT) — Voo (r)(logr —log T), uniformly,

ie. |1, — Vsl — 0 for some 1o, € By, Therefore, by the fixed-point theorem of
Caccioppoli-Schauder (see e.g. [8, Corollary 11.2]) F}, has a fixed point ¢ € By, which
solves (36). Then, by uniqueness for the Cauchy problem, we have ¢ = ¢ in [T, e,
whence the bounds

|pr(r)| < C(T) + M(logr —logT), forT <r <et* (44)

which is another way of writing the first inequality in (35) (a priori the identity ¢ = ¢y
holds as long as ¢ is defined, i.e. up to 7’,; ; on the other hand, the reader can easily
verify that ny > —pu? as long (44) holds, so that in particular r, ' > e#*). The second
inequality in (35) follows from (41) and (42) O

3.2 Proof of Theorem 1 completed

We are now in a position to use the Taylor expansion computed in the previous section
to estimate the Dirichlet energy of wuy.

Proposition 12 Given a sequence (sy,) with s € [i}, €] for some p > 2, we have

4
/ )\kuie“zd:p =4r + —Z + o). (45)
B H

TSk k

13



Proof. We start writing

(I) ::/ /\kuZe“idx:Zl/ <1+ ”k‘) ek kdx
B B Nk

TkSk Sk

:/ <1 n nk) (_AUO _ Algo B Aio n q)k(Téﬁbk)) dr,
Bsy T o, g, M

where @y, is as in (32). Using Lemma 10 and Proposition 11 we have on [0, s

142 1y 0 D0 og),
Mk; ﬂk ﬂk
and

i (r, 61) = O(e™€°),

where ¢ is as in (33). In particular

()
Dy (r, ¢ deC/ —— 2 __dr < C.
/ ulroulde <€ [ T Ry
Similarly
max{|Anl, |Awy|, |Azo|} = O(e*™EY),
so that

m Anol, |Awgl, | Azl }dxr < C ——=dxr < (.

Summing up one gets

0= / <_A770 _ oA + Awy  woln + mplAwo + Az
B,

— dx + O(u;”
i T C T

=: (]0)+@+</§)+O( %).

Now we compute

1 -
(ly) = /B 4e*™dy = 4 (1 17 S%> =47 + o(u ).

Sk

Using the divergence theorem, and (28) we get

(I,) = / 4e*™nodr — 27 swh(sg)
B

Sk

log(1 2 1
. og( +25k) 2
1+ s3 1453

- 1) + 47 + O(s; % log? s,
= o(i ).

14



From (31) we get
2
—/ Azodr =27 (6 + W—) + o(1),
B 3

S5k

while a direct computation shows that

),

hence (I4) = 47 + o(1), and we conclude by summing up. O

2 .
(woAny + noAwy) dx = 4/ e (wo + g + 0y + 2w )dr = —81 — §7r5 +o(1),
B

Sk Sk

Remark. The freedom in the choice of the sequence s; € i}, e/*] in Proposition 12 implies

that
/ Apudedr = o(u; ")
Byperi\B
for any p > 2.

Open problem 3 Is there any geometric meaning to the term % in (45), in particular
k
to its positivity?

From Lemma 8 we know that the first 47 appearing on the right-hand side of (45) can be
seen as the area of S?, since —Anj is the conformal factor of the pull-back of the metric
of S? onto R? via stereographic projection. The second 47 appearing in (45) depends on
the asymptotic behavior of zy, but we do not have a geometric interpretation.

While Proposition 12 gives a lower bound on ||Vugl||z2, we will now prove an upper
bound. First of all we shall observe n,(r) < no(r) for sufficiently large r, which was proved
in [13]. The next lemma gives a more general statement which will turn out to be useful
also in the next sections.

Lemma 13 Let i) : [0,7.'] — R be a sequence of C* functions satisfying Ay < 0.
Assume further that n has an expansion of the form

w .
Mk = Mo + 2 + Py in [0, 47], (46)
i

with w : [0, +00) = R, ¢y, : [0,7, 1) — R satisfying

w(pg) < -1, (47)
/ Aw dx < 0, (48)
]RQ
and
sup ] + / Adldz = o(yi?). (49)
[O,Mi] BMi

Then iy, < mo in [u2, 1 %], for k sufficiently large.

15



Proof. By (46), (48) and (49) we compute

1
/ Anpdr = / Angdr + — Awdz + o(1;?)
B B

Hi JB
u2 u2 kB2

1
= —Ar+ = | Awdzr+ o(p;;*) < —4r.
K Jr2

Since A <0, for r € [u2, ;'] we get
Anpdr < Anpdr < —41 < Anodx
B, B2 B,

and by the divergence theorem we deduce 7, (1) < 7} (r). Finally (46), (47) and (49) guar-
antee that 7y (u2) < no(u2) for large k, and the conclusion follows from the fundamental
theorem of calculus. O

Clearly, by (27) and Proposition 11, Lemma 13 applies to 7.
Proposition 14 For some p > 2 let sy, € [uf, e**]. Then we have
2
/ )\kuie“%dx < —Z +o(u "), ask — oo.
Bl\Bskrk ILLk
Proof. With the usual scaling, we have to prove that

Mk 2 277k+% 2 4
(I):=4 1+ e rdr < — 4oy, ”).
B 1 \Bs, H, My,
Tk

By Lemma 13 for r € [sg, rk_l] and for k large enough we have n, < ny. Let us set t;, :=
Veri —1 and 1, := \/,uip — 1. We claim that, for k£ large enough, i < tg. Otherwise, as

soon as tp > et*, we would have

t t
wg(rity) = p + () < pg + o(t) =0,
277 Mk

which contradicts the positivity of u; in B;. Hence

Mo 2 2770+é bi Mo 2 27)0+é
(I)S/ <1+—2> e ”kdx:27r/ r(1+—2> e tedr=:(II).
Btk\B{k /’Lk: Ek luk;

With the changes of variable s = —ny(r) = log(1 + r?) and 7 = - — b, we get

2 rup 2.
(II) = e~ (1 - %) e~ ds

2plog i H,
2 2 (50)
_ Pk M T 2
=me 4 — -7+ — |e" dr.
2ploguk_ﬂ 4 /’Lk
i 2

16



Since p > 2 we have

=273

2
_HE 2 2 1 _
—e @ T dr = —= +o(u; ).
2plogpg  pg 2
B 2

Moreover it is simple to verify (using e.g. de ’'Hopital rule) that

Pk

o[ [k 2 1 1 3 A
et —eTdr =~ 4+ — +— +o(u ),
ﬁmmc_@4 T=gtga o)
PE
P 2
ik [ T2e” 11 1 A
e * dr=—-————F+o0 ,
plosig i [l T 2uf (i)
KL

and, summing up, we conclude

(I) < (1) = 2m* + ol ).

]
Proof of Theorem 1 (completed). Integrating by parts and using (4) we can write
Vug|[32 = —/ upAupdr = / Apulekda.
B1 Bl
Then Theorem 1 follows at once from Propositions 12 and 14. O

3.3 Some ODE theory and a crucial formula

We conclude this section with some general lemmas analyzing the asymptotic behaviour
of wy and 2. In particular we will prove (28), (30), (31).

Lemma 15 Let f € C%(R?) be radially symmetric and satisfy f(r) = O(log?r) asr — oo
for some ¢ > 0. If w € C*(R?) is a radially symmetric solution of

—Aw = 4e¥(f + 2w), (51)
where 1y is as in (21), then Aw € L' (R?) and we have

w(r) = Blogr+ O(1)

log? 52
w'(r):é—i—O(Og?)T), (52)
r r
as r — oo, where ¢ = max{1,q} and
1
b= —/ Awdzx.
2 R2

17



Proof. We start by proving
jw(r)| < Clogr, (53)

for some C' > 0 and r sufficiently large. We consider the functions ¢(r) = rw'(r) and
y(r) = (w(r), p(r)). Then we can rewrite (51) as

y(r)=F(ry(r))

with
F(r,w,¢) = (%, —4re®™ ™ (f(r) + 2w)> )

If we choose Ry sufficiently large, so that

1
4r2e®) max{|f(r)|,2} < —=, for r > Ry,

7

then
1

Pyl < (14l ¥rz R

In particular we have

T r S
W) < 1Rl + [ 1F(s,y(s))lds < |y(Ro)| + log r — log Ry + / ’y(S”dS,
Ro Ro

By Gronwall’s lemma this yields

.
ly(r)] < (ly(Ro)| + logr — log RO)RT) < C(Ro)rlogr.

In particular,

log r

[/ (r)| < re™ (| F(r)] + 2Jw(r)]) < C(q, Ro) € L'((Ro, +00))

2
so that ¢(r) = rw'(r) is bounded and |w(r)| < |w(Ry)| + C'logr for for r > R.
Now we prove (52). By the divergence theorem we have
2w’ (r) = / Awdzx
=2np3 — Awdx
R2\B,
=218+ O(r?log?r),
where we used that, thanks to (53), —Aw = O(r~*log?r). This gives the second identity

in (52). The first one follows with the fundamental theorem of calculus. O]

18



Lemma 16 Let f, w and (8 be as in Lemma 15. Then

2 |z —1
== . (0t oy

Proof. Let us define
e
which solves

—Atp = 8eM0q)) in R?.
Then for r > 0

z)* =1 _ 210
4\/B7~ mf(x)dm =4 5 ¢6 7 fdl’

=4 | P (f +2w)de —8 | Ve wdx
B, B,

__1/ wAwM%%/‘wA¢¢f—3U)

T T

By the divergence theorem and (52) we compute

(I) = 2mr [ (r)w(r) — ¥ (r)w'(r)]
=27r[O(r*logr) — (L +O(r=2))r (8 + o(1))]
= =270 + o(1),

with o(1) — 0 as r — oco. Letting r — oo we conclude.

OJ

We can now apply Lemma 15 and Lemma 16 to the solutions wy and zy of (26) and

(29).

Corollary 17 Let wy be the solution to (26). Then w{, has asymptotic behaviour (28).

Proof. The ODE in (26) corresponds to (51) with

f =m0+ 15 = O(log® |z]).

Hence (28) follows from Lemma 15 and (27).

OJ

Corollary 18 Let zy be the solution to (29). Then zy has asymptotic behaviour (30)-(31).

Proof. The ODE in (29) corresponds to (51) with

1
f = wo + 2w§ + dnowo + 2ngwo + 1y + 5773 = O(log" |z]).

19



A straightforward computation shows that

21 21
/ L773(91:)d;1c =——
R

2 (1 [2f2)3 ™

and

lz>—1 45
————ny(x)dr = —.
L o=
Using the explicit expression (25) of wy and integrating by parts we find
|z — 1 w7
S el I dr = — —
/R2 0 ey @ = 35 = 5™

/ (’93|2—_13w0(x)770(x)dx _ (% 2 2(3)) 2,

1+ ?) o7
22 — 1 ) 16 409 35 ,
L dr = (= 2(3) — =~ il S
/RQ 0 om@)de = | 5 2() = Fp |7+ 7m + 15

where Z denotes the Euler-Riemann zeta function. Finally, integrating by parts twice,

) | ’2 —1 625 4 1 m°
2 |T 3

2 === 2723 - =3 =

/IR2 wo (1 + |l‘|2) v <216 9 ( )) 81 45

Therefore, by Lemma 16, (52) holds with

2 |z —1 72
= — —_ der = —6 — —.
B /R f(a)dx

™ Jar (1+ []?)? 3
0
4 Proof of Theorem 2
Let ug be as in the statement of the theorem, and set 7 and 7 as before in (17)-(18).
—An, = \eripre’ (1 + h(ug))uge — “e
(54)

2

2 — N

= 462770 (1 + h <,Uk + ﬁ)) (1 + 77_1;) e (M 770)+u%.
Mk Hi;

A very mild perturbation in the proof of Lemma 8 gives:

Lemma 19 The conclusion of Lemma 8 still holds if we replace the ODE in (19) by (54),
for some function h with h(t) — 0 as t — oo.

20



Set now

s(8log i +1)
Mk

Op == max{ sup

s€[—1,1]

h (Mk + ) — h(p)

g_hwm}
b 2 ) *

I AT
Assuming (10)-(11) we have & = o(y;,*). We also introduce the function

1

- 14—
Golr) +1—|—7‘2’

solution to

—AG = 4¢¥P(1+26,). (55)

Lemma 20 Let s, < up and ¢ : [0,s,] — R be given so that ¢ = o(0; ") uniformly on
[0, sg]. Set

w Zi
n:=no+ M—S + M_i + h(p)Co + 0@

k k
and
21
) 4<1+h(uk+uik>)<1+:—i>en+“k+A170+A#—"L§°+i—g’+h(uk)ACo
2} (r, ) := - - (56)
k
Then
DL (r, ¢) = 4€”™ (29 + o(1)p + O(E°)), in [0, 54, (57)

where & is as in (33).

Proof. The proof is similar to the one of Lemma 10. Using the logarithmic growth of 7,
wo, 2o, the bound on s, and the definition of d;, we expand

2

¢1:20+n—2—2n0
i

2w+ n 229 + 2nowo
= 2 2
M My
2 4w8 + 4“’0778 + 773 4
e = pr + 0(1)0xd + O(5E7),
k

3 = O(6,€%) + 0(1)010.

+ 20 () Co + 2066 + 0(1)0r0 + O(8:E2),

Then 9 is uniformly bounded for r € [0, s;] and we can write

2
¥ —1—1— 5 = o(1)6,¢ + O(6,£°).
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Therefore

2wy + 12 N 220 + 2w + 2nowo + 2wong + ing

eV =1+ + 2h (1) o + 20k
i i (ke)o + 204 (58)
+0(1)0d + O(6xE°).

Furthermore w
L+ = 1425+ 7+ o(1)dd + 0(6:8), (59)

H; Hi My

and, since |n(r)| < 8log s, + 1 for r € [0, ui] and k large, the definition of & gives
1+h (uk + ui> =1+ h(u) + O(6k). (60)
k

Finally, multiplying (58) by (59)-(60) and using (21), (26), (29) and (55), we obtain (57).
0J

Remark. Our choice of the bound s; < 7 is strictly connected to the regularity assump-
tions on h. If one replaces (11) with the simpler (but stronger) assumption

lim sup t*|h(t +s) = h(t)] =0 VL >0, (61)

t—)OO|S|§L

then it is possible to obtain

Op(r,¢) = 4e”™ (20 + o(1)¢ + O *€*) ¢ + O(€°)) - i [0, ],

precisely as in Lemma 10. However, considering as a model problem h(t) = ¢~? for large
t, (61) is satisfied only for p > 3, while the condition (11) allows to consider any p > 2.
Alternatively, the scale of the Taylor expansions can be improved by considering further
terms in the expansion (60), see Section 5.

Proposition 21 There exist M > 0 and T > 0 such that
Wo 20

Mk = Mo + —5 + —5 + h(pr)Co + ordr
ko Mg

with |¢p| < ME on [0, pp] and | (r)] <X on [T, up], where & is as in (33).

Proof. Nothing changes from the proof of Proposition 11, since the structure and bounds
of the equation

—Agy, = ‘I)Z(Ta br)
satisfied by ¢y, as given by Lemma 20, are the same. OJ
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Proposition 22 Given a sequence (si) with si € [k, ui] for some p € (2,4], we have
2 47
/ Ae(1+ h(ug))uierde = 4w + — + o(p;, ™).
Brys), H
Proof. We start writing
(1) = / Me(1+ h(ug))u2ehde
B

TkSk

2 n?
2 K
:4/ (H%) (Hh(uﬁﬁ))ﬂnm
B Hi Mk

Sk

Aw Az
— / (1 + 77_1;) (—Ano — =5 = = — b)) AG + 8, (r, ¢k)) dx.
Bs, iy k e

Using Lemma 20 and Proposition 21 we have on [0, s]
Mk Mo Wo
1+ =5 =14+—=+—+0(),
i, Fio
and
Ol (r, ¢p) = O(e*™¢5).
Arguing as in Proposition 12 we get

ﬁoA?]O + Awo woAﬁQ + nkoo + AZO
(]> = —Any — 2 - 1
Bs,, i P

- h(Mk)ACo) dz + O(d)

=: (I) + i—Z) + Ua) _ h(pu) A¢odx + O(0y,).

P B,
As before we have
(Io) = 47 + o)
(I5) = O(s;, log® s) = o)
(1) =47+ o(1).
Finally,
) [ Ao = 2eh()rGlon) = Mis)OLs5) = o),

Sk
and we conclude. O

Proof of Theorem 2 (completed). Again integrating by parts we infer for some p € (2, 4]

Vg2 = — / weAugdz
B1

..

=: (1) + (I1).

Ae(1 + h(ug))uie'sdx + / Ae(1 + h(ug))ule*da

By \Buz Tk
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The term (/) is bounded from above and below by Proposition 22. For the term (I1)
we use that ny(r) < no(r) for r > p} and k large enough, which follows from Lemma 13.
Then the proof of Proposition 14 can still be applied and we infer

2m(1 +suph)

(1) <
) Ty

+ o).

Summing up (1) and (/1) we conclude. O

5 Proof of Theorem 4

Since the perturbation h(t) is now of order ¢t2, its presence will change the Taylor ex-
pansion of the right-hand side of (54) already at order MI;Q. As a consequence we will see
that the function p2(ny — no) will converge to a new function w,, solution to

—Aw, = 4e*™(ng +n¢ — a + 2w,) in R? (62)
we(0) = w,,(0) = 0.
Since
—A(w, —wp) = 4™ (—a + 2(w, — wp)),
we have w, — wg = —a(p.

Also the function zy will be replaced by z, which satisfies

—Azy = 4€*™ (a(ny — g — 2w,) + Wa + 2W2 + Anowa + 203w, + M5 + 315 + 22,) in R?
2,(0) = 2/ (0) =0,
and differs from zy by the solution to

—A(zq — 20) = 4e*™[2a%(Co + C2) + a(no — g — 2wo + Co(—2n3 — 4no — 4wy — 1)
Za

+2(24 — 20)] in R?
24(0) — 20(0) = 2,(0) — 25(0) = 0
Then with Lemma 16 we have
1
2q(1) — 20(r) = Blogr + O(1), %/ A(zq — z0)dz = B, (63)
RQ
with 5 = 81 + (2, where for ¢y(z) := (llfjf—xﬁ)g,

2a 9 9

B = - 2(770 — 1 — 2wo + Co(—2my — 4no — 4wy — 1))edx

R

2a>

By = —— 2(¢o + Cg)%dx-
Vs R2
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One can compute

2 9 1 2 7 2r?
Z S z —9 1 _
x|, Coveds =5, T /Rz( wo)odr = 3 = =5
2 2 )
- U0¢0dx - _17 - <_770)¢0d$ - _37
T JR2 T Jpe
2 1 2 67 272
z _ i z 4 —_ -ty 2
T /R?( Co)%ffodl" 3’ - /R2( UJQCQ)ZZ)()dx 57 + g
2 34 2 151
— —4 dr = —— - —on? de = —
- /]R2< 1oGo)Yodx g - /R2< m5C0)Yodz 57
hence
Pp=0, B=/p=2a (64)

Similar to Lemma 10 we get

Lemma 23 Let s < et and ¢ : [0,s:] — R be given so that ¢ = o(ul) uniformly on
[0, sg]. Set
¢

ey ey
ni=m+-—5+—3+=%
Mo Mk R

and (using that h(t) = —at™2 for t large)
_92 2
a n n\ 2+l Aw, = Az,
O (r, p) := pf |4 1——(1+—> (1+—)e "+ Ang+ ——+ —| - (65
ki 9) ’“[( i\ 7 ot | %)
Then as k — oo
O (r, @) = 4e*™ (2<b +o(1)¢ + O(1;, %) + 0(56)) , 1 el0,s,

where £ is as in (33).

Proof. The proof is identical to the one of Lemma 10, just replacing wy and zy with w,
and z, respectively, and noticing that after the Taylor expansion of the exponential in
(65) we have to consider

)
n a n a 2ang 602
h uk+—)=——<1+—) =——+ +O(u;,5¢%),

( 1k 1, 1, T AT (1)

as k — 00. O

With the same proof of Proposition 11 (using Lemma 23 instead of Lemma 10) we
get:
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Proposition 24 There exist M > 0 and T > 0 such that

Wq Za ¢k
Mg ="MNo+ 35+ 5+ %
He  Hg Hy

with ¢ satisfying (35) for k large.

Proposition 25 Given a sequence (si) with s, € [uh, €] for some p > 2, and h(t) =
—at™2 fort large, we have

2 4 — 4
/ (1 + h(ug))uizerdr = 4 + WTM + o *).
B

TkSk k

Proof. Write as in the proof of Theorem 1

(1) := /B Ae(1 + h(ug))ule* da

TkSk

Aw, Az, DY(r,
L[ (o) (a2 8n mtey
B o o My K

Sk

where ®¢ is as in (65). Proceeding as in the Proof of Theorem 1 and using Lemma 23
and Proposition 24 we have

() - / (—Aﬁo B NoAny + Aw, B waAno + noAw, + Aza) Qo+ O(MES)
B

. It 1
8 (I )
= (Io) + ( 2‘2) y 1) +O(u).
My Ky,

As before we have (Iy) = 47 + o(u;*), while for (1) replacing wy with w, leads us to the
extra term

—a/ Alpdr = —2mspal)(sy) = O(s,2) = o(u;,?).
B,
Therefore we have again (I$) = (1) + o(u; ) = o(;,?).

As for the remaining term we have

(1) = (I) +a / (Coldo + Az — [ Az — 20)

B, B,
= 4m + ao(l) — 275 + o(1)
=41 — 4dma + o(1),

where we used (63) and (64). Summing up we conclude. O

Proof of Theorem 4 (completed). As in the proof of Theorems 1 and 2, it suffices to add
the estimate of Proposition 25 to the estimate of Proposition 14. For the latter we use
Lemma 13. ]
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6 A few more open problems

Open problem 4 Can one extend Theorem 1 (and its perturbed versions) to critical
points of

sup / " dr < O,
Q

u€Hy ™ (B1):[|Vullfn <n~lwn—1
in dimension n > 27 (Here w,_1 is the volume of S"7'.)

In this direction, there are some results of Adimurthi [2] and Adimurthi-Yang [3] on

the solutions to )
—Ayu = dufu[" 2" in Q € R, (66)

from which one is led to conjecture that
| Vug|*dz = n"w,_1 +0o(1), ask — oo,
B
where (ug) is a blowing-up sequence of positive radial solution to (66), and it would be
interesting to understand the sign of the error term o(1).
Open problem 5 Can one extend Theorem 1 to the higher-order problem
(—A)™u = hue™, we H(B,), By cR*™, (67)

particularly to study the existence of extremals of the Adams inequality (see [1]) on a ball?

In this direction, the works [14, 15, 19, 21] suggest that for a blowing up sequence of
solutions to (67)

IV"up|?dz = Ay +o(1), as k — oo,
B1

where Ay = (m — 1)lws,, is the total Q-curvature of S*™.

Similarly one could consider the case m = 3 with n odd, which has the additional

difficult of (—A)? being non-local. In this direction see [9] and [12].
Finally we do not know what happens when we drop the assumptions (10)-(11).

Open problem 6 Is it possible to find functions g and h as in (7)-(9) such that the
energy expansion of the solutions to (8) is of the form

A _
IVl =47+ 5+ 0lp”). = ui(0) — oc
k

for some A#£0, p<4? Can one even take p < 27
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