A NOTE ON QUASILINEAR PARABOLIC EQUATIONS ON MANIFOLDS

CARLO MANTEGAZZA AND LUCA MARTINAZZI

ABSTRACT. We prove short time existence, uniqueness and continuous dependence on the initial
data of smooth solutions of quasilinear locally parabolic equations of arbitrary even order on closed
manifolds.
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1. INTRODUCTION

Let (M, g) be a compact, smooth Riemannian manifold without boundary of dimension n and
let dy be the canonical measure associated to the metric tensor g.
We consider the parabolic problem with a smooth initial datum ug : M — R,

ur = Qlu) in M x [0,T]
(1L.1) { u(+,0) =ug onM,

where @ is a smooth, quasilinear, locally elliptic operator of order 2p, defined in M x [0,7) for
some 7 > 0 which, adopting (as in the rest of the paper) the Einstein convention of summing
over repeated indices, can be expressed in local coordinates as

Q[u](x,t) = Aire-izp (z,t,u,Vu, ..., VQP—lu)V?f._iQPU(% t) + b(z, t,u, Vu,. .., v2Ply)

where A is a locally elliptic smooth (2p, 0)-tensor of the form

(12) Afrdripip — (_1)1”_1E§1j1 .. .E;pjp
for some (2,0)-tensors £y, ..., E, and a function b smoothly depending on their arguments.

Local ellipticity here means that for every L > 0 there exists a positive constant A € R such that
each tensor E, satisfies

(13) By (a,t,u, 1, .., 2y 1)&&5 = NE[S,  forevery & € TM”,

whenz € M, t € [0,T)withT < T, u € R with |u| < L, ¢; € @ TM* with [¢;|, < L. In other
words we require that condition (1.3) holds for some positive A whenever the arguments of Eéj
lie in a compact set K of their natural domain of definition and assume that A depends only on
K. If A > 0 can be chosen independent of K (i.e. of L), then we shall say that A in uniformly
elliptic.

Clearly, this is not the most general notion of quasilinear parabolic problem, due to the special
“product” structure of the operator, anyway it covers several important situations. For instance,
our definition includes the case of standard locally parabolic equations of order two in non-

divergence form. Notice that we make no growth assumptions on the tensor A and the function
b.
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Interchanging covariant derivatives, integrating by parts and using interpolation inequalities
(see [10] for details), the following Garding’s inequality holds for this class of operators. For
every smooth u and ¢ € [0,7), we have

(1.4) - /M YA (U)V?ﬁ.izpl// dp > oll9lfyr2ary — ClY T2 an vy € C(M),

where the constants o > 0 and C > 0 depend continuously only on the CP-norm of the tensor A
and on the C3?~1-norm of the function u at time ¢ (and on the curvature tensor of (M, g) and its
covariant derivatives). In particular, if v depends smoothly on time, o = o(t) and C' = C(t) are
continuous functions of time.

The aim of this note is to prove the following short time existence result.

Theorem 1.1. For every uy € C*°(M) there exists a positive time T > 0 such that problem (1.1) has a
smooth solution. Moreover, the solution is unique and depends continuously on ug in the C*—topology.

Our interest in having a handy proof of this result is related to geometric evolution problems,
like for instance the Ricci flow, the mean curvature flow, the Willmore flow [7], the Q—curvature
flow [9], the Yamabe flow [4, 11, 13], etc. In all these problems, the very first step is to have a short
time existence theorem showing that for an initial geometric structure (hypersurface, metric) the
flow actually starts. Usually, after some manipulations in order to eliminate the degeneracies
due to the geometric invariances, one has to face a quasilinear parabolic equation with smooth
coefficients and smooth initial data.

If we replace the compact manifold M with a bounded domain €2 C R", short time existence
for quasilinear systems of order two, with prescribed boundary conditions and initial data, was
proven by Giaquinta and Modica [5] in the setting of Holder spaces.

A different approach to Theorem 1.1 was developed by Polden in his Ph.D. Thesis [10] (see
also [6]), by means of an existence result for linear equations in parabolic Sobolev spaces and
the inverse function theorem. Unfortunately, as pointed out by Sharples [12], such procedure
has a gap in the convergence of the solutions of the “frozen” linear problems to a solution of the
quasilinear one.

In the same paper [12] Sharples, pushing further the estimates of Polden and allowing non-
smooth coefficients, was able by means of an iteration scheme to show the existence of a short
time solution of the quasilinear problem on a two-dimensional manifold, when the operator is
of order two and in divergence form.

Our goal here is instead to simply fill the gap in Polden’s proof. We start with his linear result

and we show that his linearization procedure actually works if one linearizes at a suitably chosen
function and discusses in details the above mentioned convergence.
As we do not assume any condition on the operator (only its product structure) and on the dimen-
sion of the manifold, we have a complete proof of the short time existence of a smooth solution
to these quasilinear locally parabolic equations of arbitrary order on compact manifolds and of
its uniqueness and smooth dependence on the initial data. We refer the interested reader to the
nice and detailed introduction in [12] for the different approaches to the problem.

The paper is organized as follows. In the next section we present the linearization procedure,
assuming Polden’s linear result (Proposition 2.2 below) and we prove Theorem 1.1 by means of
Lemma 2.5 which is the core of our argument. Roughly speaking, when a candidate solution
u stays in some parabolic Sobolev space of order high enough, the functions u, Vu, ..., V#~ 1y
are continuous (or even more regular), hence the same holds for the tensor A and the function
b. This implies that the map u — (u; — Q[u]) is of class C' between some suitable spaces, as it
closely resembles a linear map with regular coefficients. This allows the application of the inverse
function theorem which, in conjunction with an approximation argument, yields the existence of
a solution. The last two sections are devoted to the proof of Lemma 2.5 and to the discussion of
the parabolic Sobolev embeddings on which such proof relies.

We mention that the results can be extended to quasilinear parabolic systems as the lineariza-
tion procedure remains the same and Polden’s linear estimates (Proposition 2.2) can be actually
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easily generalized, assuming a suitable definition of ellipticity. In fact one easily sees that our
result applies to all quasilinear systems whose linearization is invertible in the sense of Propo-
sition 2.3 below. For more general definition of elliptic or parabolic operators of higher-order
see [2].

In the following the letter C' will denote a constant which can change from a line to another and even
within the same formula.
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2. PROOF OF THE MAIN THEOREM

We recall Polden’s result for linear parabolic equations. Let us consider the problem
2p—1

i1 .edop o2 - ok B
(2.1) up = AT u— Yy RIVE L u=b
k=0

U(',O):UQ,

where all the tensors A and Ry, depend only on (z,t) € M x [0,+00), are smooth and uniformly
bounded with all their derivatives. Moreover, we assume that the tensor A has the product
structure (1.2), where each E; is uniformly elliptic.

The Gérding’s inequality for the linear operator

2p—1

L(U) = Ai1...i2pvgp jop Z Rilu.jkvi---jku
k=0

i1...92p

reads (see again [10] for details)

A
22) - [ wL)dn = Gl — Clwlin Yo € C=0M).

where the constant C' > 0 depends only on the CP-norm of the tensors A and Ry. Clearly, by
approximation this inequality holds also for every v € W?2P2(M).

Definition 2.1. For any m € N and a € R* we define P (M) to be the completion of C°(M x
[0, +00)) under the parabolic norm

”f“??(;”(M) = Z / e 29Ik £12 dp dt
M x[0,4+00)

J,k € Nand 2pj + k < 2pm

and analogously P (M, T') as the completion of C°°(M x [0,7]) under the norm

[T S / DIV F12 dpdt
Pm(M,T) Z X [0T] i

j,k € Nand 2pj + k < 2pm
forevery T € R™.
Clearly for every T' € R there is a natural continuous embedding P*(M) < P™(M,T).
We have then the following global existence result for problem (2.1), by Polden [10, Theo-
rem 2.3.5].
Proposition 2.2. For every m € N there exists a € R large enough such that the linear map
2p—1

23) (u) = (uo,up = A"V u— 3RV u) = (uo, L(w)),
k=0

Ji---Jk

where ug = u( -,0), is an isomorphism of P™ (M) onto WPEm=1:2(M) x P™~1(M).
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In the following it will be easier (though conceptually equivalent) to use the spaces P™ (M, T)
instead of the weighted spaces P)*(M). For this reason we translate Proposition 2.2 into the
setting of P™ (M, T) spaces.

Proposition 2.3. For every T' > 0 and m € N the map ® given by formula (2.3) is an isomorphism of
P™(M,T) onto WPCm=1:2(A1) x P™=1(M,T).

Proof. The continuity of the second component of ® is obvious while the continuity of the first
component follows as in the Polden’s proof of Proposition 2.2 in [10]. Hence, the map @ is con-
tinuous, now we show that it is an isomorphism.

Given any b € P™~ (M, T) we consider an extension b € P™~1(M) of the function b and we let
u € P*(M) be the solution of problem (2.1) for b. Clearly, u = u|psx[o,7] belongs to P™(M,T)
and satisfies ®(u) = (ug,b) in M x [0,T]. Suppose that v € P™(M,T) is another function such
that ®(v) = (ug,b) in M x [0,T], then setting w = u — v € P™(M,T) we have that

2p—1
— Al lzpvip a0 — Z RJ1 j’“Vﬁ e =wg — L(w) =0

w(-,0)=0.
By the very definition of solution in P (M, T) (see [10]) and Garding’s inequality (2.2), we get

//watd,u—2//wL du<—f/ |pr\2d,u+0//w d,u<C//w du
M M

asw(-,t) € W?P2(M) for almost every t € [0, 7] and where the constant C' > 0 depends only on
T as the coefficients of the operator L are smooth. This implies

| wat)dnte <c//’ 2(z, 1) du(x)

forevery ¢ € [0, T]. Then by Gronwall’s lemma (in its integral version) it follows that [, w?(-,t) du
is zero for every ¢t € [0,T], as it is zero at time ¢ = 0. It follows that w is zero on all M x [0,T1],
hence the two functions u and v must coincide.

Since the map ® : P™(M,T) — WPZm=1:2(M) x P™~Y(M, T) is continuous, one-to—one and
onto, it is an isomorphism by the open mapping theorem. O

Remark 2.4. When ug and b are smooth the unique solution u of problem (2.1) belongs to all the
spaces P (M, T) for every m € N. As by Sobolev embeddings (Proposition 4.1 below) for any
k € N we can find a large m € N so that P™ (M, T) continuously embeds into C*(M x [0,T]), w
can conclude that u actually belongs to C*°(M x [0,T7).

Now we are ready to prove Theorem 1.1. The tensor A and the function b from now on will de-
pend on z,t,u, Vu, ..., V??~ly as in the introduction. Since M is compact there exists a constant
C > 0 such that initial datum satisfies |ug|+ |Vuo|y +. ..+ |V?*~lug|, < C. Then, since we are in-
terested in existence for short time, possibly modifying the tensor A and the function b outside a
compact set with some “cut-off” functions, we can assume that if |u|+|Vu|,+. ..+ |V~ Lu|,+t >
2C, then

Eéj(x, tou,Vu, ..., VP ) = g¥(x,t), and b(z,t,u,Vu,..., VP u)=0.

In particular we can assume that the tensors E, are uniformly elliptic.
For a fixed m € N, we consider the map defined on P (M, T') given by

Flu) = (uo,ue = Qlul) = (u(+,0),ue — A(w) - V2u — b(w))
where in order to simplify we used the notation
A(u) - VPo(z,t) = A2e (z ¢ u(z,t), ..., VP u(z, £) V2 o(x,t),

and
b(u) (@, ) = b, t, ula, b), .., V2 u(z, 1))
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for u,v € P™(M,T).

We have seen in Proposition 2.3 that if A(u) and b(u) only depend onz € M and ¢ € [0, T] (and not
on u and its space derivatives), then F is a continuous map from P™ (M) onto WPZm=1):2()f) x
P™=1(M). This is not the case in general when A and b depend on u and its derivatives, but it is
true if m € N is large enough and in this case F is actually C".

Lemma 2.5. Assume that

dimM -2 -2
(2.4) " imM 4+ 6p _ n+6p

4p A
and w € P™(M,T). Then F(u) € WPE™=1:2(M) x P™=Y(M,T) and the map

F:P™(M,T) — WPCm=D2(Nr) 5 P~ Y (M, T)

)

is of class C'.

We postpone the proof of this lemma to Section 3.
We fix m € N such that the hypothesis of Lemma 2.5 holds and we set

m—1 ¢
~ t
To(z,1) = Z az(Z)

=0 ’

for some functions ag, . ..,am—1 € C°(M) to be determined later. Let w € P™(M,T) be the
unique solution of the linear problem
wy = Atig) - V*w + b(to)
w(-,0) =wug.
Such solution exists by Proposition 2.3 and it is smooth by Remark 2.4, as u and @ are smooth
(thus also A(ug) and b(uyp)).
Hence, we have
Flw) = (g, wy = Q) = (uo, (A(fio) — A(w)) - V2w + b(iio) — b(w) ) = (uo, /),

where we set f = (A(tg) — A(w)) - V*w + b(iig) — b(w).
If we compute the differential dF,, of the map F at the “point” w € C*°(M x [0,T]), acting on
v € P™(M,T), we obtain

2.5) AFu(v) = (V0,00 — A2 W)V 0 = Dy A2 (w)oV |, w..
i1.iag 2p—1 2
- Dwn...jzp,lA te (w)vjf...jzp,lvvif“igp
= Dub(w)v-+- = Duy, . ) VL 0),
where vy = v(-,0) and we denoted by D,,, , A" r(w), Dy, , b(w) the derivatives of the

tensor A and of the function b with respect to their variables Vfl W, respectively.
Then, we can see that dF,,(v) = (z,b) € WPEm=D:2(M) x P™~1(M, T) implies that v is a solution
of the linear problem
2p—1 . .
Ut — Ailmi%v?fnhpv - Z Ril“dkv?lmjkv =b
k=0
v(-,0) =2z,
where
Avil...igp :Ail...izp(w) 7

Eib--jk -D At1--dzp (w)VQP

il.“igp

w+ Dy, b(w)

Wik
are smooth tensors independent of v.

By Proposition 2.3 for every (z,b) € WP(2m=1:2(M) x P™~1 (M, T) there exists a unique solution
v of this problem, hence dF,, is a Hilbert space isomorphism and the inverse function theorem
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can be applied, as the map F is C'! by Lemma 2.5. Hence, the map F is a diffeomorphism of a
neighborhood U C P™(M,T) of w onto a neighborhood V' C WPCm=1:2(M) x P™~1(M,T) of
(UO, f)

Getting back to the functions a,, we claim that we can choose them such that a, = Ofwli=o €
C>*(M) forevery ¢ =0,...,m— 1.
We apply the following recurrence procedure. We set ag = ug € C°°(M) and, assuming to have
defined ay, . . . , ag, we consider the derivative

6f+1w\t:0 = 8f[A7112p (.Z‘, t, ﬂo, Vﬂo, ey va_lﬂo)V?f)_”ipr + b(l‘, t, a()7 Vﬂo, ey va_lﬂo)Ht:o
and we notice that the right-hand side contains time-derivatives at time ¢ = 0 of %, ..., V717,
and Vflp .is, W|t=0 only up to the order ¢, hence it only depends on the functions ay, . .., a,. Then,

it is possible to define a,11 equal to such expression. Iterating up to m — 1, the set of functions
ag, . . ., ay—1 satisfies the claim.
Then, a; = 9{tg|i=0 = Ofw|i—o and it easily follows by the “structure” of the function f €
C>=(M x [0,T)), that we have 9 f|;—o = 0 and V79 f|;—o =0 forany 0 < ¢/ <m — land j € N.
We consider now for any k € N the “translated” functions fj : M x [0,T] — R given by

0 ift < 1/k

Jil,t) = {f(x,t_yk) if 1/k<t<T.

Since f € C>°(M x [0,T]) and VI9f f|;—o = 0 for every 0 < ¢ < m — 1 and every j € N, all the
functions V79f fi, € CO(M x [0,T]) forevery 0 < £ < m — 1 and j > 0, it follows easily that
VIOl fr, = VIOLf in L2(M x [0,T]) for0 </ <m —1,5 >0,

hence fi — fin P™(M,T).

Hence, there exists a function f € P™~1(M, T) such that (uo, f) belongs to the neighborhood
V of F(w)and f = 0in M x [0,T'] for some T" € (0,T]. Since F|y is a diffeomorphism between
U and V, we can find a function u € U such that F(u) = (ug, f). Clearly such v € P™(M,T")
is a solution of problem (1.1) in M x [0,T"]. Since P™(M,T’) — C?’~1(M x [0,7"]), parabolic
regularity implies that actually u € C°(M x [0,T"]).

We now prove uniqueness by a standard energy estimate, which we include for completeness.
In the sequel for simplicity we relabel T" the time 7" found above.

Suppose that we have two smooth solutions u,v : M x [0,T] — R of Problem (1.1). Setting
w 1= u — v, we compute in an orthonormal frame

4 |pr\2du=/ 2vP . wV?
M

(AW - VPu — A(v) - V2P
il iy 0V, (Aw) V0 — A@) - Vo) dp

b [ 29wV (b - b)) d
M

=2/ VP . wV?

i1...0p i1...0p

(A(u) : V2pw) du
M
v2 [ v () - AW - T) da

a1y [ 0LV w(b) - b)) dn
M
SZ/ VflmipwVflmip (A(u) . V2pw) du
M

+2 19270l (1A4(0) = A 19201+ () = 50)]) di

where the integrals over M are intended at time ¢ € [0, T].
Now we consider the integral [, V¥  wV? . (Aj-J2 (u)V? . w)du. Expanding the de-

e i1...0p 11...0p jl"‘ij. ‘ !
rivative V}  (A71J2r (u)VZ . w) we will get one special term A7t (u) V3P

p J1---J2p i1ipg1eegap and
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several other terms of the form B(x,t,u, ..., V3~ u)#V%w with 2p < ¢ < 3p, for some tensor B
smoothly depending on its arguments, where the symbol # means metric contraction on some
indices. For each of these terms, integrating repeatedly by parts, we can write

2p
VPw#B (@t u, ..., VP )V iw dp = Z/ Viw#Dy(x, tou, ..., VP u)#VIPw dp
M =p M

where the tensors D, are smoothly depending on their arguments.
Since u € C*°(M x [0,T]), all the tensors D, are bounded, hence we can estimate

/ Vfl..‘z‘ wvfl...i (A(u) - V*Pw) dp < / Vfl...i WAjl”'jZP(U)Vip ipii...da wdp
M P P M P e tp crJap
2p—1 2p
+C Y Z/ IViw| [V w| dp.
r=p t=p“’M

where C' is a constant independent of time (actually C' depends only on the structure of A).
Interchanging the covariant derivatives we have

3p—1

3p _ 3p
Vil initegoy® = Vi igpin.i, W+ Z Ry#Viw

q=0
where the tensors R, are functions of the Riemann tensor and its covariant derivatives, hence
they are smooth and bounded. We can clearly deal with this sum of terms as above, by means
of integrations by parts, obtaining the same result. Then we conclude, also using Garding’s
inequality (1.4)

2 1.0 2
/M vzplzpwvflzp (A(u) Y pw) dlu‘ S /M vfy.-ipr]l ) (U)lepnjzpv:;...ipw dlu

2p—1 2p

s> Z/M IV | V7w dp
r=p {=p
2p—1 2p

< —a/ |V2Pw|? dp + C Z Z/ \Viw| |[V™w| dp,
M M

r=p {=p

for some positive constant a. Getting back to the initial computation and using Peter-Paul in-
equality we get
2p—1 2p

d/ 9 / 2 19 / ‘
— VPw|* dp < — 2« VPw|* du + C Vow| [V w| dp
& [ 1wl vl S5 [ 19ulval

r=p {=p

+C [ 19wl (JAG) — AW V270l + o) (o)) d

2p—12p—1

—2a/ |V2pw|2du+CZ Z/ \Vow|| V™ w| du
M M

r=p {=p

IN

2p—1

” 2p,,,12 Cs/ T2
+;O(5 /M|V w|* dp + C, M|Vw\ du)

4 5/M VPwl? du+ Cs /M (14() ~ AW + [b(u) — b(w)]?) dp
2p—1

—a/ |V2pw|2du+CZ/ V" w|? du
M =M

+Cs [ (1400 = AWP + o) = b)) di

IN
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where we chose § + ZQP "¢, = a and we used the fact that | V2P| is bounded.

As the tensor A and the function b are smooth, we can easily bound

2p—1 2p—1
[A(u) — A@)]* + [b(u) = b(©)*| < C > [V'u=VoPP=C Y [V,
r=0
so finally
2p—1

G | vrelaus—a [ ASUXBTDY [ vl d.

Now we have, using again Garding’s and Peter—Paul 1nequaht1es,
i 2 _ L \T72P,, _ . \72p _
wrdp =2 [ w(A(u) - VPu—A(w) -VPv)dp+2 | wl(blu)—>bw)))du
dt S M M
_ 2/ wA) - V2w d + 2/ w((A(w) = Aw) - V20 + b(u) — b(v) ) du

IN

—5/ \pr|2du+0/ w d;H—O/ A() + b(u) — b(v)) du

IN

_5/ \pr|2du—|—0/ w du+0/ |A(u )|2—|—|b( ) — b(v)|2>du.

Estimating the last integral as before and putting the two computation together we obtain

2p—1

d
(|pr|2+w )du < - f/ |V#w|?du + C Z / V" w|? dp .

dt

In order to deal with the last term, we apply the following Gagliardo-Nirenberg interpolation
inequalities (see [3, Proposition 2.11] and [1, Theorem 4.14]): for every 0 < r < 2p and € > 0 there
exists a constant C. such that

IV 72y < eV FllT20ary + Cell 220

for every function f € W?2P:2(M).
Hence, for some ¢ > 0 small enough we get,

2p—1 2p—1
d
dt/ (|pr\2+w>dy<— /|V2pw|2du+Cz /|V2pw|2du+CZC/w du
r=0 M

§C/ deu.
M

From this ordinary differential inequality and Gronwall’s lemma, it follows that if the quantity
S (IVPw|* 4+ w?) dpu is zero at some time to, then it must be zero for every time ¢ € [to, T]. Since
att = 0 we have w(-,0) = ug — v9 = 0, we are done.

We now prove the continuous dependence of a solution v € C*°(M x [0, T]) on its initial value
up = u(-,0) € C°(M). Fix any m € N satisfying condition (2.4), so that by the Sobolev embed-
dings P™(M,T) — C*~1(M x [0,T]). By the above argument, u = (F|y) " *(uo,0) € P™(M,T)
where F|y is a diffeomorphisms of an open set U ¢ P™(M,T) onto V. C W™2P=D:2(M) x
Pm=1(M,T), with (up,0) € V. Then, assuming that uyo — ug in C>(M) as k — oo, we also
have ug o — ug in W™mP=1:2()1), hence for k large enough (uy,0) € V and there exists uy € U
such that F(ux) = (u,0,0). This is the unique solution in P™(M,T) (hence in C*(M x [0,T]) by
parabolic bootstrap) with initial datum wy, . Moreover, since F|y is a diffeomorphism, we have
up — win P™(M,T).

By uniqueness, we can repeat the same procedure for any m € N satisfying condition (2.4), hence
up — win P™(M,T) for every m € N, hence in C*>° (M x [0,T]).
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3. PROOF OF LEMMA 2.5

We shall write P™ = P™(M,T), L = L{(M x [0,T]), C° = C°(M x [0,T)) etc..., so that
for instance C°(P™;C') will denote the space of continuous maps from P™(M,T) to C'(M x
[0,T]). The first component of F, i.e. the map u — u(-,0) is linear and bounded from P™ to
WrEm=1).2(A1), by Proposition 2.3, therefore it is C'!. Obviously the map u + d,u is linear and
bounded from P™ to P™~!, hence also C'. Thus, it remains to show that the two maps

Falu) := A(u) - V?u,  Fyp(u) := b(u)
belong to C1(P™; Pm™~1).

We first prove that 74, F, € C°(P™; P™~1). By an induction argument, it is easy to see that
for every k € N

k
(3.1) VF(A(u) - VPu) =) > AW #V  uh . #V
3=0 i1iyensij a1 >1
i1+ i1 <k+2p+(2p—1)5

where 8’ A(u) denotes the j—th derivative of A with respect to any of its arguments and D#E
denotes an arbitrary contraction with the metric of two tensors D and E.

Taking into account formula (3.1) with k£ < 2p(m — 1), in order to prove that the map v —
v2(m=1(A(u) - V?Pu) belongs to C°(P™; L?) we have to show that any map of the form

(3.2) w s T AU BV u - #V Iy
belongs to C°(P™; L?) whenever
(3.3) i1+ +ii41 <2pm+(2p—1)j and Uy-eeytjp1 2> 1.

The case = 0 and ¢ = 2p — 1 of the Sobolev embeddings (4.3) below and condition (2.4) im-
ply that P™ is embedded continuously into C??~!, hence all the maps u — 8’ A(u) belong to
co(pm™; CY).
We can assume from now on that j > 1, since in the case j = 0, we get the term A(u)#V?*+ky
which is continuous from P™ to L? as a function of u for k < 2p(m — 1).
As for the factors V*u appearing in formula (3.2), first we assume that each i, is such that we are
in case (4.1) of Sobolev embeddings, i.e.

1 1 2pm —1,

34 — === —>0,
34 qr 2 n+2p

so that the map u — Vi lies in C°(P™; L%). By Holder’s inequality, the condition
1 1 1 2pm—ip\ 1
. —=Y == -
(32) q qu (2 n+2p>_2’
implies that the map u + Viu# - - - #Vi+1y belongs to C°(P™; L?), hence also to C°(P™; L?),

as L7 embeds continuously into L? for ¢ > 2. Then, if we show inequality (3.5), the map defined
by formula (3.2) belongs to C°(P™; L?). From inequalities (2.4), (3.3) and j > 1 it follows,

j+1 . . . . .
1 1 2 1) -2 —2p—-1 1 2 -2 1 1
Ge S Lcitl ZmltD-pmo@p-Ni 1,7 @m-prly 1
=1 q 2 n + 2p 2 2 n+ 2]7 9
Now, if for some i, say i1, ...,is, we have 2’;’;’:2_;4 > %, then we are in case (4.3) of Sobolev

embeddings and the corresponding maps u — V¥u belong to C°(P™; C"), hence we can avoid
to estimate such factors, as for A(u). Then, since (3.4) holds for ¢ € {s + 1,...,j + 1}, arguing
again by induction, in this case we have to deal with functions u — Vé+lu# - - - #V%+1y under
the conditions

fsp1+ - +i01 <2pm+(2p—1)(j —s) and Tsgl,.. .41 > 1.



10 CARLO MANTEGAZZA AND LUCA MARTINAZZI

Then, computing as in inequality (3.6) one shows

Jj+1 . . .
(3.7) 3 lSJ+;—S_2Pm(]+1—3)—2197;—(21?—1)(]—3)

=1 nZp

7}+j*57(2pm*2p+1)(j*5)

2 2 n+2p

1
<77
=2

where we intend that if s = j + 1 there is nothing to sum. Notice that the last inequality is strict
if s # j, and in the case s = j the map u — V%+1y is continuous from P™ to L? asij1 < 2pm.

If in addition for some i, say is+1,.-..,i, we have 2’;?;;@ = % (i.e. we are in the critical
case (4.2) of the Sobolev embeddings), we know that for such indices the maps u — V*u belong
to CO(P™; L9) for every 1 < ¢ < oo. Then inequality (3.7) still holds true if we choose g1, - - , g
large enough, since, unless s = r = j, the last inequality in (3.7) is strict.

Hence, we conclude as before that the map u — V(™= (A(u) - V?Pu) lies in C°(P™; L?).

The time or mixed space-time derivatives 9] V*(A(u) - V?Pu) with 2pr + k < 2p(m — 1) can
be treated in a similar way, observing that the functions 9] Vu have the same integrability of
V2rr+£y from the point of view of the embeddings (4.1)—(4.3).

Starting from formula (3.1) and differentiating in time, again by an induction argument, one gets

r+k
(3.8) OV (A(u) - VPu) =) > O A(u)HO VU - - #OTT Vi

j:O ’il,“.,ij+1,Ll,..‘,LJ:FIZO

i1t <k+2p+(2p—1)j
tit i1 <r
Then, with the same proof as before one shows that a map of the form
w s &7 A(u)#0 V  ugh - 07T Vi
belongs to CY(P™*+1; [?) whenever iy, ..., ij11,t1,...,tj+1 > 0and
(3.9 iy i +2p(e 4+ ) < 2pm+ (2p - 1)5.
Hence the map u — 0] V¥ (A(u) - V?Pu) belongs to C°(P™; L?) for 2pr + k < 2p(m — 1), which
means that 74 € C°(P™; P~ 1) as wished.
The map F, can be treated in a similar way, so also F, € C°(P™; P™1).

It remains to prove that dFa,dF, € CO(P™; L(P™; P™~1)), where L(P™; P™~!) denotes the
Banach space of bounded linear maps from P™ into P™~'. We first claim that the Gateaux de-
rivative

(3.10) (u,v) — dFa(u)(v) := %f,q(u + tv) .

belongs to CY(P™ x P™; P™~1). Indeed, dF4(u)(v) can be written as
B(u, v)#V?u + A(u) - Vv,

where B is a tensor depending smoothly on z,t,u, ..., V?*~'u and linearly on some derivative
of v up to the order 2p — 1, thatis, B(u,v) = ?igl By(u) - Vv, compare with formula (2.5). The
estimates proven for F4 can be applied to any term of the form 9] V¥ (B(u, v)#V?Pu), since they
can be expressed as a sum similar to the right-hand side of identity (3.8). The only difference is
that now in every term of such sum one linear occurrence of u is replaced by v. Precisely, writing
ug = u, up := v every term &’ A(u)#0;* Vit u# - - - #9,”" Vi+1y has to be replaced by some

(3.11) D) #O NV  wp # - #07 TV

where exactly one of the indices 74, ..., 741 is equal to 2, and the others are equal to 1.
An analogous reasoning applies to the term A(u) - V?v. It is then easy to see, since v € P™
like u, that we can repeat the same estimates used to show the continuity of u — F4(u). This
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proves (3.10), and in particular dF4(u) € L(P™; P™~1).
In order now to prove that dF4 € C°(P™; L(P™; P™~1)) we need to show that
sup ||dFa(u)(v) — dFa(u)()||pm-1 — 0 asw — uwin P™.
ol pm <1
Again, this estimate is similar to what we have already done. Indeed, supposing that 7, is the
only index equal to 2 in (3.11) and suppressing the time derivatives for the sake of simplicity, we
want to see that
(3.12) sup | D(@)#V" g - #V9IuUVIH 0 — Dw)#V ut - #VIu Vil — 0
ol pm <1
asu — win P™.
Adding and subtracting terms, one gets
| D(@)#V U# - - #V5uVitto— D(u)#V 2 udt - #ViuVitty |
<{Ip@) - D@)|Iv"al - |V
+[D(w)| [V (@ — w)| V2] - [Vl
o D@ V] 95 @~ )} [V,

Studying now the L? norm of this sum, the first term can be bounded as before and it goes to zero
as D(u) is continuous from P™ to L*°. The L? norm of all the other terms, repeating step by step
the previous estimates, using Holder’s inequality and embeddings (4.1)—(4.3), will be estimated
by some product

Cllullpm[lul

for a constant C' and some nonnegative exponents «, /3,7, o satisfying « + f+ v+ 0 < 1 and
o > 0. Here we we used the fact that ||v||pm < 1.
As u —u — 0in P™, this last product goes to zero in L?, hence uniformly for ||v||pm» < 1 and
inequality (3.12) follows, as claimed. The analysis of the estimates with mixed time/space deriva-
tives is similar and all this argument works analogously for the term A(u) - V*v.
Then, the Gateaux derivative dF 4 is continuous which implies that it coincides with the Frechét
derivative, hence 4 € C*(P™; P™~1).

The map F;, can be dealt with in the same way and we are done.

B 177 = |

0o [ = [P < Cllual| B[]

4. PARABOLIC SOBOLEV EMBEDDINGS
Proposition 4.1. Let uw € P™(M,T). Then for r,£ € N with 2pr + { < 2mp,

. .11 2pm—4L0—2pr

4.1) 10 Vel Lacarx o) < Cllullpmaery  if PR R a— >0,
. . 1 2pm—{—2pr

(42) ||8t VZUHLQ(Mx[()’T]) < CHUHPm(]VI,T) zf 5 — TQ}? =0and 1 < q< oo,
. 1 2pm—4—2pr

(4.3) 107 Vel coarx o)) < Cllullpmv,ry  if 27 nxa <0,

where the constant C' does not depend on .
Proof. Of course we can write
P™(M,T) = L2([0,T); H*"(M)) 0 H' ([0, T); H>" =D (M)) (1~ 0 H™ ([0, T); L*(M))
By standard interpolation theory, see e.g. [8, Theorem 2.3], we have the continuous immersion
P™(M,T) < H*([0,T); H*m=*)(M)), foralls e [0,m].

We shall now assume that § — W > 0 and prove inequality (4.1). For 0 < ¢ < 1 and for

any Hilbert space X we have the Sobolev embedding

H([0,T]; X) — L([0,T]; X) for é:%—a.
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Then, for ¢, € N with 2pr 4+ ¢ < 2pm and for any s € (m — % — i m = Q—Zp] N [r,r+ 3), also
using the standard Sobolev embeddings on M, for every u € P™(M,T) one gets
O V'u € HY=1([0,T]; B2~ (M)) < L9(0,T]; H*"=~(a1))

< LU([0,T]; L(M)),

with
}:}—s+r and izl—w.
q 2 qg 2 n
We now choose s = %@Z_Zandclaimthatse (m—%— %,m—%] N [r,7+ %). Then
1 1 1 2pm—{—2pr
Rt R R T

hence for such ¢ € R we have
we LY[0,T); LY(M)) ~ LI(M x [0,T]),

and embedding (4.1) is proven. As for the claim, the inequalities s > r and s < m — < easily

2
follow from the inequality 2pr + ¢ < 2pm, while inequality s < r + 1 is equivalent to 1 —
2pm—{£—2pr

E n+2p =
The proof of inequality (4.2) is analogous.
Finally, if 1 — % < 0, using that for o > % one has H°([0,T]; X) < C°([0,T]; X) and
that for ¢ > % one has H? (M) < C°(M), for every u € P™ (M, T) we infer

0;Viu € H*77 ([0, T]; H*" =274 (M) — C°([0,T]; C°(M)) = C°(M x [0,T])

for s = 22—t ¢ (r 4+ 1 m — £ — ). This proves embedding (4.3). O

. 1 . . . Y4 n
> 0. This means ~ > 0 which implies s > m — 55 — .
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