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Convergence of dislocations dynamics to MCM

Slepéev Formulation

@ We consider the solutions u® of:

uf(w,t) = ((Cg * 1{u5(~7t)>u5(x,t)}) (iL‘) — % f]R" Cg) \Dus\
(1)
us(+,0) = uo()
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Convergence of dislocations dynamics to MCM

Slepéev Formulation

@ We consider the solutions u® of:
uf(w,t) = ((Cg * 1{u5(~7t)>u5(x,t)}) (iL‘) — % f]R" Cg) \Dus\

(1)
ut (-, 0) = uo(")

where

with the particular kernel

— 1 T :
werege, {0 =rtm() i >
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Convergence of dislocations dynamics to MCM

Definition of the solutions

o We say that u is sub-solution (resp. super-solution) if u®(-,t = 0) < ug
(resp. u®(-,t = 0) > ug) and for all (zo,ty) and for every test function
® € CHR" x (0,T)) such that u* — ® has a maximum (resp.minimum)

at (o, to), the following holds

1
@ < <(06*1{UE(',to)>u5(wo,to)}) (z0) — 2/n05> | DO

1
<resp. (I)t > ((Cg * 1{u5(~,to)>u5(xo,to)}) (.%’0) — 5 /Rn C%) |D(I)’> .
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Convergence of dislocations dynamics to MCM

Existence and uniqueness

Theorem (Da Lio, F, Monneau)

Under certain assumptions of regularity, there exists a unique solution uf.
Moreover, for e € (0,3), we have:

|Duf| < |Dug|

|uf(z,t + h) — us(z,t)] < C|Dug|Vh Vt, h € R, YV € R"
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Convergence of dislocations dynamics to MCM

Convergence to anisotropic MCM

Theorem (Da Lio, NF, Monneau)

Under certain assumptions of regularity, when ¢ — 0, u® converges locally
uniformly on compact sets to u°, which is the unique solution of the limit
problem:

uf + F(D?*u®, Du®) =0

u%(-,0) = ug

F(M,p) = —trace (MA (ﬁ;))

A (p> - / L©)6 @046
Ip| fesm—1n{pl} 2
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Convergence of dislocations dynamics to MCM

Similar Results

@ Garroni, Muller (Gamma convergence, stationnary problem)

@ Algorithm of Merriman, Bence, Osher

e [Evans], [Barles, Georgelin], [Ishii], [Ishii, Pires, Souganidis|, [Bellitini,
Chambolle, Novaga]
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Convergence of dislocations dynamics to MCM

Error Estimate

Under certain assumptions of regularity, we have the following error estimate
between u® and u°:

1
uwt —ul| < C 1m‘idT °
|Ine|
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Numerical scheme for dislocations

Monotone scheme

@ Scheme:
v = dio(xy),

Vi = 0+ At ) (ar, ) BN RI@Ht)) (Dt Dyt

()
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Numerical scheme for dislocations

Monotone scheme

@ Scheme:
vy = do(z1),
U?—H =7 +AtCA[U](x[,tn+1)ESign(cA[v](xI’ n+1))(D+ n+1 D~ Un—H)
(2)

@ Non-local velocity:

CA[U](x],tn+1) = Z EO(:UI,J)1{v?+1zv7+1}AJI1...ALI¢N (3)
JezN

1
—5 Z co(xy)Axy...Azxy
JezN
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Numerical scheme for dislocations

Monotone scheme

@ Scheme:
vy = do(z1),
U?—H =7 +AtCA[U](x[,tn+1)ESign(cA[v](xI’ n+1))(D+ n+1 D~ Un—H)
(2)

@ Non-local velocity:

CA[U](x],tn+1) = Z EO(:UI,J)1{v?+1zv7+1}AJI1...ALI¢N (3)
JezN

1
—5 Z co(xy)Axy...Azxy
JezN
o Kernel:

co(xr) = co(w) dx (4)

\QI| Qr
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Numerical scheme for dislocations

Monotone scheme

where @) is the square cell

Qr = [ri, — Ax1 /2,75, + Ax1 /2] X ... X iy — AxN /2,25y + Azn /2]
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Numerical scheme for dislocations

Monotone scheme

where @) is the square cell
Qr = [ri, — Ax1 /2,75, + Ax1 /2] X ... X iy — AxN /2,25y + Azn /2]

e E¥*; approximation of the Euclidean norm ([Osher-Sethian]):

2
Et = {Zmax(D;;v?, 0)? + Z min(D, vy, 0)2}
i i

2
E™ = {Z min(Djiv?, 0)% + Zmax(DmiU?,Of}
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Numerical scheme for dislocations

Definition of the solutions

Definition (Numerical sub, super and solution of the scheme)

We say that v is a discrete sub-solution (resp super-solution) of the
scheme (2) if for all I € ZV, n € N, we have

n+1 < UI —|—AtC [ ](:L,I’tn+1)ESign(cA[u}(mI,thrl))(D+U}”L+1 D- n+1)
(resp.

o > ol 4 At E o) (xg, tni1) ESInE M (art n41)) (DL Dyt
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Numerical scheme for dislocations

Definition of the solutions

Definition (Numerical sub, super and solution of the scheme)

We say that v is a discrete sub-solution (resp super-solution) of the
scheme (2) if for all I € ZV, n € N, we have

VP < T+ At Ao ](:Ebth)ESz‘gn(cA[v}(mI,th))(D+ ntl p=yntly
(resp.
n+1 >+ ALE [ |(z1, ¢ n_H)ESzgn(c [v](xf,tn+1))(D+v111+1’D—v?+1))

where

EA[U](:I:[,tn+1) = Z Eo(xj_J)l{v}z+1>Un+1}A:L‘1 Az

JezZN

1
== Z Eo(xJ)Axl...AmN
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Numerical scheme for dislocations

Discrete-continuous error estimate

Theorem (NF)

Under certain assumptions of regularity, we have the following error estimate
between the continuous solution u of the dislocations dynamics equation and
its numerical approximation v:

sup |u — v| < K|co|%1|Deo| 1 VT (Az + At)Y? 4 sup ug — o]
Q7 QA
1

provided |AX |+ At < :
X A L Dl K2
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Numerical scheme for MCM

© Numerical Scheme for the mean curvature motion
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Numerical scheme for MCM

Numerical scheme for mean curvature motion

@ Using the previous result, we get:

[u® — v| <|u® — u®| + |uf — o

1
In|l 2 K =
§C<1’11| n6|T> +m T\/|AX|+At+Sup|u0—fL0.
QA

ne|
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Numerical scheme for mean curvature motion

@ Using the previous result, we get:
[u® — o] <|u® —uf| + |[uf — v
1
In|1 2 K
<o (el N L KT AR AL+ sup fuo — dol.
|Inel e4|Ine|? 0A
@ By optimizing in €, we get the following Theorem:

Theorem (NF)

Under certain assumptions of regularity, we have the following error estimate
between the continuous solution u® of the mean curvature motion and its
numerical approximation v:

1
In|lnvVAX + At]T)2
| In vVAX + At
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sup\uo—v]§0<

+ sup |up — ol
Q7

QA
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