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Affine parameter dependence

Require also f(v;µ), `(v;µ)

a(w, v;µ) =
Qa∑
q=1

Θq
a(µ) aq(w, v),

where for q = 1, . . . , Qa
Θq
a : D → R, µ-dependent functions;

aq : Xe ×Xe → R, µ-independent forms.

This assumption is crucial for
I the offline-online decomposition, and thus for
I the computational efficiency of the reduced basis method . . .
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Offline-Online Decomposition

We expand uN(µ) =
N∑
j=1

uN j(µ)ζj

and obtain v = ζi, 1 ≤ i ≤ N
a(uN(µ), v;µ) = f(v;µ)

N∑
j=1

uN j(µ)a(ζj, ζi;µ) = f(ζi;µ)

N∑
j=1

uN j(µ)
Qa∑
q=1

Θq
a(µ) aq(ζj, ζi)︸ ︷︷ ︸

OFFLINE: O(N )︸ ︷︷ ︸
ONLINE: O(QaN2)

=
Qf∑
q=1

Θq
f(µ) fq(ζi)︸ ︷︷ ︸

OFFLINE: O(N )︸ ︷︷ ︸
ONLINE: O(QfN)︸ ︷︷ ︸

ONLINE: O(N3)
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Affine parameter dependence

Require also f(v;µ), `(v;µ)

a(w, v;µ) =
Qa∑
q=1

Θq
a(µ) aq(w, v),

where for q = 1, . . . , Qa
Θq
a : D → R, µ-dependent functions;

aq : Xe ×Xe → R, µ-independent forms.

This assumption is crucial for
I the offline-online decomposition, and thus for
I the computational efficiency of the reduced basis method . . .

. . . but not all problems are affine.
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Contaminant Transport

I Application: Identification of Sources

Dispersion of a pollutant Ω = [0, 4]× [0, 1]

x2

x1

ΩM
8 ΩM

2
(xs1, x

s
2)

ΩM
1κ

Source: gPS(x;µ) = 50
π
e−50((x1−xs1)2+(x2−xs2)2)

(say, µ ≡ (κ, xs1, x
s
2))

†Thanks to K Veroy for providing the velocity field.
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Contaminant Transport – Problem Statement

Scalar Convection-Diffusion y(x, t = 0;µ) = 0

∂
∂t
u(t;µ) + U · ∇u(t;µ) = κ∇2u(t;µ) + gPS(x;µ) f(t),

INPUTS : µ ≡ (κ, xs1, x
s
2) ∈ D ⊂ IRP=3;where

D = [0.05, 0.5]× [2.9, 3.1]× [0.3, 0.5];

U(Gr = 105) from Pr = 0
Natural Convection (Navier-Stokes);

f(t) “control” input (source strength).

OUTPUTS : Measurements sq(t;µ), 1 ≤ q ≤ 8.
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Contaminant Transport – Sample Solutions

Field variable: µ = (0.05, 2.9, 0.3) (N = 3720)
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Contaminant Transport – Truth Problem Statement

Given µ ∈ D ⊂ IRP , evaluate ∀k ∈ K

s(tk;µ) = `(u(tk;µ))

where u(tk;µ) ∈ X satisfies u(t0;µ) = 0

m

(
u(tk;µ)− u(tk−1;µ)

∆t
, v;µ

)
+

1
2
a(u(tk;µ) + u(tk−1;µ), v;µ)

= b(v;µ) 1
2

(f(tk) + f(tk−1)), ∀v ∈ X,

for b(v;µ) =
∫
Ω g

PS(x;µ) v with gPS nonaffine.

†CN preferred since 2 ≤ Pe ≤ 20.
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Nonaffine Source Term

Evaluation of RB quantities (v = ζi, 1 ≤ i ≤ Nmax):

b(ζi;µ) =
∫
Ω g

PS(x;µ) ζi

= 50
π

∫
Ω e
−50((x1−µ2)2+(x2−µ3)2) ζi

requires even in the online stage

O(NN) operations.

Difficulty: no (N -independent) affine representation of gPS(x;µ).

How do we deal with “nonaffine” problems?
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Idea

Approximation

gPS(x;µ) ≈ gPS
M =

M∑
m=1

ϕMm(µ)︸ ︷︷ ︸
EIM

qm(x)︸ ︷︷ ︸
Collateral RB

Recall: b(ζi;µ) =
∫
Ω g

PS(x;µ) ζi ≈
∫
Ω g

PS
M (x;µ) ζi

=
M∑
m=1

ϕMm(µ)
∫
Ω qm(x) ζi ,

If we can calculate the ϕMm(µ) efficiently, we can again follow an
offline-online computational procedure, but

I how do we calculate the qm(x) and the ϕMm(µ)?
I what is the interpolation error introduced?
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Greedy Approach

Empirical Interpolation [BMNP, GMNP, MNPP]: Greedy approach for
constructing both

I interpolation points TM = {xT1 ∈ Ω, . . . , xTM ∈ Ω}, and
I sample set SgM ≡ {µ

g
1 ∈ D, . . . , µ

g
M ∈ D} and associated

discrete spaces W g
M = span{q1, . . . , qM}.

Greedy Procedure [MNPP]:
We first choose µg1 ∈ D and compute

ξ1 ≡ g(x;µg1).
The first interpolation point is

x1 = arg maxx∈Ω |ξ1(x)|,
and we set q1 = ξ1(x)/ξ1(x1) and B1

11 = 1.

Grepl, Rozza Model Reduction Methods



Empirical Interpolation Method
Nonaffine Problems
Nonlinear Problems

Motivation
Coefficient-function Approximation
Error Analysis

Greedy Approach

Empirical Interpolation [BMNP, GMNP, MNPP]: Greedy approach for
constructing both

I interpolation points TM = {xT1 ∈ Ω, . . . , xTM ∈ Ω}, and
I sample set SgM ≡ {µ

g
1 ∈ D, . . . , µ

g
M ∈ D} and associated

discrete spaces W g
M = span{q1, . . . , qM}.

Greedy Procedure [MNPP]:
We first choose µg1 ∈ D and compute

ξ1 ≡ g(x;µg1).
The first interpolation point is

x1 = arg maxx∈Ω |ξ1(x)|,
and we set q1 = ξ1(x)/ξ1(x1) and B1

11 = 1.

Grepl, Rozza Model Reduction Methods



Empirical Interpolation Method
Nonaffine Problems
Nonlinear Problems

Motivation
Coefficient-function Approximation
Error Analysis

Greedy Approach

We then proceed by induction to generate SgM , W g
M , and TM :

For 1 ≤M ≤Mmax, we first solve the interpolation problem
M∑
j=1

BMij ϕM j(µ) = g(xi;µ), 1 ≤ i ≤M,

where BMij = qj(xi), 1 ≤ i, j ≤M , and then compute

gM(x;µ) ≡
∑M
m=1 ϕMm(µ)qm,

and the interpolation error

εM(µ) = ‖g(·;µ)− gM(·;µ)‖L∞(Ω)

for all µ ∈ Ξgtrain.
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Greedy Approach

We then determine

µgM+1 ≡ arg max
µ∈Ξ

g
train

εM(µ)

and compute ξM+1 ≡ g(x;µgM+1).
To generate the interpolation points we solve the linear system

M∑
j=1

σMj qj(xi) = ξM+1(xi), 1 ≤ i ≤M

and we set rM+1(x) = ξM+1(x)−
M∑
j=1

σMj qj(x).

The next interpolation point is
xM+1 = arg max

x∈Ω
|rM+1(x)|,

and qM+1(x) = rM+1(x)/rM+1(xM+1).
Grepl, Rozza Model Reduction Methods



Empirical Interpolation Method
Nonaffine Problems
Nonlinear Problems

Motivation
Coefficient-function Approximation
Error Analysis

Greedy Approach

We then determine

µgM+1 ≡ arg max
µ∈Ξ

g
train

εM(µ)

and compute ξM+1 ≡ g(x;µgM+1).
To generate the interpolation points we solve the linear system

M∑
j=1

σMj qj(xi) = ξM+1(xi), 1 ≤ i ≤M

and we set rM+1(x) = ξM+1(x)−
M∑
j=1

σMj qj(x).

The next interpolation point is
xM+1 = arg max

x∈Ω
|rM+1(x)|,

and qM+1(x) = rM+1(x)/rM+1(xM+1).
Grepl, Rozza Model Reduction Methods



Empirical Interpolation Method
Nonaffine Problems
Nonlinear Problems

Motivation
Coefficient-function Approximation
Error Analysis

Greedy Approach

We then determine

µgM+1 ≡ arg max
µ∈Ξ

g
train

εM(µ)

and compute ξM+1 ≡ g(x;µgM+1).
To generate the interpolation points we solve the linear system

M∑
j=1

σMj qj(xi) = ξM+1(xi), 1 ≤ i ≤M

and we set rM+1(x) = ξM+1(x)−
M∑
j=1

σMj qj(x).

The next interpolation point is
xM+1 = arg max

x∈Ω
|rM+1(x)|,

and qM+1(x) = rM+1(x)/rM+1(xM+1).
Grepl, Rozza Model Reduction Methods



Empirical Interpolation Method
Nonaffine Problems
Nonlinear Problems

Motivation
Coefficient-function Approximation
Error Analysis

Properties

We can show that [BMNP, GMNP, MNPP]

I the space W g
M is of dimension M if the dimension of

spanMg exceeds Mmax, whereMg ≡ {g(·;µ)|µ ∈ D};
I the construction of the interpolation points is well-defined;

I the functions {q1, . . . , qM} form a basis for W g
M ;

I the matrix BM is invertible and lower triangular with unity
diagonal.
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A Priori Stability: Lebesgue constant

We define a Lebesgue constant

ΛM ≡ supx∈Ω

∑M
m=1 |VM

m (x)|,
where the VM

m (x) ∈W g
M is the associated Lagrange basis,

VM
m (xn) ≡ δmn, 1 ≤ m,n ≤M .

We can prove

Proposition

The Lebesgue constant ΛM satisfies ΛM ≤ 2M − 1.

and

Proposition

The interpolation error εM(µ) satisfies
εM(µ) ≤ (1 + ΛM) inf

z∈W g
M

‖g(·;µ)− z‖L∞(Ω).
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A Posteriori Error Estimation

We have two options:

I Method 1: “Next Point” Estimator [BMNP, GMNP]

I Very inexpensive to evaluate
⇒ one additional evaluation of g(x;µ) at a single point in Ω.

I In general not a rigorous upper bound for the error
⇒ requires the saturation hypothesis.

I Method 2: “Rigorous” Estimator [EGP]

I Higher offline cost, since we require
⇒ analytical upper bounds for parametric derivatives
⇒ EIM approximation error at finite set of points in D.

I Provides rigorous upper bound for the error
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Method 1: “Next Point” Estimator

Given an approximation gM(x;µ) forM ≤Mmax− 1, we define

ε̂M(µ) ≡ |g(xM+1;µ)− gM(xM+1;µ)|

and obtain

Proposition

If g( · ;µ) ∈W g
M+1, then

‖g( · ;µ)− gM( · ;µ)‖L∞(Ω) ≤ ε̂M(µ).

Note
I in general g( · ;µ) 6∈W g

M+1, and hence our estimator
ε̂M(µ) is indeed a lower bound; however,

I if εM(µ)→ 0 very fast, we expect that the effectivity,
ηM(µ) ≡ ε̂M(µ)/εM(µ) ≈ 1.
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Method 1: Numerical Example

We consider g(x;µ) ≡ 1√
(x1−µ(1))2+(x2−µ(2))2

,

for x ∈ Ω ≡ ]0, 1[ 2 and µ ∈ D ≡ [−1,−0.01]2.

M ε∗M,max ρM ΛM ηM κM
8 8.30E –02 0.68 1.76 0.17 3.65
16 4.22E –03 0.67 2.63 0.10 6.08
24 2.68E –04 0.49 4.42 0.28 9.19
32 5.64E –05 0.48 5.15 0.20 12.86
40 3.66E –06 0.54 4.98 0.60 18.37
48 6.08E –07 0.37 7.43 0.29 20.41

Table: NE 1: ε∗M,max is the best fit error, ρM is the averaged ratio
εM (µ)

ε∗
M (µ)(1+ΛM )

, ηM is the average effectivity, and κM is the condition number

of BM .
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Method 1: Numerical Example
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Parameter sample set SgM , Mmax = 51, and interpolation points
xm, 1 ≤ m ≤Mmax.
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Method 2: “Rigorous” Estimator

We require
I parametric derivatives

g(β)(x;µ) ≡ ∂|β|g

∂µ
β1
(1)
...µ

βP
(P )

(x;µ),

where β ≡ (β1, . . . βP ) of length |β| ≡
∑P
i=1 βi;

I analytical upper bounds σp, such that
max
µ∈D

max
β∈MP

p

‖g(β)(·;µ)‖L∞(Ω) ≤ σp (<∞);

I and the distance
ρΦ ≡ max

µ∈D
min
τ∈Φ
‖µ− τ‖,

where Φ ⊂ D of size nΦ.
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Method 2: “Rigorous” Estimator

Proposition
For given positive integer p and 1 ≤M ≤Mmax

max
µ∈D
‖g(·;µ)− gM(·;µ)‖L∞(Ω) ≤ δM,p, ∀µ ∈ D.

Here,

δM,p ≡ (1 + ΛM)
σp

p!
ρpΦ P

p/2︸ ︷︷ ︸
analytic bound

+

sup
τ∈Φ

(
p−1∑
j=0

ρ
j
Φ
j!
P j/2 max

β∈MP
j

‖g(β)(·; τ )− g(β)
M (·; τ )‖L∞(Ω)︸ ︷︷ ︸

EIM approximation error

)
.

Note: δM,p is independent of µ.
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Method 2: Numerical Results

We consider g = e−50
(
(x1−µ(1))

2+(x2−µ(2))
2
)
,

for x ∈ Ω ≡ ]0, 1[ 2 and µ ∈ D ≡ [0.4, 0.6]2.
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Figure: Maximum interpolation error εM ≡ max
µ∈Ξtrain

εM(µ) and bounds

for nΦ = 100 and nΦ = 1600.
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Truth Approximation

Given µ ∈ D ⊂ RP , evaluate (·) = (·)N

s(µ) = `(u(µ);µ)

where u(x;µ) ∈ X satisfies

a(u(µ), v;µ) = f(v; g(x;µ)), ∀ v ∈ X.

We consider the particular form

a(w, v;µ) = a0(w, v) + a1(w, v; g(x;µ)), ∀w, v ∈ X.

where g(x;µ) ∈ L∞(Ω) is nonaffine.
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Hypotheses

We assume
I a0 : X ×X → IR is bilinear and parameter independent

a0(w, v) =
∫
Ω

∇w∇v, ∀w, v ∈ X

I a1 : X ×X × L∞(Ω)→ IR is trilinear

a1(w, v, z) =
∫
Ω

w v z, ∀w, v ∈ X, z ∈ L∞(Ω)

I and f(v; g(x;µ)) =
∫
Ω

v g(x;µ) is a linear form.
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Coercivity & Continuity

We also assume that a : X ×X ×D → R is
I coercive

(0 <) α(µ) ≡ inf
w∈X

a(w,w;µ)

‖w‖2X
;

I and continuous

γ(µ) ≡ sup
w∈X

sup
v∈X

a(w, v;µ)

‖w‖X‖v‖X
(<∞),

and that a1 satisfies

a1(w, v, z) ≤ γa1‖w‖X ‖v‖X ‖z‖L∞(Ω),

∀w, v ∈ X, z ∈ L∞(Ω).
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Reduced Basis Sample and Space

Parameter samples:

SN = {µ1 ∈ D, . . . , µN ∈ D}, 1 ≤ N ≤ Nmax,

with
S1 ⊂ S2 ⊂ . . . ⊂ SNmax−1 ⊂ SNmax ⊂ D.

Lagrangian reduced basis spaces:

WN = span{ u(µn)︸ ︷︷ ︸
“snapshots′′

, 1 ≤ n ≤ N}, 1 ≤ N ≤ Nmax,

with
W1 ⊂W2 ⊂ . . . ⊂WNmax−1 ⊂WNmax(⊂ X).
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Galerkin Projection

Given µ ∈ D ⊂ RP , evaluate

sN,M(µ) = `(uN,M(µ);µ)

where uN,M(x;µ) ∈ XN ⊂ X satisfies

a0(uN,M(µ), v) + a1(uN,M(µ), v; gM(x;µ)) =

f(v; gM(x;µ)), ∀ v ∈ XN .

where

gM(x;µ) ≡
M∑
m=1

ϕMm(µ)qm,

and
M∑
j=1

BMij ϕM j(µ) = g(xi;µ), 1 ≤ i ≤M.

Admits offline-online treatment: online cost O(M2 +MN2 +N3)
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X-Norm Error Bound

Energy norm bound

∆u
N,M(µ) =

1

αLB(µ)

(
‖ê(µ)‖X︸ ︷︷ ︸
affine

+ ε̂M(µ)Φna
M(µ)︸ ︷︷ ︸

nonaffine

)
,

contribution to error bound

where αLB(µ) . . . Lower bound of coercivity constant,
‖ê(µ)‖X . . . dual norm of residual,
ε̂M(µ) . . . interpolation induced error.

and

Φna
M(µ) = sup

v∈X

f(v; qM+1)− a1(uN,M , v; qM+1)

‖v‖X
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X-Norm Error Bound

Proposition (Energy Error Bound)

If g(x;µ) ∈W g
M+1, the error, e(µ) = u(µ)− uN,M(µ),

satisfies

‖e(µ)‖X ≤ ∆u
N,M(µ), ∀µ ∈ D,

and for any N = 1, . . . , Nmax and any M = 1, . . . ,Mmax.

Note:
I In general g(x;µ) /∈W g

M+1, thus

‖e(µ)‖X / ∆u
N,M(µ), ∀µ ∈ D.

I Admits offline-online treatment: online cost O(M2N2).
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Output Error Bound

We define

I the output error bound:
∆s
N,M(µ) ≡ ‖`(·;µ)‖X′ ∆N,M(µ)

I and the output effectivity: ηsN(µ) ≡
∆s
N(µ)

|s(µ)− sN(µ)|

Proposition (Output Error Bound)

For any N = 1, . . . , Nmax and any M = 1, . . . ,Mmax, the
error, |s(µ)− sN(µ)|, satisfies

|s(µ)− sN(µ)| ≤ ∆s
N,M(µ), ∀µ ∈ D.
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Output Error Bound

We define

I the output error bound:
∆s
N,M(µ) ≡ ‖`(·;µ)‖X′ ∆N,M(µ)

I and the output effectivity: ηsN(µ) ≡
∆s
N(µ)

|s(µ)− sN(µ)|

Proposition (Output Error Bound)

For any N = 1, . . . , Nmax and any M = 1, . . . ,Mmax, the
error, |s(µ)− sN(µ)|, satisfies

|s(µ)− sN(µ)| ≤ ∆s
N,M(µ), ∀µ ∈ D.
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Model Problem

We consider the model problem with

g(x;µ) ≡ 1√
(x1−µ(1))2+(x2−µ(2))2

for x ∈ Ω ≡ ]0, 1[ 2 and µ ∈ D ≡ [−1,−0.01]2.

Maximum relative error and bounds in field variable and output [N]

N M εumax,rel ∆u
max,rel η̄u εsmax,rel ∆s

max,rel η̄s

4 15 1.20E –02 1.35E –02 1.16 5.96E –03 1.43E –02 11.32
8 20 1.14E –03 1.23E –03 1.01 2.42E –04 1.30E –03 13.41
12 25 2.54E –04 2.77E –04 1.08 1.76E –04 2.92E –04 17.28
16 30 3.82E –05 3.93E –05 1.00 7.92E –06 4.15E –05 20.40
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Maximum relative error in the field variableREDUCED BASIS FOR NONLINEAR ELLIPTIC AND PARABOLIC PROBLEMS 587

Figure 2. Convergence of the reduced-basis approximation for the nonaffine elliptic example.

Table 3. Maximum relative error in the energy norm and output for the nonaffine elliptic example.

N M εu
N,M,max,rel εs

N,M,max,rel

4 15 1.20 E– 02 5.96 E– 03
8 20 1.14 E– 03 2.42 E– 04
12 25 2.54 E– 04 1.76 E– 04
16 30 3.82 E– 05 7.92 E– 06

computational savings in the online stage relative to classical discretization and solution approaches and relative
to standard Galerkin reduced-basis approaches built upon (28).

3.2.4. Numerical results

We present here numerical results for the model problem of Section 3.1.2. We first define (w, v)X =
∫
Ω
∇w·∇v;

thanks to the Dirichlet conditions on the boundary, (w, v)X is appropriately coercive. We note that for our
particular function, g(x; µ) = G(x; µ) of (20), Sg

M , W g
M , and hence TM and BM are already constructed in

Section 2.3. The sample set Su
N and associated reduced-basis space Wu

N are developed based on the adaptive
sampling procedure described in [23, 40].

We now introduce a parameter sample ΞTest ⊂ D of size 225 (in fact, a regular 15×15 grid over D), and define
εu
N,M,max,rel = maxµ∈ΞTest ‖u(µ)− uN,M (µ)‖X/‖umax‖X and εs

N,M,max,rel = maxµ∈ΞTest |s(µ)− sN,M (µ)|/|smax|;
here ‖umax‖X = maxµ∈ΞTest ‖u(µ)‖X and |smax| = maxµ∈ΞTest |s(µ)|. We present in Figure 2 εu

N,M,max,rel as
a function of N and M . We observe that the reduced-basis approximation converges very rapidly. We also
note, consistent with Proposition 3.1, the “plateau” in the curves for M fixed and the “drops” in the N → ∞
asymptotes as M is increased: for fixed M the error in our coefficient function approximation gM (x; µ) to
g(x; µ) will ultimately dominate for large N ; increasing M renders the coefficient function approximation more
accurate, which in turn leads to the drops in the asymptotic error. Figure 2 clearly suggests (for this particular
problem) the optimal “N − M” strategy. We tabulate in Table 3 εu

N,M,max,rel and εs
N,M,max,rel for M chosen

roughly optimally – but conservatively, to ensure that we are not on a “plateau” for each N . We observe very
rapid convergence of the reduced-basis approximation with N, M . (Note that the convergence of the output
can be further improved by the introduction of adjoint techniques [23, 24, 29].)

Finally, we present in Table 4 the online computational times to calculate sN,M(µ) as a function of (N, M);
the values are normalized with respect to the computational time for the direct calculation of the truth approx-
imation output s(µ) = �(u(µ)). We achieve significant computational savings: for a relative accuracy of close
to 0.024 percent (corresponding to N = 8, M = 20 in Tab. 3) in the output, the online saving is more than a
factor of 2000.
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Example: Contaminant Transport

I Application: Identification of Sources

Dispersion of a pollutant Ω = [0, 4]× [0, 1]

x2

x1

ΩM
8 ΩM

2
(xs1, x

s
2)

ΩM
1κ

Source: gPS(x;µ) = 50
π
e−50((x1−xs1)2+(x2−xs2)2)

(say, µ ≡ (κ, xs1, x
s
2))

†Thanks to K Veroy for providing the velocity field.
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Contaminant Transport – Truth Problem Statement

Given µ ∈ D ⊂ IRP , evaluate ∀k ∈ K

s(tk;µ) = `(u(tk;µ))

where u(tk;µ) ∈ X satisfies u(t0;µ) = 0

m

(
u(tk;µ)− u(tk−1;µ)

∆t
, v

)
+

1
2
a(u(tk;µ) + u(tk−1;µ), v;µ)

= b(v;µ) 1
2

(g(tk) + g(tk−1)), ∀v ∈ X,

for b(v;µ) =
∫
Ω g

PS(x;µ) v with gPS nonaffine.

†CN preferred since 2 ≤ Pe ≤ 20.
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Energy Norm & Output Bound

Energy norm bound

∆uk
N,M(µ) =

{
2∆t

αLB(µ)

( k∑
k′=1

εk
′

N,M(µ)
2

︸ ︷︷ ︸
affine

+ ε̂2
M(µ)

k∑
k′=1

Φna
M(tk

′
;µ)

2

︸ ︷︷ ︸
nonaffine

)}1
2

,

contribution to error bound

where αLB(µ) . . . Lower bound of coercivity constant,
εkN,M(µ) . . . dual norm of residual,
ε̂M(µ) . . . interpolation induced error.

Output bound

∆s k
N,M(µ) ≡

(
sup
v∈Y

`(v)
‖v‖L2(Ω)

)
∆uk
N,M(µ).
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Bound Theorem

Proposition (A Posteriori Error Bound)

If gPS(x;µ) ∈W g
M+1, then

|||uk(µ)− ukN,M(µ)||| ≤ ∆uk
N,M(µ), ∀µ ∈ D,

and
|sk(µ)− skN,M(µ)| ≤ ∆s k

N,M(µ), ∀µ ∈ D,

for 1 ≤ N ≤ Nmax, 1 ≤M ≤Mmax, and 1 ≤ k ≤ K.

Note
I In general gPS(x;µ) /∈W g

M+1, thus

|||uk(µ)− ukN,M(µ)||| / ∆y k
N,M(µ).

I Admits offline-online treatment: online cost O(KM2N2).
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Contaminant Dispersion – Convergence: Energy Norm
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Results for random sample ΞTest ∈ D of size 2000.
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Contaminant Dispersion – Convergence: Energy Norm

N M εyN,M,max,rel ∆y
N,M,max,rel η̄yN,M

40 20 7.79E –02 2.13E –01 3.62
80 30 9.25E –03 3.80E –02 3.20
120 40 1.49E –03 3.05E –03 2.29
160 50 4.52E –04 7.43E –04 2.09
200 60 1.41E –04 2.32E –04 2.00

Results for random sample ΞTest ∈ D of size 2000.
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Contaminant Dispersion – Convergence: Output

N M εsN,M,max,rel ∆s
N,M,max,rel η̄sN,M

40 20 3.82E –02 1.86E+00 61.2
80 30 7.25E –03 3.32E –01 64.0
120 40 6.71E –04 2.65E –02 66.9
160 50 1.13E –04 6.47E –03 78.4
200 60 4.42E –05 2.02E –03 74.1

Results for random sample ΞTest ∈ D of size 2000.
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Contaminant Dispersion – Online Computational Times

N M sN,M(tk;µ) ∆s
N,M(tk;µ) s(tk;µ)

40 20 4.36E –03 8.85E –03 1
80 30 1.09E –02 1.24E –02 1
120 40 2.07E –02 1.73E –02 1
160 50 3.39E –02 2.36E –02 1
200 60 5.11E –02 3.16E –02 1

Output & Bound ∀ k ∈ IK
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Truth Approximation

Given µ ∈ D, evaluate ∀k ∈ K

sk(µ) = `(uk(µ))

where uk(µ) ∈ X, 1 ≤ k ≤ K, satisfies u0(µ) = 0
1

∆t
m(uk(µ)− uk−1(µ), v) + a(uk(µ), v;µ)

+
∫
Ω g

nl(uk(µ);x;µ) v = b(v)u(tk), ∀v ∈ X.

Assumptions:
– gnl : R× Ω×D → R continuous;
– gnl(u1;x;µ) ≤ gnl(u2;x;µ), ∀u1 ≤ u2;
– ∀u ∈ R, u gnl(u;x;µ) ≥ 0, for any x ∈ Ω, µ ∈ D.
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Standard RB Approach

Sample Computation:

We expand uN(tk;µ) =
∑N
j=1 uNj(t

k;µ) ζj ,

and obtain (v = ζi, i, j ∈ N )∫
Ω
g(uN(tk;µ);x;µ)ζi =∫

Ω
g

 N∑
j=1

uNj(tk;µ) ζj;x;µ

 ζi
⇒ N -dependent online cost.

Note:
I Standard RB-Galerkin recipe suffices for (at most) quadratic

nonlinearities: O(N4) online cost ([VPP], [VP], [NRP], . . . )
I Higher order or nonpolynomial nonlinearities⇒ EIM.
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Empirical Interpolation Method

Interpolation Points and Spaces:
T gM = {xT1 ∈ Ω, . . . , xTM ∈ Ω} and

W g
M = span{ξm, 1 ≤ m ≤M}

= span{q1, . . . , qM}, 1 ≤M ≤Mmax,

ξm are chosen by PODt-Greedyµ procedure.

Approximation : for given wk(µ) ∈ Y

gnl(wk(µ);x;µ) ≈ gnl,wk

M (x;µ) =
M∑
m=1

ϕkMm(µ) qm(x),

where
M∑
m=1

qm(xTn) ϕkMm(µ) = gnl(w(xTn , t
k;µ);xTn ;µ), 1 ≤ n ≤M.

Note: ϕkMm(µ) = ϕMm(tk;µ), function of (discrete) time tk.
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Sampling Procedure

PODt-Greedyµ Algorithm for EIM

Set µ∗ = µ∗0, W
g
0 = {0}, Sg0 = {0}, M = 0

while M ≤Mmax

ekM,EIM(µ∗) = gnl(uk(µ∗);x;µ∗)− gnl,uk

M (x;µ∗), 1 ≤ k ≤ K
SgM = SgM−1 ∪ µ∗;
W g
M = W g

M−1 + PODL2(Ω)({ekM,EIM(µ∗), 1 ≤ k ≤ K}, 1);

M = M + 1;

Calculate xM , qM ;

µ∗ = arg max
µ∈Ξtrain

∑K
k=1 ε

k
M(µ);

end
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Galerkin Projection

Given µ ∈ D, evaluate ∀k ∈ K

skN,M(µ) = `(ukN,M(µ))

where ukN,M(µ) ∈Wu
N , 1 ≤ k ≤ K, satisfies u0

N,M(µ) = 0

1
∆t
m(ukN,M(µ)− uk−1

N,M(µ), v) + a(ukN,M(µ), v;µ)

+
∫
Ω g

nl,ukN,M
M (x;µ) v = b(v) u(tk), ∀ v ∈Wu

N .

Computational Procedure:

I Admits an offline-online treatment
I Online cost† is O(MN2 +N3) and thus independent of N .

† Cost per Newton iteration per timestep.
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Energy Norm & Output Bound

Energy norm bound

∆uk
N,M(µ) =

{
2∆t

αLB(µ)

( k∑
k′=1

εk
′

N,M(µ)
2

︸ ︷︷ ︸
linear

+ϑqM
2

k∑
k′=1

ε̂k
′

M(µ)2

︸ ︷︷ ︸
nonlinear

)}1
2

,

contribution to error bound

where αLB(µ) . . . Lower bound of “a”-coercivity constant,
εkN,M(µ) . . . dual norm of residual,
ε̂kM(µ) . . . interpolation induced error.

Output bound

∆s
N,M(tk;µ) ≡

(
sup
v∈Y

`(v)
‖v‖L2(Ω)

)
∆uk
N,M(µ).
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Bound Theorem

Proposition

If g(ukN,M(µ);x;µ) ∈W g
M+1, 1 ≤ k ≤ K, then

|||uk(µ)− ukN,M(µ)||| ≤ ∆uk
N,M(µ), ∀µ ∈ D, 1 ≤ k ≤ K.

and

|sk(µ)− skN,M(µ)| ≤ ∆s k
N,M(µ), ∀µ ∈ D, 1 ≤ k ≤ K.

for all 1 ≤ N ≤ Nmax, 1 ≤M ≤Mmax.

Note
I In general g(ukN,M(µ);x;µ) /∈W g

M+1, thus

|||uk(µ)− ukN,M(µ)||| / ∆uk
N,M(µ).

I Admits offline-online treatment: online cost
O(K(N +M)2).
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Model Problem

Given µ = (µ1, µ2) ∈ D ≡ [0.01, 10]2, evaluate Ω =]0, 1[2

sk(µ) =
∫
Ω u

k
N,M(µ)

where ukN,M(µ) ∈ Y , 1 ≤ k ≤ K, satisfies u0(µ) = 0

1
∆t
m(ukN,M(µ)− uk−1

N,M(µ), v) + a(ukN,M(µ), v)

+
∫
Ω g

nl(uk(µ);x;µ) v = b(v) sin(2πtk), ∀ v ∈ Y,

with gnl(uk(µ);x;µ) = µ1
eµ2 yk(µ) − 1

µ2
.

Truth Approximation
I Space: Y ⊂ Y e ≡ H1

0(Ω) with dimension N = 2601;
I Time: Ī = (0, 2], ∆t = 0.01, and thus K = 200.
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Sample Results

Truth solution y(tk;µ) at time tk = 25∆t and

µ = (0.01, 0.01) µ = (10, 10)

0

0.5

1

0

0.5

1
−1.5

−1

−0.5

0

0.5

1

1.5

x
(1)

Solution for µ = (0.01,0.01), tk = 25 ∆ t

x
(2)

yk (µ
)

0

0.5

1

0

0.5

1
−1.5

−1

−0.5

0

0.5

1

1.5

x
(1)

Solution for µ = (10,10), tk = 25 ∆ t

x
(2)

yk (µ
)

b(v) = 100
∫
Ω v sin(2πx1) cos(2πx2)
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Convergence: Energy Norm
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M = 100
M = 130
M = 160

Results for sample Ξtest ∈ D of size 225.

I “Plateau” in curves for M fixed.
I “Knees” reflect balanced contribution of both error terms.
I Sharp bounds require conservative choice of M .
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Convergence: Energy Norm

N M εyN,M,max,rel ∆y
N,M,max,rel η̄yN,M

1 40 3.83E –01 1.15E+00 2.44
5 60 1.32E –02 4.59E –02 2.43
10 80 9.90E –04 3.41E –03 2.10
20 100 9.40E –05 4.16E –04 2.77
30 120 1.30E –05 7.34E –05 2.48
40 140 3.36E –06 8.75E –06 1.64

Results for sample Ξtest ∈ D of size 225.

I Choose N vs. M such that
error(EIM)� error(RB)

to obtain sharp bounds.
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Convergence: Output

N M εsN,M,max,rel ∆s
N,M,max,rel η̄sN,M

1 40 9.99E –01 2.49E+01 14.1
5 60 5.35E –03 1.00E+00 130
10 80 2.57E –04 7.42E –02 146
20 100 1.43E –05 9.06E –03 436
30 120 5.34E –06 1.60E –03 307
40 140 2.85E –06 1.90E –04 205

Results for sample Ξtest ∈ D of size 225.

I Accuracy of output bound < 1% for (N,M) = (20, 100).
I Use adjoint techniques for faster convergence.
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Online Computational Times

N M sN,M(µ, tk) ∆s
N,M(µ, tk) s(µ, tk)

1 40 5.42E –05 9.29E –05 1
5 60 9.67E –05 8.58E –05 1
10 80 1.19E –04 9.37E –05 1
20 100 1.71E –04 1.05E –04 1
30 120 2.42E –04 1.18E –04 1
40 140 3.15E –04 1.35E –04 1

Average CPU times for sample Ξtest ∈ D of size 225.

I Computational savings O(103) for ∆s
N,M,max,rel < 1%.

I But offline stage much more expensive than for linear case.
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