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Concrete Delamination [HJN], [S]

Delamination

Heat Flux

FRP laminate

q(t)

x1

Concrete slab

x2

κ

ΓF

wdel

Ω2 , Measurement 2

Γdel

, Measurement 1Ω1

Ω0,FRP%̃FRP, c̃P,FRP, k̃FRP

Ω0,C%̃C, c̃P,C, k̃C 1 [k̃C]

y0(x, t = 0;µ) = 0

Input (parameter): µ ≡ (wdel/2, κ ≡ k̃FRP/k̃C)

Output of interest: si(t;µ) =
∫
Ωi
y0(x, t;µ), i = 1, 2
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Problem Statement

Given (µ1, µ2) ∈ D ≡ [1, 5]× [0.5, 2.0], evaluate the outputs,

for k = 1, . . . , 200, (∆t = 0.05, tk ∈ (0, 10]),

Si(tk;µ) =
1

|Ωi|

∫
Ωi

y0(tk;µ), i = 1, 2

TS(tk;µ) = S1(tk;µ)− S2(tk;µ) ,

where y0(tk;µ) ∈ X0(Ω0(µ1)) satisfies†

† Here, X0 ≡ {v ∈ H1(Ω0(µ1))| v|Γbottom = 0}; y0(t0;µ) = 0.
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1

∆t

∫
Ω0(µ1)

(y0(tk;µ)− y0(tk−1;µ)) v0

+ µ2

∫
Ω0,FRP(µ1)

∇y0(tk;µ) · ∇v0

+
∫

Ω0,C(µ1)
∇y0(tk;µ) · ∇v0 = u(tk)

∫
ΓF

v0 ,

∀v0 ∈ X0,

where u(tk) is specified “in the field.”
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Numerical Results

Thermal signal TSe(tk;µ)

κ = 1
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Parameter Estimation

In the “field,” can we deduce

I the delamination width, wdel, and
I uncertainty with respect to κ,

from noisy measurements of

I the averaged surface temperatures?

Contexts: Real-time & Many Query
⇒ Premium: Marginal & Asymptotic Average Cost.
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Contaminant Transport

I Application: Identification of Sources

Dispersion of a pollutant Ω = [0, 4]× [0, 1]

x2

x1

ΩM
8 ΩM

2
(xs1, x

s
2)

ΩM
1κ

Source: gPS(x;µ) = 50
π
e−50((x1−xs1)2+(x2−xs2)2)

(say, µ ≡ (κ, xs1, x
s
2))

†Thanks to K Veroy for providing the velocity field.
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Contaminant Transport – Problem Statement

Scalar Convection-Diffusion y(x, t = 0;µ) = 0

∂
∂t
y(t;µ) + U · ∇y(t;µ) = κ∇2y(t;µ) + gPS(x;µ)u(t),

INPUTS : µ ≡ (κ, xs1, x
s
2) ∈ D ⊂ IRP=3, where

D = [0.05, 0.5]× [2.9, 3.1]× [0.3, 0.5];

U(Gr = 105) from Pr = 0
Natural Convection (Navier-Stokes);

u(t) “control” input (source strength).

OUTPUTS : Measurements sq(t;µ), 1 ≤ q ≤ 8.
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Contaminant Transport – Sample Solutions

Field variable: µ = (0.05, 2.9, 0.3) (N = 3720)
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Contaminant Transport – Sample Solutions

Field variable: µ = (0.05, 3.1, 0.5) (N = 3720)
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Parameter Estimation

In the “field,” can we deduce

I the source location (xs1, x
s
2), and

I the release time,

from noisy measurements of

I the contaminant concentrations?

Contexts: Real-time & Many Query
⇒ Premium: Marginal & Asymptotic Average Cost.
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RB Relevance

Real-Time Context (control, . . . ):

µ → sN(µ), ∆s
N(µ).

t0 (“need”) t0 + ∂tcomp (“response”)

Many-Query Context (design, . . . ):

µj → (sN(µj), ∆s
N(µj)), j = 1, . . . , J .

t0 t0 + ∂tcomp J as J →∞

⇒ Low marginal (real-time) and/or low average (many-query) cost.
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Problem Statement

Determine: µ∗ ∈ D (actual value)

Given experimental data

measurements : sexp(tk) = sN (tk;µ∗) + εkexp, ∀k ∈ IKexp,

observations : IKexp ⊂ IK ≡ {1, . . . ,K}, nexp ≡ |IKexp|,

error : εkexp ∼ N (0, σ2
exp), σexp ∈ R (Gaussian, white),

input : u(tk) = δ1k, ∀k ∈ IK or specified “online”
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Classical Results [MT]

We define the

I likelihood function

Πexp(sexp|µ) = (2πσ2
exp)−

nexp
2 e

−‖sexp−spre(µ)‖2

2σ2
exp ,

for skpre(µ) = sN (tk;µ), ∀k ∈ IKexp;

I prior distribution on µ

Π0(µ) = (2πσ2
0)−

P
2 e
−‖µ−µ0‖

2

2σ2
0 ,

where µ0 . . . prior mean;
σ2

0 . . . associated variance.
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We then obtain the expected value

E[µ∗|sexp] =

∫
D µΠexp(sexp|µ) Π0(µ) dµ∫
DΠexp(sexp|µ) Π0(µ) dµ

“ = ”

∑nquad

j=1 ωj µj Πexp(sexp|µj) Π0(µj) dµ∑nquad

j=1 ωj Πexp(sexp|µj) Π0(µ) dµ

⇒ requires nquad evaluations {µ→ sN (tk;µ), ∀k ∈ IKexp}

Reduce cost of forward evaluations by
I POD-based model reduction [WZ]

I RB approach & a posteriori error estimation [NRHP]
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Certified Reduced Basis

Let sk±N = skN ±∆s k
N , then define

BkN(µ) = max{|skexp − s
k−
N |, |skexp − s

k+
N |}

⇒ BkN(µ) ≥ skexp − skpre(µ), ∀k ∈ IKexp

⇒ overestimation of diff(experimental data, model prediction)

and

Dk
N(µ) =

{
0, if skexp ∈ [sk−N , sk+

N ]
min{|skexp − s

k−
N |, |skexp − s

k+
N |},otherwise

⇒ Dk
N(µ) ≤ skexp − skpre(µ), ∀k ∈ IKexp

⇒ underestimation of diff(experimental data, model prediction)
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Certified Reduced Basis

Let sk±N = skN ±∆s k
N , then define

BkN(µ) = max{|skexp − s
k−
N |, |skexp − s

k+
N |}

⇒ BkN(µ) ≥ skexp − skpre(µ), ∀k ∈ IKexp

⇒ overestimation of diff(experimental data, model prediction)

and

Dk
N(µ) =

{
0, if skexp ∈ [sk−N , sk+

N ]
min{|skexp − s

k−
N |, |skexp − s

k+
N |},otherwise

⇒ Dk
N(µ) ≤ skexp − skpre(µ), ∀k ∈ IKexp

⇒ underestimation of diff(experimental data, model prediction)
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Certified Reduced Basis

We introduce

ΠB
expN(sexp|µ) = (2πσ2

exp)−
nexp

2 e
−‖B(µ)‖2

2σ2
exp ,

ΠD
expN(sexp|µ) = (2πσ2

exp)−
nexp

2 e
−‖D(µ)‖2

2σ2
exp ,

and note that
ΠB

expN(sexp|µ) ≤ Πexp(sexp|µ) ≤ ΠD
expN(sexp|µ),

Define

ELB
N [µ∗|sexp] =

∑nquad

j=1 ωj µj ΠB
expN(sexp|µj) Π0(µj) dµ∑nquad

j=1 ωj ΠD
expN(sexp|µj) Π0(µ) dµ

EUB
N [µ∗|sexp] =

∑nquad

j=1 ωj µj ΠD
expN(sexp|µj) Π0(µj) dµ∑nquad

j=1 ωj ΠB
expN(sexp|µj) Π0(µ) dµ
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Certified Reduced Basis

We introduce

ΠB
expN(sexp|µ) = (2πσ2

exp)−
nexp

2 e
−‖B(µ)‖2

2σ2
exp ,

ΠD
expN(sexp|µ) = (2πσ2

exp)−
nexp

2 e
−‖D(µ)‖2

2σ2
exp ,

and note that
ΠB

expN(sexp|µ) ≤ Πexp(sexp|µ) ≤ ΠD
expN(sexp|µ),

Define

ELB
N [µ∗|sexp] =

∑nquad

j=1 ωj µj ΠB
expN(sexp|µj) Π0(µj) dµ∑nquad

j=1 ωj ΠD
expN(sexp|µj) Π0(µ) dµ

EUB
N [µ∗|sexp] =

∑nquad

j=1 ωj µj ΠD
expN(sexp|µj) Π0(µj) dµ∑nquad

j=1 ωj ΠB
expN(sexp|µj) Π0(µ) dµ
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Certified Reduced Basis

I Certainty
ELB
N [µ∗|sexp] ≤ E[µ∗|sexp] ≤ EUB

N [µ∗|sexp]

I Accuracy
EUB
N [µ∗|sexp]− ELB

N [µ∗|sexp] ≈ FP (∆s
N(·))

I Efficiency
Online cost sexp → ELB

N [µ∗|sexp], EUB
N [µ∗|sexp]

is nquad ∂tcomp independent of N

In fact, Offline + Online cost is ≈ nquad ∂tcomp

as nquad →∞ (many-query).
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Concrete Delamination – Numerical ResultsTable 1 Lower bound, upper bound, and bound gap for the expected value of
the delamination half-width µ1 and conductivity ratio µ2 as a function of N .
The true parameter value is µ1? = 2.8 and µ2? = 0.9.

Delamination half-width Conductivity ratio

N ELB
N [µ1?] EUB

N [µ1?] ∆EN [µ1?] ELB
N [µ2?] EUB

N [µ2?] ∆EN [µ2?]

10 1.0527 7.5175 6.4648 0.3427 2.4468 2.1041
20 2.3896 3.3120 0.9224 0.7764 1.0759 0.2996
30 2.7417 2.8836 0.1419 0.8917 0.9378 0.0461
40 2.8008 2.8236 0.0228 0.9111 0.9185 0.0074
50 2.8096 2.8192 0.0096 0.9136 0.9171 0.0035

for direct FE evaluation. The RB Offline time is roughly 2.8 hours, and hence even for one identification the RB

approach “pays off”; for several identifications, the RB Offline effort will be negligible. (If real-time response “in

the field” is imperative, then even for one identification the RB Offline effort is not important.) In short, we are

guaranteed the fidelity of the truth FE approximation but at the cost of a low order model.

0.4 Concluding Remarks

In this paper we have developed a framework for reduced basis approximation and a posteriori error estimation for

parametrized linear parabolic partial differential equations. We have argued, and computationally confirmed, that

the reduced basis approach can provide highly accurate, very inexpensive, rigorously certified predictions in the

real–time and many–query contexts. We have further demonstrated that the certified reduced basis method can be

integrated into a Bayesian framework to provide very rapid yet reliable parameter estimation procedures; similar

advances should be possible for optimization and control applications as well as multi-scale analyses.

Certainly the most important outstanding issue (at least within the context of parabolic partial differential

equations) is generality: given an “original” problem of interest (i) is there an effective parametrization such that

the resulting “transformed” problem is amenable to efficient and rigorous reduced basis treatment, and (ii) can this

effective parametrization be automatically deduced and subsequently implemented within a general framework?

At present we know of large classes of linear problems and much smaller classes of nonlinear problems (Nguyen

et al. 2009) which can be and have been successfully addressed by the certified reduced basis approach; future

work must focus both on theoretical advances to identify important impediments and computational advances to

address these restrictions.

Table: Lower bound, upper bound, and bound gap for expected value of
delamination half-width µ1 and conductivity ratio µ2 as a function of N .
The true parameter value is µ∗

1 = 2.8 and µ∗
2 = 0.9. Source: [NRHP].
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Problem Statement

Determine: µ∗ ∈ D (actual value)

Given experimental data

measurements : z(tk) ∈ Zkexp, ∀k ∈ IKexp, where

Zkexp ≡ [sN (tk;µ∗)− εexp, s
N (tk;µ∗) + εexp]

observations : IKexp ⊂ IK ≡ {1, . . . ,K}

error : εexp ∈ IR (bounded, “white”)

input : u(tk) = δ1k, ∀k ∈ IK
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Parameter Estimation – (Regularized) Solution

Given noisy measurements, z(tk), k ∈ IKexp, solve

I Output least squares problem

µ̂ = arg min
µ∈D

1
2

IKexp∑
k=1

‖sN (tk;µ)− z(tk)‖2W

s.t. PDEN (µ) being satisfied; or

I Regularized problem

µ̂ = arg min
µ∈D

1
2

IKexp∑
k=1

‖sN (tk;µ)− z(tk)‖2W + 1
2
δRR(µ)

s.t. PDEN (µ) being satisfied.
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Parameter Estimation – (Regularized) Solution

Given noisy measurements, z(tk), k ∈ IKexp, solve

I Output least squares problem

µ̂ = arg min
µ∈D

1
2

IKexp∑
k=1

‖sN (tk;µ)− z(tk)‖2W

s.t. PDEN (µ) being satisfied; or

I Regularized problem

µ̂ = arg min
µ∈D

1
2

IKexp∑
k=1

‖sN (tk;µ)− z(tk)‖2W + 1
2
δRR(µ)

s.t. PDEN (µ) being satisfied.

⇒ Solution expensive: N -dependent cost
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Parameter Estimation – (Regularized) Solution

Given noisy measurements, z(tk), k ∈ IKexp, solve

I Output least squares problem

µ̂ = arg min
µ∈D

1
2

IKexp∑
k=1

‖sN(tk;µ)− z(tk)‖2W

s.t. PDEN(µ) being satisfied; or

I Regularized problem

µ̂ = arg min
µ∈D

1
2

IKexp∑
k=1

‖sN(tk;µ)− z(tk)‖2W + 1
2
δRR(µ)

s.t. PDEN(µ) being satisfied.

⇒ Surrogate model approach: N -dependent cost
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Uncertainty Region – Truth Approximation

⇒ “Classic” solution neglects measurement errors εexp

(Truth) “Uncertainty Region” Approach

UN ≡ {µ ∈ D | sN (tk;µ) ∈ Zkexp, ∀k ∈ IKexp}(
OR BN ≡ [µmin = min

µ∈UN
µ, µmax = max

µ∈UN
µ]
)

. . . all parameter values in D consistent with experimental data
→ µ∗ ∈ UN ⊂ BN

but expensive to construct.
Goal: Approximation UN to UN , such that

– UN ⊂ UN , and hence µ∗ ∈ UN RELIABILITY

– UN is inexpensive to construct EFFICIENCY
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Uncertainty Region – RB Approach

Define

IkN(µ) ≡ [sN(tk;µ)−∆s
N(tk;µ), sN(tk;µ) + ∆s

N(tk;µ)],
∀k ∈ IKexp

and

UN ≡
{
µ ∈ D | IkN(µ) ∩ Zkexp 6= ∅, ∀k ∈ IKexp

}
.

We then obtain: UN ⊂ UN → µ∗ ∈ UN
UN reflects uncertainty in

– experimental data through Zkexp

– RB approximation through IkN(µ)
UN → UN as ∆s

N(tk;µ)→ 0 ACCURACY
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Construction of ŨN

1. Find µIC
†:

µIC = arg min
µ∈D

∑
k∈IKexp

1
2
‖sN(tk;µ)−Zkexp‖2.

2. Find boundary points µ̂j :
binary chop along J directions dj , 1 ≤ j ≤ J , from µIC.

3. Smallest Enclosing Ellipsoid (Box) for µ̂j, 1 ≤ j ≤ J.

NOTE‡: In general, UN 6⊂ ŨN not guaranteed,
but ŨN → UN for J →∞ and UN convex.

† Zkexp = 1
2
(Zk,LB

exp + Zk,UB
exp )

‡See [NGPL] for a ŨN such that UN ⊂ ŨN provable under certain conditions.
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Contaminant Transport – Sample Solution

Solve for µIC & ŨN : TCPU = 1.35 + 70.0 sec †

(892 forward solutions, J = 72)

2.95 2.955 2.96 2.965 2.97
0.45

0.455

0.46

0.465

0.47

µ
1

µ 2

 

 

µ*

µ
IC

Here, εexp = 1.0%, N = 120, M = 40,
IKexp = {10, 20, . . . , 200}, Sexp = {1, 2, 3, 4}

†MATLAB 7.5 on Intel DualCore 1.8GHz
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Contaminant Transport – Sensitivity: ∆s
N,M and εexp

2.95 2.96 2.97 2.98
0.445

0.45

0.455

0.46

0.465

0.47

µ
1

µ 2

 

 

µ*

N = 100, M = 35
N = 120, M = 40
N = 140, M = 45
N = 160, M = 50

2.92 2.94 2.96 2.98 3 3.02
0.42

0.43

0.44

0.45

0.46

0.47

0.48

0.49

µ
1

µ 2
 

 

µ*

ε
exp

 = 5 %

ε
exp

 = 2.5 %

ε
exp

 = 1 %

ε
exp

 = 0.5 %

Here, IKexp = {10, 20, . . . , 100}, Sexp = {1, 2, 3, 4}
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Contaminant Transport – Sensitivity: uncertainty in κ

Increased uncertainty in (µ2, µ3) due to unknown κ

2.93 2.94 2.95 2.96 2.97 2.98 2.99
0.43

0.44

0.45

0.46

0.47

0.48

0.49

µ
2

µ 3
Here, µ∗ = (0.06, 2.96, 0.46), εexp = 1.0%, N = 120,
M = 40, IKexp = {10, 20, . . . , 200}, Sexp = {1, 2, 3, 4}
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Contaminant Transport – Sensitivity: release time

So far: time of release, tkrel , assumed known
→ u(tk) = δ1k, ∀k ∈ IK

Extension: consider tkrel unknown, then

µ̃IC = arg min
µ̃∈D̃

∑
k′∈IKexp

1
2
‖sδN(tk

′ − tk−1;µ)−Zk
′

exp‖2.

where µ̃ ≡ (tk;µ) ∈ D̃ ≡ {t1, . . . , tK} × D, and
sδN(tk;µ) impulse response for u(tk) = δ1k, ∀k ∈ IK.

Approach: 1. Solve for µ̃IC (and thus tkrel)
2. Given tkrel , construct ŨN in µ2 − µ3 space
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Contaminant Transport – Sensitivity: release time

2.92 2.94 2.96 2.98 3
0.34

0.36

0.38

0.4

0.42

µ
2

µ 3

 

 

µ*

k = 50
k = 51
k = 52
k = 49
k = 48

Here, εexp = 1.0%, µ∗ = (0.06, 2.96, 0.38), tkrel = 50,
N = 120, M = 40, IKexp = {10, 20, . . . , 200},
Sexp = {1, 2, 3, 4}
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Contaminant Transport – Sensitivity: release time

2.92 2.94 2.96 2.98 3
0.34

0.36

0.38

0.4

0.42

µ
2

µ 3

 

 

µ*

k = 50
k ≥ 51
k ≤ 49

Here, εexp = 2.5%, µ∗ = (0.06, 2.96, 0.38), tkrel = 50,
N = 120, M = 40, IKexp = {10, 20, . . . , 200},
Sexp = {1, 2, 3, 4}
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Problem Statement†

Given µ ∈ D ⊂ RP , solve

J(ye(t;µ), u(t;µ);µ) =

1

2

∫ tf

0
‖ye(t;µ)− yd(t)‖2Z dt+

γ

2

∫ tf

0
(u(t;µ)− ud(t))2 dt

where ye(x; t;µ) ∈ L2(0, tf ;Xe(Ω)) satisfies t ∈ (0, tf ]

m

(
∂ye

∂t
(x; t;µ), v;µ

)
+ a(ye(x; t;µ), v;µ)

= b(v;µ)u(t;µ), ∀ v ∈ Xe,

with initial condition y0 = 0.

†Luca Dedè, Reduced Basis Method and A Posteriori Error Estimation for
Parametrized Linear-Quadratic Optimal Control Problems.
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Truth Approximation

Given µ ∈ D ⊂ RP , evaluate tk = k∆t, 1 ≤ k ≤ K

J(y(µ), u(µ);µ) =

∆t

2

(
1

2
‖yK(µ)− yKd ‖2Z +

K−1∑
k=1

‖yk(µ)− ykd‖2Z

)
+
γ

2

(
1

2
(uK(µ)− uKd )2 +

K−1∑
k=1

(uk(µ)− ukd)2

)
where yk(µ) ≡ y(tk;µ) ∈ X satisfies ∀k ∈ K

m

(
yk(µ)− yk−1(µ)

∆t
, v;µ

)
+ a(yk(µ), v;µ)

= b(v;µ)uk, ∀ v ∈ X.
with initial condition y0 = 0.
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First Order Necessary Conditions – Truth

I State Equation 1 ≤ k ≤ K, ∀ v ∈ X
m
(
yk(µ)−yk−1(µ)

∆t
, v;µ

)
+ a(yk(µ), v;µ) = b(v;µ)uk.

with initial condition y0 = 0.

I Adjoint 1 ≤ k ≤ K − 1, ∀ v ∈ X
m
(
v, p

k(µ)−pk+1(µ)
∆t

;µ
)

+ a(v, pk(µ);µ) = (yk(µ)− ykd, v)Z .

with final condition ∀ v ∈ X
m
(
v, pK(µ);µ

)
+ a(v, pK(µ);µ) = 1

2
(yK(µ)− yKd , v)Z.

I Optimality Condition 1 ≤ k ≤ K,
b(pk(µ);µ) + γ(uk(µ)− ukd) = 0,

and b(pK(µ);µ) + 1
2
γ(uK(µ)− uKd ) = 0.
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First Order Necessary Conditions – RB

I State Equation 1 ≤ k ≤ K, ∀ v ∈ XN

m

(
ykN (µ)−yk−1

N (µ)

∆t
, v;µ

)
+ a(ykN(µ), v;µ) = b(v;µ)ukN .

with initial condition yN,0 = 0.

I Adjoint 1 ≤ k ≤ K − 1, ∀ v ∈ XN

m

(
v,

pkN (µ)−pk+1
N (µ)

∆t
;µ
)

+ a(v, pkN(µ);µ) = (ykN(µ)− ykd, v)Z.

with final condition ∀ v ∈ XN

m
(
v, pKN(µ);µ

)
+ a(v, pKN(µ);µ) = 1

2
(yKN (µ)− yKd , v)Z.

I Optimality Condition 1 ≤ k ≤ K,
b(pkN(µ);µ) + γ(ukN(µ)− ukd) = 0,

and b(pKN(µ);µ) + 1
2
γ(uKN(µ)− uKd ) = 0.
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A Posteriori Error Bound

Proposition (L. Dedè)

Given µ ∈ D, the reduced basis error in the cost functional is
bounded by

|J∗(µ)− J∗N(µ)| / ∆J
N(µ), ∀µ ∈ D,

and for all 1 ≤ N ≤ Nmax.

Here, the error bound is defined as

∆J
N(µ) ≡ ∆K

N(µ) ∆du,1
N (µ),

where ∆K
N(µ) and ∆du,1

N (µ) are the energy norm error bounds for
the primal and adjoint problem, respectively.
Note: Extension to the control constraint case also possible.
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GMA Welding Process [SH93],[SH94]

I Application: Real-time parameter estimation and control

Welding Process Ω = [0, 5]× [0, 1]
Pe = vLc/κ

ΓD

κ

dW

x2

1

Measurement 1 Measurement 2

3.5 5
x1

ΓN

Torch: qw(x;µ) = ηw

2πσ2
w
e−((x1−3.5)2+(x2−1)2)/(2σ2

w),

µ ≡ (ηw, σw)
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GMA Welding Process [SH93],[SH94]

I Application: Real-time parameter estimation and control

Introduce “fictitious” output s3 Ω = [0, 5]× [0, 1]
Pe = vLc/κ

ΓD

κ

x2

3.5 5
x1

0.5

1

1.5

ΓN

s1 s2

s3

Torch: qw(x;µ) = ηw

2πσ2
w
e−((x1−3.5)2+(x2−1)2)/(2σ2

w),

µ ≡ (ηw, σw)
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GMA Welding Process – Problem Statement

Scalar Convection-Diffusion y(x, t = 0;µ) = 0
∂
∂t
y(t;µ) + Pe · ∂

∂x
y(t;µ) = κ∇2y(t;µ) + qw(x;µ)u(t),

INPUTS : µ ≡ (ηw, σw) ∈ D ⊂ IRP=2, where

D = [0.1, 0.4]× [0.15, 0.65];

Torch velocity Pe ;

u(t) “control” input (source strength).

OUTPUTS : Measurements 1 & 2.
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GMA Welding Process – Sample Solution

Field variable: µ = (0.3, 0.4) (N = 3720)
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GMA Welding Process – Results

Approach to real-time parameter estimation and control:

1. Start welding with nominal control un(t)

2. Take temperature measurements z1,2(t) of outputs s1,2(t;µ)

3. Solve parameter estimation problem for µ∗

⇒ PDE(N)(µ)-constrained optimization problem
4. Given µ∗, solve optimal control problem for u∗(t)
⇒ PDE(N)(µ)-constrained optimization problem

5. Apply optimal control law u∗(t)
(6. Go to 2. - Model Predictive Control)
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GMA Welding Process – Results

Parameter estimation & control: µ∗ = (0.34, 0.46), sd,3(t) = 1

µIC = (0.339, 0.463)

εexp = 1%, fs = 5 Hz
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µIC = (0.334, 0.473)

εexp = 5%, fs = 5 Hz
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