
Appendix A

Algebra à la carte

A.1 Introduction

In what follows, rings are always commutative with 1. The proofs of the results below are contained in
most Algebra textbooks (e.g. Lang [Lan02]).

A.2 Unique factorization

Theorem A.2.1. Let R be a UFD. Then Rrts is a UFD. Moreover a polynomial p “ a0t
d

` a1t
d´1

`

. . . ` ad is prime if and only if

1. p is prime when viewed as element of Krts, where K is the field of fractions of R,

2. and the greatest common divisor of a0, a1, . . . , ad is 1.

Corollary A.2.2. The ring Krx1, . . . , xns is a unique factorization domain.

Proof. By induction on n. If n “ 0, the ring is a field, and hence it is trivially a UFD. The inductive
step follows from Theorem A.2.2, because Krx1, . . . , xns – Krx1, . . . , xn´1srts.

A.3 Noetherian rings

Definition A.3.1. A (commutative unitary) ring R is Noetherian if every ideal of R is finitely gener-
ated.

Example A.3.2. A field K is Noetherian, because the only ideals are t0u “ p0q and K “ p1q. The ring
Z is Noetherian, because every ideal has a single generator.

Lemma A.3.3. A (commutative unitary) ring R is Noetherian if and only if every ascending chain

I0 Ä I1 Ä . . . Ä Im Ä . . .

of ideals of R (here Im is defiend for all m P N, and Im Ä Im`1 for all m P N) is stationary, i.e. there
exists m0 P N such hat Im “ Im0 for m • m0.

Proof. Suppose that R is Noetherian. The union I :“
î

mPN Im is an ideal because the tImu form a
chain. By Noetherianity I is finitely generated, say I “ pa1, . . . , arq. There exists m0 such that aj P Im0

for j P t1, . . . , ru, and hence I “ Im0 . Let m • m0; then Im Ä I and I Ä Im, hence I “ Im. Thus
Im0 “ Im for m • m0.

Now suppose that every ascending chain of ideals of R is stationary. Let I Ä R be an ideal. Suppose
that I is not finitely generated. Let a1 P I. Then pa1q à I because I is not finitely generated; let
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A. Algebra à la carte

a2 P pIzpa1qq. Then pa1, a2q à I because I is not finitely generated. Iterating, we get a non stationary
chain of ideals (contained in I)

pa1q à pa1, a2q à . . . à pa1, . . . , amq à

This is a contradiction.

Example A.3.4. The ring HolpKq of entire functions of one variable is not Noetherian. In fact let
fm P HolpKq be defined by

fmpzq :“
8π

n“m

ˆ
1 ´

z
2

n2

˙
, m • 1.

Then pfmq à pfm`1q. Thus pf1q Ä pf2q Ä . . . Ä pfmq Ä . . . is a non-stationary ascending chain of ideals,
and hence HolpKq is not Noetherian by Lemma A.3.3.

Theorem A.3.5. Let R be a Noetherian commutative ring. Then Rrts is Noetherian.

Proof. For a non zero f P Rrts, we let `pfq be the leading coe�cient of f , i.e. if f “
∞

m

i“0 cit
i with

cm �“ 0, then `pfq “ cm.
Let I Ä Rrts. We must prove that I is finitely generated. If I “ p0q there is nothing to prove and

hence we may assume I ‰ p0q. Thus the set

`pIq :“ t`pfq | 0 ‰ f P Iu

is non-empty and it makes sense to define

J :“ x`pIqy Ä R

as the ideal of R generated by `pIq. By hypothesis J is finitely generated: J “ pc1, . . . , csq. Since J is
generated by `pIq we may assume that each generator is the leading coe�cient of a polynomial in I,
i.e. for each 1 § i § s there exists fi P I such that `pfiq “ ci. Let

d :“ max
1§i§s

tdeg fiu .

Let H :“ I X tf P Rrts | deg f § du. Then H is a submodule of tf P Rrts | deg f § du » R
d`1 (as

R-modules). Since R is Noetherian every submodule of Rd`1 is finitely generated (argue by induction
on d; if d “ 0 it holds by definition of Noetherian ring, if d ° 0 consider the projection R

d`1
Ñ R) and

hence
H “ pg1, . . . , gtq.

Let us prove that
I “ pf1, . . . , fs, g1, . . . , gtq.

In fact let f P I. If deg f § d then f P H and hence f P pg1, . . . , gtq Ä pf1, . . . , fs, g1, . . . , gtq. Now
suppose that deg f ° d. Then `pfq “

∞
s

i“1 aici. Let

h :“ f ´

sÿ

i“1

ait
deg f´deg fifi.

Then deg h † deg f . Since
∞

s

i“1 ait
deg f´deg fifi P pf1, . . . , fs, g1, . . . , gtq it su�ces to prove that h P I.

If deg h § d we are done, otherwise we iterate until we get down to a polynomial of degree less or equal
to d.

Theorem A.3.6 (Hilbert’s basis Theorem). Every ideal of Krx1, . . . , xns is finitely generated.

Proof. By induction on n. If n “ 0, the ring is a field, and hence is Noetherian. The inductive step
follows from Theorem A.3.5, because Krx1, . . . , xns – Krx1, . . . , xn´1srts.
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A.4. Rings of fractions and localization

A.4 Rings of fractions and localization

Let R be a commutative ring with unit.

Definition A.4.1. A subset S Ä R is a multiplicative subset if the following hold.

1. 1 P S.

2. If a, b P S then ab P S.

3. 0 R S.

Example A.4.2. Let p Ä R be a prime ideal. Then Rzp is a multiplicative subset.

Let S Ä R be a multiplicative subset. Then one constructs a ring S
´1

¨ R (the ring of fractions of
R with respect to S) and a homomorphism ' : R Ñ S

´1
¨ R such that the following universal property

(which characterizes S´1
¨ R and ' uniquely) holds.

Proposition A.4.3. Let f : R Ñ T be a homomorphism of (commutative unitary) rings such that fpsq

is invertible for every s P S. Then there exists a unique homomorphism f : S´1
¨ R Ñ T such that

f “ f ˝ '.

Explicitly: the elements of S´1
¨ R are equivalence classes of couples a{s where a P R and s P S,

where the equivalence relation is defined by

a

s
„

b

t
if there exists u P S such that u ¨ pta ´ sbq “ 0. (A.4.1)

Addition and multiplication on S
´1

¨ R are defined by

a

s
`

b

t
– ta ` sb

st
,

a

s
¨
b

t
– ab

st
. (A.4.2)

The homomorphism ' : R Ñ S
´1

¨ R is defined by

'paq – a

1
. (A.4.3)

Remark A.4.4. Usually one does not require that 0 R S in the definition of multiplicative subset. If
0 P S then S

´1
¨R “ t0u and hence it is not interesting, and for us it is not a ring (recall that we require

0 �“ 1). This is the reason that we require that 0 R S.

Remark A.4.5. Let R be a Noetherian ring and let S Ä R be a multiplicative subset. Then S
´1

¨ R

is a Noetherian ring. In fact let I Ä S
´1

¨ R be an ideal. Then '
´1

pIq Ä R is an ideal. Since R is
Noetherian there exist a finite set a1, . . . , ar of generators of '´1

pIq. Then 'pa1q, . . . ,'parq generate I.

Definition A.4.6. Let p Ä R be a prime ideal. The localization of R at p is the ring of fractions of R
with respect to the multiplicative subset Rzp (see Example A.4.2). It is denoted by Rp.

Note that if R is an integral domain then p0q is a prime ideal and Rp0q is the field of fractions of R.

Proposition A.4.7. Let p Ä R be a prime ideal. Then Rp is a local ring with maximal ideal generated
by 'ppq (which is denoted by pRp). If R is Noetherian so is Rp.

Proof. Since p Ä R is an ideal, pRp consists of fractions a{s where a P p. It is clear that pRp is an ideal.
Suppose that a{s R pRp. Then a R p and hence s{a R pRp. Thus a{s is invertible. It follows that pRp

contains every ideal of Rp, i.e. it is the unique maximal ideal of Rp. The last statement follows from
Remark A.4.5.

Remark A.4.8. Let FracpR{pq be the fraction field of the integral domain R{p, and let f : R Ñ FracpR{pq

be the natural (surjective)homomorphism. Since fpaq is invertible for each a R p there is a unique
homomorphism f : Rp Ñ FracpR{pq such that f ˝' “ f . Then the kernel of f is necessarily the unique
maximal ideal pRp. In particular the residue field of Rp is isomorphic to FracpR{pq.
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A. Algebra à la carte

A.5 Extensions of fields

An extension of fields F Ä E is algebraic if every ↵ P E is the root of a non zero polynomial  P F rzs.
If this is the case, the set of polynomials vanishing on ↵ is a non zero ideal F rzs, and hence it is
generated by a unique monic poylnomial ', which is the minimal polynomial of ↵ over F . Of course
' is irreducible, hence prime. The subfield of F generated by F and ↵ is isomorphic to the quotient
F rzs{p'q.

An extension is an algebraic closure of F , if it is algebraic over F , and every polynomial in F rzs has
a root in E.

Theorem A.5.1 (Chapter VII in [Lan02]). An algebraic closure exists, and is unique up to isomorph-
ism, i.e. if E1, E2 are two algebriac closures, there exists an isomorphism E1

„
›Ñ E2 which is the

identity on F .

One denotes “the” algebraic closure of F by F
a, or by F . Notice that a non costant polynomial in

F rzs decomposes in F as a product of polynomials of degree 1 (it has a root, hence it is divisible by a
linear term, if the quotient is not constant it has a root hence it is divisible...)

Let rE : F s be the dimension of E as vector space over F - the degree of E over F . Notice that
if rE : F s is finite, then E is an algebraic extension of F . Suppose that E is algebraic over F . One
defines another degree of E over F as follows. Let � : F ãÑ L be an embedding into a field which is an
algebraic closure of �pF q. An extension of � to E is an embedding r� : E ãÑ L such that r�|F “ �. The
number of such extensions is independent of the embedding � : F ãÑ L, and is the separable degree of
E over F - one denotes it by rE : F ss.

Example A.5.2. Let F be a field, and let ' P F rzs be an irreducible monic polynomial. Let E “

F rzs{p'q. Thus E Å F is an algebraic extension. Let ↵ P E be the class of z: by construction the
minimal polynomial of ↵ is equal to '.

Let � : F ãÑ L be an embedding into a field which is an algebraic closure of �pF q. An extension
of � to E is determined by its value on ↵, and moreover such value can be chosen to be any root of
' in L. Hence the separable degree of E over F is the number of roots of ' in F (not counted with
multiplicity).

If the formal derivative d'

dz
is not the zero polynomial, then since its degree is strictly smaller than

deg', and ' is prime, the ideal p',
d'

dz
q is equal to F rzs, and thus ', d'

dz
have no common roots. It

follows that all the roots of ' have multiplicity 1, and the separable degree of E over F is equal to
deg', which is also the degree of E over F . Hence in this case rE : F s “ rE : F ss.

The formal derivative d'

dz
is the zero polynomial only if charF “ p ° 0, and ' “  pz

p
q, where

 P F rzs, i.e. all monomials appearing in f have exponent a multiple of p. Iterating, we may write
' “ ⇢pz

p
r

q, where ⇢ P F rzs is such that d⇢

dz
is not the zero polynomial. Hence the numer of roots of '

is equal to the degree of h⇢, and thus rE : F ss “ deg ⇢.
Since rE : F s “ deg' “ p

r
¨deg ⇢ “ rE : F ss, we see (at least in this case) that the separable degree

divides the degree. Moreover, let � “ ↵
p
r

. Then E
s :“ F r�s is a separable extension of F such that

rE
s : F s “ rE : F ss, and the extension E Å E

s is obtained by adjoining p-th roots, and iterating.

The result below states that the example given above is typical.

Theorem A.5.3 (Chapter VII in [Lan02]). Let E Å F be a finite extension of fields, i.e. rE : F s is
finite. There exists a maximal separable extension E

s
Å F , containing all subfields of E over F which

are separable. The separable degree rE : F ss is equal to the degree of the extension E
s

Å F . The
extension E

s
Å F has a primitive element, i.e. there exists � P E

s generating E
s over F . Suppose that

E
s

�“ E; then charF “ p ° 0, and if ↵ P E, the minimal polynomial of ↵ over E
s is equal to z

p
r

´ �

for some r • 0, and � P E
s.

Example A.5.4. Let E “ Fppw, zq, and let F “ Fppw
p
, z

p
q. Then E

s
“ F (in this case one says that

E Å F is a purely inseparable extension, and there is no primitive element of E over F .

Example A.5.5. Let E Å F be the algebraic extension in Example A.5.2. Then E Å F is separable if
and only if the formal derivative d'

dz
is not the zero polynomial.
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A.5. Extensions of fields

Remark A.5.6. Let E Å K Å F a composition of extensions. Then rE : F s “ rE : Ks ¨ rK : F s and
rE : F ss “ rE : Kss ¨ rK : F ss.

Next we discuss transcendence bases of extensions of fields. Elements ↵1, . . . ,↵n P E are algebraically
dependent over F is there exists a non zero polynomial � P F rz1, . . . , zns such that �p↵1, . . . ,↵nq “ 0
(strictly speaking, we should say that the set t↵1, . . . ,↵nu is algebraically dependent over F ). A
collection t↵iuiPI of elements of E is algebraically independent over F if there does not exist a non
empty finite ti1, . . . , inu Ä I such that ↵i1 , . . . ,↵in are algebraically dependent (with the usual abuse of
language, we also say that the ↵i’s are algebraically independent). A transcendence basis of E over F is
a maximal set of algebraically independent elements of E over F . There always exists a transcendence
basis, by Zorn’s Lemma. One proves that any two transcendence bases have the same cardinality, which
is the transcendence degree of E over F ; we denote it by Tr. deg

F
pEq. An extension is algebraic if and

only if its transcendence degree is zero.
Every finitely generated extension E Å F can be obtained as a composition of extensions

E Å K Å F, (A.5.1)

where K Å F is a purely transcendental extension, i.e. there exists a transcendence basis t↵1, . . . ,↵nu

of K over F such that K “ F p↵1, . . . ,↵nq (thus F p↵1, . . . ,↵nq is isomorphic to the field of rational
functions in n indeterminates with coe�cients in F ), and E Å K is a finitely generated algebraic
extension.

Definition A.5.7. Let E Å F be an extension of fields. A transcendence basis t↵1, . . . ,↵nu of E over
F is separating if E is a separable extension of the subfield F p↵1, . . . ,↵nq. The extension E Å F is
separably generated if there exists a separating transcendence basis of E over F .

Theorem A.5.8 (Thm 26.2 in [Mat89]). If K is a perfect field, any finitely generated extension E Å K

is separably generated.

Proof. Let ↵1, . . . ,↵n be a transcendence basis of E over K. Hence the field F :“ Kp↵1, . . . ,↵nq is
isomorphic to the field of rational functions in n indeterminates, and E Å F is a finite extension. Let
�1, . . . ,�r be elements of E algebraic over F , which generate E over F . If all such �i’s are separable
over F (i.e. the subfield of E generated by F and �i is separable over F ), then E is separable over F

(see Chapter VII in [Lan02]).
Suppose that one of the �i’s is not separable over F . Then charF “ charK “ p ° 0. We may

reorder the �i’s so that each of �1, . . . ,�s is separable over F , and each of the �s`1, . . . ,�r is not
separable over F . We find suitable replacements of the ↵j ’s so that E is a separable extension of
the subfield generated by the new transcendence basis. Since �s`1 is algebraic over F , there exists a
polynomial � P Krz1, . . . , zn`1s such that

�p↵1, . . . ,↵n,�s`1q “ 0.

We may, and will, assume that � is irreducible. We claim that there exists i P t1, . . . , nu such that
B�
Bzi �“ 0. In fact, suppose the contrary. Then all partial derivatives of � are zero, because �s`1 is not
separable over F (see Example A.5.5). Write

� “

ÿ

IPI

aIz
I
,

where I is a set of multiindices, and we assume that aI �“ 0 for every I P I . Since B�
Bzi “ 0 for all

i P t1, . . . , n`1u, it follows that each I P I is equal to pJ , for a multiindex J . On the other hand there
exists a (unique) p-th root of aI , because K is perfect. It follows that � “  p. This is a contradiction
because � is irreducible, and hence we have proved that there exists i P t1, . . . , nu such that B�

Bzi �“ 0.
Then ↵i is algebraic and separable over F 1 :“ Kp↵1, . . . , p↵i, . . . ,↵n,�s`1q. Thus ↵1, . . . , p↵i, . . . ,↵n,�s`1

is a new transcendence basis of E over K, and E is generated over F by �1, . . . ,�s,↵i,�s`2, . . . ,�r.
Moreover, each of �1, . . . ,�s,↵i is separable over F 1. Iterating, we get the Theorem.
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Corollary A.5.9. Let E Å K be a finitely generated extension of fields, and suppose that K is per-
fect. Let m be the transcendence degree of E over K. Then there exists a prime polynomial P P

Kpz1, . . . , zmqrzm`1s such that E (as extension of K) is isomorphic to the field Kpz1, . . . , zmqrzm`1s{pP q.

A.6 Zariski’s Lemma

We prove the key result needed for Hilbert’s Nullstellensatz. Note: in the present section fields are not
necessarily algebraically closed.

Theorem A.6.1 (Zariski’s Lemma [Zar47], [All05]). Let K Å F be an extension of fields, and assume
that K is a finitely generated F -algebra. Then K is an algebraic extension of F .

Proof (by D. Allcock and O. Zariski). We must prove that if K Å F is not an algebraic extension, then
it is not finitely generated as an F -algebra. First assume that K has transcendence degree 1 over F

(this is the key case). Let x P K be transcendental over F . Thus the subfield of K generated by x (over
F ) is isomorphic to F pxq, the field of rational functions in x with coe�cients in F . Since K is a finitely
generated F -algebra it is also a finitely generated vector space over F pxq. Let t⇠1, . . . , ⇠ru be a basis of
K as vector space over F pxq. Let z1, . . . , zd P K be generators of K as F -algebra. We may (and will)
assume that z1 “ 1. For i P t1, . . . , du we have

zi “

rÿ

j“1

fijpxq

gijpxq
⇠j , (A.6.1)

where fijpxq, gijpxq P F rxs are polynomials (of course gijpxq �“ 0). For s, t P t1, . . . , ru we have

⇠s ¨ ⇠t “

rÿ

j“1

lstjpxq

mstjpxq
⇠j (A.6.2)

where lstjpxq, gstjpxq P F rxs are polynomials. Let a P K. Since K is a finitely generated F -algebra,
we have a “ P pz1, . . . , zdq, where P is a polynomial with coe�cients in F . Applying the formulae
in (A.6.1) and in (A.6.2) we get that a is a linear combination of ⇠1, . . . , ⇠r with coe�cients rational
functions whose denominators are products of the polynomials gijpxq’s and mstjpxq’s (this is the key
point). Now let hpxq P F rxs be a prime polynomial which is not among the (finite) prime factors of the
gijpxq’s and the mstjpxq’s. Then a – hpxq

´1
⇠1 is an element of K which is not equal to such a linear

combination. This is a contradiction, and hence K Å F is an algebraic extension.
Now assume that K has transcendence degree greater than 1 over F . There exists an intermediate

subfield K Å F
1

Å F such that K has transcendence degree greater 1 over F
1. We have just proved

that K is not finitely generated as F 1 algebra, and hence K is not finitely generated as F algebra.

Corollary A.6.2. Let F be a field, and let m Ä F rz1, . . . , zns be a maximal ideal. Then F rz1, . . . , zns{m
is a finite algebraic extension of F .

Proof. Let K – F rz1, . . . , zns{m. Then K is a field because m is a maximal ideal, and it is generated
as F algebra by the equivalence classes z1, . . . , zn. By Theorem A.6.1 it follows that K is an algebraic
extension of F (obviously finitely generated).

A.7 Descent

Let F Ä K be an inclusion of fields, and let AutpK{F q be the group of automorphisms of K which are
the identity on F . If V is an F vector space, then AutpK{F q acts on the K vector space

W – K bF V (A.7.3)
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via its action on K. Explicitly: if v P W is given by v “ c1 b v1 ` . . . ` cn b vn P V where ci P K and
vi P V , then � P AutpK{F q acts as

�pvq “ �pc1q b v1 ` . . . ` �pcnq b vn.

Example A.7.1. Let F “ R Ä C “ K and V “ Rn. Then we may identify W “ CbRn with Cn in such
a way that the generator � of the Galois group GalpC{Rq – Z{p2q acts as �pz1, . . . , znq “ pz1, . . . , znq.

Example A.7.2. Let p a prime and q “ p
r, where r P N`. Let F “ Fq Ä Fqm “ K, and let F : Fqm Ñ Fqm

be the Frobenius automorphism defined by F paq – a
q. Thus F is a generator of the Galois group

GalpFqm{Fqq. Let V “ Fq. Then we may identify W “ Fqm b Fn

q
with Fn

qm in such a way that F acts
as F pz1, . . . , znq “ pz

q

1 , . . . , z
q

n
q.

Suppose that V0 Ä V is an F sub vector space. Then W0 – K bF V0 is mapped to itself by
AutpK{F q. If the fixed field of AutpK{F q is F then the converse is true.

Proposition A.7.3. Keep notation as above, and assume that the fixed field of AutpK{F q is F . Suppose
that W0 Ä W “ K bF V is a K subvector space which is mapped to itself by AutpK{F q. Then there
exists an F sub vector space V0 Ä V such that W0 “ K bF V0

Before proving Proposition A.7.3 we go through a special case. To simplify notation let G –
AutpK{F q. Assume that the fixed field K

G of G “ AutpK{F q is F . Then

W
G – tw P W | �pwq “ w @� P AutpK{F qu “ V, (A.7.4)

where V stands for F bF V Ä W . It follows that if W0 Ä W is a K vector space then W
G

0 “ pW0 XV q.
Hence the following is a special case of Proposition A.7.3: if W0 is mapped to itself by G and W

G

0 “ t0u,
then W0 “ t0u. The Lemma below proves the validity of the latter statement.

Lemma A.7.4. Keep notation as above, and assume that K
G

“ F . Suppose that W0 Ä W is a K

subvector space which is mapped to itself by G and such that WG

0 “ t0u. Then W0 “ t0u.

Proof. We prove that if W0 �“ t0u then W
G

0 �“ t0u. Since W0 �“ t0u there exists a minimal n • 1 for
which there exist n linearly independent vectors v1, . . . , vn P V and non zero c1, . . . , cn P K (meaning
that ci �“ 0 for all i P t1, . . . , nu) such that w “

∞
n

i“1 ci b vi is an element of W0. Multiplying w by c
´1
1

we may (and will) assume that c1 “ 1. Let � P G. Then p�pwq ´ wq P W0 because W0 is mapped to
itself by G. Since �pc1q “ �p1q “ 1 “ c1 we get that for all � P G we have

p�pwq ´ wq “

nÿ

i“2

p�pciq ´ ciq b vi P W0. (A.7.5)

By minimality of n it follows that �pciq “ ci for all i P t1, . . . , nu and hence ci P F for all i because
K

G
“ F . Thus w is a non zero vector in W

G

0 .

Proof of Proposition A.7.3. Let V0 “ V X W0 “ W
G

0 . Let U :“ V {V0 and let

W “ K bF V
⇡

›Ñ K bF U (A.7.6)

be the quotient map of K vector spaces. Of course the action of G on K induces an action of K on
K bF U . The kernel of ⇡ is K b V0 which is contained in W0. It su�ces to prove that ⇡pW0q “ t0u.
Now ⇡pW0q

G
“ ⇡pW0q X U “ ⇡pW0 X V q “ ⇡pV0q “ t0u.
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A.8 Derivations

Let R be a ring (commutative with unit), and let M be an R-module.

Definition A.8.1. A derivation from R to M is a map D : R Ñ M such that additivity and Leibinitz’
rule hold, i.e. for all a, b P R,

Dpa ` bq “ Dpaq ` Dpbq, Dpabq “ bDpaq ` aDpbq.

If k is a field and R is a k-algebra a k-derivation (or derivation over k) D : R Ñ M is a derivation such
that Dpcq “ 0 for all c P k. We let DerpR,Mq be the set of derivations from R to M . If R is a k-algebra
we let DerkpR,Mq Ä DerpR,Mq be the subset of k-derivations.

Example A.8.2. Let k be a field, and let f “
∞

I
aIz

I be a polynomial in krz1, . . . , zns, where the
summation is over multiindices I, aI P K for every I, and aI is almost always zero. The formal
derivative of f with respect to zm is defined by the familar formula

Bf

Bzm
“

ÿ

I s.t. im ° 0

ihaIz
i1
1 ¨ . . . ¨ z

im´1

m´1 ¨ z
im´1
m

¨ z
im`1

m`1 ¨ . . . z
in
n
. (A.8.7)

The map

krz1, . . . , zns

B
Bzm
›Ñ krz1, . . . , zns

f fiÑ
Bf

Bzm
(A.8.8)

is a k-derivation of the k algebra to istelf. We claim that Derkpkrz1, . . . , zns, krz1, . . . , znsq is freely
generated (as krz1, . . . , zns module) by B

Bz1 , . . . ,
B

Bzn . In fact there is no relation between B
Bz1 , . . . ,

B
Bzn

because Bzj
Bzm “ �jm, and moreover, given a k derivation

D : krz1, . . . , zns Ñ krz1, . . . , zns

we have D “
∞

n

m“1 ↵m
B

Bzm , where ↵m :“ Dpzmq.

Example A.8.3. Let D : R Ñ M be a derivation.

1. By Leibniz we have Dp1q “ Dp1 ¨ 1q “ Dp1q ` Dp1q and hence Dp1q “ 0.

2. Suppose that g P R is invertible. Then

0 “ Dp1q “ Dpg ¨ g
´1

q “ g
´1

Dg ` fDpg
´1

q (A.8.9)

and hence Dpg
´1

q “ ´g
´2

Dpfq.

3. Suppose that f, g P R and that g is invertible. By Item (2) we get that the following familiar
formula holds:

Dpf ¨ g
´1

q “ g
´2

pDpfq ¨ g ´ f ¨ Dpgqq. (A.8.10)

Let D,D
1

P DerpR,Mq and z P R we let

R
D`D

1
›Ñ M

a fiÑ Dpaq ` D
1
paq

(A.8.11)

and
R

zD
›Ñ M

a fiÑ zDpaq
(A.8.12)

Both D ` D
1 and zD are derivations and with these operations DerpR,Mq is an R-module. If R is a

k-algebra then DerkpR,Mq is an R-submodule of DerpR,Mq.
Next we suppose that E Å F is an extension of fields, and we consider DerF pE,Eq. Notice that

DerF pE,Eq is a vector space over F .
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A.9. Nakayama’s Lemma

Proposition A.8.4. Suppose that E Å F is a finitely and separably generated extension of fields. Let
↵1, . . . ,↵n be a separating transcendence basis of E over F . Then the map of E-vector spaces

DerF pE,Eq ›Ñ E
n

D fiÑ pDp↵1q, . . . , Dp↵nqq
(A.8.13)

is an isomorphism.

Proof. Let K :“ F p↵1, . . . ,↵nq Ä E. Since ↵1, . . . ,↵n is a separating transcendence basis of E over F ,
and E is finitely generated (over F ), there exists an element � P E primitive over K. Let P P Krzs be
the minimal polynomial of �. In particular

P p�q “ 0,
dP

dz
p�q �“ 0. (A.8.14)

(The inequality holds because E is a separable extension of K.)
Since K is a purely transcendental extension of F we have an isomorphism of E-vector spaces

DerF pK,Eq
„

›Ñ E
n

D fiÑ pDp↵1q, . . . , Dp↵nqq.

Equivalently every D P DerF pK,Eq is given by

Dp�q “

nÿ

i“1

ci
B�

B↵i

, ↵i P E,

and the ci’s may be chosen arbitrarily. Thus we must show that the restriction map

DerF pE,Eq ›Ñ DerF pK,Eq

D fiÑ D|K
(A.8.15)

defines an isomorphism of E-vector spaces.
Let us prove that the restriction map is injective. Let P “

∞
d

i“0 aiz
d´i, where a0 “ 1 (recall that

P is the minimal polynomila of � over K). Suppose that D P DerF pE,Eq; by the equality in (A.8.14)
we get that

0 “ DpP p�qq “

dÿ

i“0

Dpaiq�
d´i

`

d´1ÿ

i“0

Dp�qaipd ´ iq�
d´i´1

“

dÿ

i“0

Dpaiq�
d´i

` Dp�q
dP

dz
p�q.

By the inequality in (A.8.14), we can divide and we get

Dp�q “ ´

˜
mÿ

i“1

Dpaiq�
m´i

¸
¨
dP

dz
p�q

´1
. (A.8.16)

This proves that the map in (A.8.15) is injective.
In order to prove surjectivity, we extend a derivation D P DerF pK,Eq to a derivation in DerF pE,Eq

by defining its value on � via (A.8.16).

Corollary A.8.5. Keep hypotheses and notation as above. Then Tr deg
k
K “ dimK DerkpK,Kq.

A.9 Nakayama’s Lemma

Let R be a ring, M be an R-module, and I Ä R be an ideal. We let IM Ä M be the submodule of
finite sums

∞
kPK fkmk, where fk P I and mk P M for every k P K.
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A. Algebra à la carte

Lemma A.9.1 (Nakayama’s Lemma). Let R be a ring and M a finitely generated R-module. Let I Ä R

be an ideal and suppose that M Ä IM (i.e. M “ IM). Then there exists ' P I such that p1`'qM “ 0
i.e. p1 ` 'qm “ 0 for all m P M .

Proof. Let m1, . . . ,mr be generators of M . By hypothesis there exist aij P I for 1 § i, j § r such that

mi “

rÿ

j“1

aijmj .

Let A be the r ˆ r-matrix with entries in R given by A :“ p�ij ´ aijq, where �ij is the Kronecker
symbol i.e. �ij “ 1 if i “ j and is 0 otherwise. Let B be the r ˆ 1-matrix with entries m1, . . . ,mr.
Then A ¨ B “ 0: multiplying by the matrix of cofactors Ac we get that detA ¨ mi “ 0 for i “ 1, . . . , r.
Expanding detA we get that detA “ 1 ` ' where ' P I.

Corollary A.9.2. Let R be a local ring with maximal ideal m and M a finitely generated R-module.
Suppose that the quotient module M{mM is generated by the classes of m1, . . . ,mr P M . Then M is
generated by m1, . . . ,mr.

Proof. Let N Ä M be the submodule generated by m1, . . . ,mr and P :“ M{N be the quotient module.
We must prove that P “ 0. The module P is finitely generated over R because M is, and moreover
P Ä mP by hypothesis. By Nakayama’s Lemma there exists ' P m such that p1 ` 'qP “ 0. Since
p1 ` 'q does not belong to m it is invertible (it generates all of R because m contains all non-trivial
ideals of R) and hence it follows that P “ 0.

A.10 Order of vanishing

The prototype of a Noetherian local ring pR,mq is the ring OX,x of germs of regular functions of a
quasi projective variety X at a point x P X, with maximal ideal mx, see Corollary 4.2.5. The following
result of Krull can be interpreted as stating that a non zero element of OX,x can not vanish to arbitrary
high order at x. In other words, elements of OX,x behave like analytic functions (as opposed to C

8

functions).

Theorem A.10.1 (Krull). Let pR,mq be a Noetherian local ring. Then
£

i•0

mi
“ t0u.

Proof. Since R is Noetherian the ideal m is finitely generated; say m “ pa1, . . . , anq. Let b P
ì

i•0 m
i.

Let i • 0; since b P mi there exists Pi P RrX1, . . . , Xnsi such that Pipa1, . . . , anq “ b. Let J Ä

RrX1, . . . , Xns be the ideal generated by the Pi’s. Since R is Noetherian so is RrX1, . . . , Xns. Thus
J is finitely generated and hence there exists N ° 0 such that J “ pP0, . . . , PN q. Thus there exists

QN`1´i P RrX1, . . . , XnsN`1´i for i “ 0, . . . , N such that PN`1 “
∞

N

i“0 QN`1´iPi. It follows that

b “ PN`1pa1, . . . , anq “

Nÿ

i“0

QN`1´ipa1, . . . , anqPipa1, . . . , anq “ b

Nÿ

i“0

QN`1´ipa1, . . . , anq. (A.10.17)

Now QN`1´ipa1, . . . , anq P m for i “ 0, . . . , N and hence ✏ :“
∞

N

i“0 QN`1´ipa1, . . . , anq P m. Equal-
ity (A.10.17) gives that p1 ´ ✏qb “ 0: since ✏ P m the element p1 ´ ✏q is invertible and hence b “ 0.

Corollary A.10.2. Let pR,mq be a Noetherian local ring, and let I Ä R be an ideal. Then
£

i•0

pI ` mi
q “ t0u.

Proof. Let S :“ R{I. Then S is a Noetherian local ring, with maximal ideal mS :“ I`m. The corollary
follows by applying Theorem A.10.2 to pS,mSq.
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