Lecture 3: Linear-quadratic Parabolic Control Problems

We consider first a simplified model for the time-dependent optimal boundary control

of the temperature distribution in € (cf. Example 3 in Lecture 1):

(44) min J(y,u) : 2/|y x,T)—yo(x 2dx+ Z //|u (x,¢ \2 dsdt,
subject to
vi—Ay = 0 in Q:=Qx(0,T)
(45) dyy+oay = PBu onX:=Ix(0,T)
y(x,0) = yo(x) inQ
and
(46) ug(x,t) <u(x,t) <up(x,t) fora.e. (xt)€X.
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General strategy

B Show that the IBVP (45) has for every u € U,; a unique solution in a suitable

function space.
B Show that the OCP has an optimal pair (y,i) .

B Derivation of first-order optimality conditions (which, due to the convexity of J,

are also sufficient).

Before doing this, we again apply the formal Lagrange method in order to get an idea

of what sort of optimality conditions can be expected. To this end put

Uy = {uc L*(Z) : ua(x,t) <u(x,t) <up(x,t) fora.e. (x,1) € X}.
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Guessing the first-order necessary conditions

Let p:= (p1,p2). We consider the Lagrangian

ci”(y,u,p)=J(y,u)—//(yt—Ay)mdxdt—// (dvy+oy—PBu)prdsdt.
0 )}

We expect the necessary optimality conditions:

Dy Z(y,i,p)y 0 for all y with y(0) =0

Dug()_}vﬁap) (I/t—l/_t)

Vv

0 forallu e U,,.

Observing that the derivative of the linear and continuous (?) mapping y — y(-,T)

coincides with the mapping itself, we find that
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Guessing the first-order necessary conditions

D, Z(y,i,p)y = /(y'(T)—m)y(T)dx—// (ye —Ay) p1 dxdt
o 0
—// (8vy—|—06y) prdsdt.
b

Then, ¥V smooth y with y(0) =0:

0 = /(y'(T)—yg)y(T)dx—/y(T)m(T)der//ypl,tdxdt

Q Q o
—|—//p1 8vydsdt—//y8vp1dsdt—l—// yApi dxdt
0
)Y )Y
—//pzavydsdt—//aypzdsdt
2 )Y

- /(y_<T)_yQ_p1(T))y(T)dx+// (p1,+Ap1) ydxdt
° 0

_// (avpl+ap2)ydsdt+// (p1 = pa) dyydsd.
x 5
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Guessing the first-order necessary conditions

VyeCy(Q): y(T),y(0),y,dyvy vanishon Q, resp. X.

—

// (p1,;+Ap1)ydxdt:0 Vy e Cy(Q).
Qo
P1s+Ap1 =0 inQ

Next, Vy € C'(Q) such that y, =0:

/ (F(T) —ya—p1(T)) y(T)dx =0
Q

= pi(T) =y(T) —yo in Q.
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Guessing the first-order necessary conditions

Now, put py|, = p2. Then we have

Qi

//(3vp1 +apy)ydsdt =0 VyeCl(
z

).

— dypr +ap; =0 inkX.

Putting p := p;, we have the adjoint equation

—pr = Ap in Q
(47) op+oap = 0 onX
p(T) = ¥T)-ya in Q.
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Guessing the first-order necessary conditions

Moreover, we have the variational inequality

(48) Duo%()?,ﬁ,p)(u—ﬁ)://(lﬁJer)(u—L‘t)dsdtZO VueU,y.
b

Note: This was just formal!
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Guessing the “right” state space

We test (45) by ve H!(Q) =: V. Formally, we obtain

(49) / yi(0) vdx = — / Vy(t) - Vvdx + / (Bu(t)— a(t)y(t)) vds Vie0,T],
Q Q I

where we write y(t)(x) := y(x,t). Obviously, the right-hand side defines an element
F(t)eV*.

—> We should have y; € V*, with a notion of * % ” yet to be defined

—> spaces of vector-valued distributions
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The spaces L7 (a,b;X)

Let (X,||-||x) be a Banach space.
Def.:

(i) We denote by L”(a,b;X), 1 < p < o, the linear space of all (equivalence classes

of) measurable vector-valued functions y : [a,b] — X having the property that

b
[ IOl dr <.
a

The space LP(a,b;X) is a Banach space with respect to the norm

b
1/p
Wlsann = ([ Iy ar) "

(i) We denote by L™ (a,b;X) the Banach space of all (equivalence classes of)

measurable vector-valued functions y: [a,b] — X having the property that

Y[l (apex) == €88 sup [[y(z)]|x < eo.
t€la,b]
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C(|a,b];X)

Theorem 14: Let (X,(-,-)x) be a Hilbert space. Then L?(a,b;X) is a Hilbert space

with the scalar product
T

(50) (I/t VL2abX = / th
0

Def.: Let (X,||-|x) be a Banach space. We say that a vector-valued function
y:la,b] — X is continuous at the point ¢ € [a,b] if we have %1_)mt lyv(t)—y(®)|lx =0
We denote the space of all vector-valued functions that are continuous at every

t € la,b] by C([a,b],X). The space C([a,b],X) is a Banach space with respect to
the norm

1¥lle(ap x) = max y(#)]|x-

Remark: If 1 <p < +oo, %—Fé =1,and f e Li(Q), then
feLI0,T;L9(Q)) C L1(0,T; H (Q)*).
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Gelfand triples

Def.: Let (H,(-,-)y) be a separable Hilbert space, (V,||-||v) a reflexive separable
Banach space. If V is continuously and densely embedded in H, we speak of a
Gelfand triple VC H C V*.

Remark: “H C V”is understood in the following sense: V f € H the mapping
u— (f,u)y belongsto V*. By Riesz’s theorem, we may identify f with this

mapping. In this sense,

VCH~H"CV*.

Standard examples: H!(Q) C L*(Q) c HY(Q)*, H}(Q) C L*(Q) CH 1(Q).

Remark: Also the embebdding H C V* is dense and continuous!
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Generalized time derivatives
Def.: Let VC H C V* be a Gelfand triple, 1 < p < 4o, y e LP(0,T;V).

w e L9(0,T;V*) is called generalized derivative of y (denoted: w = y;) iff

T
S+, =1 and
T T
(51) [30)9'0)dt =~ [winypl)de ¥ 9 C(0.T).
0 0
Lemma: Let ye LP(0,7;V). Then w=y; if and only if
T T
(52) /(y(l‘),V)HQD/(Z‘)dt — _/(W(t)vv)V*XV q)(t)dt vveV \V/QD €C60<07T)'
0 0
Lemma: Let VCH CV”* be aGelfand triple, 1 < p < +oo, %—Fé =1.

W,(0,T) :={yeLP(0,T;V):3y; € L1(0,T;V*)} is a Banach space with the norm

||YHW,,(0,T) = ”y”LP(O,T;V) + ||ytHLq(o,T;v*) -
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The spaces W,(0,7)

Properties:

(i) Every y e W,(0,T) coincides—possibly after a suitable modification on a set
of zero measure—with an element of C([O, T],H) . In this sense, we have the
continuous embedding W,(0,T) — C([0,T].H).

(ii) ¥(0),y(T) are well-defined elements of H!

(iii) Forall y, p € W,(0,T) the formula of integration by parts holds:
T
|6 @p0)yy di = (G()p(T)) = (6(0). p(0)
T
—/0 (P'(0),9(2)) s sy dt.

(iv) YyeW,(0,T) we have

/OT (y’(t)aY(t))V*XV dt = %||y(T)||12q — %HY(O)H%{.

k
(V) The set of “polynomials” p(z) := Y _¢'x;, with x; € V, is dense in W,(0,7)
i=0
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Existence for the state equation

We generally assume: Q C RY open, bounded, with T" € C%1; ug,up, € L?(X);
BeLl”(X);oeLl™(X) with >0 a.e.and ct||z(s) > 0; yo € L*(Q).

Theorem 15: Under the above assumptions, the IBVP (45) has forany u € U,
a unique weak solution y € W>(0,T), where V = H'(Q), H = L?>(Q). We have

¥(0) =yo, and
(53) (ye (2),V)y=xy + /Vy(t) -Vvdx + /oc(t)y(t) vds = /B(t)u(t) vds
Q r r
VveV, fora.e.te(0,7T).

Moreover, the mapping u — (y,y(0),y(T)) is continuous from L*(X) into
W2(0,T) x L?(Q) x L*(Q).

Remark: A corresponding result holds for the state problem with distributed

nonstationary control!
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Existence of optimal controls

We return to the OCP (44)—(46). The mapping u+— Su :=y(T) is linear and

continuous from L?(X) into L?(Q), and hence the reduced cost functional

fu) = J(Su,u) = /\Su yo|tdx + = //\u|2dsdt

Theorem 3

is proper, convex, l.s.c. ="~ OCP has a solution u € U,y . If A >0, it is unique.

The first-order necessary (and sufficient) optimality condition reads, owing to

Theorem 8:
(54)  fl@)(u—u) = (S*(Sa—ya),u(T)—a(T))rq) + (Adu—id)pry)
— ()_/(T) _yQ,y(T) _y(T))Lz(Q) + (;L IZ?M—IZ)Lz(Z) > 0
VueU,.

As always, we have to identify the adjoint operator §*!
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First-order necessary conditions

Put z:=y—y=Su—Siu. Then z solves
—Az=0inQ, dyz+az=Ppu—-a)onl, z(0)=0.

Now consider the adjoint equation with the adjoint state p,

—pi—Ap=0inQ, dyp+ap=0onT, p(T)=33T)—yo.

Clearly, p € W»(0,T), and we have:

T

—/(Pt(f)z< ))V*xvdH-//Vz Vpdxdt—i—//(xpzdsdt

dx+//VZ Vpdxdt+//apzdsdt

- /T (24(1), p(6))v v di — / (7(T) = 30) ((T) = F(T)) dx+ [ [ V2 Vpdsdr + [ apzdsatr.
0 Q )y
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First-order necessary conditions

Similarly,
T
0 = /(Z;(t) p(t ))V*det+//VZ Vpdxdt —I—//Oszdsdt

//pﬁ u—i)dsdt

— [((T) = y0) (4(T) ~5(T) ) dx = ! B plu—)dsd.

Q

We have thus shown:
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First-order necessary conditions

Theorem 16: Under the given assumptions, i € U, is optimal with associated
state y € W»(0,T) if and only if the unique solution p € W,(0,T) to the adjoint

state equation

—pr—Ap = 0 in O
dyp+ap = 0 onx
p(T) = ¥(T)—yo inQ

satisfies the variational inequality

/ / (Br,t) p(ot) + A a(x,0)) (u(x,t) — a(x,0)) ds(x)dt >0 ¥ u € Upg.
Y
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First-order necessary conditions

Remarks: 1.If A >0, we again obtain the projection formula

1
1(X,1) = Pl o) up (60)] {— 7 Bxt) plx.t) } :

2. Consider the optimal nonstationary heat source problem

(55)  minJ(y,u): 2//}yxt yzxt)’ ds(x)dt + — //|uxt|2dxdt,
subject to
vi—Ay = Pu in
(56) dyy = 0 onX
y0) = 0 in Q
and
(57) ug(x,t) <u(x,t) <up(x,t)  fora.e. (x,t) € Q.
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Nonstationary heat source problem

Again, we obtain the existence of an optimal pair (y,u) with y € W,(0,T), and

the first-order necessary optimality conditions read:

Adjoint equation:

—pr—Ay = 0 in Q
dyp = y—yr onk
p(T) = 0 in Q

Variational inequality:

//(ﬁp+?tﬁ)(u—ﬂ)dxdt >0 YueUy.
0

If A >0, again a projection formula can be derived.
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