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Physical motivations

Observation of dislocations

Definition : a dislocation is a line of crystal defects.

N. Forcadel Homogenization of the dislocation dynamics



Physical motivations

Observation of dislocations

Definition : a dislocation is a line of crystal defects.

Goal: modeling of plastic behaviour of crystal.
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Physical motivations

Continous 3D model
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Physical motivations

Continuous 2D model
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Physical motivations

Atomic structure of a dislocation
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Physical motivations

Atomic structure of a dislocation
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topological defect = dislocation

N. Forcadel Homogenization of the dislocation dynamics



_
:
!
H —
m 2
]
:
!
'
:
!
:
!
!
:
!
' S
!
]
o
B[]
—_
(- < f.'m\
: OO
.0 .
o -+ v
m S ”  ——p—
3 o ! -
£ O T
g L i
2 o
o - V
]
e Tt
o —~— ]
+ m| 4
c T
() te e
S < | <
O il
O : I
2 g
o : - ol
wn I..||.T.|1_.J.L.
a) .



Homogenization of a particle system

@ Homogenization of a particle system
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Homogenization of a particle system

Homogenization

displacement

%

N. Forcadel Homogenization of the dislocation dynamics



Homogenization of a particle system

Homogenization 1D
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Homogenization of a particle system

Homogenization 1D

Velocity

Potential \
/ Dislocations
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Homogenization of a particle system

Modelling

i = -V, E

with

E = Z Vo(zi) + Y V(wi — )

i<j
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Homogenization of a particle system

Modelling

i =~V E
with
E=) Volw)+ > Vi — ;)
i i<j
and

Vol +1) = Vo(a)
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Homogenization of a particle system

Modelling

T =V, B
with
E = Z Volx;) + Z V(s — )
1<J
and

Vol +1) = Vo(a)

V(z) =In|x|
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Homogenization of a particle system

Modelling

=—-V,, E
with
E = Z Volx;) + Z V(s — )
1<J
and

Vol +1) = Vo(a)

V(z) =1In|z|
= —Volzi) =) V(i
JFi
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Homogenization of a particle system

Homogenization 1D

0 1 2 T3 Ty

Plastic deformation: v(z,t) =Y, H(z — ;(t))
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Homogenization of a particle system

Rescalling

Plastic deformation: ~*(x,t) = ey (gﬁ i)

€le
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Homogenization of a particle system

Limit € = 0 : Homogenization result

Theorem ( NF,Imbert, Monneau)

Under certain assumptions on the initial data and on Vj, there exists H such
that v¢(z,t) converges to the solution u®(x,t) of
o’
= H(Z1[«°(-,t)], D
ot ( 1[“ ( ) )]7 UO) (]_)
+1.C
where
1
L)) = [ Ua+2) - V()= Vall@)- 215() T
R
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Homogenization of a particle system

Idea of the proof

~¢ is a (discontinuous) solution of

O = (o) e [T ) 10y @
+1.C.

where M*€ is a non-local operator of order 0 defined by

ME (U] (2) = /R dz J(2)E (U(z + e2) — U(x))
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Homogenization of a particle system

Assumptions on V'

We make the following assumptions on V:
Ve W°(R) and V" € WHL(R\{0}),
V is symmetric i.e. V(—y) =V (y),

o
o
@ V is non-increasing and convex on (0, +00),
o V'(y) — 0 as |y| — +oo,

o

there exists a constant go such that V" (y)y? = go for |y| > 1.
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Homogenization of a particle system

Idea of the proof

We have
D V(@i —x5) = Tx E( () — v (i) ().
J#i
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Homogenization of a particle system

Proof that v* is a sub-solution

t — @(x;(t),t) reaches a local minimum in ¢
= @i((to), to) + &4(to) De(z4(to), to) = 0.
= ¢i(zi(to), to) = (J*E(’Y*(‘) — v (i) (i) + c(x)) | Do (z;(to), to)]-
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Homogenization of the dynamics of dislocation lines

Plan

© Homogenization of the dynamics of dislocation lines
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Homogenization of the dynamics of dislocation lines

Model

We consider the following model

3(;;6 = <c (g) + M*® [“(8 t)] (:c)) |Duf| in RN x [0, 400)
uf(-,t=0) = g on RY

where M€ is a non-local operator of order 0 defined by

Me[U] (z) = o dzJ(2)E (U(x +ez) — U(x))

N. Forcadel Homogenization of the dislocation dynamics



Homogenization of the dynamics of dislocation lines

Assumptions on J

We make the following assumptions on J:
o J e WS (RN) and J >0,
e J is symmetric, i.e. J(—y) = J(y),
e there exists a function g € CO(SNV™1), ¢ > 0 such that
J(z) = Mﬁ g (i) for |z| > 1,

||
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Homogenization of the dynamics of dislocation lines

Cell problem

o Cell problem:

A= (el + L4 M) )l + Do ©)
where

MUN) = [ dzJEHE U +2) - U) +p-2) —p-2}.
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Homogenization of the dynamics of dislocation lines

Cell problem

o Cell problem:

A= <c<y> F Lt Mo, ->]<y>) p+ Dol 3)
where
MUN) = [ dzJEHE U +2) - U) +p-2) —p-2}.

e \=H(L,p).
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Homogenization of the dynamics of dislocation lines

Ergodicity

Theorem (NF, Imbert, Monneau)

Under certain assumptions on J and c, there exists a unique \ such that
there exists a solution v of (3). Moreover, the oscillation of v is bounded.
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Homogenization of the dynamics of dislocation lines

Convergence result

Theorem (NF, Imbert, Monneau)

Under certain assumptions on J, ¢ and ug, u®¢ converges to the unique
0

viscosity solution u® of

oL — 0
R H(Zy[u”(:,1)], Duo)

ud(-,t =0) = ug

where

Li[U](x) = /RN |gz|(]l:2 (U(x+2) —U(z) — Vi U(x) - z15(2)) dz
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Homogenization of the dynamics of dislocation lines

Some works on dislocation density dynamics

[Groma, Balogh|

[El Hajj]

[Ibrahim]

[Monneau]
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Qualitative properties of the effective Hamiltonian

Plan

0 Qualitative properties of the effective Hamiltonian
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Qualitative properties of the effective Hamiltonian

Qualitative properties

Theorem (NF, Imbert, Monneau)
We assume that N =1 and that [ ¢ = 0. Then we have the following
properties:

@ Ifc=0 then H(L,p) = L|p|

Q@ LH(L,p) >0.

©Q Ifc#0 then

H(L,p) =0 for (L,p) € B5(0).
Q F(L,p) =0ifL=0.
@ Forall L >0,

H(L,p) >0 for p big enough
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Qualitative properties of the effective Hamiltonian

Schematic representation of the effective Hamiltonian
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Qualitative properties of the effective Hamiltonian

Simulation of the effective Hamiltonian (Amin Ghorbel)

Effective hamiltonian
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Qualitative properties of the effective Hamiltonian

Simulation of the effective Hamiltonian (Amin Ghorbel)
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Hamiltonien effectif
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Qualitative properties of the effective Hamiltonian

Simulation de I'Hamiltonien effectif (Amin Ghorbel)

Effective Hamiltonian
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Qualitative properties of the effective Hamiltonian

Simulation of the dislocation dynamics
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Qualitative properties of the effective Hamiltonian

Perspectives

@ Homogenization of Frenkel-Kontorova model (joint work with C. Imbert
and R. Monneau)

@ Homogenization of more realistic models

@ Numerical analysis
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