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1 Introduction
The Liouville theorem for harmonic functions states that a solution u of
uw>0, Au=0 in IRY

is a constant. This classical result has been extended to non-negative solutions
of semilinear elliptic equations in IRY or in half-spaces by B.Gidas and J.Spruck
[?]. For the case of the whole space they proved that the unique solution of

u>0, Au+Cu® =0 in RY

isu=0, provided 1 < a < % and C'is a strictly positive constant.

The Liouville property is more delicate to establish for semilinear elliptic
equations or inequalities of the form

u>0, Au+ h(x)u®* <0 in X%,

where ¥ is a cone in RY and h > 0 is a function which may vanish on the
boundary of ¥. Liouville type theorems in this case have been established re-
cently by H.Berestycki, L.Nirenberg and the first author. In the paper [?] they
obtained, by a simpler method than in [?], a general result in this direction
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under some conditions relating the exponent «, the rate of growth of A at infin-
ity, the opening of the cone ¥ and the space dimension N. In the special case
Y= {r = (21,...,zy) € RY : 2y > 0} and h(z) = zy, the above mentioned
theorem states that the unique solution of

u>0, Au+xzyu® <0 inX

isu =0, provided1<a<%.

In [?] and [?] these non-existence results have been applied to show via a
blow-up analysis the validity, under restrictions on « dictated by the Liouville
theorems, of a priori estimates in the sup norm for all solutions (u,7) > 0 of the
problem

u>0, Au+a(z)u*+7=0 inQ
u=0 on 0,

where € is a bounded open subset of IR and 7 € IR. These estimates allow to
prove, via the Leray-Schauder degree theory, the existence of non-trivial solutions
of the Dirichlet problem

u>0, Au+a(z)u® =0 inQ
u =20 on 0,

even when the weight a may change sign in € (see [2] for such indefinite type
problems).

The approach of [?], which works for general second order uniformly elliptic
operators in non divergence form, has been adapted by I. Birindelli and the

present authors to deal with the semilinear operator Agnu + a(&)u®.
Here, Agn is the second order degenerate elliptic operator

A 2n 62 4 ) 82 4 n 82 62
n = Az T 46 + itn — &
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i=1 i=1

(1.1)

acting on functions u = u(§) where &€ = (&, -+, &op, Eony1) € IRZHL

In [?] and [?], the results described above for the case of the Laplace operator have
been indeed extended to the operator in (1.1) under some pseudo-convexity con-
dition on 0f) which allows to manage the extra difficulties posed by the presence
of characteristic points.



The basic idea in [?] and [?] is to look at the Kohn Laplacian Agy» as a
sublaplacian on IR?"*! endowed with the Heisenberg group action

Eon= (& +m,-- &0+ Mons Song1 + Nons1 + 2 Z(&Jmm — &Mign)) -
i=1

By this we mean that Kohn Laplacian in (1.1) can be expressed as Apn =

2n
> X7, with

0 0 0 0
Xi= 77+ 26inz—  Xitn = — 2§ 1.2
o6 T E e N T aen, T Mot (12)
for ¢ = 1,...,n . This observation allows to exploit conveniently the scaling

properties of the fields X; and of the operator Ay~ with respect to the anistropic
dilations

5)\(5) = ()\517 ey >\£2n7 )‘2€2n+1) (>\ >0 )

and the action of Ag» on functions depending only on the homogeneous norm

1

25 + &)t (1.3)

Liouville theorems, a priori estimates and the existence of non trivial solutions in
Holder-Stein spaces for the Dirichlet problem

Agrnu+a(u* =0, u=0on N

are therefore obtained in the above mentioned papers under a restriction on the
exponent a depending on the homogeneous dimension (Q = 2n + 2 of the Heisen-
berg group rather than on its linear dimension N = 2n + 1.

The ideas and methods outlined above for the case of Agy» can be generalized

to sublaplacians L of the form L = > X7 where the first order differential

i=1
operators X; in the preceding generate the whole Lie algebra of left-invariant
vectorfields on a nilpotent, stratified Lie group (G, o), see Section 2 for a quick
review of the basic notions and terminology.



In Section 3 of the present paper, which originates from the graduate dissertation
of the second author [?], we propose some abstract results of Liouville type for
operators L as above, both in the linear and the semilinear case. The final Section
4 is devoted to the study of the semilinear Liouville property for some second order
degenerate elliptic operator which do not fit in the abstract setting of Section 2 ,
the main example being the Grushin operator which is defined on IRY = IR x IR¢
by

p 2 qa2

0 2k
Zar2 I 2o

=1

where k € IN and € = (x1,...,%,,Y1,- . .,Y,) is the typical point of IRY.

Let us mention finally that different aspects of semilinear subelliptic prob-
lems have been investigated in [?] and, more recently, in [?, 7, 7, 27 7 7 7].
Liouville type theorems for linear Fuchsian or weighted elliptic operators have
been established in [?, 7, ?].

2 Sublaplacians on stratified Lie groups

In this section we recall briefly a few notions which are relevant to the analysis
on Lie groups and some fundamental properties of sublaplacians on stratified,
nilpotent Lie groups. For more details, see. e.g. [?, ?].

2.1 Stratified nilpotent Lie groups

Let G be a real finite dimensional Lie algebra, i. e. a vector space on IR with a
Lie bracket |- -], that is a bilinear map from G X G into G which is alternating

[(X,Y] ==V, X] forall X, Y € G (2.1)
and satisfies the Jacobi identity
(X, Y, Z)|+ Y, [Z,X]|+ [Z,[X,Y]] =0 forall X,Y, Z €G. (2.2)

G is called m—nilpotent and stratified if it can be decomposed as a direct sum of
subspaces satisfying

G=Vi®Vs...®V, with dimV; = n; (2.3)
Vi, Vil € Vi i L < j <my [V, Vi] = {0}
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Therefore, V| generates, by means of the Lie bracket [-,-], G as a Lie algebra.
Let (G, o) be the simply connected Lie group associated to the Lie algebra
G = (G, [,]) as follows:

G =RMwith N = an ,
j=1
equipped with the group action o defined by the Campbell-Hausdorff formula,
namely

nof=n+it ime+ s+ S+ . (24

(for the other terms see e.g.[?]). Note that, in view of the nilpotency of G, in the
right hand side there is only a finite sum of terms involving commutators of &
and 7 of lenght less than m.

Observe that the group law (??) makes G = IRY a Lie group whose Lie algebra
of left-invariant vectorfields Lie(G) coincides with G. Recall that the Lie algebra
Lie(G) is the algebra of left-invariant vectorfields Y which satisfy

Yfno&) = f)nof) ,

for every smooth function f, equipped with the bracket [[X,Y]] = XY — Y X.

Let eq,...,e,, be the canonical basis of the subspace IR" of G; then as a
basis of the Lie algebra G = Lie(G) we can choose the vectorfields Xy, ..., X,
defined for smooth f by

f(€ote) — f(E)

X(F)(©) = lim )28 cea (2.5)
Since V; generates G as a Lie algebra we can define recursively, for j = 1,...,m,

and i =1,...,n;, a basis {X;;} of V} as

Xm:XZ- (izl,...,nl)
Xa = [Xi17 [Xi27 ceey [Xij_p ZJ]] . ‘]7

with @ = (iy,...,4;) multi-index of length j and X;, € {X;,..., X, }.
In terms of the decomposition G = IR™ @ IR™ @ ... H IR™ one defines then
a one - parameter group of dilations d, on G by setting for

E=6L+ 86+ ...+ &, (ij]an) ,
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(6 = S Ng; (2:6)

Observe that, for any ¢ € G, the Jacobian of the map & — §,(€) equals A9,
where

Q=>jn; . (2.7)
j=1

The integer @ is the homogeneous dimension of GG. Observe that the linear di-
mension of G is N = 77", n;; hence () > N and equality holds only in the trivial
case m =1 and G = R™.

Let us recall that a dilation - homogeneous norm on G is, by definition, a
mapping £ — p(€) from G to IRT such that:

i) & — p(&) is continuous on G and smooth on G \ {0}
i1) p(§) = 0 if and only if £ =0
iti) p(§) = p(=¢)
iv) p(0x(€)) = Ap(§) for each A > 0.
All homogeneous norms on GG are equivalent; moreover they satisfy the triangle
inequality

(2.8)

p(§on) < Co(p(§) +p(n) forallé,ned

for some constant Cy > 1. For a given homogeneous norm and positive real R,
the Koranyi ball centered at 0 is the set

B(0,R) = {€€ G : p(¢) < R}.

These balls form, for R > 0, a fundamental system of neighborhoods of the origin
in (G, o). Through the group law o one defines then the distance between £,n € G
by the position

d(§,m) = p(n~' o),

where 17! is the inverse of 1 with respect to o, i.e. % = —n. The Koranyi ball
of radius R centered at 7 is defined accordingly.

It is important to point out that the Lebesgue measure is invariant for the
group action and that the volumes scale as R%.
More precisely, if | F| denotes the N - dimensional Lebesgue measure (recall that
N =3, nj), we have

1

[B(n, R)| = |B(0, R)| = |B(0,1)|RY.
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as a consequence of (??) and (?77?).

2.2 Sublaplacians

Let us come back now to the vectorfields X; (i = 1,...,n;) defined in (?7). The
first remark is that X; are 1 - homogeneous with respect to the dilations dy, i.e.

Xif(0x(€)) = AMXif)(0x8) (2.9)
Indeed, from the definition ?? of X; we have

Xof(05(€)) = tim L&) = J(0:E)

t—0+ t

Setting 7 = t\ , the righ-hand side of the preceding is
) G FOxE0Te) = f(0NE) _

T—0+ T

AXif)(0x())

In a similar way one can check that the vectorfields of V; are homogenous of
degree j, that is

Xigf(0r(&) = N(Xisf)(0:8) , Vi=1,...,m (2.10)

Let us make now some simple remarks on the representation of the vector-
fields X; as first order partial differential operators. If one chooses (eq, ..., epn,, ..., €n)
as the canonical basis of G = IR | then each X; (i = 1,...,n1) can be expressed

in terms of the partial derivatives % as
J

X, = Zaw axj (2.11)

Here, o(z) = (04j(x)) is a n; x N matrix of the form

o= Irm, Q2(z), ..., Qu()) (2.12)
where Ign denotes the identity on IR™ and Q);(x) are ny x n; matrices
(j =2,...,m). As a consequence of (?7) one has
0 (£) =0 forj=1 N (2.13)
04 = = 1,...,IV. .
c%lzj J J



The sublaplacian L on the group G is defined then on smooth functions u by

n1
Lu=>Y Xu (2.14)

i=1

Observe that L is 2—homogeneous with respect to the dilations d, since the X;’s
are 1—homogeneous; moreover, L is left-invariant with respect to the group action
o, since the X;’s are such.

In view of the preceding discussion, L is a second order partial differential
operator; as a consequence of (??) it can be expressed in divergence form as

N9 ou

where A(z) = (aij(z)) = o (x)o(x) is a positive semidefinite N x N matrix.
When m = 1 the sublaplacian L coincides with the Laplace operator

> 7
A pr—
ij=1 Oz

On the other hand, as soon as m > 2, the matrix ¢ has a non trivial kernel.
The sublaplacian L is therefore no more uniformly elliptic but only degenerate
elliptic and, more precisely, a second order operator with non-negative character-
istic form according to [?]. Nevertheless, the stratification condition implies that
the fields X; (i = 1,...,ny) satisfy the Hormander condition

Lie(G) =G . (2.16)

As a consequence of (?7), L is subelliptic (see [?]). Let us just mention here that
this implies the validity of Bony’s Maximum Principle (see [?7]).
In the sequel we will use the notation Vou = (Xyu,..., X,u) .

Let us conclude this section by two basic examples.

2.3 Examples

Example 1. Take G = IRY with the trivial Lie bracket [X,Y] = 0 for all X, YV
and stratification V; = RN, V4 = {0}. The dilation and the homogeneous norm
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in this case are, of course, isotropic. They are given, respectively, by

W) = A, .., N); p(é) = (Zgzg)%

The homogeneous dimension is N, the fields X; are the partial derivatives and
the sublaplacian is the standard Laplacian A.

Example 2. Take G = IR*"™ (n > 1) with the Lie bracket [X,Y] = XY — Y X
and the stratification G = IR*" @ IR'. The homogeneous dimension in this case is
then @) = 2n+ 2. The dilation and the homogeneous norm on G are, respectively,

2n
1
5A(5) = ()‘617 ey >\£2n7 )‘2€2n+1) ; p(f) = ((Z 512)2 + €§n+1)z
i=1
It is easy to check that the group action o defined in (?7) is
no 5 - (51 + M, .. af?n + T2n, €2n+1 + Mon+1 + 2 Z(&ni-ﬁ-n — gH_n’I]l)) (217)
i=1

From this it follows that the fields X; are given in this case by (1.2) and the
sublaplacian associated with the Heisenberg group H" = (IR*"*! o) is therefore
given by (1.1).

3 The Liouville property for sublaplacians on
nilpotent stratified groups

3.1 The linear case

This section is devoted to the generalization to sublaplacians L of the well-known
Liouville property valid for the Laplace operator. Indeed, we prove that bounded
L—harmonic functions on stratified groups G are necessarily constant.

Let L = 3™, X? be the sublaplacian on the stratified group (G,0). A func-
tion u is L—harmonic on G if

u€T?*Q), Lu=0in G



where I'?(G) is the space of functions u : G — IR such that
u, X;u € L*(G) N C(G)

and

sup | Xiu(no&) + Xu(no &™) — 2X;u(n)| < o0

&n p(§)

fori=1,...,n4.
The basic tool in our proof of the linear Liouville theorem is the following
mean value property for L—harmonic functions:

_Cq
"~ RC JB,(e,R)

v(€) v()|Vidi (&, m)[*dn, (3.1)

where dr,(£,n) == pr(§ P on), Cp is a suitable constant and By (¢, R) denotes
the Koranyi ball associated to an appropriate C*°(G \ {0}) homogeneous norm
pr(+). Note that

pL(E on) ~ T )

where T' is the fundamental solution of L (see [?, 7, 7]).

Theorem 3.1 Let L = Y, X? be the sublaplacian on the nilpotent stratified
group G. If uw is L—harmonic on G , then u is a constant.

Proof. As a consequence of (??) the vectorfields X;,, commute with X, for
1 =1,...,n1. Hence the sublaplacian L satisfies:

ni ni
2 2
X@mLu = Xi,m E Xju = E Xj X@mu.
J=1 J=1

Consequently, if « is L—harmonic the same is true for X;,u (i = 1,...n,).
Therefore, by the mean value formula (??) applied to X;,,u we get
Xt = ) Ximu(n)|Vrdp|*dn (3.2)
’ RO Jpem)

Integrating by parts the right-hand side of (??), we obtain:

c
Ximtt = =58 Ip,e.r) @) Xim (IVLdL]?) dn

C X md
+75 faBL(g,R) u|Vidp|? W’dL‘LdZ.
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Vdy,

Y 18 the normal

Here V denotes the usual gradient; observe also that v =
vector to 0By,.

Since the X; are 1—homogeneous with respect to the intrinsic dilation, see
(?77?), and are left-invariant with respect to the group action o, it follows that X ,,
is homogeneous of degree m with respect to d, and left-invariant with respect to
o. The previous remark, together with the fact that dj is homogenous of degree
1 with respect to d,, provide the following estimates:

C C
[ Xim(dr)| < g1 | XimVirdr| < T (3.3)
L L
Indeed, for the first estimate in (??) observe that
Xi,m(dL(n)) _ " (m_L1<PL(77)))
pr (1)
and that |Xi7m<dL(pL?n)))| is bounded since dy, is C* on 0Bf(0,1). The second

estimate is achieved by using the same argument and the 1—homogeneity of V.
Moreover, X; ,.(|V5dr|?) = 2X;,,Vidr, - Vidr.
Hence,

C, C, _ C
[ Ximu(€)] < Zoilull o R + e fullp= RO < 2 ful| o

RQ+m RQ+m—1 - Rm
for every £ € G.
Therefore, letting R — oo, one deduces that
Ximu=0 inG foreveryi=1,... ny. (3.4)

Now, from the stratification of G it follows that X ,,_ju is also L—harmonic.
Indeed, for k =1,...nq,

[Xi m—1u, Xpu] = Xpu  for some o with |a| =m (3.5)

Thus, being X;,, a basis of V,,,, (?77) yields X,u = 0 in G. Repeating the same
argument and using the fact that the vectorfields X, ; form a basis of V; and are
j—homogeneous with respect to Jy, see (?7), one finally obtains that

Xiju=0 forj=1,....m,i=1,...,n;.

Consequently, from the Hérmander condition span (X; ;) = Lie(X;) = G, we
deduce that Vu = 0 in G and the claim is proved. O
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3.2 The semilinear case

In this section we prove a Liouville theorem for nonnegative solutions of semilinear
equations associated to sublaplacians L on stratified groups G.

The proof, which is inspired from [?], relies in particular on the behaviour of
the operator L defined in (??) on functions which are radial with respect to the
homogeneous norm py(+) , see Section 3.1. From now we shall write, for simplicity,

PL=p -
One can easily check by a direct computation using (??) that the following holds
for smooth f: IR — IR and p # 0

Lf(p) = f"(p)|VLpl* + f'(p)Lp (3.6)

As recalled in the previous section, p>~@ ~ I' , where I' is the fundamental solution
of L. Therefore, using (??) with f(p) = p>~9, one finds that

0=Lp* % =12-Q)(1—-Q)p °VLpl*+ (2—Q)p' “Lp

for p # 0 . Hence,
Lp=(Q—1)p ' [Vip|”

yielding to the following radial expression of L :

L(e) = Va1 (0) + £ 2]

Let us observe that Vp is homogeneous of degree zero and therefore is bounded in
G; the same is true for pLp. In the sequel we will use the notation ¢ (p) = |V pl|?.

Theorem 3.2 Suppose that u € T7, .(G) N C(G) satisfies

loc
u>0, Lu(€)+k(Eu*<0 inG (3.7)
where k is a continuous nonnegative function such that
k(&) > Kp'(€)

for sufficiently large p(§) and for some K > 0, v > —2. Then u = 0, provided

Q+y
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Proof. For each R > 0 consider a cut-off function ¢ such that

¢ﬁmﬁ=<%wwm¢ecwm+m>
0<¢p<1, ¢=1in|0,3], (b_Oin[l,—i-oo), (3.8)
¢ < 99r <0, |82¢R| < — for some constant C' > 0
R~ 0p — R2 '
Set then
In= [ Keuorlds = [ k(Ou o (3.9)
G BL(0,R)
where % =1—1 . Observe that /g > 0 and that (??) implies

In<— [ Ludpd
Br(0,R)
Therefore, an integration by parts yields:

I <_/ L(6%)d / V(62 - v dS
RS BL([)’R)U (PR)dE + BBL(()’R)U (Pr) - vL

. O - vpdS < — / L(¢%)d
9B (0,R) OrVru-vid: < BL(O,R)U (9r)dE (3.10)

L v d2<—/ L(¢%)d
8BL(O,R)Uﬁ¢R ORViLp vk < BL(O,R)u (),

where v,(§) = o(&§)v(§), v being the exterior normal to By, , see (??), and dX
denotes the (N — 1) - dimensional Hausdorff measure.
On the other hand, (??) implies

16— 62 o8 1 prpl
= 52 RTP Pap R -

Thus, by the assumptions made on ¢r and taking (??) into account, we find, for
Sr:=BL(0,R)\ B.(0, %),

I < = [ ulfog o+ B0 OnLplde
C
= RQ/ZR uqu df
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since ¥ and pLp are bounded. Then, by Holder inequality,

C _ 1 —18 1
In < / a v (B-Da a/ . .
[ RZ[ o P ¢r O dg]e| _ dgle

Choosing R > 0 sufficiently large so that £ > Kp” in Xg, we obtain

In < C[/ wke de|r REHED (3.11)
R
Therefore, for large R,
1 -
270 < C REHE (3.12)
Letting R — oo in the above we conclude that, if 1 < a < % , then

[:= lim IR:/ kutdg = 0
R—oo G
This implies u = 0 outside a large ball since k is strictly positive there. Choose
now R > 0 in such a way that & > 0 for p > R. Then, as proved above, u = 0 on
G\ Br(0, R).
Hence u satisfies:
u>0 in Br(0,R+9)
Lu <0 in Br(0,R+ ) (3.13)
u=0 for R<p<R+J

for some § > 0. Therefore, by the Bony’s Maximum Principle, see [?], u has to be
identically zero on G since u is not strictly positive in view of the last condition
in (77).

Consider now the case a@ = Q—J_rg In this case, from (??) we deduce that I is
uniformly bounded with respect to R. Moreover, since R — [y is increasing the
integral on the right - hand side of (??), which coincides with Ir — I £, goes to
zero as R tends to infinity. This implies I = 0 and we conclude as before. 0O

Remark 3.1 The claim of Theorem 7?7 holds under the less restrictive assump-
tion that, for some K > 0 and v > —2, k(§) > Kvyp?(§) for sufficiently large
p(&). The proof is similar but one has to take into account that pLp = (Q — 1)¢
and also that ¢ vanishes, by its very definition, on the characteristics points of
the Koranyi’s ball which are, by the way, a set of N—dimensional measure equal
to zero (see [7]).
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Remark 3.2 The exponent % in Theorem 77 is optimal. To see this, observe

first that in view of (??) the function u(p) = (1 + p?)~ 2 satisfies

Lu+p(Q —p—2)¢(1+p*) B <0.

Thus, were a > % , one could choose p such that
p 7 _P
—2> P_IsPaq
Q P, a5— 525 +

Therefore, setting v = Cu with C' = (p(Q — p — 2))ﬁ , one obtains easily that

—Lv > (p(Q—p—2)7T (1+p°) 55 > g |

4 Other Liouville type results

Here we prove some semilinear Liouville type results like those of the previous
section for some degenerate elliptic second order operators of the form

N
L= X; (4.1)
=1

which are 2—homogeneous with respect to a family of dilations but do not fit in
the setting of Section 3 since they are not left-invariant with respect to any group
action on IRV .

The first example we consider is the Grushin operator L defined on RN =

R? x IRY by

82 q 2

P o
L= + xS = 4.2
;8%2 || Zayf (4.2)

i=1

where k € N and (z,y) = (z1,...,2p, Y1, - - -, Y,) denotes the typical point of RY.
This operator may be written in the form (??7) by choosing

Xi:aii fori=1,....p

fori=1,...,q.

i

15



It is easy to check that L satisfies the Hormander condition (?7?) since the X;
generate IR™ by commutators of lenght < k. It is also easy to realize that the Lie
algebra generated by X; for £ > 1 has no constant dimension.

However, for the dilation

Br€ = (A, AEFy) (4.3)
we have
Xiu(0x§) = A(&U)(&% (i=1....p)
u .
Xispu(0r§) = ’m‘k)\kﬂaTJ = MXipu)(0x§) (i=1,...,q)
Hence, L is 2—homogeneous with respect to (??). Moreover, the norm
1
p(&) = la| + [yl (4.4)
where ¢ = (z,y) and | - | denotes the euclidean norm on IRY, is 1—homogeneous

with respect to the dilation in (?7).
It follows that N-dimensional measure of the ball

Qr = B,(0, R) x B,(0, R*™)

associated with (??) (here B, denotes the euclidean ball of IR?) is proportional
to RY, with
Q=p+(k+1)g=N+kq.

Theorem 4.1 Let u be a solution of

P Hu 7. 9%u N .
u>0, Zaxi2+|x|2kza—y2+u <0 inRY (4.5)

i=1 i=1

ThenuzO,pmm'dedthatk>1and1<a§&.

Proof of Theorem ?? Set Qr := B,(0, R) x B,(0, R¥*1). Let pr and 6 be the
cut-off functions satisfying, for some constant C' > 0,

r s ) o
or(r) = go(ﬁ); Or(s) := Q(W) with ¢, 0 € C*°[0, 4+00),
0<e<1,0<0<1,¢=0=1in0,3], p=0=0in [1,+00),
2 2
R r " Rk T (s T or? R27 ' 0s? R2(k+1) 7

(4.6)
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where r = |z| and s = |y|. Let us set then, for % =1-1,
Ini= [ u*Onpr)de (47)
RN

From (?7) we obtain
0< Iy=— /Q wL[(0rpr)®]dedy + /8  uB(rer) " Vi(Onor) - vidS  (48)
R R

where Viu = (Xju,..., Xyu) and vy, = (vi, ..., 1y, [2|*Vps1, .. ., J2[Fun), v being
the exterior normal to 0€)z.
On the other hand, simple computations show that

Lor = Appr) , LOp=|2[*A0r ,
Vipr = (Vx<PR;0) , Vibgp= (07 |$|kvy9R)

where A,, A, denote the Laplacians on IR? and IRY, respectively.

The integral on the boundary in (??) vanishes since Vypg - Vg = Orpr = 0
on dN)g and B > 1. Therefore, by the properties of ¢r and 0z and setting

Sk = Qr \ (By(0, 2) x B,(0, 1)), we obtain

_ qg—1 _ p—1
Ip < —/E uBlehoy |z (0% + — )+ o 0ok + ——lp)ldg
R

¢ 8 a1
< g [, uderti e,
By the Holder inequality then

C 1 1

In < o[ u(ondn) dudy] [ dedy)? (49)

R2 YR YR

yielding
I < CR92°%.

At this point the claim follows by the same arguments as in the proof of Theorem

3.2, O

The next result concerns the k—dimensional (1 < & < N) Laplace operator
on IRV | that is
k 2
AL =
g Z:ZI Ox?

1
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This example shows that subellipticity is not necessary to obtain semilinear Liou-
ville type results. The main ingredients in the proof are again the 2—homogeneity
of the operator with respect to a suitable family of dilations and that the balls
associated with an appropriately defined distance invade the whole space as the
radius diverges.

The result is as follows:

Theorem 4.2 Let u € C? be a solution of
>0, Apu+u*<0 inRY (4.10)

Ifk>2andl <a< ﬁ, then u = 0. The same conclusion holds if k = 2 and
a>1.

Proof of Theorem 7?7

The proof is similar to that of Theorem ??. The first observation is that, for
every € > 0, the operator A is 2—homogeneous with respect to the following
dilations:

5)\<£> = 5)\(‘1:17 ce ,LUN) = ()\‘7:17 . '7)\'rk7/\exk+17 - '7>\6xN> (411)

since Ay does not act on the variables z; for j =k +1,..., N.
As in the proof of Theorem ?? one considers then the sets

Bk<0, R) X BN,]C(O, RE)

where B; denotes the j—dimensional euclidean ball. Set { = (z,y) with z =
(x1,...,2x) and y = (Tg41,...2y) and consider the same cut-off functions ¢g ,
0r defined in (?77?) with k + 1 replaced by e.

Proceeding as in the proof of Theorem ?? one shows then that the integral

1 1
I::/ Ypoplde (= +==1) ,
R IRNu RPR d§ (a+ﬁ )
satisfies

1
I} < CREN-R+h-2-5 (4.12)

Let £ > 2. By assumption, o < ﬁ ; hence one can choose ¢ > 0 so small

that o < . Thus (7?) implies that I goes to zero as R — 0.

__k
k—2+e(N—k)
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In the case k = 2, for every a > 1 there exists € > 0 such that a <

ﬁ and we

conclude again from (?7?) that I — 0 as R — oc.
On the other hand, By _(0, R°) x By (0, R) invade IR" as R goes to infinity. Hence

Ip— /}RN utdg

as R — oo and this implies v = 0. O
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