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Magnetoquasistatic electrodynamic equations in moving media:
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Ohm's Law i = o(E+BxB),
B = uH,

Constraint divB = 0,
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Case Study: Magnetic Advection

Magnetoquasistatic electrodynamic equations in moving media:

unknown:
Faraday's Law curlE = —-oB, Electric Field E
Ampere's Law curlH = j, Mec ”(f[. 'E. Id H
Ohm'’s Law j = o(E+BxB), agnetic Field F
B — uH Magnetic Indgctlon B
Constraint dvB = 0, Current Density J
Given: velocity 3 and material parameter i, o

a) formulation for H:

curle™curlH = —guH + curl(8 x uH)

b) formulation for vector potential A (A = curl B):
curl p=tcurl A = —0dA + o8 x curl A

Second order operator and first order operator that is parametrized by velocity.
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Scalar Advection-Diffusion Problem
Given: (continuous) velocity field 3 : Q — RY on bounded domain Q c RY

B-gradu—div(sgradu) = f inQ.
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Scalar Advection-Diffusion Problem
Given: (continuous) velocity field 3 : Q — RY on bounded domain Q ¢ R¢

B-gradu—div(egradu) = f inQ.

advective term diffusive term

Recall: general 2nd-order boundary value problem

S(edw) = ¢ inQ.
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Scalar Advection-Diffusion Problem

Given: (continuous) velocity field 3 : Q — RY on bounded domain Q ¢ R¢
B-gradu—div(egradu) = f inQ.
) . Sobolev

advective term  diffusive term space

4
Recall: general 2nd-order boundary value problem in HA (d, Q)
-0 (ed = ¢ InQ.

0 = adjoint exterior derivative d = exterior derivative w = k-form

Oriented
k-formw € /\k(Q) < mapping w: k-dimensional — R
sub-manifolds c Q

In 3D: equivalent vector proxy formulation
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Lie Derivatives
LetX;: Q—Q = flowinduced by 8 = B(x):

O

X2 (%)

Special case d = 3, Lie derivatives:
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Lie Derivatives
LetX;: Q—Q = flowinduced by 8 = B(x):

O

(8- grad u)(x) = Su(X(x)) = lim,_o “C)=uX=-() X=X

T

Special case d = 3, Lie derivatives:

k =0: du(X;) = B-gradu,
k =1:
k=2
k=3

H. Heumann (LJAD, Uni Nice) Semi-Lagrangian Methods for Differential forms SL Workshop, Rome, Dec 2011 4/18



Lie Derivatives
LetX;: Q—Q = flowinduced by 8 = B(x): 4
(8- grad u)(x) = Su(X,(x)) = lim, _o W-UXetd - XorlX)

Special case d = 3, Lie derivatives:

k =0: du(X;) = B-gradu,
k =1:
k=2
k=3
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Generalized Advection-Diffusion Problem
Find w = w(t) € AY(Q), Q c RY, such that

(1) } {
wo or
P(t)

Ow+d(edw) + Lgw
w(0)
trw
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Generalized Advection-Diffusion Problem agjoint Lie
Derivative

Find w = w(t) € A(Q), Q c RY, such that

w(0) = wo
tro = ¥(t)

Special case d = 3:

Ow+d(edw)+Lgw = ot) } { Ow +d(edw) — Law
or

k =0: 6iu — div(sgrad u) + B-gradu

k = 1: diu +curl(ecurlu) 4+ curlu x 8+ grad(8 - u)
k =2: 6iu — grad(edivu) + Adivu + curl(u x 3)
k=3:0u + div(Bu)

[
—h —h —h —h

Special case d = 3, adjoint:

k =0: gu — div(egrad u) + div(Bu) =f,
k =1: gu+curl(ecurlu)+ Bdivu+curl{u x 8) =f,
k =2: 6iu — grad(edivu) +curlu x 3+ grad(8-u) =f,
k=30 + B -gradu =f.

w(0)
trw

e(t)
wo

o(t)

inQ,
in Q,
on 09
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MagnetoHydroDynamics
with constraint divu = 0

Special case d = 3, adjoint:
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Discrete Differential Forms
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Discrete Differential Forms
= finite elements for differential forms: AK(7) ¢ HA%(d, Q)
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Discrete Differential Forms ~ Simplicial mesh
= finite elements for differential forms: AK(7) ¢ HA%(d, Q)
» piecewise polynomials, locally supported basis functions wj
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Discrete Differential Forms  simplicial mesh

finite elements for differential forms:  AK(7) € HA¥(d, Q)

» piecewise polynomials, locally supported basis functions wj
» d.o.f. « integrals over ¢-facets (¢ > k) of 7
B nodal interpolation operators 1¥ : AX(Q) — AK(Q): |d ol = %o d
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» piecewise polynomials, locally supported basis functions wj
» d.o.f. « integrals over ¢-facets (¢ > k) of 7

B nodal interpolation operators 1¥ : AX(Q) — AK(Q): |d ol = %o d |

Examples: edge elements (Nédélec FE), face elements (Raviart-Thomas FE)

discrete 1-forms, 2D:
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vector proxies N N § s
RN
tangentially R SSCC—
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linear vectorfields

SL Workshop, Rome, Dec 2011 6/18

H. Heumann (LJAD, Uni Nice) Semi-Lagrangian Methods for Differential forms



Discrete Differential Forms ~ Simplicial mesh
finite elements for differential forms:  AK(7) € HA¥(d, Q)

» piecewise polynomials, locally supported basis functions wj
» d.o.f. « integrals over ¢-facets (¢ > k) of 7
B nodal interpolation operators I : AK(Q) — AK(Q):

|do|k:Ik+1od |

Examples: edge elements (Nédélec FE), face elements (Raviart-Thomas FE)

discrete 1-forms, 2D:

d.o.f. = edge integrals \s
. NN\
vector proxies AN s
R

tangentially NN e

continuous, p.w. BEEERREE NN

L B A ] 1 <~

linear vectorfields

Theorem:(d > k > 0) For r > 0 there are AK(7) C HAK(d,Q) that contain
only piecewise polynomials of degree s <r and:
||w - |kw|||_2/\k = O(hr+1) and || dw — Ik+1 dw|||_2/\k+1 = O(hr+l).
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Our Favourite SL-Scheme
Focus: A{(T) € HAX(d, Q) lowest order r =0
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Our Favourite SL-Scheme

Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:

Wi = IKXfTwﬂ*l + lecp(tn) for Ow+Lgw =p.
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Our Favourite SL-Scheme

Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:

Wit = 15X Wl =t 4 71k p(t™) for dw+Llgw=¢p.

canonical interpolation operator
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Our Favourite SL-Scheme

Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:

wh = Ikwlkcp(t”) for

canonical interpolation operator
Canonical degrees of freedom (d.o.f.) of AK(7):

set of dofs = {/ : A*(Q) — R, s is subsimplex of T} .

S
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Our Favourite SL-Scheme
Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:
n K n—-1 k n
wh:|WI o(t™) for Ow+Lgw =p.
canonical interpolation operator
Canonical degrees of freedom (d.o.f.) of AK(7):
set of dofs = {/ : A*(Q) — R, s is subsimplex of T} .

S

fs Xi_,_w = fX_T(s) w
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Our Favourite SL-Scheme

Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:

n

Wit = 15X Wl =t 4 71k p(t™) for dw+lgw=p.
canonical interpolation operator
Canonical degrees of freedom (d.o.f.) of AK(7):

set of dofs = {/ : A*(Q) — R, s is subsimplex of T} .

S

X* =
Advantages: Jo X w fx_T(s) w
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Our Favourite SL-Scheme

Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:

n

Wil = IRXE WPt 4 ik p(t™) for dw+lgw=p.
canonical interpolation operator
Canonical degrees of freedom (d.o.f.) of AK(7):

set of dofs = {/ : A*(Q) — R, s is subsimplex of T} .

S

X w=
Advantages: Jo X w fx_T(s) w
» preserves dwy, if ¢ = 0:
dof = dI*X* wp™ = IX* _duwp ™

ag
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Our Favourite SL-Scheme

Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:

n

Wil = IRXE WPt 4 ik p(t™) for dw+lgw=p.
canonical interpolation operator
Canonical degrees of freedom (d.o.f.) of AK(7):

set of dofs = {/ : A¥(Q) — R, s is subsimplex of T} :

S

X w=
Advantages: Jo X w fx_T(s) w
» preserves dwy, if ¢ = 0:
dol =dI*X* wp™t = 1kX*_dwp™;

» experiments show converges;

ag
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Numerical Experiment

ou + Bdivu + curl(u x 8) =0 in unitcircle, o
u(0) = (localized bump)? ‘

with 5_<L>. -
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Numerical Experiment

ou + Bdivu + curl(u x 8) =0 in unitcircle,
u(0) = (localized bump)?,

with 8= (_yx> .

Convergence
m — -
| —@— 7 =0.8h KA
| 7=0.2h ’
- —— O(h)
<] ]_Oo - ]
o u ]
N | ]
- | .
101 L& I -
102 101
h
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Numerical Experiment

ou+ Bdivu +curl(u x 8)=0

in unitcircle ,

u(0) = (localized bump)?,

with 8= (_yx> .

Convergence
o m——— .
| —&— 7 = 0.8h ]
I 7 =0.2h 10713
= —+— O(h) =
S o 1 =
© 100} .
5 o 1 5 10
N [ 1 =2
- | 1 ©
I | 10-15
101 L& I -
102 10—t
h
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Preservation of closedness

Semi-Lagrangian Methods for Differential forms
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Our Favourite SL-Scheme

Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:

n

Wil = IRXE WPt 4 ik p(t™) for dw+lgw=p.
canonical interpolation operator
Canonical degrees of freedom (d.o.f.) of AK(7):

set of dofs = {/ : A*(Q) — R, s is subsimplex of T} .

S

X* =
Advantages: Jo X w fx_T(s) w

» preserves dwp, i.e. if ¢ = 0:
dwd = dI*x: W™t = 1kxs_dwl ™

» converges,;

ag
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Our Favourite SL-Scheme
Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:

n

Wil = IRXE WPt 4 ik p(t™) for dw+lgw=p.
canonical interpolation operator
Canonical degrees of freedom (d.o.f.) of AK(7):

set of dofs = {/ : A¥(Q) — R, s is subsimplex of T} :

S

X w=
Advantages: Jo X w fx_T(s) w
» preserves dwp, i.e. if ¢ = 0:
dol =dI*X* wp™t = 1kX*_dwp™;

> converges;
Disadvantage:

ag
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Our Favourite SL-Scheme
Focus: A{(T) € HAX(d, Q) lowest order r =0
Interpolation-based semi-Lagrangian scheme:

n

Wil = IRXE WPt 4 ik p(t™) for dw+lgw=p.
canonical interpolation operator
Canonical degrees of freedom (d.o.f.) of AK(7):

set of dofs = {/ : A¥(Q) — R, s is subsimplex of T} :

S
Advantages: Js X = Jx_ 9@
» preserves dwp, i.e. if ¢ = 0:
dol =dI*X* wp™t = 1kX*_dwp™;
> converges;
Disadvantage:
» lack of L2 /L>-stability property,
X" wn]| < (1 +Cr)lwnll k >0,
hence no proof of convergence!

ag
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Advection-Diffusion: Convergence Theory
Find w = w(t) € A(Q), Q c RY, such that

Ow+d(edw)+Lgw = o(t) Ow+d(edw)—Logw = ¢(t) InQ,
w(0) = wo or w@) = wy INQ,
tro = P(t) trw = (t) onoQ.
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Advection-Diffusion: Convergence Theory
Find w = w(t) € A(Q), Q c RY, such that

Ow+d(edw)+Lgw = o(t) Ow+d(edw)—Logw = ¢(t) InQ,
w(0) = wo or w@) = wy INQ,
tro = P(t) trw = (t) onoQ.

Focus: ¢ <« 1, small diffusion!
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Advection-Diffusion: Convergence Theory
Find w = w(t) € A(Q), Q c RY, such that

Ow+d(edw)+Lgw = o(t) } { Ow+d(edw) — Law
w(0) = wg ¢ or w(0)
tro = P(t) trw

Focus: ¢ <« 1, small diffusion!

p(t) inQ,
wo in Q,
¥(t) on Q.

Known e-uniform error estimates (k = 0, scalar advection-diffusion):
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Advection-Diffusion: Convergence Theory
Find w = w(t) € A(Q), Q c RY, such that

Ow+d(edw)+Lgw = o(t) } { Ow+d(edw) — Law
w(0) = wg ¢ or w(0)
tro = P(t) trw

Focus: ¢ <« 1, small diffusion!

p(t) inQ,
wo in Q,
¥(t) on Q.

Semi-Lagrangian Methods:

error = O(r + 7 th'*1)
(Bause/Knabner, Wang/Wang)

Known e-uniform error estimates (k = 0, scalar advection-diffusion):
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Advection-Diffusion: Convergence Theory
Find w = w(t) € A(Q), Q c RY, such that

Ow+d(edw)+Lgw = o(t) Ow+d(edw)—Logw = ¢(t) InQ,
w(0) = wo or w@) = wy INQ,
tro = P(t) trw = (t) onoQ.

Focus: ¢ <« 1, small diffusion!

Known e-uniform error estimates (k = 0, scalar advection-diffusion):
Semi-Lagrangian Methods:

error = O(7 + 7 th'*1)
(Bause/Knabner, Wang/Wang)

unsatisfactory especially
ifr =0and T =0(h)
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Advection-Diffusion: Convergence Theory
Find w = w(t) € A(Q), Q c RY, such that

Ow+d(edw)+Lgw = o(t) Ow+d(edw)—Logw = ¢(t) InQ,
w(0) = wo or w@) = wy INQ,
trw = P(t) ¥(t) on Q.

Focus: ¢ <« 1, small diffusion!

trw

Known e-uniform error estimates (k = 0, scalar advection-diffusion):
Semi-Lagrangian Methods: Eulerian Methods:

error = O(7 + 7 *h"*1) error = O(r + h'*3)
(Bause/Knabner, Wang/Wang) (upwind DG, SUPG/SDFEM)

unsatisfactory especially
ifr =0and T =0(h)
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Advection-Diffusion: Convergence Theory
Find w = w(t) € A(Q), Q c RY, such that

Ow+d(edw)+Lgw = o(t) Ow+d(edw)—Logw = ¢(t) InQ,
w(0) = wo or w@) = wy INQ,
trw = P(t) ¥(t) on Q.

Focus: ¢ <« 1, small diffusion!

trw

Known e-uniform error estimates (k = 0, scalar advection-diffusion):
Semi-Lagrangian Methods: Eulerian Methods:

error = O(7 + 7 th"?1) error = O(r + h'*3)
(Bause/Knabner, Wang/Wang) (upwind DG, SUPG/SDFEM)

Outline Proof(Eulerian methods)

» stabilized discretization of stat.
problem;

» Ritz-Galerkin projector Ry;
» error recursion for Rpw(t") — wy.

unsatisfactory especially
ifr =0and T =0(h)
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Advection-Diffusion: Convergence Theory
Find w = w(t) € A(Q), Q c RY, such that

Ow+d(edw)+Lgw = o(t) Ow+d(edw)—Logw = ¢(t) InQ,
w(0) = wo or w@0) = wy INQ,
tro = P(t) trw = (t) onoQ.
Focus: ¢ < 1, small diffusion!
Known e-uniform error estimates (k = 0, scalar advection-diffusion):
Semi-Lagrangian Methods: Eulerian Methods:
error = O(7 + Tﬁlh“l) error = O(T + hr+%)
(Bause/Knabner, Wang/Wang) (upwind DG, SUPG/SDFEM)

Outline Proof(Eulerian methods)

» stabilized discretization of stat.
problem;

» Ritz-Galerkin projector Ry;
» error recursion for Rpw(t") — wy.

Can we use a similar argument for SL-methods?
» yes, at least for SL-Methods based on L2-projection.
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Pure Advection |
Non-stationary advection: Find w = w(t) € A(Q), Q ¢ RY, such that

Ow+lgw = ¢ InQ,
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Pure Advection |
Non-stationary advection: Find w = w(t) € A(Q), Q ¢ RY, such that

Ow+lgw = ¢ InQ,
has formal solution:
W(t") = XE w(t" 1)+ firs X _ip(7)dr
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Pure Advection |
Non-stationary advection: Find w = w(t) € A(Q), Q ¢ RY, such that

Ow+lgw = ¢ InQ,
has formal solution: discretization (w € AK(T)):
W) = X (" )+ firs X p(7)dr @l = PRXE Wl Py fi XEp(7)dr
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Pure Advection |
Non-stationary advection: Find w = w(t) € A(Q), Q ¢ RY, such that

Ow+lgw = ¢ InQ,
has formal solution: discretization (w € AK(T)):
W(t") = X (" )+ firs X p(7)dr @l = PRXE Wl Py fi X (7)dr
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Pure Advection |
Non-stationary advection: Find w = w(t) € AK(Q), Q c RY, such that

Ow+lgw = ¢ InQ,
has formal solution: discretization (w € AK(T)):
W(t") = X Wt D)+ [ X ()T Wl = PhX ol T 4 Ph [ XE_p(T)dT

Theorem:(Johnson) Standard analysis (P}, is L?-projection):

max [lw(t") — || < C772 max [|w(t") — Prw(t")|| = O(+ zh™1).
OSnSNHw() Wil < Cr ogngN”“’() h ()] (r )

. PhX* _wn can be computed exactly,
Assumptions:
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Pure Advection |
Non-stationary advection: Find w = w(t) € AK(Q), Q c RY, such that

Ow+lgw = ¢ InQ,
has formal solution: discretization (w € AK(T)):
W(t") = X Wt D)+ [ X ()T Wl = PhX ol T 4 Ph [ XE_p(T)dT

Theorem:(Johnson) Standard analysis (P}, is L?-projection):

(M) = [Jw(t") — wi]® = w(t") — Pho ()] + [|Paw(t") — wi||?

max [lw(t") — || < C772 max [w(t") — Prw(t")|| = O(+ zh™1).
OSnSNHw() wh| < Cr ogngN”“’() h ()] (r )

. PhX* _wn can be computed exactly,
Assumptions:
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Pure Advection |
Non-stationary advection: Find w = w(t) € A(Q), Q ¢ RY, such that

Ow+lgw = ¢ InQ,
has formal solution: discretization (w € AK(T)):
W(t") = X Wt D)+ [ X ()T Wl = PhX ol T 4 Ph [ XE_p(T)dT

Theorem:(Johnson) Standard analysis (P}, is L?-projection):
(")) = Jlw(t™) — wRll* = (") = Prw(t")]* + [Pre(t”) — wfl1®

2
< Jo(t”) = Preo(t) + X7t ) = X7 Y|

max [lw(t") — || < C772 max [|w(t") — Prw(t")|| = O(+ zh™1).
OSnSNHw() Wil < Cr ogngN”“’() h ()] (r )

. PhX* _wn can be computed exactly,
Assumptions:
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Pure Advection |
Non-stationary advection: Find w = w(t) € A(Q), Q ¢ RY, such that

Ow+lgw = ¢ InQ,
has formal solution: discretization (w € AK(T)):
W(t") = X2 (1) + oy X (T)dr @l = PaXE Wl Py oy X2 p(r)dr

Theorem:(Johnson) Standard analysis (P}, is L?-projection):

() = w(t") = wf” = [w(t) = Pro(t)|* + [[Preo(t”) — |

< Jelt) ~ PrE)P [ o) - X

< w(t") = Prwo(t™)? + (1 + C) [
(

max [w(t") — wfl|| < Cr 2 _max Hw t") — Phw(t")]| = O(r~zh™*1).
0<n<N

. { PnX* wh can be computed exactly,
Assumptions:
X0 < (2 +Cr) o]
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Pure Advection |
Non-stationary advection: Find w = w(t) € A(Q), Q ¢ RY, such that

Ow+lgw = ¢ InQ,
has formal solution: discretization (w € AK(T)):
W(t") = X2 (1) + oy X (T)dr @l = PaXE Wl Py oy X2 p(r)dr

Theorem:(Johnson) Standard analysis (P}, is L?-projection):

[ = [Jwt") — wi® = o) — Pho ()] + [|Paw(t") — wi||?

2
< Je(t") = Preo(t) ) + X2, w(t" ) = X wp Y

Gronwall
=

)
)

< () = Pr(t)P + (1 + C7) |72
(

max [w(t") — wfl|| < Cr 2 _max Hw t") — Phw(t")]| = O(r~zh™*1).

. { PnX* wh can be computed exactly,
Assumptions:
X0 < (2 +Cr) o]
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Pure Advection |
Non-stationary advection: Find w = w(t) € A(Q), Q ¢ RY, such that

Ow+lgw = ¢ InQ,
has formal solution: discretization (w € AK(T)):
W(t") = X2 (1) + oy X (T)dr @l = PaXE Wl Py oy X2 p(r)dr

Theorem:(Johnson) Standard analysis (P}, is L?-projection):

[ = [Jwt") — wi® = o) — Pho ()] + [|Paw(t") — wi||?

2
< Je(t") = Preo(t) ) + X2, w(t" ) = X wp Y

Gronwall
=

)
)

< () = Pr(t)P + (1 + C7) |72
(

max [w(t") — wfl|| < Cr 2 _max Hw t") — Phw(t")]| = O(r~zh™*1).

. PnX* wh can be computed exactly,
Assumptions:
[|X* wH (1+Cr)|w|?. «— w has compact sup.
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Pure Advection Il

Numerical Experiment: k = 0, scalar advection, monitor L?-error
rotating bump on unit-circle, 3 = (—y, x), smooth initial data, 7 = 28h

N
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Pure Advection Il

Numerical Experiment: k = 0, scalar advection, monitor L?-error
rotating bump on unit-circle, 3 = (—y, x), smooth initial data, 7 = 28h

N

continuous finite elements
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Pure Advection Il

Numerical Experiment: k = 0, scalar advection, monitor L?-error

rotating bump on unit-circle, 3 = (—y, x), smooth initial data, 7 =

continuous finite elements

100

10-8

10—12

r=0
r =
r=2 |
r=3
r=4
[e) (hl,2,3,4,5)
L L]
100

discontinuous finite elements
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Pure Advection Il
Numerical Experiment: k = 0, scalar advection, monitor L?-error

rotating bump on unit-circle, 8 = (—y, x), smooth initial data, = = %2h
TTTTT] BEEE T 100 T —_ —_
1072 | .
1074 | .
105 | -
r=3 s
f—2 10-8 | |
1078 | :
O(h2,3,4,5)
I O(h%'%'%) O(h1:2:3:4.5)
10712 - |
10—11 L1 — N Ll LTI R
1072 10 10° 10-2 10-1 100
continuous finite elements discontinuous finite elements

Super-convergence O(h'+1)(vs. O(h‘%h”rl)) except for cont. elements, r even.
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Pure Advection Il
Numerical Experiment: k = 0, scalar advection, monitor L?-error

rotating bump on unit-circle, 8 = (—y, x), smooth initial data, = = %2h
TTTTT] BEEE T 100 T —_ —_
1072 | .
1074 | .
105 | -
r=3 s
f—2 10-8 | |
1078 | :
O(h2,3,4,5)
I O(h%'%'%) O(h1:2:3:4.5)
10712 - |
10—11 L1 — N Ll LTI R
1072 10 10° 10-2 10-1 100
continuous finite elements discontinuous finite elements

Super-convergence O(h'+1)(vs. O(h‘%h”rl)) except for cont. elements, r even.

Computation (approximation) of PhX*,Tw,?*1 is the essence of SL-schemes!
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Fully Discrete SL-Methods

Approximation of PpX*  wp~t:

(@hm)g = (Xrwh™hm) +-.. Vin € AS(T)
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Fully Discrete SL-Methods

Approximation of PpX*  wp~t:

(@hm)g = (Xrwh™hm) +-.. Vin € AS(T)

» FEM-Quadrature on 7:
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Fully Discrete SL-Methods

Numerical Experiment: Pure advection (k = 1, d = 2) and quadrature

(X* wn, mn), & Z (X" wn.mh)7 ,  wh € AR(T), lowest order .
Ter
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Fully Discrete SL-Methods

Numerical Experiment: Pure advection (k = 1, d = 2) and quadrature

(X* wn, mn), & Z (X" wn.mh)7 ,  wh € AR(T), lowest order .

TeT
T T TT —TT
100 || —@— quad. order 2 R
| | —— quad. order 3 1 i
® 3 I |
P S
£
£ - i
| e
£ 10t} il
3 - . ]
|
I |
102 10-1

h
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Fully Discrete SL-Methods

Numerical Experiment: Pure advection (k = 1, d = 2) and quadrature

(X* wn, mn), & Z (X" wn.mh)7 ,  wh € AR(T), lowest order .

TeT
LT T7 T
100 || —@— quad. order 2 R
| | —— quad. order 3 1 i
® 3 I |
P S
£
-3‘: B i
| e
£ 10t} il
3 i ) i
I |
No convergence, why? ] 1
102 10-1

h
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Fully Discrete SL-Methods

Approximation of PpX*  wp~t:

(@hm)g = (Xrwh™hm) +-.. Vin € AS(T)

» FEM-Quadrature on 7:
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Fully Discrete SL-Methods

Approximation of PpX*  wp~t:

(@hm)g = (Xrwh™hm) +-.. Vin € AS(T)

» FEM-Quadrature on 7 fails;
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Fully Discrete SL-Methods
Approximation of PpX* wp~t:

(wh>7h)g = (Xirwﬂflmh)ﬂ +..., Vi € N(T)

» FEM-Quadrature on 7 fails;

\

A
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Fully Discrete SL-Methods
Approximation of PpX* wp~t:

(wh>7h)g = (Xirwﬂflmh)ﬂ +..., Vi € N(T)

» FEM-Quadrature on 7 fails;
» exact projection: unfeasible;

\

A
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Fully Discrete SL-Methods
Approximation of PpX* wp~t:

(wh>7h)g = (X*ﬁrwﬂ*lmh)ﬂ +..., Vi € N(T)

» FEM-Quadrature on 7 fails;
» exact projection: unfeasible;
N » approximate flow X, (x) :
A X (x) = 30 Xridi (%) € (Pmy (7)),
N ‘F\ with || X, (&) — X.i|| = O(™)
\q
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Fully Discrete SL-Methods

Approximation of PpX* _w
(wh>7h)g = (Xirwﬂflmh)ﬂ +..., Vi € N(T)

\

A

H. Heumann (LJAD, Uni Nice)

n_i. finite element

(FE) function

» FEM-Quadrature on7: fails;

X-(x) := 3 Xrihi(x) € (Pmy (7)),
with || X, (&) — X.i|| = O(™)

Semi-Lagrangian Methods for Differential forms SL Workshop, Rome, Dec 2011
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Fully Discrete SL-Methods

Approximation of PpX* wp~t: ?EI'Et)e filr?gt-]i(e;t

(oo = (Xwh ™)+ Vi € AS(T)

» FEM-Quadrature on7: fails;
» exact projection-unfeasible;  approx. flow
N » approximat _T(X) : of FE-d.o.f.s
A X (x) = 35 Xri A (%) € (Pm, (7))
\ \F\ with ||X-,—(ai) — )_(T,i H =0O(r™)
\‘
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Fully Discrete SL-Methods

Approximation of PpX* wp~t: ?EI'Et)e filﬁg?i(e)?lt

(oo = (Xwh ™)+ Vi € AS(T)

» FEM-Quadrature on7: fails;

» exact projection-unfeasible;  approx. flow
v (x) : of FE-d.o.f.s

X, (x) == 30, X i X (X) € (Pmy (7)),
with || X, (&) — X.i|| = O(™)
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Fully Discrete SL-Methods

Approximation of PpX*  wp~t: ?Fn g()a filr?;]ii?lt

(Wil mn)g = (X*ﬁTwﬂfl,nh)Q +..., Vmpe€ /\E(T)

» FEM-Quadrature on7: fails;

» exact projectionunfeasible;  approx. flow
of FE-d.o.f.s

X, (x) == 30, X i X (X) € (Pmy (7)),
with || X, (&) — X..i|| = O(™)

= | X*,Tw — XierLZ/\k < C(hmlT + Tmz) ”"‘JHHll\k
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Fully Discrete SL-Methods

n—1.

finite element

Approximation of P X* _wy ™ (FE) function

(Wil mn)g = (X*ﬁTwﬂfl,nh)Q +..., Vmpe€ /\E(T)

=

» FEM-Quadrature on7: fails;

» exact projectionunfeasible;  approx. flow
» approximat _T(X) : of FE-d.o.f.s
N X (x) = 35 Xri X (%) € (Pm, (7))
with || X, (&) — X..i|| = O(™)

X*,T"‘J - >_(t7'w||L2/\k < C(hmlT + Tmz) ”"‘JHHll\k

Pure Advection: Standard analysis & perturbations:

= max [w(t") — Wl = O(r FNTE 4+ ™ 7
n
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Advection-Diffusion |

Goal: error = O(7 + 7~ zh'*1)
Johnson argument does not apply to the case of advection-diffusion!
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Advection-Diffusion |

Goal: error = O(7 + 7~ zh'*1)

Johnson argument does not apply to the case of advection-diffusion!
Compare:

Semi-Lagrange:
1 * -1
- (wﬂ — X" wp ,n)ﬂ ,
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Advection-Diffusion |

Goal: error = O(7 + 7~ zh'*1)

Johnson argument does not apply to the case of advection-diffusion!
Compare:

Semi-Lagrange: Explicit Euler:

1 (wﬂ —X*_Twﬂ_l,n)ﬂ, 1 (wﬂ —wﬂ_l,n)ﬂ —I—a(wﬂ_l,n).
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Advection-Diffusion |

Goal: error = O(7 + 7~ zh'*1)

Johnson argument does not apply to the case of advection-diffusion!
Compare:

Semi-Lagrange: Explicit Euler:

1 (wﬂ —X*_Twﬂ_l,n)ﬂ, 1 (wﬂ —wﬂ_l,n)ﬂ —I—a(wﬂ_l,n).

advection
bilinear form
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Advection-Diffusion |

Goal: error = O(7 + 7~ zh'*1)

Johnson argument does not apply to the case of advection-diffusion!
Compare:

Semi-Lagrange:

Explicit Euler:
1 (wﬂ —X*_Twﬂ_l,n)ﬂ, 1 (wﬂ —wﬂ_l,n)ﬂ —I—a(wﬂ_l,n).
; -1 . advection
But with w1 € AL (T): bilinear form
1/, 1 1
4 Xt -1 ) __(n_ n—1 ) _(nfl_x* n—1 )
. (wh W M 0 7 Wh — Wy 1M Q—|—T wy, LWy M 0
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Advection-Diffusion |

Goal: error = O(7 + 7~ zh'*1)

Johnson argument does not apply to the case of advection-diffusion!
Compare:

Semi-Lagrange: Explicit Euler:
1 (wﬂ —X*_Twﬂ_l,n)ﬂ, 1 (wﬂ —wﬂ_l,n)ﬂ —I—a(wﬂ_l,n).
But with %, € A(T): advection

bilinear form

1/ . 1
- _ x* n—1 ) ——
T (wh 7‘rwh > 1 Q .

(b —wptm)+ o™ =X e i)
N \\ \\ — a(wﬂ‘l,n)for7—>0
NN
NN

- O(r)
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Advection-Diffusion |

Goal:

error = O(7 + 7~ zh'*1)

Johnson argument does not apply to the case of advection-diffusion!

Compare:
Semi-Lagrange: Explicit Euler:
1 (wﬂ —X*_Twﬂ_l,n>ﬂ, 1 (wﬂ —wﬂ_l,n)ﬂ —I—a(wﬂ_l,n).
But with %, € A(T): advection
h T n(7) bilinear form

1
n * n—1
= (wh =X wy,

m),

1/, n—1 ) n—1 —1
- o - o x* n )
. (wh Wy .M 0 + - Wy, LWy M 0

I

N

N
— a (wﬂ_l, n) forr— 0

NORN

AN

For small = Semi-Lagrange is close to

QRN

AN

explicit Euler, and error = O(7 + hr+%)
for explicit Euler!
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Advection-Diffusion Il
Main tool is analysis of characteristic methods for stationary advection:

1 1.,
aT(wh)T]h) = ; (whvnh)Q - ; (Xf-rwhvlr]h)g = |(7]h) ;
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Advection-Diffusion Il
Main tool is analysis of characteristic methods for stationary advection:

l 1 * I
(wh,mn)g — — (X, wn,m) g =1(m), 7 artificial

ar(wh,mn) = p
parameter
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Advection-Diffusion Il
Main tool is analysis of characteristic methods for stationary advection:

1 1,0, .
ar(wh,mn) == - (wWhyh)q — - (X wn,mn) g = () T artificial

) arameter
in some mesh and r-dependent norm: P

7—0

2 2 2 2
||w||h,7 : ||w|||_2/\k + ||w Xt ‘JJHLz/\k - ||°J||DG 2 ||w|||_2Ak :
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Advection-Diffusion Il
Main tool is analysis of characteristic methods for stationary advection:

1 1. o
ar(wn,mn) = - (wh,7h)g — = (X wn,mn) g = () T artificial
. parameter
in some mesh and r-dependent norm:

7—0

1 2
2 2 2
lwllz ;= llwllf2p +o- ||w - X wllow = wllse = lwlltea -

characteristic methods for stationary advection:
e 2
stability: Callmlls- < ar(m,m),
. . _1
continuity: ar(w,mn) < Cot 2 [|wlliope Il -
consistency:  [a-(w,nn) — (Lgw,m)al < Ca7 [|lwllyopc [7nll2nx

convergence: |w—wnlly, <C (hr+1f% + 7') [wilir1ax() »

if 2 (w,w)q — 5= (X w,X* w),, positive
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Advection-Diffusion Il
Main tool is analysis of characteristic methods for stationary advection:

1 1. .
ar(wh,mn) = - (wh,mh)q — = (X wn,mn) g = () T artificial
) parameter
in some mesh and r-dependent norm:
1 2 -0
2 * 2 2
lwllf = llo 1z + o lo =Xl = Ilwllpe = el -
characteristic methods for stationary advection: €.g. k=0:
. 2 divg >0
stability: Callmllh, < ar(mm,mn),
. . _1
continuity: ar(w,mn) < Cor 2 [[wl| zp (70 ln - /4

consistency: [, (w, ) — (Lpw,m)al < Car [wlluene

convergence: lw—whll,, <C (h’“T*% + 7 Vllwllpracq) »

if % (w,w)g — % (X*—TW7X*—TW)Q positive = Lg + Lp positive.

H. Heumann (LJAD, Uni Nice) Semi-Lagrangian Methods for Differential forms SL Workshop, Rome, Dec 2011 17/18



Advection-Diffusion Il
Main tool is analysis of characteristic methods for stationary advection:

1 1. .
ar(wh,mn) = - (wh,mh)q — = (X wn,mn) g = () T artificial
) parameter
in some mesh and r-dependent norm:
1 2 -0
2 * 2 2
lwllf = llo 1z + o lo =Xl = Ilwllpe = el -
characteristic methods for stationary advection: €.g. k=0:
i 2 divg >0
stability: Callmllh, < ar(mm,mn),
. . _1
continuity: ar(w,mn) < Cor 2 [[wl| zp (70 ln - /4

consistency:  |a,(w,mn) — (Lg w,m)al < Cat |[w|lonx |70,z
convergence: lw —wnll, . <C (hr+1T7% g

if % (w,w)g — % (X*—Tw7x*—7'w)ﬂ positive = Lg + Lp positive.

Ritz-Galerkin projector with respect to characteristic methods yields,

SL for advection-diffusion of k-forms k > 0: error = (h“rlr‘i + 7')
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Summary and Conclusions

Summary:
» Lagrangian timestepping schemes for differential forms;
» Analysis of fully discrete SL-schemes;
» Proof of uniform convergence for advection-diffusion;

Outlook:

» Analysis of interpolation based Semi-Lagrangian schemes;
» Constraint preserving schemes for hyperbolic problems;
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