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Figure: Dislocations in a slip plane
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u(0, x) = uo(x)

Main difficulty: the £-dependance of the Hamiltonian
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Setting of the problem

We reduce the problem to the main difficulty by considering
the following ¢-HJ equation:

ous _ H(Uj X VU‘E)
ot ele’
(FI). { (0, x) = Uo(x)
Examples:
> () =h (UT(O) (the ODE case)
> % =c(¥) |V +h(¥)
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Setting of the problem

We reduce the problem to the main difficulty by considering
the following ¢-HJ equation:

UL = H (L, X, V)
ot e’
(). { (0. x) = Up(x)
Examples:
> %) =h(0) (the ODE case)
> Gr=c(X) Vel +h(L)
b A —c(X)(1+|VuP)i +h(L)
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Setting of the problem (2)

Main assumptions
» Regularity

H<c  i=up  |%|<c+ip)

» Periodicity

Hu+ 1,y +k,p)=H(u,y,p) leZ kezN

» Coercivity

H(x,u,p) — 4o
[Pl —+o0

Aims

» Determine the homogenized equation
» Construct correctors

» Prove convergence
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Put v = w — A7 and get the “cell” problem (CP):

A+ =HM\ +p-y+Vv,y,p+VV)
v(0,y)=0
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Comments about correctors v
@ They are bounded
@ They are time-dependent
@ They are not space-periodic
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Convergence

The bounded continuous solution u® of the e-HJ equation
converges locally uniformly towards the bounded
continuous solution u® of the homogenized HJ equation.
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The results of Guy Barles

After this work was completed, Guy Barles obtained simpler
proofs of some results.

» G. Barles. Some homogenization results for
non-coercive Hamilton-Jacobi equations, preprint (HAL)

Assumptions
» Regularity, periodicity, coercivity
» Behaviour at infinity
|H(x,u,p) —p-VpH(x,u,p)| < C
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The results of Guy Barles

After this work was completed, Guy Barles obtained simpler
proofs of some results.

» G. Barles. Some homogenization results for
non-coercive Hamilton-Jacobi equations, preprint (HAL)

Assumptions

» Regularity, periodicity, coercivity
» Behaviour at infinity
|H(X’ uap) —pP- va(Xv U,P)| <C

Main idea

» Replace L with £ where y is a new variable
» Reduce the problem to homogenize a front equation
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Determining the cell problem

We discuss the two following (linked) points:
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Determining the cell problem

We discuss the two following (linked) points:

@ ltis not clear (even if not surprising) that the cell
problem we presented is the proper one.
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Determining the cell problem

We discuss the two following (linked) points:

@ ltis not clear (even if not surprising) that the cell
problem we presented is the proper one.

@ Does the classical proof of convergence
(classical ansatz) applies to our case?
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The classical case

The equation U = H (X, V)

An ansatz

Look for v that is a good “corrector” between v and u°:

t x
U (t, x) = UO(t, x) + ev (, ) ...
g £
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< Iheclassical case

The equation U = H (X, V)

An ansatz

Look for v that is a good “corrector” between v and u°:

t x
UE(t,x) = Uo(t, x) + ev <, ) ...
g £

Comments

This extension is done around a fixed point (fy, Xp)
(r denotes the radius around this point)
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Plugg into the e-HJ equation and get:

VXUE - VXUO + Vyv
OUF = 9% + O, v
Otlp + 0-v = H(y,Vxup + Vyv)
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é;m‘ The classical case (2)

Plugg into the e-HJ equation and get:

VXUE - VXUO + Vyv
OUF = 9% + O, v
Otlp + 0-v = H(y,Vxup + Vyv)

Hope: if p = Vi is fixed, there is a unique d:;up = A = H(p)

Comments on the classical case.

@ Look for bounded correctors v
@ time-independent correctors v are ok
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The ODE case

Threshold phenomenon for the homogenization of an ODE

@ If the periodic function h vanishes, u® — 0
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The ODE case

Threshold phenomenon for the homogenization of an ODE

@ If the periodic function h vanishes, u® — 0
o lfnot,0 <a<h<Athena< % <A
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The ODE case

Threshold phenomenon for the homogenization of an ODE

@ If the periodic function h vanishes, u® — 0
o lfnot,0 <a<h<Athena< % <A

Proper ansatz  for |24 (t)=h (t, “5“)> &u(0)=172

€

Expected homogenized equation: $u® = () & u°(0) = 1.

u0(t) ~ | u0(to) — A(to)to |+ A(to)t

and we try to determine \ = A\(fy).
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Find the ansatz for the ODE case

Classical ansatz

C(1) =

uO(t) +ev <£> +...

U0(ty) — Mo

+)\t+5v<£>+...
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Find the ansatz for the ODE case

Classical ansatz

e(t) = u°(t)+av<£>+...

= | uO(fp) — Mo |+ A\t +ev (i) +...

£

;>A+arTv:h<“(’“Og—”0 +A7+v) with 7 = ¢

The “error”: l:| ~ L Still oscillating!
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Find the ansatz for the ODE case

Classical ansatz

e(t) = u°(t)+av<£>+...

= | uO(fp) — Mo |+ A\t +ev (i) +...

£

;>A+arTv:h<“(’“Og—”0 +A7+v) with 7 = ¢

The “error”: l:| ~ L Still oscillating!



Find the ansatz for the ODE case (2)
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C. Imbert Second ansatz

e Add a fast variable: |y = {|and write:

The problem
Main results

Cell problem

t uo(t) — At
The classical case Ug(t) = Uo(t) + Vv (87 U()) + L.

Homogenize an ODE E
ODE: ansatz?
Back to PDE

Corectos s A+ Ly = h(O\r+y+v(ny))

Exact ergodicity

Approx correctors.
The error E is small.
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T and find A such that v := w — A7 is bounded.
Back to PDE
oo » Note that the corrector have to depend on time
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Exact ergodicity



E

Periodic
homogen® of

U= H(g v u)
C. Imbert

Introduction
Motivations

The problem
Main results

Cell problem
The classical case
Homogenize an ODE
ODE: ansatz?

Back to PDE

Correctors
Approx cell pbs
Approx correctors
Exact ergodicity

The PDE case:

Consider now the PDE case and write:

) )

0 Y
UE(t, x) = uO(t, x )+ev (t X U(tx ) = At
g € e

with A = 0:up(ty, Xo) and plug it:

Ak 0 | O v x (00(t) — )|

—HOT et R VO x Va® )

with P = VUO(to,Xo) and A = 8tu0(t0, X()).
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The PDE case:

Consider now the PDE case and write:

UE(t, x) = uO(t, x

) )

Jrev tox Ut x ) — At
g € e

with A = 0:up(ty, Xo) and plug it:

Ak 0 | O v x (00(t) — )|

—HOT et R VO x Va® )

with P = VUO(to,Xo) and A = 8tu°(t0, X()).

TogetE<<1

try to control Oy Vv
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The PDE case: twist a variable

Consider now the PDE case and write:

UE(t, x) = uO(t, x

) )

Jrev tox Ut x ) — At
g € e

with A = 0:up(ty, Xo) and plug it:

Ak 0 | O v x (00(t) — )|

—HOT et R VO x Va® )

with P = VUO(to,Xo) and A = 8tu°(t0, X()).

TogetE<<1

try to control Oy Vv
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Consider now the PDE case and write:

UE(t, x) = uO(t, x

) )

)+ev tx uo(t, x )= At—p-x
g ¢ 9

with A = 0:up(ty, Xo) and plug it:

At 0 | O v x (00(t) — )|

H\r+p- y+yN+1+vy,@+Vyv+] (Ong1v x (VxP—p \)

with P = VUO(to,Xo) and A = 8tu°(t0, X()).

TogetE<<1

try to control Oy Vv

)
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The PDE case: twist a variable and add one

Consider now the PDE case and write:

UE(t, x) = uO(t, x xN+1)+sv<

t x UO(t, X, Xni1) — M —p - x
E 8 9

with A = 0:up(ty, Xo) and plug it:

At 0 | O v x (00(t) — )|

H\r+p- y+yN+1+vy,@+Vyv+] (Ong1v x (VxP—p \)

with P = VUO(to,Xo) and A = 8tu°(t0, X()).

TogetE<<1

try to control Oy Vv

)
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Recall: the initial value “cell” problem:

% = H(P)”FYNH + WayvvyW)
W(0,Y) = 0

and find A such that v = w — A7 is bounded

Aim: obtain regular sub- and supercorrectors.

How? By approximating the cell problem.

Which approximation?
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< Constructing approximate cell problems

Recall: the initial value “cell” problem:

% =Hp y+yni + W, y,V,W)
W(0,Y) =0

and find A such that v = w — A7 is bounded

Aim: obtain regular sub- and supercorrectors.

How? By approximating the cell problem.

Which approximation?
Use coercivity of H to construct Lipschitz approx correctors
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Correctors

VU(t,-)- € Q foranyt>0.
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» H(u,y,q)is not coercive wrt Q = (q, qn1)
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— Hb(u7y7 Q) = H(U7 Y, q)+6‘qN+1 |

» Truncate it:
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e so that

Cell problem
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Homogenize an ODE ’
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Precise construction

» H(u, Y q) is not coercive wrt Q = (9, Qn1)
— H(u,y,Q) = H(u,y,q)+5|qn11-

» Truncate it: — Hy ;(u,y, Q) = Tk(H’)

>

so that

His=H ~H it|Q <K

Hy s = Mg 5 if Q¢ | Q;

It is now constant outside | Q} s

starshaped compact.

It implies the Lipschitz regularity of the solution.
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b » Truncate it: — H ;(u,y, Q) = Tk(H°)
e so that
et Hes=H' ~H if|Q <K
Homogenize an ODE ’

His=Mgs Q¢ Qs
P Hgs = H if Q€ Qy ;s
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Exact ergodicity

» Itis now constant outside Q;g 5 | starshaped compact.
It implies the Lipschitz regularity of the solution.

The approximate corrector is an “exact” supercorrector
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Constructing approximate correctors

G =HE(P-Y+W,y, VyW)
W(0,Y)=0

Main steps in the construction of super-correctors.
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Constructing approximate correctors

G =HEs(P-Y + W, y, VyW) +cT[W]
W(0,Y)=0

Main steps in the construction of super-correctors.

» Perturb by a non-local 0 order operator to get a strong
maximum principle



o~

ssssssssssssssssss

Periodic
homogen® of

U= H(g v u)
C. Imbert

Introduction
Motivations

The problem
Main results

Cell problem
The classical case
Homogenize an ODE
ODE: ansatz?

Back to PDE

Correctors
Approx cell pbs
Approx correctors
Exact ergodicity

< Constructing approximate correctors

G =HEs(P-Y + W, y, VyW) +cT[W]
W(0,Y)=0

Main steps in the construction of super-correctors.

» Perturb by a non-local 0 order operator to get a strong
maximum principle ; get the gradient estimates
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< Constructing approximate correctors

G =HEs(P-Y + W, y, VyW) +cT[W]
W(0,Y)=0

Main steps in the construction of super-correctors.

» Perturb by a non-local 0 order operator to get a strong
maximum principle ; get the gradient estimates

» Control Y-space oscillations of W
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< Constructing approximate correctors

G =HEs(P-Y + W, y, VyW) +cT[W]
W(0,Y)=0

Main steps in the construction of super-correctors.

>

Perturb by a non-local 0 order operator to get a strong
maximum principle ; get the gradient estimates

Control Y-space oscillations of W
Control 7-time oscillations of W
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<« Constructing approximate correctors

T =His(P-Y + W,y, Vy W)+ T[W]
W(0,Y)=0

Main steps in the construction of super-correctors.
» Perturb by a non-local 0 order operator to get a strong

| 4
>

maximum principle ; get the gradient estimates
Control Y-space oscillations of W

Control 7-time oscillations of W

Construct a global in time solution
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Constructing approximate correctors

G =HEs(P-Y + W, y, VyW) +cT[W]
W(0,Y)=0

Main steps in the construction of super-correctors.

>

vvyVvVvyy

Perturb by a non-local 0 order operator to get a strong
maximum principle ; get the gradient estimates

Control Y-space oscillations of W
Control 7-time oscillations of W
Construct a global in time solution

Use the strong maximum principle & the sliding method
to get a T-periodic solution
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T =His(P-Y + W,y, Vy W)+ T[W]
W(0,Y)=0

Main steps in the construction of super-correctors.

>

vvyVvVvyy

Perturb by a non-local 0 order operator to get a strong
maximum principle ; get the gradient estimates

Control Y-space oscillations of W
Control 7-time oscillations of W
Construct a global in time solution

Use the strong maximum principle & the sliding method
to get a T-periodic solution

Get an | estimate of (7, Y)-oscillations indep of K
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Constructing approximate correctors

G =HEs(P-Y + W, y, VyW) +cT[W]
W(0,Y)=0

Main steps in the construction of super-correctors.

>

vvyVvVvyy

v

Perturb by a non-local 0 order operator to get a strong
maximum principle ; get the gradient estimates

Control Y-space oscillations of W
Control 7-time oscillations of W
Construct a global in time solution

Use the strong maximum principle & the sliding method
to get a T-periodic solution

Get an | estimate of (7, Y)-oscillations indep of K

Pass to the limitas s — 0
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v 1-periodic in yn. 1
Cell problem @ U := yn41 + vV nondecreasing

The classical case

Main results

Hamogenizean ODE @ sliding method + strong maximum principle:
ODE: ansatz?
Back to PDE
Correctors V(Ta Y, YN+ ) - V(07 Y, AT + YN+1 )
oo < control vin At and yn. 1
Exact ergodicity

° A< F(lpl)

@ v(y) =inf{V(r,y,yns1) : T > 0} is Lipschitz c:

IVv| < F(lp]) —  control v for small y
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Main results
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The classical case
Homogenize an ODE
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Approximate ergodicity = exact ergodicity

We construct correctors Vj¢ of:
Mg+ 0. ViE = HEQir + P Y + ViE, y, P+ Vy ViE)

such that:

VE|<C and |Mg|<C

where C does not depend on K.

Moreover,

H,j(:—>Ho

We next explain why as K — +o0:

A — A\ for some \ € R???
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Approximate ergodicity = exact ergodicity (2)

Define: M =limsup Al & AF = liminfAE

VE=limsup*Vg &  ViE=Iliminf,V{ e
and get:
Ng + 0V SHOGT+P- Y +Ynet + Vi p+ Vy Vi)
A +0:-ViE > HONF T+ oy + yngr + ViE p+ YV, V)
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<N (dineg
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< Approximate ergodicity = exact ergodicity (2)

Define: A =limsupAE & AF =liminfad

VE=limsup*Vg &  ViE=Iliminf, Vi e
and get:
No +0- Vi SHOGT+P- Y +Ynpt + Vi p+ Vy Vi)
AN+ O, VE>HO T +p-y + yner + VE p+ VY, VE)

The comparison principle for the (HJ), yields:
Ner+VE<W+C< Nfr+ViE+2C
and this implies:
AF <A (4 ineq)

N — 1A
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and this implies:
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Approximate ergodicity = exact ergodicity (2)

Define: M =limsup Al & AF = liminfAE

VE=limsup*Vg &  ViE=Iliminf,V{ e
and get:
Ng + 0V SHOGT+P- Y +Ynet + Vi p+ Vy Vi)
A +0:-ViE > HONF T+ oy + yngr + ViE p+ YV, V)

The comparison principle for the (HJ). yields:
M+ VE<W+C< A+ ViE+2C

and this implies:

W — A7 is bounded but not regular
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Homogenization results for non-coercive HJ equations
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