Lecture 2: Elliptic Control Problems

1. Existence, uniqueness and regularity of weak solutions to elliptic BVPs

In this section, we study linear elliptic operators of the form

N
(6) o y(x) = — Z Dj (a;j(x)Djy(x)), xeQCRY,
ij=1

General assumptions:

(H1) aijELoo(Q), ajj — aji, Vi,j.

N
(H2) Iy >O0suchthat ¥ a;(x)&E > wlE*aeinQ, VEeRY
i,j=1

We denote

(7) dy,y= directional derivative of y in the direction of the conormal v, , where

N
(8) (Ve )i(x) = Zlaij(X) vi(x), 1<i<N
o
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Linear elliptic control problems

Consider the OCP

: Ao Ar
min J(y,u,v) = —Hy valiz i) +—||y el

(9) ’ /l
TS ||V||L2(Q) T H”HLz(rl)

subject to the constraints

dy+coy = PoVv in Q
(10) 8vﬁy—|—06y = Pru on I}
y = 0 on I

and

Va(x) < v(x) <w(x) fora.e. xeQ

(11)

ug(x) < ulx) <wup(x) fora.e. x eI

Mini-Course “Introduction to Optimal Control Problems for PDEs” - Cortona, July 2010 -

Page 2 (36)

\L2



Linear elliptic control problems

General assumptions:

(H3)
(H4)
(H3)
(H6)

(H7)

I'=Iyuly, I'y and I'y measurable.

co €L”(Q), co>0 ae, ael”I)), a>0 a.e.
Either [To| >0 or =T and ||coll2(q) + |l 2y > 0.
Bo €L7(Q), PreL™(T).

Ao, Ar, Ay, A, are given nonnegative constants.

Moreover, we put

Vad
Uad

= {vel*(Q): v(x) <v(x) <w(x) forae xeQ},

= {u e L2(T')) : ug(x) <u(x) <up(x) forae. xe I}

with v,, v, ELOO(Q), Ug, Up ELOO<F1).
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The state equation

We consider first the BVP

dy+cyy = f in Q
(12) dy,yt+oy = g on I
y 0 on F()

We associate with (12) the following weak formulation:
Let V:={y e H(Q) : y|r, =0}.

Define on V the bilinear form:

(13) : / Z ajj ,yDjvdx—I—/coyvdx—l— ayvds
"]1 Q Fl

Then the weak form of (12) is to find some y € V such that
[ ] (f7 ) (g, ) (Fl) YvevVv
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Existence of weak solutions

Theorem 5: Q c RN open, bounded; dQ € c%1; (H1)-(H5) fulfilled.
Then:

BV (f,g) €L*(Q)xL*I)3; weak solution yc V.

B Hey >0 g <co (||f||L2(Q) + ||8HL2(F1)>

Lax—Milgram lemma: Let V,(-,-)y) be areal Hilbert space, andlet a: V xV — R
denote a bilinear form. Moreover, suppose that there exist positive constants o and
Bo such that the following conditions are satisfied for all v,y € V':

(14) laly, V| < oo [lyllv[[vilv  (boundedness)

(15) aly,y] > BollylI¥ (V -ellipticity).

Then for every F' € V* the variational equation aly,v| = F(v) VvV admits a
unique solution y € V.. Moreover, there is some constant ¢, > 0, which does not
depend on F', such that

(16) IYllv < eallF

V.
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Proof of existence

We apply the Lax—Milgram lemma with V = {y € H'(Q) : Vi, = 0}

»V)y = /(Vy-VV+y v)dx, and
Q

F(v) = (/iY@ + (& Ver)-
Obviously F € V*, since V ve V, by the trace theorem,
FWI < fllz Vil @) + 8llz ey VI 22 )
< (Il + gl ) Vil o
By a similar calculation, we have

la(y, V)| < @lyllg @)IVilg @) Yy.veV, forsome ap>0.

Moreover,
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Proof of existence

alyy) = w0 [ 193 Pdx+ [co@ly@Pdx + [ ao)v)Pds.
Q Q I;

If |Ig| > 0, then (15) follows from Poincaré’s inequality. If I’ =1"; , we have:

Lemma (Friedrichs) Let B: H'(Q) x H'(Q) — R be a continuous BF such that
Bly,y] >0 VyecH'(Q).If B[h,h] >0 for h =1, then the norm

( >

Il == [ |Vy|*dx | + B[]

\a

is equivalent to |- [|51q) on H'(Q).

D=

The existence result now follows from the lemma and (H5) if we put

B[y, V| :=/co(x)yvdx—l—/06(x)yvds.
Q I
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Existence for OCP

Apply first Theorem 3 of Lecture 1 to show existence for OCP. We take:
V:= asabove; % :=L*(Q) X L*(T')); Yug :=Vag xUyg; H=C=L*Q);
A:V — V* the operator A € Z(V,V*) defined by the BF (13);

B e Z (% ,V*) the mapping assigning to (v,u) € %,, the linear functional
F =B(v,u) e V*:

F(y) := /ﬁg vydx + /ﬁruyds.
Q I

Since %, is bounded and J :V x % — R convex and l.s.c., OCP has at least one
minimum.

If Ao >0 and A, > 0, then the minimum is unique.
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2. Differentiation in Banach spaces

Let: (U,|||lv),(V,||-|lv) B-spaces, % C U nonempty, open, F: % — V.
Def.: Letue % .
1
B If 30F(u,h) :=1lim— (F(u+th)—F(u)), then 0 F(u,h) is called the

t|0 ¢
directional derivative of f at u in the direction 4.

B If 30F(u,h) VheU,then h— 06(u,h) is the first variation of F at u.

B Let J the first variation d F(u,-). F is said to be Gateaux differentiable at
u:<=3A € Z(U,V) suchthat  F(u,h) =Ah YheU.We write A= F/(u).

B F is said to be Fréchet differentiable at u :<— 3 A € Z(U,V) and a mapping
r(u,-) : U — V such that: for all h € U with u+h € % , we have
Fu+h) =F(u)+Ah+ r(u,h)

with
|7 (u, h)|lv
1Ay

— 0 as|h|ly — 0.
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Differentiation in Banach spaces

We write F'(u) := A.

B If F is Fréchet differentiable at every u € % , then F is said to be Fréchet
differentiable on % .

B If 3F (u) Yue % andthe mapping u— F’(u) is continuous, we speak of
continuous Fréchet differentiability on % .

Remarks:
W If 3F'(u),then 3 F/(u), and F'(u) = F/(u) (but not vice versal)
B If 3F (u),then F/(uyh=0F(u,h) YheU.
B FecPWUV) = F'(uy=F Yuel.

B IfV =R, then F'(u) € Z(U,R) = U*.
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Differentiation in Banach spaces

Example: (H,(-,-)y) Hilbert space, F(u) := |ul|% = (u,u)y .

Yu,h: Flu+h) — F(u) = 2(u,h)yg + HhHIZ{
— F'(u) € H* givenby F'(u)h=2(u,h)y VheH.

Riesz =— F'(u) € H* = 2u € H. We call 2u the gradient of F at u.

Theorem 6 (Chain rule)

Let: U,V,Z B-spaces, #Z C U,V CV open, F:% — ¥ and
G: ¥V — Z F -differentiable at u € 7 and F(u) € ¥, respectively. Then
E :=GoF is F -differentiable at «, and we have

E'(u) = G (F(u))F'(u).
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Differentiation in Banach spaces

Example: (U,(-,")v),(H,(-,-)g) Hilbert spaces, z € H fixed.

Let S € Z(U,H). Consider the functional E : U — R,
_ 2
E(u) = [|Su—z|lf

Then E(u) = G(F(u)), where G(v) = ||v||# and F(u) = Su—z.

We know:
G (V\h=2v,h)y, F'(u)h=Sh.

— E'(u)h = G'(F(u)F'(u)h= (2v,F'(u)h),
= 2(Su—z,Sh)H
= 2(8"(Su—z),h),.

Here, $* € Z(H*,U") is the adjoint of §.
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Adjoint operators

Def.: Let (U,||-||lv),(V,| -|lv) be Banach spaces, A € Z(U,V). Then the mapping

AT e Z(VI,UY), (A"g)(f) == (goA)(f), ge V", feU",

is called the dual operator of A.

Def.: Let (U,(-,")v),(V,(-,-)v) be Hilbert spaces, A € £ (U,V). Then an operator
A™ is called the Hilbert space adjoint of A if

(17) (vAu), = (A*v,u),, YuelU, VYveV

Using the Riesz representation theorem, Hilbert space adjoint and dual of an
operator A € Z(U,V) can be identified in the case of Hilbert spaces. We do

that and always speak of adjoints.
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3. First-order necessary optimality conditions

The whole theory is based on the following simple results:

Theorem 7: Let (U,||-||y) be a normed space, J: U — (—oo, 40| @ mapping with
J # +oo. Then: i € U minimizer of J < 0€ dJ(i).

Proof: 0 € dJ(it) means by definition of dJ (i) : J(ia)—J(u) <0 Yuel. u

Theorem 8: Let (U,||-||y) be a normed space; C C U nonempty, convex, closed;
f % — R Géateaux differentiable, where C C % Cc U, % open.If i€ C is a

solution to
(18) min f(u),

ucC
then @ solves

(19) fllia)(u—i) >0 YuecC.
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First-order necessary optimality conditions

Proof: Since C isconvex, u+t(u—i) e C Vte|0,1], VueC.Hence,

Ll (- 0) ~ (@) 20 for 0<1 <1 = f/(@)(u—i) > 0.

We return to the OCP (9)—(11). Obviously, the control-to-state mapping

G : (u,v) — y is linear, continuous from L*(I";) x L*(Q) in V.

Since H' (Q) — L?(Q), also (Ey := identity from H'(Q) into L?(Q))
S:=FEyoG:L*('}) x L*(Q) — L*(Q)
is linear, continuous.

Also, by the trace theorem,
St = 100G, (u,V)H(TOG)(u,V) = Y|r
is linear, continuous.
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The reduced cost functional

We thus may introduce the reduced cost functional

A
20) IO ) =) = 28 V)~yalfe + o IS0 — el
Av Ay

2 2
+ 2 W) + 2l

To simplify the exposition, we now consider the special case

%:—A, C()EO, F():F, )LV:A, )LFZAMZO, BFEO, ﬁQEﬁ.

We thus consider the optimal control problem (where we replace v, v,, v,

by u, uq,up):
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A simplified case

(OCP)*
. 1 2 Ao
min J(y,u) := 5 ||y_yQ||L2(Q) + 5 HMHLZ(Q)7
subject to
—Ay = Bu inQ
y = 0 on I
and

ug(x) <u(x) <up(x) fora.e. xeQ.

We postulate: A > 0. We have V = H] (Q) and

Uw={uel*(Q):us<u<u, ae.}.
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A simplified case

Reduced functional:

1 A
F) = I(nu) = 5 ISu=yalZ0) + 5 el

where S = Ey oG with G: L?>(Q) — H'(Q), u+—y.Clearly

fluyh=(S*(Su—yq)+Auh)2q) VheL(Q),

and the variational inequality (19) becomes

(S*(Si—yq) +)Lzz,u—zz)L2<Q) >0 YucUy.

We need to determine S*, i.e.,

(z,Su)p2(q) = (S*z,u)2(q) VZEL(Q), YueL*(Q).

We use the lemma:
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A simplified case

Lemma: Let functions z, u € L?>(Q) and cp, B € L”(Q) with ¢ >0 a.e.in Q be
given, and let y and p denote, respectively, the weak solutions to the elliptic
boundary value problems

—Ay+coy = Pu —Ap+cop = z in Q
y = 0 p = 0 onlI.
Then
(21) /zydx:/ B pudx.
Q Q

Proof: We invoke the variational formulations of the above boundary value
problems. For y, insertion of the test function p € H&(Q) yields

/(Vy-Vercoyp)dx:/ﬁpudx,
Q Q

while for p we obtain with the test function y € H} (Q) that

/ (Vp-Vy+c0py>dx:/Zydx.
Q Q

Since the left-hand sides are equal, the assertion immediately follows.
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The adjoint state

Theorem 9: The adjoint operator S* : L?(Q) — L*(Q) is given by S*z:= B p,
where p € H}(Q) is the weak solution to

—Ap=z InQ, p=0 onI.

Proof: By the above lemma, V z,u € L*(Q),

(Z,SM)LZ(Q> — (Z7y)L2(Q) — (ﬁ pau)LZ(Q) .
Moreover, the mapping z+— 8 p belongs to .Z(L*(Q),L*(Q)).
Def.: The weak solution p € Hj (Q) to the adjoint state equation

(22) —Ap = V—yqo InQ
p = 0 onI’

is called the adjoint state associated with .
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The optimality system

We now find:
S (Sii—ya) =S (F—ya) = Bp
— Bp+Aa,u—ia) >0 VucUy

—> Optimality system: a control u, together with the optimal state y and the
adjoint state p, is a solution of (OCP)* if and only if

—Ay = fu —Ap = y—Yyo
(23)

(,Bp+7Lu,v—u)L2(Q) >0 YveUy.
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Pointwise interpretation

The inequality
/(ﬁp+7tﬁ)ﬁdx§/(ﬁp+7tﬁ)udx VYueU,,
Q Q

means.

(Bp+Aa)idx= min [ (Bp+Ai)udx.
Q Q

uclU,,

We easily obtain:

Lemma: The variational inequality is satisfied if and only if, for a.e. x € Q,

Ug (x) if Bx)px)+Aa(x)>0
24 10 = € a0 )] I Bx)p()+Aax)=0
| up(x) if  B(x)px)+Aia(x) <O.

We obtain as consequences:
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Pointwise interpretation

Case A =0: Then, a.e.in Q,

Hence: If B(x) p(x) #0 a.e. in Q = i is a bang-bang control.

Case L >0: Then,a.e.in Q,

(25) i(x) = P[ua(x),ub(x)] {— %ﬁ (x) p(x)} for almost every x € Q.

Notice: Let B € CON(Q), uy,u, € H'(Q). Since Py p)(#) = min{b, max{a,u}},
and since the adjoint state p belongs to H'(Q), we have i € H'(Q) for A > 0!
Hence: The regularizing term Hu||%2(g) in the cost functional has a regularizing effect

on the optimal control.
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4. The formal Lagrange method

A convenient method to “guess” the necessary optimality conditions is the formal

Lagrange method. We explain it for the OCP (9)—(11):

| Ao Ar
minJ(y,u,v) = —||y yQHLz +—||y yFHLz

(9) , 7L
TS ||VHL2(Q) T ||”||L2(r1)

subject to the constraints

dy+cogy = PoVv in Q
(10) dv,y+oy = Pru on I';
y = 0 on I

and

Va(x) < vix) < v(x) fora.e. x € Q

(11)

ug(x) < ulx) <wup(x) fora.e. x €T
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The formal Lagrange method

The state space was V = {y c H(Q) : Y, = 0}. The general idea is to include
the “difficult” equation constraints (10) into the Lagrangian and thus to minimize

(26) g(y,bt, Vap) = J(y,u, V) —/(,ny T 0y — ﬁ.Q V)pdx
Q
—/ (dv,y + oy — Pru) pds
I'

over V,; x U,; . We do not care whether this expression makes sense and simply
integrate by parts to find, with the BF (13):

Z(yu,v,p) = J(y,u,v) — aly,p|] + /ﬁg vpdx + /BrupdS-
Q I
Lagrange’s method tells us that we should have Dy =0, i.e.:

Dy.Z (y,u, V,P)h://19(Y'—m)hder/lr(y—YF)hdS—a[hap] =0, VheV.
O r

—
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The formal Lagrange method

p € H'(Q) is the unique weak solution to the adjoint state equation:

dptcp = Aa(F-ya) InQ

(27) dy,p+op Ar (5 —yr) on I'y

p = 0 on I'.

Also, again by Lagrange’s method, we ought to have the variational inequalities:

28) DL Tp)v-0) = [(AT+Bap)(v-7)dx=0 VVEVy,
Q

@) DLV =) = [ (it Brp)u—i) ds=0 Vi€ Uy,
I'
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More general elliptic problems

The techniques introduced above can be generalized to semilinear elliptic
control problems. In the book of Troltzsch, elliptic state equations are

considered of the type:

dy+co(x)y+dx,y) = f inQ

(30)
dy,,y+ o(x)y+b(x,y)

onT.

I
oq

Problems:

B State space? Existence, uniqueness? Control-to-state operator?
B Differentiability of nonlinearities (Nemytskii operators)?

B Problem nonconvex —> necessary conditions are not sufficient — need

second-order sufficient conditions = new problems
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The control problem

We consider, as example, the OCP with distributed control

(31) min J(y,u) : 2/‘)} dx—l— 2/|u (x)|% dx
subject to
32) —Ay+d(x,y) = u in Q
y = 0 on I
and
(33) ug(x) <u(x) <up(x) fora.e. xeQ, where uy,u;, € L7(Q).

The BVP (32) is semilinear.
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What is the “right” state space?

B Cannot simply take V =H, (Q): if y € Hj(Q), do we have d(-,y(+)) € L*(Q)?
B Evenif d(-,y(")) € L*(Q) for y € H}(Q),is y— d(-,y(-)) Fréchet differentiable?

We avoid this by considering nonlinearities for which we can work in L= (Q). We
assume

(H1) Q c RN open, bounded, I € c%! .

(H2) d:Q xR — R is bounded and measurable with respect to x € Q for every

y € R.
(H3) d is continuous, and increasing and Lipschitz continuous in y for a.e. x € Q.

(H4) d(x,0) =0 for a.e. x € Q. (not really necessary!)
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Existence for the state equation

Theorem 10: Suppose (H1)—(H4) are fulfilled. Then the BVP (32) has a unique
weak solution y € Hj (Q)NC(Q), i.e., we have

(34) /Vy Vvdx+/d x,y(x dx—/uvdx VveHNQ).
Q

Moreover, d c., > 0 such that

(39) Il @) + Vllc@y < ceollull-(o)-

Remarks:

B Inthecase I'e C!! we also have y ¢ W>P(Q) for 1 < p < oo,

B The proof of the theorem uses the Browder—Minty theorem on monotone

operators.

B We denote y =y(u).
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Guessing the first-order necessary conditions

We first use the formal Lagrange method to “guess” what the necessary conditions
should look like. Define

L(y,u,p) = J(yau)—/(—Ay+d(x,y(X))—u)pdx
Q
= Jhu) - /(Vy-Vp+d(x,y(X))p—up)dx-
Q

Then:

Dy L@ p)h = [(5=Fo)hdx — [ (Vh-Vp+dy(x.5() ph)dx £ 0 Vhe H)(Q)
Q Q

—Ap+dy(x,y(x))p =y—yo InQ L
(36) b =0 on T (adjoint system)
(37) D, L(y,i,p)(u—i) = /()Lﬂ—i—p)(u—ﬂ)dx >0 YueUyy.
Q
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Differentiability of the Nemytskii operator

The rigorous proof uses:

Theorem 11: Let (H2)—(H4) and the following condition be satisfied:

(H5) d is continuously differentiable with respect to y for a.e. x € 2, and we have:
(i) |dy(x,0)] <K fora.e. x€ Q.

(if)  d, is locally Lipschitz with respect to y € R.

Then the Nemytskii operator D :y+— d(-,y(:)) is continuously Fréchet differentiable
from L=(Q) into itself, and we have

(38) (D' (y)h)(x) = dy(x,y(x))h(x) a.e.inQ, VheL(Q).

Remark: (H5) holds if d(x,y) =d(y) and d € C*(R).
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Differentiability of the control-to-state mapping

By Theorem 10, the control-to-state mapping G : L™(Q) — H} (Q)NC(Q),
G(u) :=y(u), is well defined, and it can easily be shown to be globally Lipschitz

continuous. A forteriori, we have:

Theorem 12: Let (H1)—(H4) be satisfied. Then G is Fréchet differentiable from
L>(Q) into Hy (Q)NC(Q). The directional derivative at # € L~ (Q) in the direction &

is given by G'(iz) h =y, where y denotes the weak solution to the linearized BVP

—Ay+d,(x,y)y=h inQ

39
(39) y=20 onI.

From this result, using the differentiability of the reduced cost
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The first-order necessary conditions

functional
1 A
f(u) = J(Glu).u) = 5 [ 160 ~yaldx+ 5 [lufax
Q Q

we easily derive the first-order optimality conditions:

Theorem 13: Let (H1)—(H5) be satisfied, and let iz € U,; be locally optimal and
7 =y(ii) be the associated state. Then the adjoint state p € Hj (Q) NC(Q), which is

the unique solution to the adjoint equation

(40) —Ap+dy(x,5(x))p=F—yo inQ
p=20 onT

satisfies the variational inequality

(41) /(M+p)(x) (u(x) —@(x))dx >0 VuecUy.
Q
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The first-order necessary conditions

Remarks:
1. As in the linear case, we find for A > 0:
_ 1
(42) u(x) = P[ua(x),ub(x)] {—% p(x)} for a.e. x € Q.

Consequently:

g, up € C(Q) (H(Q)) = acC(Q) (H'(Q)).

2. Consider the OCP with boundary control:

min J(y,u) : /|y yoltdx + = /\u|2dx
subject to
—Ay+y = 0 in Q
(43)
dyy+d(x,y) = u onI
and

ug(x) <u(x) <up(x) forae. xerl.
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The first-order necessary conditions

One obtains in this case the adjoint equation (with p € H'(Q)NC(Q))

—Ap+p = y—yo IinQ

dyp+dy(x,y)p = 0 onT

and the variational inequality

/(w+p)(x) (u(x) —@(x))ds > 0 VueUy.
I
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