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curlσ−1 curl H = −∂tµH + curl(β × µH)

b) formulation for vector potential A (A = curl B):

curlµ−1 curl A = −σ∂tA + σβ × curl A

Second order operator and first order operator that is parametrized by velocity.
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Scalar Advection-Diffusion Problem
Given: (continuous) velocity field β : Ω 7→ R

d on bounded domain Ω ⊂ R
d

β · grad u−div(εgrad u) = f in Ω .
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β · grad u−

diffusive term

div(εgrad u) = f in Ω .

Recall: general 2nd-order boundary value problem in HΛk (d,Ω)
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δ =̂ adjoint exterior derivative d =̂ exterior derivative ω =̂ k -form

k -form ω ∈ Λk (Ω) =̂ mapping ω :
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In 3D: equivalent vector proxy formulation

k = 0 : − div(εgrad u) = f → diffusion
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Sobolev
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Lie Derivatives
Let Xt : Ω→ Ω =̂ flow induced by β = β(x):

Special case d = 3, Lie derivatives:

x
X−τ (x)
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Generalized Advection-Diffusion Problem
Find ω = ω(t) ∈ Λk (Ω), Ω ⊂ R

d , such that

∂tω + δ(ε dω) + Lβ ω = ϕ(t)
ω(0) = ω0

trω = ψ(t)






or
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ω(0) = ω0 in Ω ,
trω = ψ(t) on ∂Ω .

Special case d = 3:

k = 0: ∂t u − div(εgrad u) + β · grad u = f ,
k = 1: ∂t u + curl(ε curl u) + curl u× β + grad(β · u) = f , important in MHD
k = 2: ∂t u− grad(ε div u) + β div u + curl(u× β) = f ,
k = 3: ∂t u + div(βu) = f .

Special case d = 3, adjoint:

k = 0: ∂t u − div(εgrad u) + div(βu) = f ,
k = 1: ∂t u + curl(ε curl u) + β div u + curl(u× β) = f , important in MHD
k = 2: ∂t u− grad(ε div u) + curl u× β + grad(β · u) = f ,
k = 3: ∂t u + β · grad u = f .

adjoint Lie
Derivative

MagnetoHydroDynamics
with constraint div u = 0

H. Heumann (LJAD, Uni Nice) Semi-Lagrangian Methods for Differential forms SL Workshop, Rome, Dec 2011 5 / 18



Discrete Differential Forms

H. Heumann (LJAD, Uni Nice) Semi-Lagrangian Methods for Differential forms SL Workshop, Rome, Dec 2011 6 / 18



Discrete Differential Forms
= finite elements for differential forms: Λk

h(T ) ⊂ HΛk (d,Ω)
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discrete 1-forms, 2D: �

d.o.f. = edge integrals

vector proxies
l

tangentially
continuous, p.w.

linear vectorfields

Theorem:(d > k > 0) For r ≥ 0 there are Λk
h(T ) ⊂ HΛk (d,Ω) that contain

only piecewise polynomials of degree s ≤ r and:

‖ω − Ikω‖L2Λk = O(hr+1) and ‖ dω − Ik+1 dω‖L2Λk+1 = O(hr+1) .
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Our Favourite SL-Scheme
Focus: Λk

h(T ) ⊂ HΛk (d,Ω) lowest order r = 0
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Numerical Experiment

∂tu + β div u + curl(u× β) = 0 in unitcircle ,

u(0) = (localized bump)2 ,

with β =

(
y
−x

)

.
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h, i.e. if φ = 0:
dωn

h = d Ik X∗
−τ
ωn−1

h = Ik X∗
−τ

dωn−1
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◮ converges;

Disadvantage:
◮ lack of L2/L∞-stability property,
‖Ik X∗

−τ
ωh‖ ≤ (1 + Cτ)‖ωh‖ k > 0,

hence no proof of convergence!
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Advection-Diffusion: Convergence Theory
Find ω = ω(t) ∈ Λk (Ω), Ω ⊂ R

d , such that

∂tω + δ(ε dω) + Lβ ω = ϕ(t)
ω(0) = ω0

trω = ψ(t)






or







∂tω + δ(ε dω)− Lβω = ϕ(t) in Ω ,
ω(0) = ω0 in Ω ,
trω = ψ(t) on ∂Ω .
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error = O(τ + hr+ 1
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(upwind DG, SUPG/SDFEM)

unsatisfactory especially
if r = 0 and τ = O(h)
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Eulerian Methods:

error = O(τ + hr+ 1
2 )

(upwind DG, SUPG/SDFEM)

unsatisfactory especially
if r = 0 and τ = O(h)

Outline Proof(Eulerian methods)
◮ stabilized discretization of stat.

problem;
◮ Ritz-Galerkin projector Rh;
◮ error recursion for Rhω(tn)− ωn

h .
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Focus: ε≪ 1, small diffusion!

Known ε-uniform error estimates (k = 0, scalar advection-diffusion):
Semi-Lagrangian Methods:

error = O(τ + τ−1hr+1)
(Bause/Knabner, Wang/Wang)

Eulerian Methods:

error = O(τ + hr+ 1
2 )

(upwind DG, SUPG/SDFEM)

unsatisfactory especially
if r = 0 and τ = O(h)

Outline Proof(Eulerian methods)
◮ stabilized discretization of stat.

problem;
◮ Ritz-Galerkin projector Rh;
◮ error recursion for Rhω(tn)− ωn

h .
Can we use a similar argument for SL-methods?

◮ yes, at least for SL-Methods based on L2-projection.
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Pure Advection I
Non-stationary advection: Find ω = ω(t) ∈ Λk (Ω), Ω ⊂ R

d , such that

∂tω + Lβ ω = ϕ in Ω ,
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Pure Advection I
Non-stationary advection: Find ω = ω(t) ∈ Λk (Ω), Ω ⊂ R

d , such that

∂tω + Lβ ω = ϕ in Ω ,

has formal solution:

ω(tn) = X∗
−τ
ω(tn−1)+

∫ tn

tn−1 X∗
τ−tnϕ(τ)dτ
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τ−tnϕ(τ)dτ ωn

h = PhX∗
−τ
ωn−1

h +Ph
∫ tn

tn−1 X∗
τ−tnϕ(τ)dτ .

Theorem:(Johnson) Standard analysis (Ph is L2-projection):

max
0≤n≤N

‖ω(tn)− ωn
h‖ ≤ Cτ−

1
2 max

0≤n≤N
‖ω(tn)− Phω(tn)‖ = O(τ−

1
2 hr+1) .

Assumptions:
{

PhX∗
−τ
ωh can be computed exactly,
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has formal solution: discretization ( ωn
h ∈ Λk

h(T )):

ω(tn) = X∗
−τ
ω(tn−1)+

∫ tn

tn−1 X∗
τ−tnϕ(τ)dτ ωn

h = PhX∗
−τ
ωn−1

h +Ph
∫ tn

tn−1 X∗
τ−tnϕ(τ)dτ .

Theorem:(Johnson) Standard analysis (Ph is L2-projection):

‖η(tn)‖
2

:= ‖ω(tn)− ωn
h‖

2
= ‖ω(tn)− Phω(tn)‖

2
+ ‖Phω(tn)− ωn

h‖
2

≤‖ω(tn)− Phω(tn)‖
2
+

∥
∥
∥X∗

−τ
ω(tn−1)− X∗

−τ
ωn−1

h

∥
∥
∥

2

max
0≤n≤N

‖ω(tn)− ωn
h‖ ≤ Cτ−

1
2 max

0≤n≤N
‖ω(tn)− Phω(tn)‖ = O(τ−

1
2 hr+1) .

Assumptions:
{

PhX∗
−τ
ωh can be computed exactly,
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1
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Pure Advection II
Numerical Experiment: k = 0, scalar advection, monitor L2-error
rotating bump on unit-circle, β = (−y , x), smooth initial data, τ = 0.8√

2
h
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Pure Advection II
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rotating bump on unit-circle, β = (−y , x), smooth initial data, τ = 0.8√
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Pure Advection II
Numerical Experiment: k = 0, scalar advection, monitor L2-error
rotating bump on unit-circle, β = (−y , x), smooth initial data, τ = 0.8√
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discontinuous finite elements

Super-convergence O(hr+1)(vs. O(h− 1
2 hr+1)) except for cont. elements, r even.
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Pure Advection II
Numerical Experiment: k = 0, scalar advection, monitor L2-error
rotating bump on unit-circle, β = (−y , x), smooth initial data, τ = 0.8√

2
h

10−2 10−1 100
10−11

10−8

10−5

10−2

r = 1
r = 2
r = 3
r = 4

O(h2,3,4,5)

O(h
5
2 ,

7
2 ,

9
2 )

continuous finite elements
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r = 0
r = 1
r = 2
r = 3
r = 4

O(h1,2,3,4,5)

discontinuous finite elements

Super-convergence O(hr+1)(vs. O(h− 1
2 hr+1)) except for cont. elements, r even.

Computation (approximation) of PhX∗
−τ
ωn−1

h is the essence of SL-schemes!
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Fully Discrete SL-Methods
Approximation of PhX∗

−τ
ωn−1

h :

(ωn
h , ηh)Ω =

(

X∗
−τ
ωn−1

h , ηh

)

Ω
+ . . . , ∀ηh ∈ Λk

h(T )
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Fully Discrete SL-Methods
Approximation of PhX∗

−τ
ωn−1

h :

(ωn
h , ηh)Ω =

(

X∗
−τ
ωn−1

h , ηh

)

Ω
+ . . . , ∀ηh ∈ Λk

h(T )

◮ FEM-Quadrature on T :
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Fully Discrete SL-Methods
Numerical Experiment: Pure advection (k = 1, d = 2) and quadrature

(
X∗
−τ
ωh, ηh

)

Ω
≈

∑

T∈T

(
X∗
−τ
ωh, ηh

)

T ,h ωh ∈ Λ1
h(T ), lowest order .
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ωh, ηh

)

Ω
≈

∑

T∈T

(
X∗
−τ
ωh, ηh

)

T ,h ωh ∈ Λ1
h(T ), lowest order .

No convergence, why?
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Fully Discrete SL-Methods
Approximation of PhX∗

−τ
ωn−1

h :

(ωn
h , ηh)Ω =

(

X∗
−τ
ωn−1

h , ηh

)

Ω
+ . . . , ∀ηh ∈ Λk

h(T )

◮ FEM-Quadrature on T :
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Fully Discrete SL-Methods
Approximation of PhX∗

−τ
ωn−1
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(ωn
h , ηh)Ω =

(

X∗
−τ
ωn−1

h , ηh

)

Ω
+ . . . , ∀ηh ∈ Λk

h(T )

◮ FEM-Quadrature on T : fails;
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Fully Discrete SL-Methods
Approximation of PhX∗

−τ
ωn−1

h :

(ωn
h , ηh)Ω =

(

X∗
−τ
ωn−1

h , ηh

)

Ω
+ . . . , ∀ηh ∈ Λk

h(T )

◮ FEM-Quadrature on T : fails;
◮ exact projection: unfeasible;
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Fully Discrete SL-Methods
Approximation of PhX∗

−τ
ωn−1

h :

(ωn
h , ηh)Ω =

(

X∗
−τ
ωn−1

h , ηh

)

Ω
+ . . . , ∀ηh ∈ Λk

h(T )

◮ FEM-Quadrature on T : fails;
◮ exact projection: unfeasible;
◮ approximate flow X̄τ (x) :

X̄τ (x) :=
∑

i X̄τ,iλi (x) ∈ (Pm1(T ))
d ,

with
∥
∥Xτ (ai )− X̄τ,i

∥
∥ = O(τm2 )
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d ,

with
∥
∥Xτ (ai )− X̄τ,i

∥
∥ = O(τm2 )

⇒
∥
∥X∗

−τ
ω − X̄∗

−τ
ω
∥
∥

L2Λk ≤ C(hm1τ + τm2) ‖ω‖H1Λk

finite element
(FE) function

approx. flow
of FE-d.o.f.s
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Fully Discrete SL-Methods
Approximation of PhX∗
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d ,
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∥
∥ = O(τm2 )

⇒
∥
∥X∗

−τ
ω − X̄∗

−τ
ω
∥
∥

L2Λk ≤ C(hm1τ + τm2) ‖ω‖H1Λk

Pure Advection: Standard analysis & perturbations:

⇒max
n
‖ω(tn)− ωn

h‖L2Λk = O(τ−
1
2 hr+1 + hm1 + τm2−1)

finite element
(FE) function

approx. flow
of FE-d.o.f.s
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Advection-Diffusion I
Goal: error = O(τ + τ−

1
2 hr+1)

Johnson argument does not apply to the case of advection-diffusion!

H. Heumann (LJAD, Uni Nice) Semi-Lagrangian Methods for Differential forms SL Workshop, Rome, Dec 2011 16 / 18



Advection-Diffusion I
Goal: error = O(τ + τ−

1
2 hr+1)

Johnson argument does not apply to the case of advection-diffusion!

Compare:

Semi-Lagrange:
1
τ

(

ωn
h − X∗

−τ
ωn−1

h , η
)

Ω
,
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Advection-Diffusion I
Goal: error = O(τ + τ−

1
2 hr+1)

Johnson argument does not apply to the case of advection-diffusion!

Compare:

Semi-Lagrange: Explicit Euler:
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Ω
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h , η

)

Ω
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)
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=
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Advection-Diffusion II
Main tool is analysis of characteristic methods for stationary advection:

aτ (ωh, ηh) :=
1
τ

(ωh, ηh)Ω −
1
τ

(
X∗
−τ
ωh, ηh

)

Ω
= l (ηh) ,
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Ritz-Galerkin projector with respect to characteristic methods yields,

SL for advection-diffusion of k -forms k > 0: error =
(

hr+1τ−
1
2 + τ

)
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e.g. k = 0:
div β > 0
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Summary and Conclusions

Summary:
◮ Lagrangian timestepping schemes for differential forms;
◮ Analysis of fully discrete SL-schemes;
◮ Proof of uniform convergence for advection-diffusion;

Outlook:
◮ Analysis of interpolation based Semi-Lagrangian schemes;
◮ Constraint preserving schemes for hyperbolic problems;
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