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Affine parameter dependence

Require also f(v; ), £(v;p)
Qa
a(w,v; p) = Zl 0%(n) a?(w,v),
q:

where forg = 1,...,Q4
0%:D — R, p-dependent functions;
a?: X® x X® — R, p-independent forms.

This assumption is crucial for
» the offline-online decomposition, and thus for
» the computational efficiency of the reduced basis method ...
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Offline-Online Decomposition

N .
We expand  un(p) = > un;(p)¢?
i=1
and obtain v=C¢41<i< N

a(un(p),v; n) = f(vsp)

> uns(n)a(cs i) = F(C )
p
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Offline-Online Decomposition

N .
We expand  un(p) = > un;(p)¢?
i=1
and obtain v=C¢41<i< N

a(un(p),vsp) = f(vsp)
> uns(n)a(cs i) = F(C )
P

N Qa o Qr
Y uni(p) Y 0%(n) a¥(¢?,¢H) => 0%n) £

Jj=1 q=1 _ q=1 .
OFFLINE: O(N) OFFLINE: O(N)
ONLINE: O(Qq N2) ONLINE: O(QsN)

ONLINE: O(N3)
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Empirical Interpolation Method Motivation
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Error Analysis

Affine parameter dependence

Require also f(v; ), £(v;p)
Qa
a(w,v; p) = Zl 0%(n) a?(w,v),
q:

where forg = 1,...,Q,

0%:D — R, p-dependent functions;
a?: X® x X® — R, p-independent forms.

This assumption is crucial for
» the offline-online decomposition, and thus for
» the computational efficiency of the reduced basis method ...
... but not all problems are affine.
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Contaminant Transport

» Application: Identification of Sources

Dispersion of a pollutant Q =1[0,4] x [0,1]

Source: g¥S(z; ) = % e—50((z1—z5)? +(x2 —x3)?)

(say, p = (k, 27, 23))

TThanks to K Veroy for providing the velocity field.
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Contaminant Transport — Problem Statement

Scalar Convection-Diffusion y(xz,t=0;u) =0
Su(tsp) + U - Vu(t; p) = & V2u(t; p) + gF5 (23 1) £(2),

INPUTS: p=(k,x3,23) € D C IRP=3; where
D = [0.05,0.5] X [2.9,3.1] X [0.3,0.5];
U(Gr = 10%) from Pr = 0
Natural Convection (Navier-Stokes);

f(t) “control” input (source strength).

OUTPUTS: Measurements sq(t; 1), 1 < g < 8.
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Empirical Interpolation Method Motivation
Coefficient-function Approximation
Error Analysis

Contaminant Transport — Sample Solutions

Field variable: u = (0.05,2.9,0.3) (N = 3720)
t-1at t—40at
I
t-80at t= 120t
]
t- 16041 t=200at

. )
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Contaminant Transport — Sample Solutions

Field variable: u = (0.05, 3.1, 0.5) (N = 3720)

t=1at t=40At

t=80At t=120At

!

t=160At t=200At

I
I
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Contaminant Transport — Truth Problem Statement

Given u € D C IRF, evaluate Vk € K
s(t*; p) = £(u(th; n))

where u(t*; u) € X satisfies u(t%pu) =0

m<’d(t’“; D) —Aitt(t’“_l; B s H>+

3 a(u(t®; p) + w(t* 15 p), v p)

= b(v; p) 3 (F(*) + F(E*1)), Yo € X,

for b(vs p) = [, 955 (5 1) v with g5 nonaffine.

TCN preferred since 2 < Pe < 20.
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Nonaffine Source Term

Evaluation of RB quantities (v =Ciy 1 <% < Npax):

b(Cispm) = [qaP5%(xsm) &

. 57(_) fQ e—50((z1—p2)?+(x2—p3)?) G

requires even in the online stage
O(N'N) operations.
Difficulty: no (\V-independent) affine representation of g¥S (x; ).
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Nonaffine Source Term

Evaluation of RB quantities (v =Ciy 1 <% < Npax):

b(Cism) = Jog " (x5m) G
= 30/ e—50((@1—p2)*+(22—p3)?) ¢,
requires even in the online stage
O(N'N) operations.
Difficulty: no (\V-independent) affine representation of g¥S (x; ).

How do we deal with “nonaffine” problems?
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Approximation
PS PS M
go(xsp) =gy = 2 Pum(p)  gm(z)
m=1>——" N——
EIM Collateral RB

Recall: b(¢isp) = [o9%5(m5p) & = [ ghg (@5 1) G
M
= 2_:1 erm (1) fQ qm(T) Gi »

If we can calculate the @prm (1) efficiently, we can again follow an
offline-online computational procedure, but

» how do we calculate the g, (x) and the @ prm(1)?
» what is the interpolation error introduced?
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Empirical Interpolation Method Motivation
Coefficient-function Approximation
Error Analysis

Greedy Approach

Empirical Interpolation [BMNP, GMNP, MNPP]: Greedy approach for
constructing both

» interpolation points Ths = {z € Q,...,2%, € Q}, and
» sample set S, = {u] € D, ..., uY,; € D} and associated
discrete spaces W3, = span{q1,...,qnm}-
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Greedy Approach

Empirical Interpolation [BMNP, GMNP, MNPP]: Greedy approach for
constructing both

» interpolation points Ths = {z € Q,...,2%, € Q}, and
» sample set S, = {u] € D, ..., uY,; € D} and associated
discrete spaces W3, = span{q1,...,qnm}-

Greedy Procedure [MNPP]:
We first choose pud € D and compute
&1 = g(m; 1),
The first interpolation point is
x1 = arg maxgzcq |€1(x)|,
and we set g1 = &1(x)/€1(x1) and B, =
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Greedy Approach

We then proceed by induction to generate S%,, Wi, and Ts:

For 1 < M < Mpyax, we first solve the interpolation problem
Mo _
Z Bij QDMj(/J’):g(xi;“')a 1<:< M,
i=1

where Bi];./f = qj(x;), 1 < 4,5 < M, and then compute

gm(zs ) = XM omm(B) gm.
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Greedy Approach

We then proceed by induction to generate S%,, Wi, and Ts:
For 1 < M < Mpyax, we first solve the interpolation problem

M
Z B%‘/IQDMj(N):g(xi;“)a 1§i§M9
i=1

where Bi];./f = qj(x;), 1 < 4,5 < M, and then compute

gm(xsp) = M onm(1)gm,
and the interpolation error
em(p) = llg(-s 1) — gna (55 1) || Lo ()

=g

forall p € EY .in-
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Greedy Approach

We then determine

Mg = arg max enr(p)

= .
train

and compute Epr41 = g(x; F‘?\/I+1)'
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Greedy Approach

We then determine

“M+1 = arg max em(p)
"

traln

and compute Epr41 = g(x; F‘?\/I+1)'
To generate the interpolation points we solve the linear system

Z o; qj(mz) - EM—}-I(:Bz)’ 1<:<M

and we set rary1(x) = Enrya(x) — Z o; M qi(z).
i=
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Empirical Interpolation Method Motivation
Coefficient-function Approximation
Error Analysis

Greedy Approach

We then determine

“M+1 = arg max em(p)
"

traln

and compute Epr41 = g(x; F‘?\/I+1)'
To generate the interpolation points we solve the linear system

Z o; qj(mz) - EM—}-I(:Bz)’ 1<:<M

and we set rary1(x) = Enrya(x) — Z o; M qi(z).
i=
The next interpolation point is

Tp41 = arg max |rar41 ()],
e

and gnrr1(x) = ravta(x) /rara(Taryr).



Empirical Interpolation Method Motivation
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Properties

We can show that [BMNP, GMNP, MNPP]

» the space W, is of dimension M if the dimension of
span M9 exceeds Mynax, Wwhere M9 = {g(-; u)|pr € D};

» the construction of the interpolation points is well-defined;
» the functions {q1,...,qn} form a basis for W3 ;

» the matrix BM is invertible and lower triangular with unity
diagonal.
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A Priori Stability: Lebesgue constant

We define a Lebesgue constant
— M
AM - Sup:z:EQ Em:l |V1£1W(m)|'
where the VM () € W3, is the associated Lagrange basis,
VM(z,) = 8mn, 1 <m,n < M.
We can prove

Proposition

The Lebesgue constant Az satisfies Aps < 2M — 1.

and

The interpolation error eps(p) satisfies
em(p) < (1 + Ang) inf lg(s; ) — 2|z ().
zeWy,
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A Posteriori Error Estimation

We have two options:
» Method 1: “Next Point” Estimator [BMNP, GMNP]

» Very inexpensive to evaluate
=> one additional evaluation of g(x; ) at a single point in .

» In general not a rigorous upper bound for the error
=> requires the saturation hypothesis.

» Method 2: “Rigorous” Estimator [EGP]

» Higher offline cost, since we require
=> analytical upper bounds for parametric derivatives
= EIM approximation error at finite set of points in D.

» Provides rigorous upper bound for the error
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Empirical Interpolation Method Motivation
Coefficient-function Approximation
Error Analysis

Method 1: “Next Point" Estimator

Given an approximation gps(x; p) for M < Mpmax — 1, we define
ém(p) = lg(xznr+1; 1) — gm(znrt1; )|

and obtain

Proposition

Ifg(-;m) € Wiy, then

lg(-50) —agn( -5 p)llLeo (@) < Ena(p).
Note

> in general g( - ;) & Wf\’,prl, and hence our estimator
Enr(p) is indeed a lower bound; however,

> if epr(p) — O very fast, we expect that the effectivity,
nm(p) = ém(pn)/em(p) = 1.



Empirical Interpolation Method Motivation
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Error Analysis

Method 1: Numerical Example

1
VvV (@1i—p))2H(z2—pz))?’

forz € @ =10,1[? and p € D = [-1, —0.01]2.

We consider g(x; p) =

M| emax | Pm | AM | I | BM

8 || 8.30E-02 | 0.68 | 1.76 | 0.17 | 3.65
16 || 4.22E-03 | 0.67 | 2.63 | 0.10 | 6.08
24 || 2.68E-04 | 0.49 | 4.42 | 0.28 | 9.19
32 | 5.64E-05 | 0.48 | 5.15 | 0.20 | 12.86
40 || 3.66E-06 | 0.54 | 4.98 | 0.60 | 18.37
48 || 6.08E-07 | 0.37 | 7.43 | 0.29 | 20.41

Table: NE 1: €}z, max is the best fit error, p,, is the averaged ratio
M%’ Tar is the average effectivity, and sz is the condition number
of BM .
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Method 1: Numerical Example
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1 X

Parameter sample set S%,;, Mmax = 51, and interpolation points
Tmy, 1 < m < Mpax.
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Method 2: “Rigorous’ Estimator

We require

» parametric derivatives
alflg

— = 9 _ (x:
8[.1,(311)...[1?11;) ( 9 H)?

where 3 = (B1,...0p) of length |3| = Ef;l Bi;

» analytical upper bounds o, such that

9P (x5 p) =

(:3) . < .
max max g oo o < o0
neED IBEMg ” ( ’ l‘/)”L Q) = p( )a

» and the distance

pe = max min e =l

where ® C D of size ng.
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Method 2: “Rigorous’ Estimator

For given positive integer p and 1 < M < Myax
g lg(sp) —gm(s ) llLe ) < Onmp, V€ D.

Here,

dnp = (14 An) pp pb PP/2 4

analytic bound

sup (°E % P2 max 199:7) — o )i )
T€EP \ j=0 ﬁEMJ

EIM approximation error

Note: dpz,p is independent of p.
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Method 2: Numerical Results

We consider g = e_50((ml_“(l))z"‘(m—u(z))z)'
forz € @ =10,1[% and p € D = [0.4,0.6]°.

10

Figure: Maximum interpolation error epy = max epr(p) and bounds
HEE

Strain
for ng = 100 and ng = 1600.



Problem Statement
" Reduced Basis Approximation
Nonaffine Problems A Posteriori Error Estimation

Numerical Results

Truth Approximation

Given u € D C RP, evaluate )=V
s(p) = £(u(p); p)

where u(x; p) € X satisfies
a(u(p),v; p) = f(vig(z;p)), Vv e X.

We consider the particular form

a(w,v; p) = ao(w,v) + a1(w,v;g(z; 1)), Yw,v € X.
where g(x; u) € L°°(€2) is nonaffine.
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Problem Statement
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Numerical Results

Nonaffine Problems

Hypotheses

We assume

» ag : X X X — IR is bilinear and parameter independent

ao(w,v) = [ Vw Vv, Yw,v € X
Q

> a; ¢ X X X X L*®(2) — IR is trilinear

a1(w,v,2z) = [wvz, Yw,v € X, z € L®(N)
Q

» and f(v;g(x;pn)) = [vg(w;p) is a linear form.
Q
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Problem Statement
" Reduced Basis Approximation
Nonaffine Problems A Posteriori Error Estimation

Numerical Results

Coercivity & Continuity

We also assume thata : X X X XD — R is
» coercive
(0 <) a(p) = inf 2w,
we

x lwl%

» and continuous

v(p) = sup sup alw,vi). (< 00),

wex veX ||w|lxlv]|x
and that aq satisfies
a1(w, v, z) < Yo, llwllx [[v]|x ||2]| L (02)»
Yw,v € X, z € L°°(Q).
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Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

Reduced Basis Sample and Space

Parameter samples:
Sy={p'€D,...,uN € D}, 1< N < Npax,
with
Sl C 52 C ¢ C SNmax_]- C SNmax C D'

Lagrangian reduced basis spaces:
WN:Span{ U(Hn) ’ 1S"SN}7 1 < N < Nmpax,
N——
“snapshots’’
with
Wi CWaC...C Wn—1 C WNmax(C X)
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" Reduced Basis Approximation
Nonaffine Problems A Posteriori Error Estimation

Numerical Results

Galerkin Projection

Given i € D C RP, evaluate
sn,m(p) = L(un,m(p); 1)

where un pr(z; ) € XN C X satisfies
ao(un,pm(p),v) + a1(un,n(p), vigu(zs p)) =

Fvsgm(zs ), Vo e Xn.
where

M
gu(xs p) = Zl M m()@m.,
m=

M
and Y BMom;(p) =g(zip), 1<i< M.
i=1

Admits offline-online treatment: online cost O(M?2 + M N? + N3)



Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

X -Norm Error Bound

Energy norm bound

A% s () = aLBl(M)( le(u)llx +éM(u)<I>}“\5}(u)>,

affine nonaffine
contribution to error bound

where  arp(p) ... Lower bound of coercivity constant,
l[é(e)||x ... dual norm of residual,
Enr(p) ... interpolation induced error.
and

(% — ai1\u U,
(I)RZ(“) — sup -f( aQM-i-l) 1( N,M > 3QM—|—1)
veX lvllx
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Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

X -Norm Error Bound

Proposition (Energy Error Bound)

Ifg(x; ) € W]‘(/H_l, the error, e(p) = u(p) — un,m(pt),
satisfies

lle(w)llx < AR p(w)s Vo €D,
and forany N = 1,..., Npax and any M = 1,..., Myax.

Note:
> In general g(x; ) &€ Wiy, . thus

le(i)lix S A% (1) Vi € D.

» Admits offline-online treatment: online cost O(M?2N?2).
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Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

Output Error Bound

We define

» the output error bound:
AN (1) = 1605 w)l| xr An,m(p)

AN (1)
|s(p) — sn(p)]

» and the output effectivity: 0%, (n) =
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Reduced Basis Approximation
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Numerical Results

Nonaffine Problems

Output Error Bound

We define

» the output error bound:
AN (1) = 1605 w)l| xr An,m(p)

AN (1)
|s(p) — sn(p)]

> and the output effectivity:  n{(n) =

Proposition (Output Error Bound)

Forany N =1,..., Nmax and any M = 1,..., Max, the
error, |s(u) — sn(p)|, satisfies

|s(p) — sn(p)| < AN p(B), Ve €D.
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Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

Model Problem

We consider the model problem with

1
vV (@1—p1)) 2 (@2 —p2))?

forx € 2=10,1[? and p € D = [-1, —0.01]%

g(zsp) =

Maximum relative error and bounds in field variable and output [N]

N M €’:"nax,rel ?nax,rel ﬁu 6fnax,rel i’lax,rel 7_]5

4 | 15 || 1.20E-02 | 1.35E-02 | 1.16 || 5.96E-03 | 1.43E-02 | 11.32
8 | 20| 1.14E-03 | 1.23E-03 | 1.01 || 2.42E-04 | 1.30E-03 | 13.41
12 | 25 || 2.54E-04 | 2.77TE-04 | 1.08 || 1.7T6E-04 | 2.92E-04 | 17.28
16 | 30 || 3.82E-05 | 3.93E-05 | 1.00 || 7.92E-06 | 4.15E-05 | 20.40
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Problem Statement
" Reduced Basis Approximation
Nonaffine Problems A Posteriori Error Estimation
Numerical Results

Model Problem

Maximum relative error in the field variable

107"

_ 107
2
:
s10°
3
w
1074 —=— m=8
—— M =14
—v— M =20
—— M =26 g
105 —— M=32
2 4 6 8 10 12 14 16 18 20
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Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

Example: Contaminant Transport

» Application: Identification of Sources

Dispersion of a pollutant Q =1[0,4] x [0,1]

Source: g¥S(z; ) = % e—50((z1—z5)? +(x2 —x3)?)

(say, p = (k, 27, 23))

TThanks to K Veroy for providing the velocity field.
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Problem Statement
" Reduced Basis Approximation
Nonaffine Problems A Posteriori Error Estimation

Numerical Results

Contaminant Transport — Truth Problem Statement

Given u € D C IRF, evaluate Vk € K
s(t*; ) = L(u(t®; p))
where u(t*; u) € X satisfies u(t%pu) =0
(U(t’“; p) —u(t* 15 p) >
m ,U |+
At

3 a(u(th; p) 4+ w(t* =15 p), v; p)

= b(v; 1) 5 (g(tF) + g(t*1)), Vv € X,

for b(v; ) = [ 955 (w3 u) v with gFS nonaffine.

TCN preferred since 2 < Pe < 20.

Grepl, Rozza Model Reduction Methods



Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

Energy Norm & Output Bound

Energy norm bound

k k
AREr () = W(Z ek (e >2+é?w<u>2<b*xz(tk’;u>2) :

(k) \ 7=, o)

[N

affine nonaffine
contribution to error bound

where  arp(p) ... Lower bound of coercivity constant,
E?V,M(u) ... dual norm of residual,
Enr(p) ... interpolation induced error.

Output bound
Ask: ( ): £(v) Auk ( )
NM\H) = s1€1p | N,M\H)-

|"-’”L2(Q)
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Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

Bound Theorem

Proposition (A Posteriori Error Bound)

If gPS (x5 1) € WJE\’/I+1’ then

[ub () — wRo p (W] < AR (1), Y € D,

and
8% (k) — sRoar()| < ARFpr(), Vi € D,
for1 < N < Npax, 1 < M < Mumax, and1 < k < K.

Note
> In general gPS (x5 u) & W3, 4, thus
k
u* () — ul (W] = ARAr (10).
» Admits offline-online treatment: online cost O(K M2N?2).



Problem Statement
" Reduced Basis Approximation
Nonaffine Problems A Posteriori Error Estimation
Numerical Results

Contaminant Dispersion — Convergence: Energy Norm

10 : : : : 10 ‘ ‘ : :
10° 10 F !
10" 10" !
T g
é -2 é 2
£10 £10 !
>~wZ >,<Z
10° 10° ]
10" 107 ]
-5 -5
10 : ‘ ‘ ‘ 10 : ‘ ‘ ‘
0 50 100 150 200 250 0 50 100 150 200 250
N

Results for random sample Erest € D of size 2000.
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Problem Statement
" Reduced Basis Approximation
Nonaffine Problems A Posteriori Error Estimation

Numerical Results

Contaminant Dispersion — Convergence: Energy Norm

N M 6?]J\T,M,max,rel Ail\f,M,max,rel nN,M
40 | 20 7.79E-02 2.13e-01 3.62
80 | 30| 9.25E-03 3.80E-02 3.20
120 | 40 1.49E-03 3.05E-03 2.29
160 | 50 | 4.52E-04 7.43E-04 2.09
200 | 60 1.41E-04 2.32E-04 2.00

Results for random sample Erest € D of size 2000.
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Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonaffine Problems

Contaminant Dispersion — Convergence: Output

N M 65;\7,M,max,rel A?\T,M,max,rel ’F'RT,M
40 | 20 3.82E-02 1.86E+00 61.2
80 | 30 7.25E-03 3.32E-01 64.0
120 | 40 | 6.71E-04 2.65E-02 66.9
160 | 50 1.13e-04 6.47TE-03 78.4
200 | 60 4.42E-05 2.02e-03 74.1

Results for random sample Erest € D of size 2000.
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Contaminant Dispersion — Online Computational Times

Nonaffine Problems

Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation

Numerical Results

N [ M | snm(t%p) | Ax a5 1) | s(#5; 1)
40 | 20 | 4.368-03 | 8.85E-03 1
80 |30 | 1.09e-02 | 1.24E-02 1
120 | 40 | 2.07E-02 | 1.73E-02 1
160 | 50 | 3.39E-02 | 2.36E-02 1
200 |60 | 5.115-02 | 3.16E-02 1
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Problem Statement
Reduced Basis Approximation
A Posteriori Error Estimation

Nonlinear Problems ;
Numerical Results

Truth Approximation

Given p € D, evaluate Vk € K
st (p) = £(ut(p))
where u*(u) € X, 1 < k < K, satisfies ul(p) =0

a; m(uF(p) — ub = (), v) + a(uk(p), v; p)
+ Jo g™ (uF(p); 25 p) v = b(v)u(tk), Vv € X.

Assumptions:
- gnl :R X © X D — R continuous;

- g™ (urs 5 p) < g™ (uzs s ), Yur < ug;
-Vu € R, ug™(u;xz;p) >0, forany x € Q, p € D.
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Problem Statement
Reduced Basis Approximation
A Posteriori Error Estimation

Nonlinear Problems ;
Numerical Results

Standard RB Approach

Sample Computation:
We expand upn (t*; ) = Z;\Izl un; (%5 1) ¢,
and obtain (v ==, 4,7 €EN)

/Q g(un (£ s 5 ) G =
N
/g D uni () Giasp | G
e \i3

= N -dependent online cost.
Note:

» Standard RB-Galerkin recipe suffices for (at most) quadratic
nonlinearities: O(IN4) online cost ([VPP], [VP], [NRP], ...)
» Higher order or nonpolynomial nonlinearities = EIM.
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Problem Statement
Reduced Basis Approximation
A Posteriori Error Estimation

Nonlinear Problems ;
Numerical Results

Empirical Interpolation Method

Interpolation Points and Spaces:

Ty, = {=zT€Q,...,2%, € Q} and

Wi, = span{fm,, 1 <m < M}

= span{qi,...,qnm}, 1< M < Mpax,
&m are chosen by PODy-Greedy,, procedure.
Approximation : for given w*(u) € Y
1wk M
g (wr ()i zsp) R gy (@) = 3 PRrm(K) am(2),

m=
where

M
Zl am(zD) ok (1) = g™ (w(zk, t*; p);2lsp), 1 <n < M.
m=

Note: % (1) = @nm(tF; 1), function of (discrete) time t*.



Problem Statement
Reduced Basis Approximation
A Posteriori Error Estimation

Nonlinear Problems :
Numerical Results

Sampling Procedure

POD¢-Greedy,, Algorithm for EIM
Set p* = pg, W§ ={0}, S§ = {0}, M =0
while M < Mimax
* * * nl *
ek mma (%) = g (uF (u)s 25 %) — ghy™ (a5 %), 1<k < K
Sl = Siy_1 U p
Wiy = W3,y + PODL2 o) ({ef prm (#%), 1 < k < K}, 1);
M =M+ 1;

Calculate xps, qnr;

K
p'=arg max Y., ex;(n);

HC=train

end
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Problem Statement
Reduced Basis Approximation
A Posteriori Error Estimation

Nonlinear Problems ;
Numerical Results

Galerkin Projection

Given p € D, evaluate Vk € K
S?V,M(N) = E(“’?V,M(“))
where U’f\r,M(H) e WL, 1 <k < K, satisfies u?VM(u) =0
A (ul ar (1) — uRar()s 0) + a(uf (1), vi 1)
b o g () v = b(v) u(tF), Vo€ W
Computational Procedure:

» Admits an offline-online treatment
» Online cost is O(M N? 4+ N3) and thus independent of A

T Cost per Newton iteration per timestep.
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Problem Statement
Reduced Basis Approximation
A Posteriori Error Estimation

Nonlinear Problems ;
Numerical Results

Energy Norm & Output Bound

Energy norm bound

k
AUk () = 241 (Z e +09,7 Y é';;w) ,

orp(p) p=1 Pt

[N

linear nonlinear
contribution to error bound

where  arp(p) ... Lower bound of “a"-coercivity constant,
e’f\,,M(u) ... dual norm of residual,
€Rys(p) ... interpolation induced error.

Output bound
M(tk’ K) = <Sup HQ,H(L;,)(Q)> AuleM(H)'
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Problem Statement
Reduced Basis Approximation
A Posteriori Error Estimation

Nonlinear Problems A
Numerical Results

Bound Theorem

Proposition
If g(u?\,,M(u);ac;y,) € WJ$\7/1+1' 1 < k < K, then
u* () — wio (W < AR (1), VueD, 1<k < K.

and
|s* (1) — R ae()| < ARF(1), VmED, 1 <k < K.
forall1 < N < Npax, 1 < M < Mpax.

Note
» In general g(u’f\,’M(p);m;u) ¢ Wf\’/H_l, thus
[[Juk () — uf pr (NI S A%F (1),
» Admits offline-online treatment: online cost
O(K(N + M)?).
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Problem Statement
Reduced Basis Approximation
A Posteriori Error Estimation

Nonlinear Problems 5
Numerical Results

Model Problem

Given u = (u1, p2) € D = [0.01,10]?, evaluate  © =]0, 1[?

st (u) = Jo uRn(1)
where u’fV,M(u) €Y,1< k<K, satisfies ul(p) =0

ﬁm(u’f\r,M(H) UN M(ﬂ)a v) + a(uN m(p),v)
+ [ 9™ (W (p);z; p) v = b(v) sin(27t*), Vv €Y,
etz v (1) _ q
with g™ (uF(p); @ 1) = p1g
K2
Truth Approximation
» Space: Y C Y°® = HJ () with dimension A" = 2601;
» Time: T = (0,2], At = 0.01, and thus K = 200.
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Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonlinear Problems

Sample Results

Truth solution y(*; u) at time t* = 25At and
p = (0.01,0.01) p = (10,10)

Solution for p = (0.01,0.01), tK=25At Solution for p = (10,10), t=25At

a0

b(v) = 100 [, v sin(27x;) cos(2mx2)
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Nonlinear Problems

Convergence: Energy Norm

Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

10
10° 10° fe,
L1 \ \\
107 \\ 107" \‘,\ AN
o\ P U Lt B
107°H 510 AN
3 s N g \ T SO S
S0 w S0 N R ielie i b
%7 | a[—M=10 27 1 o4l[—M=20 \f\\'\.——‘—«\,_,_
10 .- _m=20 Wl om=a0 | el
10°° = ="M =40 10| - - M=70 Lk T
——M =60 ——M = 100
10°H-e-M=80 - 101 -e-M=130
. M = 100 . M = 160
10 10
0 5 10 15 20 25 30 35 40 45 50 55 0 5 10 15 20 25 30 35 40 45 50 55
N N

Results for sample E¢est € D of size 225.

» “Plateau” in curves for M fixed.
» “Knees’ reflect balanced contribution of both error terms.

» Sharp bounds require conservative choice of M.
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Problem Statement

Reduced Basis Approximation
A Posteriori Error Estimation
Numerical Results

Nonlinear Problems

Convergence: Energy Norm
N | M 6:}J\T,M,max,rel A?]J\T,M,max,rel ﬁ]y\I,M
1 |40 3.83e-01 1.15+00 2.44
5 [60 | 1.32E-02 | 4.59E-02 | 2.43
10 | 80 9.90E-04 3.41-03 2.10
20 | 100 9.40E-05 4.16E-04 2.77
30 | 120 1.30E-05 7.34E-05 2.48
40 | 140 | 3.36E-06 8.75E-06 1.64

Results for sample E¢est € D of size 225.

» Choose IN vs. M such that
error(EIM) < error(RB)

to obtain sharp bounds.
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Problem Statement
Reduced Basis Approximation
A Posteriori Error Estimation

Nonlinear Problems 5
Numerical Results

Convergence: Output

N | M e?V,M,max,rel A.IS\T,M,max,rel ,F’f;f,M
1 |40 9.99e-01 2.49E+01 14.1
5 |60 5.35E-03 1.00E+00 130
10 | 80 2.57E-04 7.42E-02 146
20 | 100 1.43E-05 9.06e-03 436
30 | 120 | 5.34E-06 1.60e-03 307
40 | 140 | 2.85E-06 1.90E-04 205

Results for sample Etest € D of size 225.

» Accuracy of output bound < 1% for (IN, M) = (20, 100).

» Use adjoint techniques for faster convergence.
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Nonlinear Problems

Online Computational Times

Problem Statement

Reduced Basis Approximation

A Posteriori Error Estimation

Numerical Results

N | M SN,M(P"tk) A?V,M(l"? tk) s(p"tk)
1 40 5.42E-05 9.29e-05 1
5 60 9.67E-05 8.58E-05 1
10 | 80 1.19e-04 9.37E-05 1
20 | 100 1.71E-04 1.05E-04 1
301|120 2.42E-04 1.18E-04 1
40 | 140 3.15-04 1.35E-04 1

Average CPU times for sample Etest € D of size 225.

» Computational savings O(103) for AN Mmaxrel < 1%.

» But offline stage much more expensive than for linear case.
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