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Abstract

We study conformal metrics on R3, i.e., metrics of the form Ju = 62“|dx\2, which
have constant -curvature and finite volume. This is equivalent to studying the non-local
equation

(~A)2u =2 R, V= [ €dz < oo,
R3
where V' is the volume of g,,. Adapting a technique of A. Chang and W-X. Chen to the
non-local framework, we show the existence of a large class of such metrics, particularly
for V < 272 = |S3|. Inspired by previous works of C-S. Lin and L. Martinazzi, who treated
the analogue cases in even dimensions, we classify such metrics based on their behavior at
infinity.

1 Introduction
In this paper, we study existence and asymptotics for solutions of
3
2

(=A)2u =2e* inR? (1)

with
V.= / e dr < oo, 2)
R3

where (—A)% is interpreted as (—A)% o (—A). To define (—A)%fu for a function v in R3, we
require throughout the paper that

3) sy, [ 0@
v € Lyjp(R?) = {UGLIOC(R)./ﬂ€31+‘x’4d:v<oo},

which makes (—A)%v be a tempered distribution (see [28]).



Definition 1. Given a tempered distribution f in R3, we say that u is a solution of (—A)%u =f
ifu € WiH(R?), Au € Ly 5(R%) and
[ (-80) (-A)ipdo = (7} forevery ¢ € SE), G)
R3

where S(R?) is the Schwarz space of rapidly decreasing smooth functions in R3,

Note that the LHS of (3) is finite since Au € L, /Q(R?’) and (33) holds.
Equation (1) is a prescribed (Q-curvature equation, in the sense that if a smooth function u
solves ,
(—A)2u=Ke* inR?

for some function K, then the metric g, := e2“|dz|? (which is a conformal perturbation of the
Euclidean metric |d;v|2) has Q-curvature K, see e.g. [6], [8] or [17] and the references therein.
Moreover, the quantity V' appearing in (2) is simply the volume of g,,.

Problem (1)-(2) is the three dimensional case of the problem

(=A)zu = (n—1)le™inR", V= e"dr < oo, 4)
R"

which has been received considerable attentions, particularly in the case n even.

It is well-known that the function wo(z) := log (ﬁ) is a solution of (4) with V' = |S"|
for any n > 1. Indeed, wy has the following geometric interpretation: If 7 : S™ \ {p} — R"is
the stereographic projection from the sphere S* = {z € R"*! : |z| = 1} minus the south pole
p given by

/
z /

/ = = ..
7T(.T wxn—i-l) - 1+ xn+17 x (xla 7$n)
and g is the round metric on S”, then
(7['71)*'90 = eQwO\dzP.

Applying the Mobius transformations (translations and dilations) to wq (or to (7~ 1)*gg to be
more precise), we obtain the functions

2\
wmo’)\(li) = 10g (]_-'—)\2|x—xo|2> s To € Rn, )\ > 0, (5)
which also solve (4) with V' = |S™|. Because of their geometric origin, they can be called

spherical solutions.

In dimension 2, where (4) reduces to —Au = e?“, it was proven by Chen-Li [9] that all
solutions of (4) are spherical. Things are different in higher dimensions as shown by A. Chang
and W-X. Chen [7].



Theorem A ([7]). For every n > 4 even and V. € (0,|S"|) there exists a (non-spherical)
solution u € C*°(R") of (4).

The restriction to n even in Theorem A is essentially technical: for n odd the operator
(=A)2 is non-local and several difficulties arise. On the other hand, we will show, at least in
dimension 3 that the arguments in [7] can be adapted to the non-local setting.

Theorem 2. For every V € (0, 27?2), Problem (1)-(2) has at least one solution (in the sense of
Definition 1) u € C™(R3).

It is now natural to try to gather information about the non-spherical smooth solutions pro-
duced by Theorem 2, in particular their behavior at infinity. To do that, let us first recall that the
3
fundamental solution of (—A)2 in R3 is

1 1
F(ﬂf) = Tﬁlog <|x’) s

ie. (—A)%F = &g in R? in the sense of tempered distributions. This follows, e.g., from
Alog |z| = |z|~? and Lemma 20 below. Set

o= % 3% dx (6)
T R3
and )
v(@) = = / log < i ) e W dy, (7
72 Jgs |z —y

where v is a smooth solution of (1)-(2). The function v looks quite similar to I" * 2e3U =

IS (—A)%u (except for the additional |y| appearing in the argument of the logarithm, which is
necessary to make the integral in (7) convergent, but which plays no role after one differentiates

v). In fact, as we shall see in Lemma 13 that (—A)%v = (—A)%u, it is reasonable to ask how

u and v are related. Since for any polynomial p of degree at most 2 one has (—A)% p = 0, one
could wonder whether © — v = p for a polynomial of degree O (a constant), 1 or 2. It turns out
that this is the case, and p is either a constant or a polynomial of degree 2 bounded from above.
Moreover, v exhibits a well-controlled behavior at infinity.

Theorem 3. Let u be a smooth solution of (1) satisfying (2). Then
u="v+p, 3

where p is a polynomial of degree O or 2 bounded from above, v is as in (7). Moreover, v satisfies

‘ l|im Vi(z) =0, fort=1,2, 9)
T|—00
o(z) = —alog|z| + o(log e, as || - oo, (10)

where o > 0 is given by (6).



The behavior at infinity of « in terms of the decomposition © = v + p in Theorem 3 can be
used to give necessary and sufficient conditions under which a solution of (1)-(2) is spherical.
This is the content of the following theorem.

Theorem 4. Let u be a smooth solution of (1) satisfying (2). Then the following are equivalent:
(i) wis a spherical solution, i.e. u = Wy, x as in (5) for some X > 0, xg € R3;
(ii) degp = 0, where p is the polynomial in (8);
(iti) lim)g) 00 Au(x) = 0;

(iv) u(z) = o(|z|?) as |z| — oo;

(v) liminf| 4o Ry, > —00, where g, = e?|dx|?, and Ry, is the scalar curvature of gy;

(vi) 7*g., can be extended to a Riemannian metric on S3, where m : S? \ {p} — R3 is the
stereographic projection and p € S is the south pole.

Moreover, if u is not a spherical solution then there exists a constant a > 0 such that
Au(z) = —a as |x| = +o0. (11)

Conclusions similar to those of Theorem 3 for solutions of (4) were proven by C-S. Lin
[14] in dimension 4 and by L. Martinazzi [17] in arbitrary even dimension. Also Theorem 4, in
this generality, was proven by Lin in dimension 4 and Martinazzi in arbitrary even dimension,
extending several previous results in [8, 32, 34].

It is also interesting to investigate what values the volume V' in (2) can be attained. Accord-
ing to Theorem 2, and in analogy with Theorem A, every value in (0, 27%) can be attained, and
of course the value V' = 272 is attained by the spherical solutions. Can V attain values bigger
than the volume of S3? The corresponding question in dimension 4 was answered in the negative
by C-S. Lin [14], which shows that Theorem A is sharp as far as V' is concerned.

Theorem B ([14]). For every non-spherical solution of Problem (4) with n = 4 one has V <
IS4).

Surprisingly, it was recently shown by Martinazzi [21] that in dimension n = 6 it is quite
different and (4) has solutions for V' arbitrarily large.

Theorem C ([21]). There exist V, > |S®| and V* > 0 such that for every V € (0, V.] and for
every V. > V™ there exists a solution of (4) withn = 6.

It turns out that in dimension 3 Problem (4) behaves like in dimension 4 and not like in
dimension 6. More precisely:



Theorem 5. Let u be a non-spherical smooth solution of (1)-(2). Then V < 22,

Let us spend a few words about the potential applications of Theorems 3 and 4. In even
dimension n = 2m, their analogs (compare Problem (4)) have been widely used to prove com-
pactness, quantization and existence results for equations of order 2m with critical growth, such
as the equation

(—A)"u = /\uem“2, A>0 (12)

satisfied by critical points of some Moser-Trudinger type inequality, see, e.g., [1, 2, 10, 12, 19,
22, 26, 31], or the equation

PngU +Qy = Qe*™  on a manifold (M>™, g) (13)

which prescribes the Q-curvature of the manifold (M, eQ“g), see, e.g., [11, 15, 16, 18, 30], or to
the higher order Liouville equation

(=A)"u=Ve2™ inQcR®™, VelL®0Q), (14)

see, e.g., [20, 24, 25, 27, 23]. The main idea is that if a sequence {uy} of solutions (or the
heat flow) of (12), (13) or (14) is not pre-compact, then a suitably blown-up subsequence will
converge strongly (say in C’fo’?(Rzm)) to a solution of (4). Then it is understandably important
to know the behavior of the solutions of (4), and in particular to have geometric or analytic con-
ditions which ensure that a solution is spherical. Therefore, we expect that the above Theorems
3 and 4 will be useful in understanding the non-local analogs of (12), (13) and (14) in dimension

3.

The paper is organized as follows. In Section 2 we start with some definitions and results
which will be necessary to give a simple and essentially self-contained (up to Beckner’s inequal-
ities and the Sobolev embeddings) proof of Theorem 2. The proof of Theorem 2 will be then
given in Section 3, and it will follow from Theorem 10. In Section 4 we prove the main lemmas
which will be used to prove Theorems 3, 4 and 5. In the appendix we collect a few definitions
and theorems about the fractional Laplacian.

Acknowledgements: A. Maalaoui and L. Martinazzi were supported in part by the Swiss Na-
tional Science Foundation. J. Xiong was supported in part by the First Class Postdoctoral Sci-
ence Foundation of China (No. 2012M520002).

2 Preliminaries

Let go be the standard metric on S? and Ay, be the Laplace-Beltrami operator. Let {\;, =
k(k+2),k € NU{0}} be the eigenvalues of —A. The eigenspace of )y is of finite dimension
Ny, and is spanned by spherical harmonics Y,f of degree k, where £ = 1,---, Nj (see, e.g.,



[29]). We renormalize them so that ||Y,||;2(s3) = 1. The spherical harmonics {Y/} form an
orthonormal basis of the Hilbert space L?(S?). In particular, given v € L?(S?) we can write

OONk

=SS v, ufer, (15)

k=0 (=1

and HUHL2(S3) = Zk,z(“i)z-
One can define an operator P; as follows: given u € L?(S*) with spherical harmonics
expansion as in (15) such that

oo Ng
lull s gsy == llullfz + DD 1wk (O + 1AL < oo, (16)
k=1 ¢=1
we define
o0 1 Nk
PgSO’LL = Z()\k +1)2 ) ZuiYIf
k=0 =1

Notice that on H3(S?) the operator Pg’o coincides with the operator (—Ay, + 1)% (—Ay, ), where

1, . ..
the operator (—A, + 1)z is also understood in terms of spectral decomposition of the Laplace-
Beltrami operator:

00 Ny,
(—Ag, + 1)%u = Z \/mz uf Y, forwasin (15).
=1

k=0

Therefore, Pg30 is the well-known intertwining operator on S? (see, e.g., [4]).
Define the space

oo N oo N,
H2(S?) = { ZiukYkeLQS?’ ZAk+1zAki|ui|2<oo},

k=0 ¢=1 k=0 =1
endowed with the seminorm

00 Ny

1
[ullZso o= > (A + 12X Y Jug|?
k=0 =1
and with the norm
[l 32 = lullZa + [l ss-



. . - . 1
Since the operator P;’O is self-adjoint and non-negative, one can define the operator (P;’O) 2
. 3
for functions u € H2(S?) as

1 (o) Nk
(PE)eu =) (MevV1+X)2 ZukYk
k=1 /=1

. 1
Notice that [|(Pg )2 ul| 2 = [[ul| s/

The (fractional) Sobolev embeddings give H 3 (S3) — LP(S?) for every p € [1,00) but not
for p = o0, in which case the following inequality is a useful replacement.

Theorem 6 (Theorem 1 in [3]). For every u € 3 (S?) one has

g (1, %% < gl (1)

where fgg = @ fS3, W is the average of u on S? and dVj is the standard volume element of S?.

Remark: Our statement might appear slightly different from the one in [3]. In [3] the right-hand
side is replaced by w5y >0 ¢k Do |uf|?, where ¢, = w But since A, = k(k + 2)

one sees that ¢, = eV Aptl )‘” . Moreover, in [3] the volume element d€ is the renormalized volume

on the sphere, i.e. d§ = 2ﬂ2 dVp.
We will also use the following compactness property.

Proposition 7. For every p € [1,00) the map exp : u > e" sends H 3 (S3) into LP(S3) and is
compact.

Proof. For u,v € C°°(S3) we can bound

Ld
||6U - evH]zP = / / [e” — etv+(17t)u]pdV0dt
0 dt Sg
1

:/ (/ ple® — 6tv+(1t)u}pletv+(1t)“dt> (1 — v)dVi

S3 0

1 9 %
-1
< Ju — ]2 (/ (/ D [e“ _ etv+(17t)u}P €tv+(1t)“dt) dVO>
S8 0

1
< C’(p)Hu _ UHLQ </ / eQ(pfl)quQthrQ(lft)u + eZp[thr(lt)u]dV-()dt)
0 JS3

< O, lull 3, [l 3w = vl[L2,

[N

(18)



where the last inequality follows from Theorem 6. Since C°(S?) is dense in H %(83) (this
follows immediately from the spherical harmonics decomposition), it is easy to see that (18)

actually holds for arbitrary u,v € H2(S3). Then continuity of u — e¥ from H2(S%) into
LP(S3) follows.
For the compactness we first notice that

(IVer||r = [[Vue®|| e < [[Vul[2[[e"]] 2.

Then by Theorem 6, the boundedness of ||u| |H 3 implies the boundedness of [[Ve"|[1. Now we

can conclude that the map is compact from H 3 (S3) into L'(S?) using the compact embedding
of WH1(S3) into L(S?). If we replace u by pu, we have the compactness into LP(S?). O

Definition 8. A weak solution u € H3 (S?) of
3., _
Pou=f

for f e H 2 (S®) the dual ofH% (S3), is a function u € H? (S?) satisfying

1

/Ss (P3)2 u (P2)? pdVp = (f,9) (19)

forevery p € H2 (S?), where (-, -) is the duality bracket.
Proposition 9. Let u € H 3 (S?) be a weak solution of
3 _ .3
Pypu+ f=ge’, (20)
where f € L?(S?) and g € LP(S?) for some p > 2. Then u € H3(S?).
. . 2p
Proof. By the Beckner’s inequality (17), we have e3* € L»-2(S3). Then ge3* € L2(S?).

Hence, Pg’ou € L?(S3), which is equivalent to u € H3(S?), as clear from (16). O

3 Existence of non-spherical solutions

In this section we will prove Theorem 2. The proof will follow the ideas in [7], and will be a
simple consequence of the following theorem about the prescribed @Q-curvature on R?.

Theorem 10. Assume that K € L>(R3) is positive and satisfies
K(z) =O(|z|™%) as |z| — oo for some s > 0. (21)
Then for
e (O,min{g,l}), 22)

8



the problem

(—A)2w = K in RS, g Ke?dz = 2(1 — p)|S?| (23)

has at least one solution w (in the sense of Definition 1). Moreover, w € Hf?J C(R3).

Proof. Consider

2
wO(x) = log <1 + |$’2> ;

which is a spherical solution of (1). Set dV,, = e 3Hwo°T 714 and K = K o, where 7 is the
stereographic projection, and consider the functional

1 1 — )42 .
J(w) = / <2|(P;O)éw\2 ro(1— ,u)w) AV — (g‘)” log ( Kegde“> .
s3 S3

Notice that J(w) is well-defined on H 3 (S3) since (22) yields

| K et < (24)
and thus,
_ 2 -
m log </ SV >
3
]_ _
< (1= p)dn” (log ( 3w dVb) + 3w + log(27r201)> (25)
<1 / (P2 )3w|?dVp + (1 — w)dn2w + C,

where Beckner’s inequality (17) is used in the last inequality. Since J(w + ¢) = J(w) for every
¢ € R, we can choose a minimizing sequence {wy} C H 3 (S*) such that

Wy, :][ wrdVpy = 0. (26)
S3
We will show that {wy,} is bounded in H 3 (S3). From (25) and (26) we obtain
(P22 wg[*dVo < J(wy) + C.
With the Poincaré inequality

)1/2

lwrllL2 < llwkll sz = [1(Pgy) ™ “will 2,



which follows easily from (26) and the spherical harmonics decomposition, we conclude that
{wy} is bounded in H 3 (S?). Hence, it has a subsequence weakly converging in H 3 (S?) to a
minimizer u. Indeed, up to a subsequence

lim log < I~(63“”“qu> = log < I~(63“dVM>
k—o00 s3 s3

by (24) and the compactness of w — ¢® from H 2 (S3) to LP(S3) for every p > 1 in Proposition
7. Moreover, by convexity and weak convergence we have

1 1
liminf/ f\(Pg)%wklz—i—%l—u)wk dvoz/ [Pzl + 2(1 — pyu ) dV.
k—oco  Jg3 2 0 S3 2 0

This shows that v is a minimizer of J. In particular, u is a weak solution of

1— )4 Qf{ —3pwpor ,3u
P a1 - ) = (Ao Re e
fS3 Ke3udV,

in the sense of Definition 8. Choose a constant C such that @ := « + C satisfies
Ke3dv, = (1 — p)dr>.
S3
Then w solves ~ )
P24 2(1 — p) = Ke 3#woomedt,

By (24) we know that e ~3#w0°™ ¢ [,°°(S3). Hence, & € H(S?) by Proposition 9. It follows
from Lemma 11 below and

- Ke3Vdx = . Ke3'dV, = (1 — p)dr?

thatw :=Gon t + (1 — p)wy € H (R3) is a solution of (23). O

Lemma 11. If 7 is the stereographic projection from S® \ {p} to R3, then the pull back of the
operator (—A)% under T is the operator Pg’o. More precisely, if u € H3(S?), then

3
2

(PPu)or ' =e 0 (~A)2(uort), 27)

in the sense of tempered distributions.

Proof. We know from [5] that (27) holds for v € C°°(S3). For u € H3(S%) it follows from
1

standard approximations. Notice first that A(uon~!) € L2(R3). Indeed, if we set U = uom !,
then

1 1
VU2 <C (|(V2u) om 1 7+ 1(Vu)o 7T_1]2) )

(14 [2f?) (1 + J2[*)

10



Therefore, if we consider the first term on the right-hand side, we get with Holder’s inequality
and Sobolev’s embedding

/R (072w o et ) (e73m0(1 4 [af?) ™) do < OVl fa < Cllule.

A similar inequality holds for the second term and we get
Ao 7™ Y| r2@sy < Cllullgsss- (28)

Since AU € L*(R?) C Ly 5(R?) (by Holder’s inequality), (—=A)2 (—AU) is well defined.
Now pick a sequence {u} C C°°(S?) such that uj, — uin H3(S?). By (27) we have

3
2

(Pgouk) ot =e 30 (—A)2(up o).

The left hand side converges to (Pg?’ou)ow_1 in the sense of tempered distribution, since Pg?’Ouk —
P23 win L*(S*). On the other hand, (28) implies that

Alupor™) = A(won™b) in L3(R3) and hence in Ll/z(Rg),

which implies (—A)%(uk or ) — (—A)%(u o7 1) in §'(R3). Since e 3%y € S(R3) for
every p € S(R3), we also have 6_3“’0(—A)% (ugor™t) — 6_3“’0(—A)% (uom~1) in the sense
of tempered distributions and the proof is complete. O

Proof of Theorem 2. Choose K (z) = 2e=3al2” for some a > 0. It is clear that K satisfies the
assumptions in Theorem 10 for any positive s. Fix p = 1 — & € (0,1) and let w be the

corresponding solution of (23). Since (—A)%(—a|x\2) = 0, we have that u := w — a|z|? is a
solution of (1). Moreover,

1
/ Stder =~ | Ke*dr = (1 —p)|S®| =V,
R3 2 R3

(R?) < C1%(R3) for some a > 0,

loc

we have (—A)%u = 2e3 € Cllo’g(Rg). By the Schauder estimates for fractional Laplacian

equations (Corollary 24 in the appendix), Au € CIQO’(?‘(R"), and thus, u € C'IA;’?(R”) by the
classical Schauder estimates. In particular, e3* € 0140’? (R™). By the bootstrap procedure, we
have that u € C°°(R3). O

Thus, (2) is satisfied. Finally, by noticing that v € H;

loc

4 Estimates and technical lemmas

In this section, we establish some estimates for smooth solutions u of (1)-(2).

11



Lemma 12. Let u be a smooth solution of (1)-(2) and v be as in (7). Then there exists a positive
constant C' such that for |z| > 4,

—v(z) < alogl|z|+ C.

Proof. This is a special case of Lemma 9 in [17] (originally proven in dimension 4 in [14,
Lemma 2.1]). ]

Lemma 13. Let u be a smooth solution of (1)-(2) and v be as in (7). Then Av € L, /2 (Rg) and

|

3u

(—A)zv = (—A)2u=2e

Proof. Differentiating under the integral in (7) we obtain

—Av(z) = L /) dy,

272 Jps |z — y|?
where f := 2¢3* € L'(R3). Then the conclusion follows at once from Lemma 20. O

Lemma 14. Let w € Ly j5(R?) satisfy (—A)%w = 0in R3. Then w is a constant.

Proof. The lemma follows from the estimates for w and a scaling argument. By Proposition 21
in the appendix , we have

2 ()
V2wl <€ [ {0

where C' > 0 is a universal constant. Given = € R3, we choose r > |z| and set w,.(y) := w(ry).
Then,

1 z ], o2
V() = Ve (0)] = - ‘Vwr (;) - VwT(O)’ < IVl ).

Since (—A)Zw, = 0 in R3, we have
|wr (z |w(z)]
|| oo C =C ——d
IVl <€ [ e = cr [ 8o
Thus,
|Vw(z) — Vw(0)] <C’$| Md:ﬂ—)O as T — 00.

r Jrs rt+ |zt

Then Vw(x) = Vw(0). Since = was arbitrary, Vw is a constant and w is an affine function. On
the other hand, it is clear that the only affine functions in Ly /2(R3) are the constant functions.
O]

12



Proposition 15. Ler u be a smooth solution of (1)-(2) and v be as (7). Let p = u — v. Then p is
a polynomial of degree O or 2. Moreover, Ap < 0 and supgs p < 0.

Proof. 1t follows from Lemma 13 that (—A)% p = 0in R?. By Lemma 14, Ap is a constant,
and in particular A%p = 0. Taking Lemma 12 and (2) into account it then follows from a
generalization of Liouville’s theorem (see e.g. Theorem 6 in [17]) that p is a polynomial of
degree at most 2. Since w satisfies (2), then p can not be of degree 1, particularly in view of
Lemma 12. The claim supgs p < oo follows from Lemma 11 in [17].

It remains to show that Ap < 0 in R3. We shall adapt some arguments from the proof of
Lemma 2.2 in [14]. By Pizzetti’s formula (see e.g. (10) in [17]) we have for any z¢ € R3 and
r >0,

2
EAp(xo) :][ pdo — p(xo),
OBr(x0)

where { denotes the average. Hence by Jensen’s inequality,

2
exp (TQAP(JCO)> < e 3p(z0) - )e3pda
r(Z0

< Ce3p(xo)r30][ e3udg
OBy (z0)

< Cef3p(xo)r3072 / €3ud0',
OBr(z0)

where the estimate of v is used in the second inequality and C' is a constant independent of 7.
Integrating with respect to r it follows that

2
5 exp (QApcco)) e L'([0,0)).
Hence, Ap(xg) < 0. O

A consequence of Proposition 15 is the following.

Corollary 16. Let u be a smooth solution of (1)-(2). Then
— Au(x) = 12/ ﬂ dy + a, (29)
7 Jgs [z —y[?
for some constant a > Q.

Lemma 17. Let u be a smooth solution of (1)-(2). Then 0 < —Au(z) < A in R>, where A > 0

is a constant depending on u. Consequently, there exists a constant B > 0 depending only on A
and V such that u < B in R3.

13



Proof. 1t follows from Corollary 16 that u satisfies (29). Then the conclusion follows from
Lemmas 3.1 and 3.2 in [34]. Note that although the statement of Lemma 3.1 in [34] is for
solutions of (29) with a = 0, its proof still works for solutions of (29) with the following mild
changes. The function ¢(z) defined after (3.8) of [34] is replaced by

q(z) = w(z) = h(z) - p(z),

where p(z) is the polynomial of degree 2 defined in Proposition 15. The bound (3.9) of [34],
now is replaced by
0<-Aq<V+a.

The bound w(y) = q(y) + h(y) < C + h(y) on page 10 of [34] is replaced by
w(y) = q(y) + h(y) + p(z) < C + h(y),

where we use that supps p(z) < C. O

Lemma 18. Let u be a smooth solution of (1)-(2) and v be as in (7). Then for any € > 0 there
exists R > 0 such that for all |x| > R,

—v(z) > (a — €) log |z|.
Moreover, (9) holds.

Proof. As in the proof of Lemma 2.4 of [14], we can show that for any ¢ > 0 there exists
R = R(e) > 0 such that

1
—0(z) > (a— 2)log ] + — / log |z — yle*®) dy,
2 Y Bl(x)

where Bj () denotes the ball with center x and radius 1. By Lemma 17, the last term is bounded
from below independently of x, which implies that —v(z) > (a — ) log |z| for large |z|.
Meanwhile, for £ = 1, 2

’ve ( )’ <C/ eSu(Z/) J
vlxr
— Jrslz—ylf Y
3u(y) 3u(y)
—C T+ Ty
7 7
Bi(x) 1T — ¥ R3\ By (z) |T — Y

14



Then we bound

e3u(y) e3u(v)
[ B v,
Bi(x) ‘:B - y’ By (x) |I’ - Z-/|

) 3/4 1/4
< < / — dy) ( / el2uv) dy)
Bi(x) [z —y[3 Bi(x)

1/4
<C / 120 W+120() gy, — 0 as|z| = oo,
Bl(ac)

since v(z) < (—a + ¢) log |z| and p(z) is bounded from above by Proposition 15. On the other
hand, by the dominated convergence theorem,

e3uy)
/ T dy—0 asfz] 500, (=1,2,
R3\ B (z) |z —y|

and (9) follows. ]

In the proof of Theorem 5 we shall also use the following Pohozaev-type identity, whose
proof can be found in [34, Theorem 2.1].

Lemma 19 ([34]). Let w € CY(R3) solve the integral equation

1
w(w) = 55 /R . log< d >K (y)e* Wy, (30)

where K € C1(R3) and Ke3* € LY(R3). Then, setting

1

= — Kevd
27'('2 R3 € *
we have )
ala—2) = 3.2 /]R3 z- VK (z)e @ dz. 31)
5 Proof of Theorems 3,4 and 5
Proof of Theorem 3. 1t follows from Lemma 12, Proposition 15, and Lemma 18. O

Proof of Theorem 4. Clearly (i) implies (ii)-(vi). In view of (8), (9) and (10) it is also easy to see
that (ii), (iii) and (iv) are equivalent. Now if (ii) holds, then u = v 4+ C, i.e. u solves an integral
equation and Theorem 4.1 in [34] implies that u is spherical.

15



To prove that either (v) or (vi) imply (i) we assume that (i) does not hold. Then (ii) does not
hold and deg p = 2. Hence |Vp|? is a polynomial of degree 2. Then

Ry, = —2e72"(2Au + |Vul*) = —2¢ 2P (2A0 + 2Ap + |Vp|? + 2Vp - Vu + [Vo[?).

It follows from (9) at once that lim inf ||, Ry, = —00, so (vi) does not hold. As for (v), if (i)
fails to hold, then deg p = 2 and from (10) we infer
u(x)

liminf —= < 0.
2|00 |]?

This implies that 7* (e2%|dx|?) is either discontinuous or vanishes at the point (0,0,0, —1) € S?,
and therefore (vi) also fails to hold (see [17] for more details).

Finally, assuming that « is non-spherical one has that (ii) does not hold. So Ap = const # 0
(the case Ap = 0, together with supgs p < oo would yield p = const by Liouville’s theorem),
and (11) follows at once from Au = Av + Ap and (9). O

Proof of Theorem 5. The function v(z) satisfies the integral equation (7), which can be written

as
_ 1 |y| 3v(y)
U(I) - 27T2 /]R?’ log (’ZL’ _ y|> K(y)e dya

K(z) = 2e3(4=) = 9¢3p(@)

where

and p is the polynomial given by Theorem 3. Since v is non-spherical, we have that p is not a
constant and, up to a translation

3
p(x) = — Z a;z? + ¢
i=1

for some coefficients a; > 0 not all vanishing. In particular

x-Vp(x) <0, =z Vp(x)#O0.

This of course implies
z-VK(z) <0, z -VK(x)#0.
It follows from (31) that a < 2, i.e.

1 2 2V
2> — 2e3PeVdy = —— Budge — —__
|S3r/Ra e T N e
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A The fractional Laplacian in R"

If o € (0,1) and u belongs to the Schwarz space S of rapidly decreasing smooth functions in
R™, then (—A)?wu is defined by

(ZA)7u(€) = €7 ag),

where )
(&) =F(f)(E) ::W .

denotes the Fourier transform. An equivalent definition is the following:

fx)e @ dx

000 u(z) — u(y)

where the right-hand side is defined in the sense of the principal value. One can see that (32)
makes sense for classes of functions larger than the Schwarz space, for instance for functions in
C27H(R™) N L, (R™) for some a > 0, where

loc

Ly(R") := {u € Li (R") : /R de < oo} :

n 14 |x|nt2e

and C27H¢(R") = C22T*(R™) for 20 + a < 1 and CZZT(R™) = C27F*(R") for

loc loc loc

20 + a > 1. We denote |ul|, &n) = [gn 1+|x|”+2" dx. Observing that
sup(1 + [a]""*)|(~A)7p(x)] < +oo0 forp €S, (33)
Rn

and that (—A)? : § — S is symmetric, as shown in [28], one can define (—A)?u by duality for
functions u € L,(R™) as a tempered distribution via the relation

((=A)u, ) = /n u(z)(—A)p(x)dx forevery p € S. (34)

That for u € C27T*(R") N L, (R™) the definitions (32) and (34) coincide is shown in [28,

loc

Proposition 2.4].
The following lemma is well-known, but we include a proof here for convenience and com-
pleteness.

Lemma 20. The function K(x) := m is a fundamental solution of (—A)% in R? in the
sense that for every f € L'(R®) we have K * f € Ly ;5(R?) and

(~A)2(K % f) = f, (35)
in the sense of (34).

17



Proof. First of all, it follows easily from Theorem 5.9 in [13] that (35) holds if we assume
f €C(R3).
Secondly, we notice that, if f € L' then K  f € Ly 5(R?). Indeed,

1 1

K(CL’) = 27r2|x|2XBl —+ 27r2|x|2XR3\BI = Kl(.’l’)) +K2(1E),

and K; € L3~5(R3), K5 € L27¢(R3) for any e > 0. Hence, by Young’s inequality
K+ fe L2 (R + L3T(R%) C Ly (R,

where the last inclusion follows from Hdélder’s inequality.
Lastly, if f € L*(R?) we take a sequence (fx) C C°(R3) with f;, — f in L'(R3). Then
for every ¢ € S we have

(D) = (=) (K * fi),0) = (fis @) = (f,0) ask — oo.

Since K« f = K1 xf+Kox f € L%_€+L%+E, we have K f, — Ky fin L%_E, and thus, in
Ly /2(R?) by Holder’s inequality. Similarly, K * f, — Ko f in Ly 5(R?), and K * f, — K * f
in Ll/Q(RS) By (33), we find

SIS

(D) = (K * fi, (~0)30) — (K % f, (~A)2¢).

Hence, we conclude that (—A)% (K = f) = f in the sense of (34). O

A.1 Schauder estimates

The following proposition should be well-known, but we include here an elementary proof of
the estimate (36) which was used in Section 4.

Let Q be a domain in R” and f € L'(Q). We say that u € L,(R") is a solution of
(=A)u = finQif

/ u(—A)@dr = fpdx  forevery p € C°(Q).
n Rn

Proposition 21. If u € L,(R™) for some o € (0,1) and (—A)°w = 0 in By, for some 1 > 0,
then u € C*°(By,). Moreover, for every k € N the following estimate holds:

Cook u(z)| lull L1 (B,
VFEu| poo gy < —22E (120 / dr + 2) ) (36)
| L (Br) rk ( R\ By, |z|nt20 D

where C,, 1, is a positive constant depending only on n, o and k.

18



Notice that the right-hand sides of (36) are equivalent to C, 5 1 .r||©| £, for every fixed r
and, although this term is more compact, it is not scale invariant with respect to 7.

For the proof of this proposition we will use a couple of results from [28]. Following the
notations of Silvestre [28] we set ®(x) = kcf:%;(, the fundamental solution of (—A)? and we
construct I' from ® by modifying ® only in By so that I' € C°°(R™). Via a rescaling, we

consider for A > 0 the function

Do) = et (),

and also define ) (x) := (—A)?T'\(z). Notice that

1 x
= ~). 37
n@) = (5) (37)
By [28, Prop. 2.7] v, € C*°(R™). We will need the following two results:

Proposition 22 ([28], Prop. 2.12). For |z| > A, we have

n(e) = /B . 2=y, (38)

) ‘x _ y‘n—k?a

Proposition 23 ([28], Prop. 2.22). Assume that u € L,(R™) such that (—A)°u = 0in Q C R™
Then u € CO(Q) and u(x) = u * vx(x) for every x € Q and X € (0, dist(x, 00Q)).

We remark that, although our definition of I' (hence of Iy and 7)) is slightly different from
the one in [28], the proofs of the above propositions go through with almost no change.

Proof of Proposition 21. The proof uses Proposition 23 and a standard convolution argument.
For every k € NU {0}, we have from Proposition 23 that V¥u = u x V¥, (we use the notation
that VY is the identity operator) in B, for A = r /2. Hence, for z € B,

VFu()| < /

[y IV = gy + / () |[VFn ( — )| dy =: T+ I1.
n 2r

B27‘
Notice that
1 < 1 Cn,a,k
|l’ —y — Z|n+2a+k — (

T
[y — r — A)ynt2otk = Jy[nt2otk yl > 2r, |2| <[zl <A = 9

Then we have, by differentiating (38),

O(z)-T Ch o kN2
|P(2) — T'a(2)] g < Cnok

Ve (z —y)| < C ,
‘ 7)\(%' y)| = n,onk/A |QU —y— z’”+20+k — \y!"“”k

ly| > 2r, |z| <7, A= T
B 2
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It follows that

T < C ,r,QU—k‘/ ”U,(y)‘ d
n,o R”\BQT ‘y|n+2a

As for 1T, notice that (37) implies VFyy, = A" kVFqy, (f) from which one bounds

Chok
112 Cont Vgl [ lutwldy < 22t uloscos
2r

The proof of (36) is completed. O

Corollary 24. Suppose u € Ly (R™) for some o € (0,1) and (—A)°u = f in By for some f €
C*%(By), where a € (0,1),k € NU {0} and o + 20 is not an integer. Then u € C**29(By)
(CHB(By) = CF1B8=1(By) if B > 1). Moreover,

ju(=)]
HU||Ck,a+2o(Bl) < Cn70—7]€ </Rn de + Hf||Ck,a(B2) )

where C,, o 1, is a positive constant depending only on n, o and k.

Proof. This can be proven similarly as in Proposition 2.8 of [28], by using the estimates in
Proposition 21. O
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