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Abstract

For m > 1 we prove an existence result for the equation

2mu
e
—Ag)™ A= A—F——
( 9) U+ fM 62mudug
on a closed Riemannian manifold (M, g) of dimension 2m for certain values

of \.

1 Introduction and statement of the main result

Let 7?2 ~ S' x S! be the 2-dimensional flat torus of volume one. Motivated
by the study of vortices in the Chern-Simons Gauge theory, M. Struwe and G.
Tarantello [17] showed that for A €]4r,272[, the following equation admits a
non-trivial solution?
e2u
—Au+A=A5—35—— on T2, (1)
S €20da
In this paper we generalize this result by considering an arbitrary closed
Riemannian manifold (M, g) of dimension 2m, and studying the equation

eQmu

fM eQmudMg

where A, is the Laplace-Beltrami operator. The main theorem we shall prove
is the following.

(—Ay)"u+ A=A on M, (2)

Theorem 1 Let Ay = A\ (M) be the smallest eigenvalue of (—Ay)™ and Ay ==
(2m — 1)!vol(S?™). Assume that Ay/vol(M) < Ai/(2m). Then for every \ €

JA1/vol(M), A1/ (2m)], A & %, (2) has a non-constant solution.

*The first author was partially supported by the ETH Research Grant no. ETH-02 08-2
and by the Italian FIRB Ideas “Analysis and Beyond”.

L Actually [17] deals with the equation —Au + X\ = Af;W’ but upon defining @ := 2u,
T

X = 2 one can pass from one equation to the other.



It is easy to see that in the case when M = T?™ is the flat torus of dimension
2m, one has A1/ vol(M) < A1/(2m) for every m > 1, hence the theorem applies.

Notice that given a solution u to (2), u+ « is also a solution for any constant
a € R, hence it is not restrictive to assume that |  wdpg = 0. Moreover, by a
simple scaling argument we can assume that vol(M) = 1.

Equation (2) is a model for the intensively studied problems of existence and
compactness properties of elliptic equations of order 4 and higher with critical
non-linearity. In fact, other than the result of Theorem 1 itself, also the proof is
interesting, as it rests on some recent compactness results for equations arising
in conformal geometry. For this reason we shall now briefly describe its strategy,
which is inspired to [17].

Let us consider the space

E = {u e H™(M) : /Mud,ug = O},

ﬂ z
fulli= ([ 185 P, )
M

k b1
where AZu := V4Ay? w if k is odd. Then weak solutions of (2) are critical
points of the functional

1 5 /\ mu
I(u) = 5 /M |AZ ul*dpy — %log (/M e? dug)

on E. By the Adams-Moser-Trudinger inequality (see [1] and Fontana [8]), we
have

with the norm

u2
sup/ emAleug < o0, (3)
uek J M

where A; = (2m — 1)!vol(5?™) is the total Q-curvature of the round sphere of
dimension 2m, see e.g. [12]. Then writing 2mu < mAlﬁ + AﬂlHuHQ, we find

B = (5 - 5 Il -c. ()

Therefore I, is bounded from below and coercive on E for A < A;.

We shall see (Lemma 2) that w = 0, which is a trivial solution to (2), is a
strict local minimum of Iy if A < A1/2m. Moreover for A > A; there always
exists a function u € E such that I)(u) < Ix(0) = 0 (Lemma 3). This suggests
that a mountain-pass technique might be used. In fact, as in [17], one can use
a technique of M. Struwe [16] to construct a converging Palais-Smale sequence
for the functional I for almost all A\ €]A1, A1 /2m][.

In order to pass from the existence for almost every A €]A1, A\1/2m[ to the
existence for all A €]A1, A\1/2m[\A1N, we need a compactness argument. Given
Ak for which a non-trivial solution uy exists, and assuming that A\ — A, can we
say that ux converges (up to a subsequence) in a good norm (C? for instance?)?

In dimension 2 this question was addressed by Brezis-Merle [3] and Li-Shafrir
[9]; their result implies that if the sequence (ux) is not precompact, then Ay —

2By elliptic estimates, convergence in C° implies convergence in C* for every k > 0.



NA; for some N € N, contrary to our assumption on A. As shown in [2], things
are more subtle in higher dimension, and we cannot work locally as in [17].
Instead, we can rely on a recent result by the first author [13] specific for closed
manifolds (see also [7], [11] and [15]) to obtain compactness for the sequence
(ug), unless A, — NA; for some N € N.

Roughly speaking, the geometric constant A; enters our problems as fol-
lows: if the sequence (uk) is not precompact, then up to a subsequence, uy
concentrates at finitely many points. A blow-up argument at such points shows
that the concentration profile is precisely that of a round sphere with total
Q-curvature Aj.

Related to the work of Struwe and Tarantello, several other results have
been proven about the existence theory for (1). For instance Ding, Jost, Li

and Wang proved existence for the mean-field equation —Au = )\th on an
jn e2udx

annulus 2, with boundary datum u = 0 on 9% for A € (47, 87). Z. Djadli [6]
proved the existence of solutions to (1) for every A € R\4xN. F. De Marchis [4]
proved the existence of at least 2 non-trivial solutions when A € (47, 472), also
in the case of a torus with nonflat metric. We refer to this last work for a more
comprehensive survey of 2-dimensional results.

These and other works usually rest on topological arguments, sometimes
much more subtle than a mountain-pass principle. But a common feature is the
presence of a compactness argument, which is the reason why the values A € 47N
cannot be treated. It is reasonable to believe that using the compactness result
from [13] as we did here, also these more general works can be generalized to
higher dimensional manifolds and to more general semilinear equations with
asymptotically exponential non-linearity. Also in this sense our Theorem 1 can
be seen as a model situation.

The paper is organized as follows. In Section 2 we show that for A €
JA1, A1/2m[ the constant function v = 0 is a strict local minimum of I, and
that Iy is unbounded from below. In Section 3 we prove the existence of a
non-trivial solution to (2) for almost every A €]A;, A1/2m[. In Section 4 we
complete the proof of Theorem 1. Finally, in Section 5 we show that, similarly
to the 2-dimensional case, for A > 0 small enough the only solution to (2) is
u=0.

In the following, the letter C' denotes a generic positive constant, which may
change from line to line and even within the same line.
2 Two fundamental lemmas

We now show that for A €]A;, A\1/(2m)] the functional I is unbounded from
below on F and 0 is a strict local minimum for I.

Recall that there exists an optimal constant Cy > 0 such that for all v € FE

there holds
/ v?dp, §C’0/ (Vo2 du,.
M M

In fact Cp is the inverse of the smallest eigenvalue of —A,.



A1 (M)
2m

Lemma 2 Let A <
(—Ag)™. Then the function u =0 is a strict local minimum for Iy.

where \{(M) = &= is the smallest eigenvalue of
9

Proof. Since I is smooth on E, it suffices to show that I} (0) is positive definite
on E. We know that —A, is injective on E and has an L?-orthonormal basis
of eigenfunctions. Moreover, for £ > 0 and if v; € E is the eigenfunction
corresponding to the eigenvalue A; of —A, we have

(—Ag) v = (A)*vj,

hence {v;} is also an orthonormal basis of eigenfunctions for (—A,)™, whose
smallest eigenvalue is therefore Cjy*. Moreover

Ci" = sup / v2dpy, (5)
M

llvl=1

so that C{" is the best constant such that for v € E there holds

2m
70 v,v:02—2m)\/ v2d ><1—>v2, 6
A (0)(v,0) = vl Ve 2 N () [l (6)
and the result of the lemma easily follows. O

According to (4) I is bounded from below for A < A;. The following lemma
shows that this result is sharp.

Lemma 3 There is a one-parameter family of functions (uy)e>0 C ENC (M)
such that for every A > 0

lusll = (2A1+0(1))logo, (7)
I\(uy) = (A1 —=X+4+o0(1))logo (8)

with error o(1) — 0 as 0 — oco. In particular, if X\ > Ay then Iy is not bounded
from below.

Proof. We divide the proof into steps.

Step 1: Construction of u, and proof of (7). Let ¢ € C*(B1) be a radially
symmetric function such that 0 < ¢ <1 on By, ¢ =1 on By/4 and ¢ =0 on
Bl\Bl/2- Set

20

1_1_02>’ x € By,

ve ) = pte) 108 (o ) + (0= (o) tog

so that v, € C°°(By) and, since r — log(20/(1+02r?)) is decreasing and ¢ > 0,
there holds

log( 20 )SUg(x)Slog(Qa), v € B )

1402 1+ o2|z|?
Set wy(r) := log(#) and (with an abuse of notation) write p(z) = ¢(r),
with 7 := |z|, so that

Vo () = @(r)we (r) + (1 = ¢(r))ws (1).



For two radial functions f(r), g(r) we have

A(fg) = fAg+gAf+2f'g', V(fg)=fVg+gV], (10)

and

2l i) = L f(lal),

r ]

Af=f"+

hence, up to identifying V f(x) with f’(|x|), we may repeatedly use (10) to get

m m 0 (wy — we(1))0F
AZv, = A2 w, + Z Cikom 2 (w u; (1)) r‘P7
Jjt+k+l=m
5,620, k>1

(11)

r

for some dimensional constants Cjpem. Observe that (“)ffgo is supported in B; /2\
By4 for k> 1, and [|0F ||~ < C(k) for every k > 0. We now claim that

) . 1 1
02 (wo(r) — wo (1) =0 9) forj>0, y<r<s, (19
as 0 — o00. Indeed for j =0 and % grgéwehave
20 1+ 02
- — We(l)] = o — 1 < 1 = 1),
o = un 01 = o 1o (727 )| < o (575 )| =00
as 0 — 00, and for j =1
2 2
‘ar(wa 7w0(1))| = ‘w(lf = ‘1 _i_o—o.;,rQ = (T 1) as o — o0.
For j > 2, observe that diw, = o’ % for some polynomials P; and @;. In

fact we have

A Pylor) _Pilon)@(or) = Q4(on)Py(or) _ Pyia(or)
ar Q;(o7) Qx(or) Qralor)

Then clearly

Pjia(or)
Qj+1(or)
and (12) follows by induction.

Since in the sum in (11) there is no term with more than m — 1 derivatives
of w,, and by the bounds on ¢, we then have for o large

Pj(or)
Q;(or)

C
< as 0 — o0,
T

m m I (wy — we(1))]?
RSN T D S

T
0<j+e<m+17 B1/2\B1/a

<(C Z / 220y
0<j+e<m+1" B1/2\B1/a

SC/Qrdr:C.

(13)



Also 0=™AZ w, is the quotient of two polynomials in or. In fact

m o™r™ + p(or)
A2 w,| =2"(m—D0oe" ———F—,
| Y ‘ (m ) g (1 + UQTQ)WL

where degp < m — 1. Then (13), (14) and the change of variable s = 1 + o2
yield

(14)

0.4mT4m— 1

1
A% v, |2de = _1(2™(m —1)! 2/ —_— 1
/B1 | Uo" dr Wom 1( (m ) ) 0 (1 -|—O'2’I"2)2m dr + O( )

40 (o {\2m—1 15
:2/\1/ %dwoa) (15)
1

g2m
=2A;logo + O(1),

with error |O(1)| < C as ¢ — 0.

Fix now p € M and take « > 0 smaller than the injectivity radius of (M, g).
Consider the map f, : By — M given by f,(x) := exp,(ar), where exp,, is the
exponential map at p. Then we define

~ ._{ vgoft;l on K, := fa(Bl)

Vg 1=
e log 1%; on M\ K,,

and
Ug,o = Vo, —/ Vo,adity € E.
M

We also consider the metric h, := a~2f%g on B;. We claim that

/M|A2ua,a|§dug: / AF (ug 0 f7 1) 2dpy = /B AF w2 dun,.  (16)
1

o

The first identity in (16) is clear. In order to prove the second one, consider
first the case when m is even. Then, writing

hosj = ha(i i) :a_gg(afq 8fa)

Oxt’ OxI Oxt’ Oxd

Vhe = \/det(ha i) = a2y /det(gij) = a2 \/g,

and using the summation convention, we compute

/K (AF (v 0 £71) dpy

:/ {(faxl \@g”axj > Voo fo! ())} Vgda
9

-/, {@iax(f ‘5 )> } T
:/BI(A}favg)Qduha.

This proves (16) for m even. When m is odd the argument is similar, addition-
ally using the formula

2 —_
[ vtz = [ 5k

D)) s ) i



for any ¢ € C*°(K,). Since the metric g is smooth, we have that h, — |dx|?
as a — 0 in C*(By) for every £, where |dz|? denotes the Euclidean metric. In
particular, using (15), we see that there exists a function ¢ = e(«) defined for
a small with lim,_,o+ €(a)) = 0 such that

(1—¢(a))2A1logo - C < / IAﬁvaliaduha < (1+e()2Alogo + C. (17)
B

For each o > 1 choose @ = a(0) such that

lim a(c) =0, lim ca(o) = co. (18)

g —00 g —00

Then setting ug := Uy, (o) and taking into account (16), (17) and (18), we infer
(7).

Step 2: Proof of (8). It remains to estimate

1 mu 1 mo ~
%log </M e? “d,ug> = %log (/M e? ""‘dug> - -/M Vo, adptg = 1 —11.

We claim that

I = loga+ O(1), (19)
IT = —(1+0(1))logo, (20)

with errors |O(1)] < C and o(1) — 0 as 0 — co. As for (20) we have

20
I = Lo f-ld 1 = \dp, = TIT+1
/K Ve © fa Mg+/\ Og(1+02) o v

Since vol(M\K,) — 1 as ¢ — oo, we have
IV = —(14 o(1)) log o,

with error o(1) — 0 as ¢ — oo. Defining hq, /g and h, as above, with
o = (o), using that h,(,) — |dz|? as 0 — oo in C*(By) for every £ > 0, (9)
and (18), we also get

IIT = / Ve/gdz = a2m/ VoV hadr = ®™ (1 + 0(1))/ vedx
B, By B,
=a?(1+4 o(1))(=logo) = o(1)log o,

with error o(1) — 0 as o — oco. Therefore (20) is proved.
We shall now prove (19). We have

2m
. 20 .
A= [ ¥mboaq :/ ) d +/ eXmboady, = A; + Ay.
/M Hg MAK, (1 +02) Hg X« Hg 1 2

o4

We clearly have A; — 0 as o — oo, and

Ay = an/ 2o dyy,. = o™ (1 + 0(1))/ 2™V dy.
Bl Bl



Therefore
1 1 2mu,
I=—1logA=loga+ — log e“"7dx | 4+ o(1),
2m 2m B,

with error o(1) — 0 as 0 — oo and we complete the proof of (19) by showing

that )
c < . 2o dx < C. (21)

Observe that for |z| < 1 we have

1 20 n (2)1 20
0} Pa— Z) 10, 57 5
e B I e S SR

< vp(x) < log (2">

1+ o2|x|?

hence

2% 2m e 2% 2m
T 22 dx S & “dx S T 2102 dz.
By \1+ 02z B B, \1+0°[z]

Now (21) follows observing that for any fixed R > 0 one has

/ <2U>2mdm—/ <2>2md = Cy+o(1)
B \L+ 0%[a]? T \Tr ) YT

with error o(1) — 0 as o — oo, where Co = [pon (2/(1+ |y\2))2mdy < o0.
Together with Step 1, we have shown that

I(uy) = (A1 — A+ 0(1))logo — Alog(e), as o — oo.

Observing that (18) implies log v = o(1) log o as ¢ — oo, we infer (8). O

3 Existence for almost every \ €]A;, A\;/2m|

Fix A €]A1,A1/2m]. By Lemma 3, there exists ¢ = o(A) > 0 such that for
ug 1= Uy We have
I(up) <0 and |lugl > 1.

Consider the set of paths
Pi={y € C°([0,1]; E) : 7(0) = 0,7(1) = g, 7(£) € C=(M) for 0 < t < 1},
which is clearly non-empty since ug € E N C(M), and for p €A, A1/2m| set

¢u i= Inf, max L,(v(2))-

Since by Jensen’s inequality log( [,, e*™“dug) > 0, the function p +— ¢, is non-
increasing, hence differentiable for almost every p €]JA, A1/2m[. Then we will
show that for any p such that cit = dc,,/dp exists, the functional I, admits a
converging Palais-Smale sequence at level c,,.



Lemma 4 1. For any u,v € E, u > 0 there holds
1
L(uv) < Ip(u) + (I, (u), v) + 5ol

where

(I,(u),v) := iIM(u + tv)

dt t=0

2. For any Cy > 0 there exists a constant Cy such that for any p,v € R there

holds 3
11}, (u) = I, (u)|| < Cil|p— v,

uniformly in u € E with |lu||?> < Cy, where

[P HSIH11<>1<I,Q(U)7U>-

Proof. 1. We have
! 1 2
Lu(u+v) = Lu(u) = (L, (u), v) = 5 |[v]l
2m(u+v)d 2mu g 1 pt
:_ﬂl%(hﬁ : %>+uh”2 ’@:_li/‘/f%QM%
2m Sy €2 dpg Sy €2 dpg 2m Jo Jo
where f(s) = log ([,, €™+ dp,/ [,, €>™"dp,). By Holder’s inequality

f//(s) = [4m2/ erQW(u-l-sv)dMQ/ eQm(u+sv)dug
M M

2 -2
_ <2m/ UeQm(u—i—sv)dug) :| ™ ( / 62m(u+sv)dug)
M M

> 0.

2. Take u,v € E with [[v]| < 1. Recalling that [, €*™* > 1 and using (5), we
get

fM ve2mudlug

(Ih(u),v) = (T (u),v) = (v—p) I @midn,
< |M—y|(/ e4m“d,ug/ vzd,ug)
M M
< Chlu—n( [ eman,)
M

Applying Fontana’s inequality (3) together with 4mu < mA; uﬁiz + %HU”?’
and recalling that [|u]] < C; we find

4dmu 2 mAlLQQ 2
/ e dug <C / e 1l dpg <C,
M M

and we conclude.



Lemma 5 Fiz p €]\, A\1/(2m)[ such that the derivative c,, evists. Then there
exists a sequence (up,) C ENC™(M) such that ||u,||* < C, I,(u,) — ¢, and

I (un) — 0.

Proof. Suppose that the lemma is false. Then for each Cy > 0 there exists
§(Co) > 0 for which ||lul|* < Cy and |I,,(u) — ¢,| < 26 imply [|I],(u)]| > 25. We
set a := —c, +3 > 3, we consider a decreasing sequence i, — p and a sequence

of paths ~,, € P such that

< — .
Joax Ly (1) < cp+ (pn — 1)

Take v, = ¥, (t,) such that
I, (vn) > Cpim — 2(pty, — ).
Then for n sufficiently large

C,Ufn - 2(/’[’71 - /’L) S Iﬂn (U'ﬂ) S IM(UW/)

< — ).
ma 1,(3(8)) < eyt (tn — )

cp—alpn —p) <
<

In particular

(22)

(23)

(24)

Lu(vn) = Iy, (vn) < cp+ (i — 1) = (cp = a(pin — 1)) = (@ + 1) (g — ),

so that

L,(vy) = I, (vp 1 :
H(U ) L (1} ) _ log (/ eQmundug) S a+ 1.
fin = 1 2m M

This and (22) yield

lvn? = 21,,(va) + % log (/M evand/W) < C(p) =:Cy.

(25)

By assumption we can now choose ¢ = §(C4) so that for n sufficiently large if

|1, (vs) — cul < 20, then ||I;L(vn)|| > 26. By Lemma 4 we get
(I (o), T (wn)) = T ) = (T, (o) = T (o), T 00)
> I ? = ST () = T (o)
> ST = Gl = o

1
> L) = 8,

(26)

for n sufficiently large. Now choose ¢ € C*°(R) such that 0 < ¢ <1 with o =1

on [—1,00) and ¢ =0 on (—o0,—2]. For n € N and u € E set
I, (u) —c
on(u) :=90(”"( ) ”)-
Hn — 1
With ~,, € P and v,, = v, (¢,) as above we set

Wn(t>:7n(t)\/unuwn(vh(t))njfgzzfi;;”

10

e ENC™(M

)



and U, = Ap(ty). Then we get from Lemma 4 and (26)

£ (5) = oo (00 = V=T ol )

M
<y (00) = VPRS0 (0, 1,00 + 500 = 1))

<I

i (Vn) — %\/ [ ‘Pn(”n)HI,:(vn)” + %(ﬂn - N)‘Pi(”n)

1)
S I/»Ln (vn) - 1 V :LL"’L - :u' (pn(v”) < I/L"n( )
(27)
for n large enough. Now we claim that for n large enough
Cp, < max I, (n(t)) = max B, (i (#)). - (28)

0<t<1 {t€l0,1]:1p,, (vn (1)) ZCpy, — (o —p) }

The inequality is clear. As for the identity, observe that if ¢ € [0, 1] is such that
L, (v (1) < cu, — 2(pn — ), then 7, (t) = v (t), hence

Lin (1) = L, (10 (1)) < €, -

If t € [0,1] is such that

I/‘/n (’yn<t)) G]CM" - 2(/’[/71 - lu)’ cﬂn - (IU’TL - /’[’) [7
then (23) holds for v,, = ,,(¢) and we can apply (27) with @, = 4, (¢) and infer

L (i (8)) < L (W (1)) < -

Then (28) is proven and, since for ¢ such that I, (7,(t)) > cu, — (1tn — p1) we
have that (27) holds for v, = v, (¢) and 0, = 4, () with ©(v,(t)) = 1, recalling
(22) and (24), we infer

¢ < max I, (An(t
Hn = {t€[071]:lun(’y"(t))>6“n (ttn—p)} In(’y ())
1)
< < s
< max I, (n(0) - ﬁ max 1, (1 () — 3V —
)
< Gt (i =) = §VI = (0= D — 10— {Vi R
< Cup,s
for n large enough, contradiction. 0

Lemma 6 If u— c, is differentiable at p then c, is a critical value of I,,.

Proof. By Lemma 5 there exists a bounded sequence (u,) in E such that
I (un) — 0 and I,,(un) — c,. We may assume that u, converges weakly in
E and almost everywhere to a function u. Moreover we can use Fontana’s
inequality together with the inequality 8mu < mAlﬁ + L8m 14|12 as in the
proof of Lemma 4 to show that e2™%» and e?™* are uniformly bounded in L*.

Observing that by dominated convergence one has for N > 0

min{e?""" N} — min{e*™*, N} in L*(M,du,)

11



as n — oo and that

1
sup || min{e?™n N} — ™un |2, < — sulgI lle

neN N? ne

2mau, %4_)0 as N — o0,

we infer that e?™¥n — 2™ in [2. Then we have
o(1) = (I, (un), un — u) = [lup — ul|> + o(1),

with error o(1) — 0 as n — oo. This proves that u, — u in E, hence u is a
critical point of I, with I,(u) = ¢,. O

4 Compactness and proof of Theorem 1

The following theorem follows from [13, Thm. 2], compare also [3], [9], [7], [11]
and [14].

Theorem 7 Let up, € C*°(M) be a sequence of solutions to

e?muk
2mu ’
Jar €™k dpg

where A\, — A are positive real numbers. Then one of the following is true:

(—=Ag)Mug + Mg = A (29)

(i) Up to a subsequence uj, — ug in C*™~1(M) for some ug € C°(M).
(#) Up to a subsequence, limy_, oo maxys u = oo and there is a positive integer
N such that
lim A, = NA;. (30)
k—oo
Proof. In [13] the equation
Pgmuk + Qg — Qk62muk

is treated, where P.™ is the Paneitz (or GJMS) operator of the Riemannian
manifold (M, g), Q4 € C>°(M) (it is the Q-curvature of (M, g)) and Qr — Qo
in C1(M) is a given sequence. Under these assumptions it is proven that up to
a subsequence either

(i) ur — ug in C?™~1(M) for some ug € C*°(M), or

(i1) limg_ o maxys ur = oo and there is a positive integer N such that

lim / Qre*™rdpu, = NA,. (31)
M

k—oo

But in fact the proof of [13] applies to more general equations of the form
Lguk + fr = hk62muk, (32)

where

12



1. L, is any differential operator of the form Ly = (—A,)™ + A, where Ay,
is a differential operator of order 2m — 1 at most and whose coefficients
converge in C*;

2. fr — foin C* and hy, — hg in C?,
see e.g. [7]. In this case the conclusion is that if (uy) is not precompact in
C?™=1(M), then up to a subsequence

k—oo

lim / he*™ rdp, = NAy (33)
M

for some N € N.
Solutions to (29) are also solutions to (32) with fr = A\ — A and

Ak

hp = ——————
k fM e2mu’“d/$g

— hg=const >0 ask — oo,

up to a subsequence. If the sequence (uy) is not precompact in C?™~1(M), then
(33) implies (30) at once. O

Proof of Theorem 1 (completed). For A €]A1,A1/2m[, A € AN, consider a
sequence A\ < A with A\ — X such that for every k& > 0 there is a solution
up € E to (29) with Iy, (ux) = cx,. That such a sequence (Mg, uy) exists was
shown in Lemma 6. Moreover Lemma 2 implies that ¢y > 0. Theorem 7 then
implies that (up to a subsequence) uy — uy in C*™~1(M), hence smoothly, for
some function uy € C*° (M), which also satisfies (2). Moreover, since ¢y, > ¢y,
we have
I)\(’U,)\) = thOloI)\k(uk) >cy>0,

hence showing that uy # 0, as wanted. O

5 Non-existence for small A\

We also have a non-existence result for A small enough, analogous to [17, Thm.
5.10].

Theorem 8 There exists a constant Ag > 0 such that for A € [0, Ag[, u =0 is
the only solution to (2) in E.

Proof. The Green function for (—A,)™ is of the form

2 1

J(2) = = log ——
GJ(I) Ay ©8 dg(x,y)

+(z,y),

where « is smooth on M x M. If u € E solves (2), then

Ju ™G ydpg
uy:/ —A)"uG duy, = N H——s———
( ) M( 9) y=rg fM eQmudug (34)
< Al + 22 I () ™ dsg ()
=AYl Lee A fM eQm“d,ug .
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We now use the inequality ab < e® + b(logb — 1) which holds for b € R,a € RT,
and which follows from the identity

sup{ab — e} = b(logh — 1),
acR

choosing a = —log(d,(y,-)), b = €>™“, hence getting

2mu 2mu

1og( L ) o _ Ly
——— ]e mue —e ,
dg(yv') N dg(y7')

and recalling that by the Jensen inequality | v e2mudy > 1, we infer

fM log (m) eQWUdMg - C 2m fM ezm“ud,ug
Jar € dpg T 2m -1 Jar €2 dpg

We now use (2) and notice that the above right-hand side does not depend on
y to show

e2muydy 2)2C 4mA
Ju 7 < Asupu < al? + X2y

2
IR Yo ——] +
|| H fM ezm“dpg M A1(2m — 1) A1

35
9 AmA 5 (35)
<CA +T||U|| :
1

Then for A < é\—ﬁl we obtain

CAN?
lell™ < - —4x =N

and (35) gives sup,, |u| < CA for A > 0 small enough. Therefore |e2™* — 1| <
e“ My and, recalling that fM udpg = 0, we get

2mu __ Dud
2 = ALl e
fMe mudlug

For A > 0 small enough this implies ||u|| = 0, hence v = 0, and this concludes
the proof. |

< Aeullfs < CXJlul®.
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