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5 Regularity of the front
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1 — Front propagation

Vie = c(t, x) (0.1)

where V; , denotes the normal velocity of the point = of the front at

time t.
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1 — Front propagation

equations modelling dislocations dynamics, to appear in Comm.
Partial Differential Equations.

[3] Barles, G.; Soner, H.M. ; Souganidis, P.E., Front propagation
and phase field theory, STAM J. Control Optim. 31 (1993), no.
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1 — Front propagation

respect to x.

Then Vi , = % and u therefore satisfies the eikonal equation :
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1 — Front propagation

us(t, ) = c(t,z)|Du(t,z)| for (t,z) € (0,T) x RY
u(0,z) = ug(x)

(0.3)
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1 — Front propagation

{ut(t,w) = c(t,x)|Du(t,z)| for(t,x) € (0,T) x RY
u(0,z) = up(x) forz € RY

niform ' ) ' 0 on on |
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1 — Front propagation

(K (t))tefo, ) such that

1. The graph of K, |J {t} x K(¢) is closed in RV*1,
t€[0,T]

2. (t,x) — 1g)(x) is a sub-solution of the eikonal equation on
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1 — Front propagation
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2 — Hadamard’s formula

d O¢

— o(t,x)dr = / —(t,x) dr + / Viz o(t, ) dHN 1 (x)

dt Jo o) Ot 20 (%)

(0.5)
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2 — Hadamard’s formula
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2 — Hadamard’s formula
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2 — Hadamard’s formula

it. K(0) has the interior ball property of radius r > 0, i.e. is the
union of closed balls of radius » > 0,

it has been proved by O. Alvarez, P. Cardaliaguet and R. Monneau
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2 — Hadamard’s formula

diameter less than 1/r, we have

HNTL(OE) < M.
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2 — Hadamard’s formula

Ke(t)={z € RN; dK(t)(ZI?) < e}

Then K¢4(t) has the interior ball property.
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2 — Hadamard’s formula
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3 — The integral formulation

aistance as

t — 0,

2. U {t} x K(t) is closed in RNT1,
te[0,T]

8. u: (t,z) = lge)(x) is a viscosity sub-solution of the eikonal
equation.
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3 — The integral formulation

> [Le(s) o(s,x) da:ds]

i)
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3 — The integral formulation
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3 — The integral formulation
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3 — The integral formulation

we (s, ) ¢i(s, ) drds

N

c(s,x)|[Dwy(s, x)| p(s,x) drds > 0

N
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3 — The integral formulation
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3 — The integral formulation

:/ / 68(3733) ¢(87x) dHN_l(x)dT
0 J{wg(s,)=7}
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3 — The integral formulation

¢i(s, x) drds + (s, x) ¢(s, z) dHYN " (z)ds > 0.
Ke(s) OK=(s)

Torino, July 4th 2006



4 — The converse theorem
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4 — The converse theorem

|4 — The converse theorem'

The following theorem shows that the integral formulation

characterizes the fact for (¢,2) — 1x ) () to be a viscosity
sub-solution of the eikonal equation :

Theorem 0.5. Let K : [0,T] — P(RY)\ {0} be such that
1. Usepo. it} x K(¢) is closed in RN and K is bounded.
2. For almost all small enough € > 0, for all p € C1((0,T) x RN, R,),

T T
/ / ¢¢(s, ) dxds +/ / ¢ (s,x) ¢(s,x) dHY ~1(x)ds > 0.
0 €(s) 0 JOK=(s)

Then u : (t,x) — lg@)(x) is a viscosity sub-solution of
u; = c(t, z)|Dul in (0,T) x RY.
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5 — Regularity of the front

|5 — Regularity of the front'

5.1 — BV functions and sets of finite perimeter

Let © be an open subset of RY.
Definition 0.6. An application f € L; () is said to have locally

loc

bounded variations in €2 if for all open set U CC (2,

- /U f(z) div $(z) dz; ¢ € CHU,RY); [|]loo < 1} < +oo.

We denote by BVj,.(£2) the set of functions of locally bounded

variations in €.

Likewise, we say that f € L*(Q) has bounded variations in Q (BV) if
the preceding definition holds for U = 2. We denote by BV ({2) their

set.
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5 — Regularity of the front

The measure p 1s called the variation measure of f, and is denoted by

IDf-
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5 — Regularity of the front

We thus have for all ¢ € C1(Q,RY),

/E div () di = / (6(z), v5()) d|OE].

RN
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5 — Regularity of the front

2. W fB(%T) ve(y) d||OE| i Ve (),
3. lve(z)| = 1.
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5 — Regularity of the front
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5 — Regularity of the front

8. u:(t,z) — lgu)(x) is a viscosity sub-solution of the eikonal
equation. Under the additional assumptions

(A1) c is of class Ct, Dc is locally Lipschitz continuous with respect
to the second wvariable,
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5 — Regularity of the front

3. If we denote (-)_ the negative part of a quantity

(()- = max(—=x,0)), we have :

T
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5 — Regularity of the front

> [ o(s, ) dwds]
K(s)
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5 — Regularity of the front
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5 — Regularity of the front

T T ce(s,x
2. Jo fK(s) ¢e(s, ) dwds < [, fK(s)m{c(s )=0} ||Dc((s a7))|| dHN~H(x)ds.
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5 — Regularity of the front
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