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Variational model for plasticity

Our aim is to deduce a macroscopic energy of the type

d
Fu, ) ::/Q< Cop s p > dx—l—/ﬂgo<d|Z|> d|ul.

@ . represents the dislocation density measure;

@ 1 is the strain function satisfying Curl ¥ = y;

@ C is the elasticity tensor;

@ o is the density of the plastic part of the energy.

The macroscopic energy is deduced as a limit of discrete energy
functionals Fx.
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Description of a screw dislocation line

A deformed crystal C can be described by

@ The displacement function U : C — R3.

@ The strain function ) = VU.
A straight dislocation in the crystal can be described by an infinite
line L in the crystal and by a strain 1 such that

the circulation of @ around L is a fixed vector b

called Burgers vector.
If bis parallel to L, the dislocation is called screw dislocation.
Locally in C\ L, 9 is the gradient of a multi-valued function U.
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Screw dislocation

Extra row
of atoms
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The anti-planar setting

@ The reference configuration is an open set  C R? which

represents a horizontal section of an infinite cylindrical crystal.

@ Screw dislocations can be represented by a measure on €2
which is a finite sum of Dirac masses of the type
pi=>;zi|b| .

@ The class of admissible strains associated with a dislocation p
is given by the fields ¢ : Q — R? whose circulation around the
dislocations x; are equal to z;|b| (curl ¢ = p).
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The core radius € and the elastic energy

The admissible strain i has a singularity at each dislocation point
x; and it does not have finite energy (1 is not in L2(Q;R?)).

To set up a variational formulation it is convenient to introduce an
internal scale ¢ called core radius, which is proportional to (the
ratio between the size of Q and) the atomic scale.

We remove balls of radius € around each point of singularity x;,
and we compute the elastic energy out of this core region.

Elwv)i= | RECIRE
J Qe (p

where Q.(11) := Q\ U;B(x;).
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The logarithmic energy regime

We compute the energy induced by a single dislocation.

Q := Bgr and i := dp.

Consider the "function” u(f, r) := 5=6, and let 1) := Vu.
1) ) is an admissible strain.

2) [¥(0,r)| = 5=. Therefore

1
N ) l— 2 S =
EG)= [ W= [ s

R
[ 52 = e Uoa(R) ~ log(e)= - 1og(e)

2rr - 2T T

3) % minimizes the elastic energy among all the admissible
strains (by Jensen inequality).
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The phenomenon of concentration of energy

Let Q:= Bg and p := dg. Let p- — 0 such that

‘ log( pe

) — 0 ase — 0
Jlog(e)]

Or equivalently
liminf 25 — oo for every fixed 0 < s < 1.

e—=0 &

The region B,_ is called hard core region.

Almost all the energy is concentrated in B,

Pe 1
2 _ _— =
/B o R = / —

-~ l1og(p:) — log()| = 5| log(c).
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The rescaled elastic energy functionals

Given a dislocation p, the class of admissible strains AS (1)
associated with p is given (we consider for simplicity’s sake
[b] = 1) by

AS- (1) = {t € L2(Qe(u); R?) - curl ¢ = 0 in Qu(p),

/ P(s) - 7(s) ds = p(x;) for every x; € supp p}.
OB (x;)

The (rescaled) elastic energy associated with p is given by

1 .
@}}(p,) : min  E-(¢).

B | log | peAS: (1)
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Asymptotic behavior of F. as ¢ — 0

Let 2 := Bgr. The previous example shows that

||

1
——F:(zdo) — o

|log ¢|

Cermelli P., Leoni G.: Energy and forces on dislocations. SIAM J.
Math. Anal. (2005), 37, no. 4, 1131-1160.

Theorem 1

Let i := Z,N:l zj0y.. We have

1 1<,
@ (1) — %Z’Z:’ 0
i=1
For € small m}} counts the dislocations. Therefore the

logarithmic rescaling corresponds to a finite number of dislocations.
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[-convergence of the energy functionals F..

Let X be the space of measures of the type u = Z,N:1 i
The I-limit of F; is the functional F : X — R defined by

1
Fu) = Z|/L|(Q) for every p € X.

P.: Elastic energy stored in a crystal induced by screw dislocations,
from discrete to continuous. SIAM J. Math. Anal. (2007).

The following I'-convergence result holds.
i [-limsup equality. For every u € X there exists a sequence
pe = pu such that o= Fe(pe) — F(p).
i [-liminf inequality. For every j. — 1 we have
F(p) < liminf, |Iog€|f (fe).
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[-limsup inequality: linear V quadratic

Consider for a while p1 = 2. We have

1 4

— — = 2F(p).
||Og6’f8(lu) = or ‘F(:U’)

te = i 1S NOT the recovery sequence.

We have to split multiple dislocations...
Let v, — x, w, — x. We have

1 2
7.?;;(6\/” + 5Wn) = 7 = f(/,b)

| log e s

By a diagonal argument there exists a recovery sequence
e 1= 5\,"(5) + (5.,.,"(5) such that

1

e — [, @

Felue) = F(n)-
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Convergence of minimizers

Let A CcC Q. Consider the following problem
_ 1
min @}}(u)
among all dislocations p with |pu(A)| = ()] = N.
N could be considered as the geometrically necessary dislocations.
It is easy to construct a sequence with finite energy, so that we
know that the minimizers p. have finite energy.

We have @}}(ug) < E. Can we deduce pro — p ?

This is the so called equi-coercivity property.
If this is the case, we deduce |u(A)| = N, and by the
[-convergence result we have

1

1 1
mfs(ﬂe) — F(pn) = %‘N‘(A) = 5

2

Unfortunately, the equi-coercivity property does not hold...

N.
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Short dipoles

A dipole is a pair of dislocations of the type
o= ()=

Consider now a sequence of pairs (xp, yn) with |x, — y,| — 0, and
let 1, be the corresponding dipole. It is easy to see that

1

——F.(ue) = 0  as n— oo.
|log e

We can easily construct a sequence . such that

1
|log el

_1
[Tog 2]

|ME’(Q) — 00, Fa(,ula) —0 as e — 0.

For € small, the functional JF- does not count short dipoles
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The flat norm

Let us define the flat norm as follows.
If n =065 — 9, is a dipole, then i =[x — y|.
In general, ||u||f is given by the minimal connection:

lially == inf{HA(R) : R = u}. (1)

Here R is a finite formal sum of oriented segments with integer
multiplicity.
Note that by definition if p, := dx, — dy, with |x, — ys| — 0,

ltanlls = Ixn = yal =0

The flat norm, as well as the elastic energy, does not see short
dipoles.
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The [-convergence result

The following T-convergence result holds.

i) Equi- coercivity Let e — 0, and let {u.} be a sequence such
that ||o |.7-}(,u5) <E.

Then (up to a subsequence) yi. LA ,u for some 1 € X.

ii) [-convergence. The functionals r o E|]-" [-converge to F as
€ — 0 with respect to the flat norm, i.e., the following
inequalities hold.

[-liminf inequality: F(u) < lim inf F.(ue) for every

Tog =]
weX, ,ua—>uinX.

[-limsup inequality: given u € X, there exists {u.} C X with
e LA  such that limsup @fs(ﬂs) < F(p).
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Convergence of minimizers

Let A CcC Q. Consider the following problem

1

min
|log ]

Fe(p)

among all dislocations p with |u(A)| = |u(Q)| = N.
The minimizers u. have finite energy, so that by the equi-coercivity
property we have

Lhe LA 1 for some p € X.

By the -convergence result we have

1

1
E— a7 = —N.
floge| 7))

2T

Moreover, since ||zc| ¢ is uniformly bounded, we deduce that p.
has a finite number of clusters with non-zero effective multiplicity.
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A comment about the use of linear elasticity in our model

Let C > 0. The l'-convergence result holds even if in the definition
of Q. we remove balls of radius Ce instead of ¢.

This fact gives a partial justification of the use of linearized
elasticity in Qc(u). In fact, the recovering sequence 1. satisfies

1
[9ell oo (@ (ue)iR2) < et O(n),

Since the admissible strains should be rescaled by e (like the
Burgers vector), we deduce that |¢¢| can be chosen arbitrarily
small, choosing C big enough.
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The discrete model

We consider the illustrative case of a square lattice of size £ with
nearest-neighbor interactions, following along the lines of the more
general theory introduced in

Ariza M. P., Ortiz M.: Discrete crystal elasticity and discrete
dislocations in crystals. Arch. Rat. Mech. Anal. 178 (2006),
149-226.

The discrete model seems very natural, and provides a theoretical
justification of the continuum model.
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A line tension model

The asymptotic elastic energy as € — 0 is essentially given by the
number of dislocations present in the crystal.

The energy per unit volume is proportional to the length of the
dislocation lines, so that our result provides in the limit as e — 0 a
line tension model.

Garroni A., Miiller S.: T-limit of a phase-field model of
dislocations. SIAM J. Math. Anal. 36 (2005), no. 6, 1943-1964.
Garroni A., Miiller S.: A variational model for dislocations in the
line tension limit. Arch. Rat. Mech. Anal. 181 (2006), no. 3,
535-578.
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Case of planar elasticity

The reference configuration is an open set Q C R? which
represents an horizontal section of the cylindrical crystal.

The Burgers vectors are a finite set S C R?

The dislocations are represented by a measure on €2, which is
a finite sum of Dirac masses, 1 == ). zibj 0.

The class of admissible strains corresponding to  is given by
the functions ) : Q. — M?*? whose circulation around each
X; is equal to z;b;.

The elastic energy corresponding to a pair (i, ¢:) is given by

JTE(#E;E’)E) = W(L/}E)dX =S CU 0 /4/) dX
J Qe JQ.
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The self energy

The self energy corresponding to a dislocation measure
e 1= Y Zi0x; b; is equal to the sum of the energies corresponding
to z,-éxi b;

ESf (u Zf (2i0xb;)

In view of the concentration phenomenon of the energy we have

E>f (20, b) = mwln/B W(v) = | logel|z|*f(b)

pe(x)

llog(pe)l .,

[56] ase—0

where

£ (11.) = Z min / W (1)) = | log €| Zz,-zf(b,
i 7 Bps(xi) i

The self energy is the energy stored in the hard core region.
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Homogenization of straight dislocations

In collaboration with A. Garroni and G. Leoni.
We study the -convergence of elastic functionals as the number of

dislocations
N — oo per € — 0.

More precisely we rescale the elastic energy functionals considering
1
——F..
Ne[loge|” °

In this case, in contrast with the case N. = N, we also have to
take into account the interaction energy.

Eainter(,ueaws) ::/ W (3¢ ) dx.
Q\Hard Core of p.

Eseff = N_|loge|.

Eginter o~ ?
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Asymptotic behavior of E/™*" (Heuristically...)

Assume that N dislocations are uniformly distributed in B;(0).
Then

A ball of radius r contains almost 7r2N. dislocations.

Therefore the average [1).(r)| of the tangential component of the
strain on 0B,(0) is of the order

[ (r)] & wr*N./2mr = N.r/2.

. 1 2wr
Eg/nter(ﬂaw) :/O dr/o ]wT(r,9)|2 do =
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Energy regimes: N.|loge| V N?

Fix e — N.. The behavior of N. as ¢ — 0 determines three
different energy regimes:

1. Well separated dislocations (N: << |log(¢)]): In this regime
we have that the self energy is of order N.|loge|, and it is
predominant with respect to the interaction energy.

2. Critical regime (N: = |log(¢)|): The self energy and the
interaction energy have the same magnitude N.|loge].

3. Super-critical regime (N; >> |log(g)|): The interaction
energy is of order |N.|? and it is predominant with respect to
the self energy.
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The class of admissible dislocations

Let us fix the sequence of hard core radii p. satisfying

i) liminf._o 2 — oo for every 0 < s < 1;

i) |N:|p2 — 0 for e — 0.

Assumption: The distance between the dislocations is at least 2p..

M
Xei={neM(Q): p=> dsbi, MEN, B(x) € Q,
i=1
|xj — xk| > 2p. for every j # k,bj € S}. (2)

Here S := {b1,..., bs} is the set of Burgers vectors and S is the
span generated by S in Z.
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['-convergence in the critical case

i) Compactness. Let {(ue,%:)} be a sequence in
M(Q) x L2(; M?*2) with m}}(us,@bg) <C. Upto
subsequences we have

1 .
||Og€’/L€ Ao with p € M, (3)
1 .
@% — with ¢ € L*(Q; M>*?) (4)

Moreover € H=(Q), Curl 1 = p.

ii) -convergence. The functionals m}} [-converge to

du
Fuw)i= [ <coivs ot [ so(dM) dlul.
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Definition of the density of the plastic energy

Let S :={b1,..., bs} be the set of Burgers vectors and S be its

span on Z.
The density of the plastic energy ¢ : R?> — R is defined through

the following relaxation procedure
N N
p(b) == min{> _ MeF(&), Y Akék = b, & € S} (5)
k=1 k=1

Remark: ¢ is positively 1-homogeneous
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Dislocation walls
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