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1. Laser-Oberfldchenhdrtung — 1



Data: e T >0, Q ¢ RY bounded, d =2 or 3
e 0, C, k, L positive constants
e 0, € HY(Q), a € L>(Q) non-negativ

Energy-Balance:
och —kAO) =au—ygla; INQ=(0,T)xQ

a4 =0 onY =(0,T) x 9Q
0(0,-) =6, in Q

Austenit-phasetransition: a; = f(6,a) inQ, a(0,:)=0inQ
state-variables: 6 and a

control-parameter: u = u(t) € L?(0,T)  (function of time)

c.f. S.Volkwein
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FE solution 6 at time t

T

POD 2 solution 0 at time t

T

POD 1 solution 8 at time t

2. Fehlerabschdtzungen fiir POD Approximationen — 9

note the scales
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OS-POD

(Pose)

min J¢(x, 1, u) over (x, v, u) € L2(RY) x X x L?(0,T;RM),
subject to

E () x(t) + A(y)x(t) + N(x(t),v) = B(y)u(t), te(0,T],
E(¥)x(0) = xo(¥),

SYO) + Ay () + Ny (1) = Bu(t), te(0,T],

y(0) = Yo,

R(Y )i = Ai i i=1,....0

(Wi, ¥y) = 6 i,j=1,...,¢.



The following optimality system holds:

{ —E@)q(t) + (A(W) + M (x,9)) q(t) = =I¢(x, 9, u),
q(T)=0

{ —P(t) +Ap(t) + M(y(t))" p(t)

= S (), )X T2 + (Y (1), v)x T
p(T)=0

2
Hi = _(R—)‘I I)_l [277I ¢i +Igi(xa¢auaq)]a for i = 1, "'7&

{ N = -3 <gi(wiaU7Q)v¢i>x*,x

and

Ru(t) =B (¥)a(t) + B*p(t).



TRUST REGION - POD

Minimize,cy,_, J(u)

Assume that current iterate uy is given. Build quadratic model
around uy.

1
mi(ug +8) = J(ux) +gps + 5sT Hys

For the computation of the next step solve
Minimize my (ux +s), |[[s]]2 < ok

where ¢y is current trust region radius.

c.f. M.Fahl, E.Sachs



Full

. 17
min J(u)—2/0 lly (u; t,x) — y9 (t,x)[|% dt

where

» y(t,x) =y(u;t,x) solution to the PDE for given control
u(x,t)

» y9(t,x) desired state
Reduced

: 1 /7
min 170°(u) = 5 [ y"P(uitx) - y9(e 0l
0
where yPOP — yPOD () POD solution for given control u(t).
? when update POD-basis ? dimension of POD basis



Consider

— JPoD(

my (Ux +s) Uk +S)

as local model for J around u.

Unlike common quadratic trust region model functions we have

» my (ux + S) is not quadratic in s
> my(Ux) # J(uk)
> Ok = VMg (uk) # VI(u)



Algorithm 1: Outline of TR-POD Alg.
LetO<m <<l 0<m<yn<l<~yandu;,d >0, setk =1.

1. Compute snapshot set corresponding to control uy
2. Compute POD basis and build POD control model
3. Compute minimizer s¢ of

min - mg(ux +S)
[Is]l2<dk

4. Compute J(ux + sx) and

J(Uk) — J(Uk +Sk)
My (U ) — my (U + k)

pe =

5. Update trust region:

> If px > n2 : set ug,1 = Ux + Sk and increase trust region
radius dyr1 = 30k
» Ifm < px <m2:setug; = Uk + Sk and decrease trust
region radius dx1 = 20k
» If px <1 :setug,1 = Ug and decrease trust region radius
Ok41 = Y10k
6. Setk =k +1and GOTO 1



Algorithm 2: Step determination algorithm (Toint '88)

Let0<a<pf<1,0<11<1,1v,>0,13>0,0<pu<1lbe
given.

Phase 1: Find \¢ such that
Mic (U — M) < Mic(u) — ae|lge |

Aokl < 6k
and

A > mln{ H , 2} (there are alternatives)

Phase 2: If 6y > 3 : Choose step sy such that

Mic (Ui ) — Mic (Ui + i) > (Mic(ui) — Mic (U — AR 9k))

lIsk||2 < 6k



Convergence

Regularity assumption on f

Assumptions on model my
» each my is differentiable

> 7”%‘”5:'(‘““” < ¢ for some ¢ > 0 (Carter '91).

Sufficient decrease condition for Algorithm 2

J(uk) — I(uk + sk) > c|lgk|[? min{dx, [lgk|*}



Theorem

Let J satisfy the standard assumptions. Assume that {uy} is a
sequence of iterates generated by Algorithm 1 with step
determination according to Algorithm 2 and

gk = VI(u)||
|9k

for some ¢ with 0 < ¢ <1 —np.
Then

< ¢ forallk

lim {73 (uc)| =o.

Note: Consistency of gradients in POD framework true in
practice, but no theory.



Example (Sachs et alt.)

k| J(u) Mi(Uk) | O | lIskll2 | px | dim
0 | 0.229239 | 0.118274 | 2 | 2.00 236 | 5

1] 0.149097 | 0.148143 | 4 | 4.00 1.27 | 5

2 | 0.080427 | 0.080532 | 8 | 6.84 147 | 5

3 1 0.006864 | 0.008835 | 16 | 2.87 093 | 6

4 |1 0.000246 | 0.000795 | 32 1 0.29 | 361 |8

51 0.000132




BALANCED TRUNCATION and POD

y=Ay +Bu, y(0)=yoeC"
z=Cy
A... stable,i.e.: Re \(A) <O0.

controllability operator
Ve i L2(—00,0] — C", We(u) = [° e ABu(t)dt

controllability Gramian
Zo=Wov; = [° e AMBB*e Aldt = [ eMBBeAdt

Z: pos. def.iff (A, B) controllable
Liapunov equation AZ; + Z.A* +BB* =0

ref: Dullerud-Paganini, A Course in Robust Control; C.W. Rowley, Int.J. Bifurcation and Chaos



observability operator

Ceflly, ...t>0
Vo : C" — L2(0,00), Wo(Yo) =
0 ...t <0.

observability Gramian:
Zo = ViV, = / e”'sC*C e”Sds
0
Z, pos. def..iff. (C, A) observable, (2], ) = Y5 Zo Yo-
Liapunov equation A*Z, +Z,A+ C*C = 0.

{m} ... EVE (25/%),
Eo = 12?0 : [Yolen < 1}



recall

control-Liapunov equation AZ; + Z.A* + BB* = 0.
Ee ={VcU: |ufl2 <1} ={Z

obow. L.

C

1/2

Yo © [Yelen <1}

Cont.



Change of basis

=Ty, Ze=TZT*, Zo=(T*)12Z,T1

If (A, B, C) controllable and observable 3 balanced realization,
e 3T:

Z. =7, =% =diag(oy. ... ,0n). (Hankel singular values)

ZeZo T =T %2, or
Z. = LL*(Cholesky), 0<L*Z,L=U¥2U* U...orthogonal

T =3xY2u~L-L

balanced truncation: project onto first r columns of T.
reduced state again balanced and stable



Error bounds

input-output operator: (Gu)(t) = [*__ CeAt-"Bu(r)dr
transfer function: G(s) = C(s1 —A)~B

~ ~ G
|G|e0 = maxo1(G(iw)) = max [Guly
v ufule

reduction to r dimensions: ||G; — G||oc > 0741
balanced truncation: ||GP?' — G|, < 237, ., 0]

but not optimal (Hankel-norm reductions)
1

Inext we recall POD formulas



Yot RY = X, Yov =330 4 vy (4), Yaz = ((Z,Y(§))x, - (2, (tn)x)
R =i = ZLo Ay(H) @ y(4) = Lo By )Y (6), )x € L(X)
= Yidh = (y(t),y(t))x € R™"

()i

j=0

Ro-AoibAeils Koo Aoih {dih v =

3=
=~

.
Y :L2(0,T;R) — X, yv:/ vy (t, ) dt
0
.
R:yy*:/ y(t)@y(t)dt € L£(X)
K=YY= / x d7 € £(L?,L?)... Hilbert-Schmidt

X... finite dimensional, SVD: Wiy = /a1%,  In e = /0¥

Ropi =W Vioi =09, Y= YioliYi)x @i



POD

+ is concept for nonlinear systems

— high-energy modes are not necessarily most important to
dynamics

Balanced truncation
+ takes into consideration input - output information
— restricted to linear (stable) systems.



Connections POD-Balanced Truncation

controllability Gramian: Z; = [;° eAB B*e”™'dt
e.g.. B =[by,...,bn]
yi =eMbi,  Ze = [7Cya(®)ya(t)'. .. ym(t)ym(t)'



Connections POD-Balanced Truncation

controllability Gramian: Z; = [;° eAB B*e”™'dt
e.g.. B =[by,...,bn]
yi =eMbi,  Ze = [7Cya(®)ya(t)'. .. ym(t)ym(t)'

correlation matrix: R = Y Y* = fo (t)y(t)d



Connections POD-Balanced Truncation

controllability Gramian: Z; = [;° eAB B*e”™'dt
e.g.. B =[by,...,bn]
yi =eMbi,  Ze = [7Cya(®)ya(t)'. .. ym(t)ym(t)'

correlation matrix: R = Y Y* = fo (t)y(t)d
discretized Zc = YcY&, Zo=YYo € R™N
Y. € R™™M rectangular ! SVD of YoV

c.f. C.W. Rowley, Int. J. on Bifurcation and Chaos, to appear.



() YoYe =UXV*  rectangular, ¥ € R"™" VvV ¢ R™*"

Theorem
If rank X = n, then balanced truncation matrix is given by

T =YV 2, T1-1=35"12yy,,

and X contains Hankel singular values.
weighted inner product on R" : (a,b)z, = a'Z, b

POD-modes: Y¢VYeZoB=2ZcZoB=AP
equivalently  YZZoYc) = AWV X2V

= EVE(Y{ZoYc) =V X2 = EVE(ZZy)=YVE1



CLOSED LOOP CONTROL BASED ON POD

" NS byl “ NS YW
I rw‘jf

Ky [ <
by ) MiNucuy Jo eth(y)+3 [ |uf?
y =f(y) +Bu(t), y(0)=yo

f linearu = —BTI'Iy : henceforth f nonlinear

v =v(t,y) ... value functional V=V,

{Ut + v = Mingeu,, ((F(ty) +BTu, Vo) +h(y) + 5 u?)

u(T,)=0

1
u= Puad(—B BTV v)



(s) { +pv = (F(t,y), Vo(t,y)) + h(y) = 5 [Pu(=3BTVu(t,y))?

close the loop U(t) = Py, (=5 BTV u(t,y (1))



1) 2 point BVP-solutions

1 = 0, no control constraints

y =f(y) +Bu, y(0) = Yo
(0S) S A+f(y)A=-N(y), MT)=0

1
u_ﬁA

u(t) = =3 BTVyv(t,y(1) = Fr(t,y(t)) = 5A(t:Yo)

finite dimensional realization
(i) choose grid >~ C R" containing optimal trajectory

(i) calculate (y(-,¥o0), A(+,Y¥o)) for all yo € >, thus
F+1(0,yp) available

(i) use interpolation for 71 (0,y), y € R" arbitrary.



Remark: (OS) must be solved often ! (gridpoints in one
direction)#b2s's _, POD use for open loop optimal control to
estimate values in »_.

Example
(Control-to-zero of Burgers equation).

uncontrolled FE POD | closed loop
cost 0.3038 0.1694 | 0.1704 0.1733




2)

POD-HJB
Problem Setting

1
Yt — gg Ay + (Y - V)y + Vp =Bu
(NS) { divy iO, y(0,-) = yo, B.C.

Bu = ijsai i(t)
i=1

. 1 [ >
mind(w) =5 [ | ey —yawes x| e (ot
0

subject to u € Uyg and (NSt).
Streamline, Re=1000

12



Dynamic Programming Principle

{ minJ(yo,u) = [5° L u(t))e *dt
y(t) =f(y ( );u (t))v Y(O) = Yo, U € Uag.

value function v(yg) = minyey,, J(Yo,Uu).
(DPP)  (yo) = MiNue g { fy L(Y(t; Yo, u), u(t)e'dt + v(y(T; yo,u))e "}

(HIB)  pv(yo) = MiNucuy{Vo(yo) - f(yo, u) +L(yo, u)}
replace yo by y*(t).

u*(t) = F(y*(1)) where
F(y*(t)) € argmingyc,, {Vo(y*(t)) - Fy*(t),u) + L{y*(t),u)}

close the loop



t-discretisation
t =jh

Yi+1 =Y +hf(y;,u)
Yo given

Jn(Yo,Un) = *[L(YO7UO +Ze MJ L(yj, Uj—1) + L(y;, up))]-
=1

vh(Yo) = inf  Jn(Yo,Un)

UhEU

(HIBh)  un(yo) = eiflljh{g[L(yOaU)+ef“h'-(yo+hf(yo,U)~,U)]+e “Mon(Yo+hf (yo, u)))

Yir1 =Y +hf(y, Sn(y)), i >0
numerically still infeasible



POD-Galerkin Ansatz:

y'(tx) = ai(®)pi(x), u(t,x) = ui(t) @i (),

i—1
where {¢;} POD basis from {y° (tc) — Vstokes }

y%(t) ... nocontrol — ¢; injection on top filtered out.

& =—Aa —a' Ha + G(u)

1
Aij = ==(Vi, V), Hix = (¢ - Vox, ¢i),

Re
Gi = <u790i>



Implementation Aspects

for NS: finite difference upwind scheme on staggered
nonuniform grid, fractional ¥-scheme for time-integration.

(HIBh) vn(a) = inf {g (L((y, u) + e ""L(a + hf(a, u), u)) +e ""y(a+hf(a,u))}

h
ueiy

hypercube 'y, in R" such that o*(t) € 'y for all t,
aj gridpointsin My, a = >Ny, DA =1

vn(a) =Y A vn(q)

Solve (HJBy) as fixed point equation,
(Bardi, Capuzzo-Dolcetta; Gonzales-Rofman)
nonuniform grid ~ decay of POD eigenvalues.

Constrained nonlinear programming problem at each grid point
of [y, : in parallel.

Validation



Reynolds number, Re 1000
Time horizon, T 10

No. of basis functions 6
No. of controls 2

Bounds on controls [-0.5,0.5]
Grid system 12x6x6x4x3x3

Discount rate, p 2

Observe region, [-1,12] x [0, 1]

Table: Parameter Settings




Nonuniform grid system

2 4 6 8 10 12

Stokes flow






Boundary Control

no injection on top

construction of shape functions
u=u(t)x(x), x el¢

Yref = YStokes‘UEZ - YStokes‘uzo

V= Span{y(tk)‘uzo ) Y(tk)’uzz - Yref}Ezl

1 2n
V=A{V—-ym}, Ym:%ZV
k=1
POD(V) = {wi}

Ansatz for controlled solution
Y™ (t) = Ym + 370 ai(t)r + u(t)Yrer.



Boundary Control

Streamlines, Re = 1000




‘Semi-implicit soluton of the Burgers equation (with opt. conirol)

xeaws 0 o xeaxis i

FIGURE 1. Optimal state with random noise (9.0) in the initial
condition: feedback design (left) and open-loop design (right).

‘Semi-implicit solution ofthe Burgers equaton (wih opt. contra)

xowis t-axis wais t-axs

FIGURE 2. Optimal state with random noise (0.25) in the RHS:

fandharlk dacion (1aft) and Aanenslann docion (rioht)



