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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

Concrete Delamination [HJN], [S]

€2, , Measurement 1
Heat Flux q(t) 5, Measurement 2

SSVITRRRERE T SR RRR AR

FRP laminate ot ey EFRP ! Qo,FrP K
Tgel Wdel Delamination
Concrete slab yo(z,t =0;u) =0
Tmz
B¢y @p.c; ke e 1 [kc]
T1

Input (parameter): p = (wae1/2, < = krrp/kc)
Output of interest:  s;(t; 1) = [, yo(x,t5 1), ¢ =1,2
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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

Problem Statement

Given (p1, p2) € D = [1,5] X [0.5,2.0], evaluate the outputs,

fork=1,...,200, (At = 0.05,t* € (0,10]),
k 1 k .
Si(t%spn) = yo(t™sp), i = 1,2
TS(t*;u) = S1(t*5p) — S2(t;p)

where yo (t*; 1) € Xo(Q0(p1)) satisfiest

T Here, Xo = {v € H'(Q0(141))| VIrporeom = 0} yo(t%5 ) = 0.
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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

Problem Statement

1

/ (yo(t*5 1) — yo(t* 15 1)) vo

At Qo(p1)

+  p2 / Vyo(t*; 1) - Voo
Qo,rrP (K1)

+ Vyo(t*s p) - Voo = u(t*) | o,
Qo,c(p1) I'r

Yvg € Xo,
where u(t*) is specified “in the field.”
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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

Numerical Results

Thermal signal TS®(t*; u)
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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

Parameter Estimation

In the “field,” can we deduce

» the delamination width, wgqer, and

> uncertainty with respect to k,
from noisy measurements of

» the averaged surface temperatures?

Contexts: Real-time & Many Query
= Premium: Marginal & Asymptotic Average Cost.
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Motivation Concrete Delamination
Contaminant Transport

RB Relevance

Contaminant Transport

» Application: Identification of Sources

Dispersion of a pollutant Q =[0,4] x [0,1]

Source: gPS(z; p) = 20 e~30((z1—21) +(w2—25)%)

(say, p = (K, 7, x3))

TThanks to K Veroy for providing the velocity field.
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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

Contaminant Transport — Problem Statement

Scalar Convection-Diffusion y(z,t =0;u) =0
2yt ) + U - Vy(ts p) = & V2y(t; p) + g5 (25 1) u(t),

INPUTS:  p = (k,z$,25) € D C IRP=3, where
D = [0.05,0.5] x [2.9,3.1] X [0.3,0.5];
U(Gr = 10%) from Pr =0
Natural Convection (Navier-Stokes);

u(t) “control” input (source strength).

OUTPUTS: Measurements sq(t; ), 1 < g < 8.
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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

Contaminant Transport — Sample Solutions

Field variable: u = (0.05,2.9,0.3) (N = 3720)
t=1at t-40nt
S
(=80t t= 120t
] )
(=160t 12200t

. )
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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

Contaminant Transport — Sample Solutions

Field variable: u = (0.05, 3.1, 0.5) (N = 3720)

t=1At t=40At

t=80At t=120At

!

t=160At t=200At

I
I
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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

Parameter Estimation

In the “field,” can we deduce

» the source location (xf,«3), and

» the release time,
from noisy measurements of

» the contaminant concentrations?

Contexts: Real-time & Many Query
= Premium: Marginal & Asymptotic Average Cost.
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Motivation Concrete Delamination
Contaminant Transport
RB Relevance

RB Relevance

Real-Time Context (control, ... ):
I —  sn(w);, Ax(w).
to (“need”) to + Otcomp (‘response”)

Many-Query Context (design, ...):

ri —  (sn(pj), AN(H5)), 3=1,...,J.
to to + Otcomp J as J — oo

= Low marginal (real-time) and/or low average (many-query) cost.
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Bayesian Approach

Parameter Estimation g -
Uncertainty Region Approach

Problem Statement

Determine: pu* € D (actual value)

Given experimental data
measurements :  Sexp(t¥) = sN(tk; p*) + e’;xp, Vk € Kexp,

observations : IKexp CIK ={1,..., K}, Nexp = |IKexpl,

error L eb oy ~N(0,02,); Texp € R (Gaussian, white),
input . u(tk) = 611, VEk € IK or specified “online”
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Bayesian Approach

Parameter Estimation g -
Uncertainty Region Approach

Classical Results [MT]

We define the

» likelihood function

2
Il Sexp —Spre W)l

Ilexp (Sexp|pt) = (27"U§xp)_ e 202yp :
for sk .. (1) = sN(t%; 1), VEk € Kexp;

» prior distribution on p
_lu—poll?

o(p) = (2m02)"2e  *5 ,

where g . .. prior mean;

o2 ... associated variance.
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Bayesian Approach

Parameter Estimation g -
Uncertainty Region Approach

Classical Results

We then obtain the expected value

Jp 1t Texp (Sexp| i) o (1) dpe
Jp Mexp (Sexp|1t) o (1) dp

E[N*|5eXP] =

W 0w g Texp (Sexpl i) To (k) dp
Z?;ulad wj Hexp(sexp“"’j) Io(p) dp

=> requires Nguad evaluations {yu — sN(t"’; n), Vk € IKexp}

Reduce cost of forward evaluations by
» POD-based model reduction [Wz]

» RB approach & a posteriori error estimation [NRHP]
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Bayesian Approach

Parameter Estimation g -
Uncertainty Region Approach

Certified Reduced Basis

Let ski = sN + Af\}“, then define
— k
B]k<f(/~‘l‘) - max{lsexp SN |’ |8’ecxp - SN+|}

Blkif(l'l’) Z Slgxp - Spre(y’)? Vk € H{exp
=> overestimation of diff(experimental data, model prediction)
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Bayesian Approach

Parameter Estimation g -
Uncertainty Region Approach

Certified Reduced Basis

Let ski = sN + Af\}“, then define

— k
B]k<f(/~‘l‘) - max{lsexp SN |’ |8’ecxp - SN+|}

Blkif(l'l’) Z Slgxp - Spre(y’)? Vk € H{exp
=> overestimation of diff(experimental data, model prediction)

and
— Kkt
k 0, if sex € [SN v SN ]
Dy(n) = k= |k + "
m1n{|sexp SN |y [Sexp — SN |};0therwise
D]kif(l‘l’) S Slecxp - Spre(“)? Vk G H{exp

=> underestimation of diff(experimental data, model prediction)
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Bayesian Approach

Parameter Estimation g -
Uncertainty Region Approach

Certified Reduced Basis

We introduce

B nexp  —IEWIZ
Hexp N(Sexpllll) = (271'0'exp)_7 e 2°'exp ,
_lpgwy?

__MNexp

Herp N(Sexp“i) = (2770'§xp 2 e 203xp ,
and note that

exp N (Sexp|p) < Hexp(Sexp|p) < Hexp ~N(Sexp|1),
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Bayesian Approach

Parameter Estimation g -
Uncertainty Region Approach

Certified Reduced Basis

We introduce

nexp  —IEGI2

IG5, n(Sexplp) = (2m02, )72 e o,
nexp  — 120012

HeD;(pN(Sexp|H) = (27To-§xp T2 e 278xp 9

and note that

chp ~N(Sexp|p) < Texp(Sexp|p) < chp N (Sexp|1t),
Define

S wj g TIE L N (Sexpl i) To (1) dpe

ERXP [1*|sexp] =
2;21 ¢ wj chp N (Sexp|pj) o (p) dp

n ua
BUB [t soe] = 2ot i Hi ey n(sexlits) o(uy) dp
N K exp Mquad B
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Bayesian Approach

Parameter Estimation g -
Uncertainty Region Approach

Certified Reduced Basis

» Certainty
E%\TB (1" [Sexp] < E[p*[sexp] < EIJ\JIB (1" | Sexp]
» Accuracy
ERP[1*|sexp] — ERP[11*|sexp] = Fr(AX(+))
» Efficiency
Online cost Sexp — EXP[p*|sexpls ENC[1*|Sexp)
iS Tiquad Otcomp independent of A
In fact, Offline 4+ Online cost is = Nquad Otcomp

as Nquad — 0© (Many-query).
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Bayesian Approach

Parameter Estimation g -
Uncertainty Region Approach

Concrete Delamination — Numerical Results

Delamination half-width Conductivity ratio

N ERP[ms]  ERPlus]  AEN[us]  ERP[ued]  ERPlua]  AEN[ua.]

10 1.0527 7.5175 6.4648 0.3427 2.4468 2.1041
20 2.3896 3.3120 0.9224 0.7764 1.0759 0.2996
30 2.7417 2.8836 0.1419 0.8917 0.9378 0.0461
40  2.8008 2.8236 0.0228 09111 0.9185 0.0074
50  2.8096 2.8192 0.0096 0.9136 0.9171 0.0035

Table: Lower bound, upper bound, and bound gap for expected value of
delamination half-width p; and conductivity ratio o as a function of V.
The true parameter value is 7 = 2.8 and p3 = 0.9. Source: [NRHP].
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Problem Statement

Determine: u* € D (actual value)

Given experimental data
measurements : z(t*) € fop, Vk € IKexp, Where
zk = [NV (%5 1) — eoxp, SN (55 1) + €oxp
observations : IKexp CIK={1,...,K}
error :  €exp € IR (bounded, “white”)

input - w(th) = 61, VE € IK
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Parameter Estimation — (Regularized) Solution

Given noisy measurements, z(tk), k € IKexp, solve
» Qutput least squares problem
Kexp
fo=argminy Y [lsa(t*; p) — (%) |13y
k€D © =
s.t. PDEAs(p) being satisfied; or

» Regularized problem

]I{exp
p=argmind S5 an(t ) — 2(9)y + 1orR(R)
k=1

s.t. PDEAs(p) being satisfied.
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Parameter Estimation — (Regularized) Solution

Given noisy measurements, z(tk), k € IKexp, solve

» Qutput least squares problem
K

exp
fi = arg Lnel%% 21 llsar(t*; p) — Z(tk)”%V

s.t. PDEAs(p) being satisfied; or

» Regularized problem

]I{exp
p=argmind S5 an(t ) — 29y + 1orR (1)
k=1

s.t. PDEAs(p) being satisfied.

= Solution expensive: N -dependent cost
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Parameter Estimation — (Regularized) Solution

Given noisy measurements, z(tk), k € IKexp, solve

» Qutput least squares problem
1 ]I(exp
p=argming 3 [lsn(tsu) - 2(t9)I5y

s.t. PDEn(p) being satisfied; or

» Regularized problem

]I(exp
f=argminl 3 lsn(ts ) — 2913, + L6rR(n)
kED “ 5

s.t. PDEn(p) being satisfied.
= Surrogate model approach: IN-dependent cost
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Uncertainty Region — Truth Approximation

= "Classic” solution neglects measurement errors €exp

(Truth) “Uncertainty Region” Approach
Uy = {p € D|sN(t*p) € 2L, Vk € Kexp}

OR Bn = [u™™ = min max — max
( N = (1 Jin i, p max ©l)

... all parameter values in D consistent with experimental data

— p* € Un C By
but expensive to construct.

Goal: Approximation Upn to Uays, such that
— Upn C UpN, and hence pu* € Un RELIABILITY

— U is inexpensive to construct EFFICIENCY
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Uncertainty Region — RB Approach

Define

IR (1) = [sn(t*5 p) — AR (*; 1), sn(tF; p) + A% (R )],
Vk € Kexp

and

Un={peD|Ik(p)NZ exp # 0, Vk € Kexp )
We then obtain: Uy C Un — p* € UN
U reflects uncertainty in
— experimental data through Z, exp

— RB approximation through I]k{,(u)
Un — Upr as A (tR5u) — 0 ACCURACY
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Construction of Un

1. Find prc’:
=k
pic = arg mln > sllsn(tFs ) — 25,117
HED kEKexp

2. Find boundary points fi;:
binary chop along J directions dj, 1 < 57 < J, from pic.

3. Smallest Enclosing Ellipsoid (Box) for 1, 1 < 5 < J.

NOTE%: In general, Un ¢ Un not guaranteed,
but Un — Uy for J — oo and Upn convex.

k,LB k,UB
exp - 2(Zexp + Ze:’cp

¥See [NGPL] for a Un such that Un C Un provable under certain conditions.
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Contaminant Transport — Sample Solution

Solve for pic & Un: Tcpu = 1.35 + 70.0 sec |
(892 forward solutions, J = 72)

0.47
0.465
= 046
0.455 —
o u
o Hc
0.45

295 2955 2.%6 2965 297
1

Here, €exp = 1.0%, N = 120, M = 40,
Kexp = {10, 20,...,200}, Sexp = {1,2,3,4}

TMATLAB 7.5 on Intel DualCore 1.8GHz



Bayesian Approach
Uncertainty Region Approach

Parameter Estimation

Contaminant Transport — Sensitivity: AfV,M and €exp

0.47 0.49 . : : .
0.48
0.465
0.47
0.46 0.46
= =
0.455 o W 0.45
——N=100,M=35 0.44
045 ——N=120,M=40
——N =140, M = 45 0.43
——N =160, M =50
0.445 0.42
2.95 2.96 2.97 2.98 292 294 296 298 3 3.02

M

Here, IKexp = {10,20,...,100}, Sexp = {1,2,3,4}

Grepl, Rozza Model Reduction Methods



Bayesian Approach
Uncertainty Region Approach

Parameter Estimation

Contaminant Transport — Sensitivity: uncertainty in K

Increased uncertainty in (p2, p3) due to unknown K
0.49
0.48

0.47

o -

0.45

0.44

0.07 R

0.43
293 294 2.95 2Ll96 297 298 2.99
2

Here, p* = (0.06, 2.96,0.46), €oxp = 1.0%, N = 120,
M = 40, Kexp = {10,20,...,200}, Sexp = {1,2,3,4}
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Contaminant Transport — Sensitivity: release time

So far: time of release, t*ret, assumed known
— u(t"’) = 01k, Vk € IK
Extension: consider tkret unknown, then

~ . -_ 7,6/
juc = argmin S Jlls{(t¥ — ") — 20|12
PED k' €Kexp

where i = (tF;p) € D = {t',...,tK} x D, and
s (t*; ) impulse response for u(t*) = &1, Vk € IK.

Approach: 1. Solve for fizc (and thus t*ret)
2. Given tkret | construct Up in 2 — [ space
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Bayesian Approach

Parameter Estimation Uncertainty Region Approach

Contaminant Transport — Sensitivity: release time

0.42
0.4f

= 0.38 S
o u

— k=50

0.36f , k=51}

k=52

—— k=49

k =48
0.3aL— ‘ ‘ ‘ :
292 294 296 298 3

uZ
Here, €exp = 1.0%, u* = (0.06, 2.96, 0.38), tkret = 50,
N =120, M = 40, Ko, = {10, 20,...,200},
Sexp = {1,2, 3,4}
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Bayesian Approach
Uncertainty Region Approach

Parameter Estimation

Contaminant Transport — Sensitivity: release time

0.42

0.4r

=" 0.38f

0.36f

034 2.£32 2.54 2.96 2.58 3

Here, €exp = 2.5%, u* = (0.06, 2.96, 0.38), tkret = 50,
N =120, M = 40, Ko, = {10, 20,...,200},

Sexp = {1,2, 3,4}
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Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

Problem Statement?

Given it € D C RP, solve
J(y(ts 1), u(t; u)s p) =

. t
;/0 "yt (65 ) — va(®) % dt + 1 /0 (ults n) — wa()* dt

where y®(z; t; u) € L2(0,ts; X°(£2)) satisfies t € (0,tf]

oy° o
m E(w;t;u),v;u + a(y®(x;t; 1), vs p)
=b(v;p)u(t;p), Vove XS,

with initial condition yo = 0.

TLuca Dedé, Reduced Basis Method and A Posteriori Error Estimation for

Parametrized Linear-Quadratic Optimal Control Problems.
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Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

Truth Approximation

Given i € D C RP, evaluate tk =kAt, 1<k< K
J(y(p), u(p); p) =

At /1 K—1
— (2IIyK(u) - X%+ kgl ly*(n) — y§||2z>

2
K—
—I—% <;(uK(M) —ug)?+ kgll(u’“(u) - u§)2>

where y*(p) = y(t*; ) € X satisfies Vk € K
k k—1
Yo (k) —y (W)
m ( : yvs 1 | 4+ a(y®(p), vs )

=b(v;p)uf, VoveX.

with initial condition yg = 0.
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Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

First Order Necessary Conditions — Truth

» State Equation 1<kE<K,VveX
k k-1
m (LU0 ) + afy* (), v 1) = blvs ) P

with initial condition yo = 0.
» Adjoint 1<kE<L<K-1,VveX
m (o, P, 1) o, g () 1) = (55 () — )2
with final condition Vve X
m (v, p" (1) p) + a(v, P (0); 1) = 345 (W) = yf50) 2.
» Optimality Condition 1<k<K,
b(p"(1)s 1) + Y (uF (1) — u§) =0,
nd bR (s ) + 5y () —uff) = 0.

Grepl, Rozza Model Reduction Methods
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Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

First Order Necessary Conditions — RB

» State Equation 1<EkLK,VveXn
k k-1
m <W,v; u> + a(yk (1), v; ) = bv; p) u,.
with initial condition yn,0 = 0.

» Adjoint 1<k<K-1,VveXn

m ( )" ), ) + a(o, o ()i 1) = (o) — ¥ )2
with final condition Vve Xy
m (v, pK(); 1) + a(v, pK () 1) = (WK (k) — y&,v)z.
» Optimality Condition 1<k<K,
(% (1); 1) + v(uks(p) — uk) =0,
b(pR(1); 1) + 37(uk(p) — k) =o0.

and



Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

A Posteriori Error Bound

Proposition (L. Dede)

Given p € D, the reduced basis error in the cost functional is
bounded by

|T*(1) — TN ()| £ AL (), Vm €D,
and for all 1 < N < Npax-

Here, the error bound is defined as
AL (1) = AR (0) AR (1),

where AX () and A‘]j\}"l (pe) are the energy norm error bounds for
the primal and adjoint problem, respectively.

Note: Extension to the control constraint case also possible.
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Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

GMA Welding Process [SHO3],[SH94]

» Application: Real-time parameter estimation and control

Welding Process Q =[0,5] x [0,1]

Pe =vL./k

T2
—_—

I'p

N j 3.35 \ 5

Measurement 1 Measurement 2

Torch: qw(z; p) = e~ ((@1=8.5)*+(22—-1)%)/(20%)

27:'0'2

B= (Mw, ow)
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Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

GMA Welding Process [SHO3],[SH94]

» Application: Real-time parameter estimation and control

Introduce “fictitious” output sg Q =[0,5] x [0,1]
zs Pe =vL./k
—_—>
I'n
1 /— A
0.5 [~ -f '

| S .
t 1
15 /‘ 3.5 \ 5
S1 S2

e—((#1—3.5)2+(x2—1)?)/(203)
9

Torch: gw(x; 1) =

27:'(:!'2

B= (Mw,ow)

Grepl, Rozza Model Reduction Methods



Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

GMA Welding Process — Problem Statement

Scalar Convection-Diffusion y(xz,t=0;u) =0
2yt p) + Pe - Zy(t; p) = £ V2y(t; p) + qw (s 1) u(t),
INPUTS: 1= (Nw,ow) € D C IRP=2 where

D = [0.1,0.4] x [0.15,0.65];
Torch velocity Pe;

u(t) “control” input (source strength).

OUTPUTS: Measurements 1 & 2.
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Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

GMA Welding Process — Sample Solution

Field variable: p = (0.3,0.4) (N = 3720)
t=25At .
t=50At .
L= 75t
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Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

GMA Welding Process — Results

Approach to real-time parameter estimation and control:

1. Start welding with nominal control uy, (%)
2. Take temperature measurements 21 2(t) of outputs s1.2(t; )

3. Solve parameter estimation problem for p*
= PDE () (pt)-constrained optimization problem

4. Given p*, solve optimal control problem for u*(¢t)
= PDE(n) (1)-constrained optimization problem

5. Apply optimal control law u*(¢t)
(6. Go to 2. - Model Predictive Control)
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Problem Statement
A Posteriori RB Error Estimates
Optimal Control Example: GMA Welding Process

GMA Welding Process — Results

Parameter estimation & control: pu* = (0.34,0.46), sq3(t) =1

pic = (0.339,0.463) pic = (0.334,0.473)
€exp = 1%, fs =5 Hz €exp = 5%, fs = 5 Hz
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