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_____ Outline |
Outline

o Introduction to optimal control and Hamilton-Jacobi equations

Examples and problem set-up

@ Existence of solutions

@ Necessary conditions

@ Dynamic Programming

@ Solutions to Hamilton-Jacobi equations
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Outline

@ Introduction to optimal control and Hamilton-Jacobi equations

@ Examples and problem set-up
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introduction
action functional

S
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introduction
action functional

Example

x(t) € R3: a particle moving from time t; to time &, between two points
A and B and subject to a conservative force

F(x(1)) = =VV(x(1))

among all the (admissible) trajectories, we want to find the one that
minimizes the “action”, i.e. the functional

b
J0 = [~ [Gmix(OF - voo]et

where m is the mass of the particle and ;m|x’(t)|? is its kinetic energy
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introduction
action functional

Example

x(t) € R3: a particle moving from time t; to time &, between two points
A and B and subject to a conservative force

F(x(1)) = =VV(x(1))

among all the (admissible) trajectories, we want to find the one that
minimizes the “action”, i.e. the functional

7}
J0 = [~ [Gmix(OF - voo]et

where m is the mass of the particle and ;m|x’(t)|? is its kinetic energy

want to find the trajectory that goes from A to B in time t, — t; with @
“minimal dissipation of energy”
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introduction
minimal surfaces of revolution
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introduction
minimal surfaces of revolution

Example
Consider in the space R? the circles

y2+22:A2 y2+22:82
X =a. ’ X =b. ’

where a # b. Consider any regular curve in the xz-plane ¢ : [a, b] — R®,

&(x) = (x,0, a(x)) such that a(a) = A and «(b) = B and the surface of revolution
generated by &.

We want to minimize the area of the resulting surface among all the regular functions &
defined above. But the area of any such a surface S is given by

Area(S) = 27 /b a(x)v/1 + o/ (x)2 dx =: J(a),

a

so that the problem deals with the minimization of the functional J over the class of
regular functions « such that a(a) = A and «(b) = B.
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introduction
boat in stream
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introduction
boat in stream

Example

We want to model the problem of a boat leaving from the shore to enter in a wide
basin where the current is parallel to the shore, increasing with the distance from it.
We assume that the engine can move the boat in any direction, but its power is
limited. For a fixed time T > 0, we want to evaluate the furthest point the boat can
reach from the starting point, measured along shore. The mathematical model can be
formulated as follows: we fix the (xi, x2) Cartesian axes in such a way that the starting
point is (0, 0) and the x;—axis coincides with the (starting) shore. Hence, we want to
solve the Mayer problem

min —xq(T),

where (x1, X2) : [0, T] — R? is a solution of the system

X () =x(t) +as(t)  t€(0,T)
t

Xp(t) = ax(t) €(0,7)
X1 (O) =0
Xx2(0) =0,

and the controls (a4, az), which represent the engine power, vary in the unit ball of R?,
e & +a <.
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Introchiction
soft landing with minimal fuel consumption
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Introchiction
soft landing with minimal fuel consumption

Denote by x(t) the height at time ¢, y(t) the instantaneous velocity, and z(t) the total
mass of the vehicle. If we call a(t) the instantaneous upwards thrust and suppose the
rate of decrease of mass is proportional to «, we obtain the following system

X'(t) = y(), "
W = g S
Z(t) = —Ka(1),
where K > 0 and g is the gravity acceleration. At time 0 we have the initial conditions
x(0)=x, y(0)=y, 2(0)= 2. (1)

In addition we suppose that the thrust cannot exceed some fixed value, say
0 < «aft) < R for some R > 0. The vehicle will land softly at time T > 0 if
x(T)=0, y(T)=0.

The problem of soft landing is then to minimize the amount of fuel consumed from
time 0 to time T, thatis zo — z(T). The problem actually includes two state
constraints, namely

MIIE g,

x(t) >0 and z(t) > mo,

where my is the mass of the vehicle with empty fuel tanks.
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introduction
glossary
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_________optimalcontrol and HJ equations JREELCIIY
glossary
@ a control process in R":  (f, A) with

e A cC R™ closed set
e f:R" x A— R" continuous such that

{vuan<mﬂm+mn

vx,yeR", acA
f(x.a)— f(y.a)| <kilx—y| Y

for some Ky, Ki > 0
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_________optimalcontrol and HJ equations JREELCIIY
glossary
@ a control process in R":  (f, A) with

e A cC R™ closed set
e f:R" x A— R" continuous such that

{fuan<mﬂm+mn

vx,yeR", acA
f(x.a)— f(y.a)| <kilx—y| Y

for some Ky, Ki > 0
@ acontrola at fy € R:  a measurable map

;
o [th,o0) A such that / a(f)]dt < 00 VT > to

)
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introduction
glossary

@ a control process in R":  (f, A) with
e A C R™ closed set
e f:R" x A— R" continuous such that

|f(x, )| < Ko(|x| +al)
|f(x,a) — f(y,a)| < Ki|x — y|
for some Ky, Ki > 0
@ acontrola at fy € R:  a measurable map

X,y

;
o [th,o0) A such that /|a(t)|dt<

)

@ state equation (SE): given (fy, Xo) € R x R", a

{y(t) = f(y(1),a(t)) (t> 1)
y(f) = xo
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eR”, acA

o VI=>1lh

loc

e L (l‘o,oo;A) -
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trajectories
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trajectories

@ given (fp,Xo) € R x R"and a € L] (o, o0; A)

loc

Jly(-; o, X0,a) such that {y“):f(y(f)aa(i‘)) (t > t)

y(l) = xo
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trajectories

@ given (fp,Xo) € R x R"and a € L] (o, o0; A)

loc

Iy (-; ty, X0, ) such that {y“) = fy(®),

y(l) = xo

@ moreover VT >03dC7; >0 such that
}y(tv fo, Xo, Oé) - y(tv fo, X1, Oé)| < CT}XO - X1|

for all xo, x; € R"and a € L} (o, oo; A)

loc
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introduction
remarks
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introduction
remarks

@ nonautonomous control processes

y(t) = f(t,y(t),a(t) (t=h)
y(b) = xo

@ if Acompact, then any measurable « : [y, c0) — A is a control
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introduction
minimum time problem

given
@ (f,A) control process in R”, « control at {p =0

y(t) = f(y(t),a(t)) (t=0)
y(0) =x

@ target S C R” nonempty closed set

y(-; x,a) solution of {

[N o1 [ ETET R W o T O (ETU (2101 W) Il Optimal control, HJ eqns, singularities — 1 September 3 - 7, 2012 11/50



minimum time problem
given
@ (f,A) control process in R”, « control at {p =0
. /(1) = F(y(t), ot t>0
y(-; x,«) solution of y() = Hy(),a)) ( )
y(0) = x

@ target S C R” nonempty closed set
define

@ transition time 7(x,a)=inf{t>0|y(t;x,a) € S}
(observe 7(x, a) € [0, ])
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introduction
minimum time problem

given
@ (f,A) control process in R”, « control at {p =0

/(1) = >
y(-;x,a) solution of y(t) =1f(y(t),a(t)) (t>0)
y(0) = x
@ target S C R” nonempty closed set
define

@ transition time 7(x,a)=inf{t>0|y(t;x,a) € S}
(observe 7(x, a) € [0, ])

@ controllable set C = {x € R"|3Ja : 7(X,a) < oo}
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introduction
minimum time problem

given
@ (f,A) control process in R”, « control at {p =0

y(:; x, ) solution of {y“) = f(y(1).a(t)) (t=0)
- y(0) = x

@ target S C R” nonempty closed set
define
@ transition time 7(x,a)=inf{t>0|y(t;x,a) € S}
(observe 7(x, a) € [0, ])
@ controllable set C = {x € R"|3Ja : 7(X,a) < oo}
@ minimum time function T(x) =inf,7(x,a) x€C =3
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introduction
minimum time problem

given
@ (f,A) control process in R”, « control at {p =0

y(:; x, ) solution of {}'/(t) = f(y(1).a(t)) (t=0)
- y(0) = x

@ target S C R” nonempty closed set
define
@ transition time 7(x,a)=inf{t>0|y(t;x,a) € S}
(observe 7(x, a) € [0, ])
@ controllable set C = {x € R"|3Ja : 7(X,a) < oo}

@ minimum time function T(x) =inf,7(x,a) x€C =

| T
Exercise |
Acompact — T(x)>0 V¥VxeC\S J
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Introchiction
formulation of Mayer problem
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Introchiction
formulation of Mayer problem

given
@ (f,A) control process in R"
@ target X C Ry x R} nonempty closed
@ constraintset K C R; x RY nonempty closed with ¥ ¢ £
@ cost ¢:¥X — R lower semicontinuous
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Introchiction
formulation of Mayer problem

given
@ (f,A) control process in R"
@ target X C Ry x R} nonempty closed
@ constraintset K C R; x RY nonempty closed with ¥ ¢ £
@ cost ¢:¥X — R lower semicontinuous
define a € L} (o, oo; A) admissible at (fy, Xo) € K if

loc

37, >0 (l‘?}/(t; To,Xo,a)) e Vvt € [ty, Ta
(Ta’y( TCM; th X0, Oé)) €Y
denote by A(ty, Xo) all controls that are admissible at (t, Xo) N
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Introchiction
formulation of Mayer problem

given
@ (f,A) control process in R"
@ target X C Ry x R} nonempty closed
@ constraintset K C R; x RY nonempty closed with ¥ ¢ £
@ cost ¢:¥X — R lower semicontinuous
define a € L} (o, oo; A) admissible at (fy, Xo) € K if

37, >0 : (D}/(t; To,Xo,a)) e Vvt € [ty, Ta
(Ta’y( TCM; th Xo, Oé)) €
denote by A(fy, Xo) all controls that are admissible at (f, xo)
Problem (Mayer)

to minimize J[o] = ¢(Ta, ¥(Ta;i to, X0, ) overall o € A(ty, Xo)
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introduction
Bolza problem
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Introchiction
Bolza problem

(f,A) control process in R”
G+AYCKCR xRY closed (fp,X) € K
¢: X — R lower semicontinuous

L:R"x A— R continuous with

IL(x,a)| < ko(|x] +al)
|L(x,a) — L(y,a)| < ki[x — y|

Vx,y eR", acA

)
for some kg, k1 > 0
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introduction
Bolza problem

@ (f,A) control processin R”

@ O#YXCKCR;xR] closed (fp,Xx) €K
@ ¢:X — R lowersemicontinuous

@ L:R"xA—R continuous with

L < ki
IL(x, &)| < ko(Ix| +al) vy cRY, ac A
|L(x,a) = L(y,a)| < ki|x -y
for some kg, k1 > 0
Problem (Bolza)
to minimize

Ta
Jlo] = /t L(y(t: to, X0, @), (1))t + & (T, y(To: to, X0, )

over all o € A(ty, Xo)
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optimal control and HJ equations Existence of solutions

Outline

@ Introduction to optimal control and Hamilton-Jacobi equations

@ Existence of solutions
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Exlstence of solutions
existence for Mayer problem
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Exlstence of solutions
existence for Mayer problem

@ (f,A) control process in R”
@ O#YCKCR;xR] closed (fp,Xx) €K
@ ¢:X — R lowersemicontinuous

Theorem
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Exlstence of solutions
existence for Mayer problem

@ (f,A) control process in R”
@ O#YCKCR;xR] closed (fp,Xx) €K
@ ¢:X — R lowersemicontinuous

Theorem
assume

@ A compact
f(x,A) convex VxeR"
¥ compact

Ao, Xo) # &
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optimal control and HJ equations Existence of solutions

existence for Mayer problem

@ (f,A) control process in R”
@ O#YCKCR;xR] closed (fp,Xx) €K
@ ¢:X — R lowersemicontinuous

Theorem
assume

@ A compact
e f(x,A) convex VxeR"
@ Y compact
o A, x)#9

then min T, y(Ty: by, Xo, is attained
ozeA(to,xo)¢( o y( ar 05 A0 a))
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optimal control and HJ equations Existence of solutions
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optimal control and HJ equations Existence of solutions

proof

@ take sequence o; € A(lp, Xo) with y;(-) = y(-; to, X0, o))

O(Tap ¥i(Tey)) = inf (T, ¥(Tai to, X0, )

a€A(ty,Xo)
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optimal control and HJ equations Existence of solutions

@ take sequence o; € A(lp, Xo) with y;(-) = y(-; to, X0, o))

O(Tap ¥i(Tey)) = inf (T, ¥(Tai to, X0, )

a€A(ty,Xo)

@ use compactness of X to bound T,, < T for all
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optimal control and HJ equations Existence of solutions

@ take sequence o; € A(lp, Xo) with y;(-) = y(-; to, X0, o))

O(Tap ¥i(Tey)) = inf (T, ¥(Tai to, X0, )

a€A(ty,Xo)

@ use compactness of X to bound T,, < T for all
@ by compactness of y;(-) on [0, T] construct a., € L

1

loc

(to, 00; A)

with {y/(') — ¥(+ lo, X0, 0)  uniformly on [0, T]

Toy = Too < T
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optimal control and HJ equations Existence of solutions

@ take sequence o; € A(lp, Xo) with y;(-) = y(-; to, X0, o))

O(Tap ¥i(Tey)) = inf (T, ¥(Tai to, X0, )

a€A(ty,Xo)

@ use compactness of X to bound T,, < T for all
@ by compactness of y;(-) on [0, T] construct an € L] (o, 00; A)

loc

with {y/(') — ¥(+ lo, X0, 0)  uniformly on [0, T]

Toy = Too < T

@ deduce a., € A(ly, Xo) and pass to the limit

¢(T007y(Too; t07X07 aoo)) < Iimjinf(b(Tajayj(Taj))

= inf ¢(Ta,y(Ta;tOuXO)a))

acA(ty,Xo)
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Existence of solutions
an extension
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Existence of solutions
an extension

the assumption that X be compact can be replaced by

{teR|3xeR" : (t,x) € X} bounded above (%)

[N o1 [ ETE R W oST S (ETU (2101 W) Il Optimal control, HJ eqns, singularities — 1 September 3 - 7, 2012 17 /50



Existence of solutions
an extension

the assumption that X be compact can be replaced by

{teR|3IxeR" : (t,x) € X} bounded above (%)
or by
tﬂToo xlg{r d)(t’ X) - (**)

where %¥;={xeR"|(fx)ecX}
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Existence of solutions
an extension

the assumption that X be compact can be replaced by

{teR|3IxeR" : (t,x) € X} bounded above (%)
or by
tﬂToo xlg{r d)(t’ X) - (**)

where %¥;={xeR"|(fx)ecX}
Exercise

deduce existence of solutions to the minimum time problem Vx € C if
@ A compact
@ f(x,A) convex VxeR"

hint: use theorem with ()
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Existenca of solutions
Mayer problem with fixed horizon
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Existenca of solutions
Mayer problem with fixed horizon

@ (f,A) control processinR", T >0 horizon

y(t) = f(y(t),a(t)) tel0,T]
y(0) =x

@ ¢:S5— R lowersemicontinuous cost

y(-; x,a) solution of {
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Existenca of solutions
Mayer problem with fixed horizon

@ (f,A) control processinR", T >0 horizon

y(t) = f(y(t),a(t)) tel0,T]
y(0) =x

@ ¢:S5— R lowersemicontinuous cost

y(-; x,a) solution of {

Problem (Mayer with fixed horizon)
to minimize ¢ (y(T; x,a)) overall o€ L'(0,T;A) J

~—
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Existenca of solutions
Mayer problem with fixed horizon

@ (f,A) control processinR", T >0 horizon

y(t) = f(y(t),a(t)) tel0,T]
y(0) =x

@ ¢:S5— R lowersemicontinuous cost

y(-; x,a) solution of {

Problem (Mayer with fixed horizon)
to minimize ¢ (y(T; x,a)) overall o€ L'(0,T;A)

Theorem
@ A compact
@ f(x,A) convex VxeR"

v
~—
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Existenca of solutions
Mayer problem with fixed horizon

@ (f,A) control processinR", T >0 horizon

y(t) = f(y(t),a(t)) tel0,T]
y(0) =x

@ ¢:S5— R lowersemicontinuous cost

y(-; x,a) solution of {

Problem (Mayer with fixed horizon)
to minimize ¢ (y(T; x,a)) overall o€ L'(0,T;A)

Theorem
@ A compact
@ f(x,A) convex VxeR"

= minao(y(T; x,a)) is attained
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Existenca of solutions
Mayer problem with fixed horizon

@ (f,A) control processinR", T >0 horizon

y(t) = f(y(t),a(t)) tel0,T]
y(0) =x

@ ¢:S5— R lowersemicontinuous cost

y(-; x,a) solution of {

Problem (Mayer with fixed horizon)
to minimize ¢ (y(T; x,a)) overall o€ L'(0,T;A)

Theorem
@ A compact
@ f(x,A) convex VxeR"

= minao(y(T; x,a)) is attained

generalize to target and state constraints
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Exlstence of solutions
existence of solutions to Bolza problem
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Exlstence of solutions
existence of solutions to Bolza problem

@ (f,A) control process in R”

@ O0#AYCKCR; xRy closed (f,X)e€K

@ ¢:X—>R lsc limiwinfres, ¢(t, x) =400
@ L:R"xA—R continuous with

{|L(x,a)| < ko(Ix| + lal) xy cR", 2 A

|L(x,a) - L(y,a)| < ki|x — y|
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Exlstence of solutions
existence of solutions to Bolza problem

@ (f,A) control process in R”

@ O0#AYCKCR; xRy closed (f,X)e€K

@ ¢:X—>R lsc limiwinfres, ¢(t, x) =400
@ L:R"xA—R continuous with

{|L(x,a)| < ko(Ix| + lal) xy cR", 2 A

L(x,a) — L(y, a)| < k|x —y|

Theorem
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Exlstence of solutions
existence of solutions to Bolza problem

@ (f,A) control process in R”

@ O0#AYCKCR; xRy closed (f,X)e€K

@ ¢:X—>R lsc limiwinfres, ¢(t, x) =400
@ L:R"xA—R continuous with

{|L(x,a)| < ko(Ix| + lal) xy cR", 2 A

L(x,a) — L(y, a)| < k|x —y|

Theorem
assume

@ A compact
o A(l‘o7 Xo) 75 %)

0 F(x)= {(f(x, a),l) eR™ |acA, £>L(x, a)} is convex for all x € R"

v
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Exlstence of solutions
existence of solutions to Bolza problem

@ (f,A) control process in R”

@ O0#AYCKCR; xRy closed (f,X)e€K

@ ¢:X—>R lsc limiwinfres, ¢(t, x) =400
@ L:R"xA—R continuous with

{|L(x,a)| < ko(Ix| + lal) xy cR", 2 A

L(x,a) — L(y, a)| < k|x —y|

Theorem
assume

@ A compact
o A(l‘o7 Xo) 75 %)

0 F(x)= {(f(x, a),l) eR™ |acA, £>L(x, a)} is convex for all x € R"

T
then  min / L(y(t: to, X0, @), (1)) dt + ¢( T, y(Tas fo, Xo, ) i attained
a€A(l, %) J f,
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optimal control and HJ equations Necessary conditions

Outline

@ Introduction to optimal control and Hamilton-Jacobi equations

@ Necessary conditions
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Nacossary conditions
Mayer problem with fixed horizon
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Nacossary conditions
Mayer problem with fixed horizon

@ (f,A) control processinR", T >0 horizon

y(-;x,a) solution of
y(0) =x

@ ¢:S— R lowersemicontinuous cost
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y(t) =1f(y(t),a(t)) t€0,T]
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Nacossary conditions
Mayer problem with fixed horizon

@ (f,A) control processinR", T >0 horizon

y(0) = x
@ ¢:S— R lowersemicontinuous cost

y(-; x,a) solution of {

Definition
@ «a*clL'(0,T;A) optimal control at x

y(t) =1f(y(t),a(t)) t€0,T]

go(y(T; X, a*)) = min go(y(T; X, a))

a€ell(0,T;A)

@ y(;x,a*) optimal trajectory at x
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Nacossary conditions
Mayer problem with fixed horizon

@ (f,A) control processinR", T >0 horizon

y(t) = f(y(t).a(t)) te[0,T]
y(0) = x

@ ¢:S— R lowersemicontinuous cost

y(-; x,a) solution of {

Definition
@ «a*clL'(0,T;A) optimal control at x

e(y(T:x,a%)) = I, e(Y(T; x,a))

@ y(;x,a*) optimal trajectory at x

v

Problem
to find necessary conditions for a control o* to be optimal

v
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Necessary condhions
PMP for Mayer problem with fixed horizon
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PMP for Mayer problem with fixed horizon
Theorem

@ A compact

o yf e C(R"x AR™") and ¢ e C'(R")

@ a*el'0,T;A) and y*():=y(;x,a*) optimal pair

SD(y*( T)) - aELETg(i)I:]T;A) 90(}/( T; gl 05))

@ let p* be the solution of the adjoint problem

{b(s) = —xf(y*(s),a*(s))"p(s) (se0,T))
p(T) = Ve(y*(T))
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Necessary condhions
PMP for Mayer problem with fixed horizon

Theorem
@ A compact
o 0,/eC(R"x AR™) and e C'(R")
@ a*el'0,T;A) and y*():=y(;x,a*) optimal pair

@(y*( T)) - aELr1T(1(i)I:]T;A) 90(}/( T; gl 05))

@ let p* be the solution of the adjoint problem

{b(s) = —xf(y*(s),a*(s))"p(s) (se0,T))
p(T) = Ve(y*(T))

then

p'(8)-f(y'(s).07(s) = minp(s) - f(y*(s).a) (s [0.T]ae)
Optimal control, HJ eqns, singularities — 1 September 3 - 7, 2012
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optimal control and HJ equations Necessary conditions
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optimal control and HJ equations Necessary conditions

@ Lebesgue point

s € (0,7 : fm h/ F(y"(5), 0" (s)) — F(y* (S0), 0" (s0)) |5 = 0
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optimal control and HJ equations Necessary conditions

@ Lebesgue point

s € (0,7 : fm h/ F(y"(5), 0" (s)) — F(y* (S0), 0" (s0)) |5 = 0

@ needle variation a€ A, h>0

~

¥n(+)

y(; X, ap)  with ah(t){:*(
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optimal control and HJ equations Necessary conditions

@ Lebesgue point

&ewT]hmh/ F(y"(5), 0" (s)) — F(y* (S0), 0" (s0)) |5 = 0

@ needle variation a€ A, h>0

¥n(+)

y( X, an)  with ah(t){a*(t) if t € [0, T]\ [s0 — h, So]

a if t € [so — h, so]

@ variational equation: let

20 {Vm =27 e WS

(t € [307 T])

v(s0) = f(y*(s0), @) — F(y"(s0), 2" (s0)

then lim sup ’M — va(t)‘ =0

hi0 tefsy, ]
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optimal control and HJ equations Necessary conditions

@ Lebesgue point

&e@T]hmh/ F(y"(5), 0" (s)) — F(y* (S0), 0" (s0)) |5 = 0

@ needle variation ac€ A, h>0

¥n(+)

a if t € [so — h, so]

@ variational equation: let

20 {Vm =27 e WS

y( X, an)  with ah(t){a*(t) if t € [0, T]\ [s0 — h, So]

(t € [307 T])

v(s0) = f(y*(s0), @) — F(y"(s0), 2" (s0)

then lim sup ’M — va(t)‘ =0

hi0 te(sy,T]

@  0<e(n(T) —e(y(T) =hVe(y (T)) - (ya(T) —
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y*(T)) + o(h)
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optimal control and HJ equations Necessary conditions

@ Lebesgue point

s € (0,7 : fm h/ F(y"(5), 0" (s)) — F(y* (S0), 0" (s0)) |5 = 0

@ needle variation ac€ A, h>0

Yo(-) =y (i X, an)  with ah(t){

@ variational equation: let

20 {Vm =27 e WS

(t € [307 T])

v(s0) = f(y*(s0), @) — F(y"(s0), 2" (s0)

yo(t) =y~ (1)
then Ilim s —va(t)| =0
/LLO IE[:)pT] ’ h Va( )‘

@  0<e(n(T) —e(y(T) =hVe(y (T)) - (ya(T) —

= 0< Vo(y™(T)) - va(T) = Vo(y*(T)) - U(T, s0) (f(y"(50), @)~ f (¥ (o),

[ o1 [ ETET RN oST O (ETU (2101 W) Il Optimal control, HJ eqns, singularities — 1

a*(t) iftel0,T]\ [So— h,So]
a if t € [so — h, so]

=
y*(T)) + o(h) —
a*(s0))
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Necessary conditions
remarks
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optimal control and HJ equations Necessary conditions

remarks

@ define hamiltonian ~ H(x, p) = max —p- f(x,a) then
aec

—p"(8) - (y"(s),a(s)) = H(y"(s).p"(9))
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Necessary conditions
remarks

@ define hamiltonian ~ H(x, p) = max —p- f(x,a) then
ac

—p"(8) - (y"(s),a(s)) = H(y"(s).p"(9))

@ bang-bang principle: let A be convex and

(sef0,T]ae.)

f(x,a) = Za,f' x)+f°(x) with f'e C'(R"R") (i=0,...,m)

if «* is optimal and Vo (y*(T)) # 0 then
a*(s) € arg TG'Q p*(s)-f(y*(s))ac 0A (s

where  f(x) = (f'(x)|--- |f"(x)) € R™™
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Necessary conditions
remarks

@ define hamiltonian  H(x, p) = max —p- f(x,a) then
ac
—p*(s) - f(y"(s),a"(s)) = H(y"(s), p"(3))
@ bang-bang principle: let A be convex and
f(x,a) = Za, f'(x)+°(x) with feC'(R"

if «* is optimal and Vo (y*(T)) # 0 then

(sef0,T]ae.)

R") (i=0,...,m)

a*(s) € arg TG'Q p*(s)-f(y*(s)ac 0A (s€[0,T]ae.)

where  f(x) = (f'(x)|--- |f"(x)) € R™™

© PMP also applies to local solutions of the Mayer problem:

@ (yar (7)) = min {o(ya(T)) | a € L'(0, T; A) -

[N o1 [ ETE RN oST O (ETU (2101 W) Il Optimal control, HJ eqns, singularities — 1

1Yo = Yaxlleo <1
Vo = Yarll1 <1
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Necessary condhions
example
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Necessary condhions
example

Exercise (optimal bee hive policy)
gven T>0, v>0, A>u=>0, x>0, y=>0
find max, y(T; «) Subject to

{*w:(Aa(t)—u)x(t% M=%y oye o)

y(t)=v(1—a(®)x(®), y(0)=y
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Necessary condhions
PMP for Mayer problem with free horizon

[N o1 [ ETE RN oST S (ETU (2101 W) Il Optimal control, HJ eqns, singularities — 1 September 3 - 7, 2012 26 /50



Necessary condhions
PMP for Mayer problem with free horizon

Theorem

@ A compact
@ ofeCRIxAR™) and ¢ C'(R xRY)
@ {a’,y*} optimal pair

S(T*,y"(T")) = min ¢(Ta, y(Tai X, )
@ /et p* be the solution of the adjoint problem

{p(s) = —0f(y*(s),a"(5))"p(s) (s€[0,T7])
p(T*) = dx(T*, y*(T))
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Necessary condhions
PMP for Mayer problem with free horizon

Theorem

@ A compact
@ ofeCRIxAR™) and ¢ C'(R xRY)
@ {a’,y*} optimal pair

¢(T7y"(T7)) = ming(Ta, y(Ta; X, @)
@ /et p* be the solution of the adjoint problem
{p(s) = —0xf(y*(s),a"(5)"P(s) (s€[0,T7])
p(T*) = oxp(T*, y*(T"))

then
—p(s) - f(y"(s),@"(s)) = H(y"(s),p"(s)) (se€[0,T"]ae)
and
op(T,y™(T")) + H(y™(T"),p"(T")) =0

[N o1 [ ETE RN oT S (ETU (2101 W) Il Optimal control, HJ eqns, singularities — 1 September 3 - 7, 2012 26 /50



Necessary condhions
PMP for Mayer problem with terminal constraints
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Necessary condhions
PMP for Mayer problem with terminal constraints

Theorem
@ A compact convex
@ f(x,a)=X",af(x)+(x) with feCJR%R")(i=0,...,m)
@ eC'R"Y & o= (p1,...,04) € C'(R";RY)
@ {a*,y*} optimal pair

min {gpo(y(T;X,a)) ’ a:[0,T] = A : <p(y(T; X,oc)) = O}
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Necessary condhions
PMP for Mayer problem with terminal constraints

Theorem

@ A compact convex

@ f(x,a)=X",af(x)+(x) with feCJR%R")(i=0,...,m)
@ eC'R"Y & o= (p1,...,04) € C'(R";RY)

@ {a*,y*} optimal pair

min {gpo(y(T;X,a)) } a:[0,T] = A : <p(y(T; X,a)) = O}

then 3(\o,A\) € [0,00) x RY with X+ |\? =1 such that the solution p* of
the adjoint problem

{—p(s) =", i (s)Df (y*(s))"p(s) + D (y*(s))"p(s)
P(T) = S AV (y*(T))

satisfies

m m
> ai(s)f(y(s)) - p*(s) = min > af(y(s)-p'(s) (se0,T]ae)

j=1 i=1
Optimal control, HJ eqns, singularities — 1 September 3 - 7, 2012 27 /50



Necessary condhions
PMP for Bolza problem with fixed horizon
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Necessary condhions
PMP for Bolza problem with fixed horizon

Theorem

@ A compact
@ 0feCR xAR™), 0L CR"xAR"), andyp € C'(R")
@ " :[0,T] = A optimal J[a*] = Mings«.[0,7j—4 J[a] with

J[a] :/0 L(y(t; X, a),a(t))dt+<p(y(T;X,a))

and y*(:) :==y(:x,a")
@ /et p* be the solution of the adjoint problem

{p(s) = —xf(y*(s),a*(5))"P(S) — DxL(y*(s),a*(s)) (s €0, T])
p(T) = Ve (y*(T))
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Necessary condhions
PMP for Bolza problem with fixed horizon

Theorem

@ A compact
@ 0feCR xAR™), 0L CR"xAR"), andyp € C'(R")
@ " :[0,T] = A optimal J[a*] = Mings«.[0,7j—4 J[a] with

J[a] :/0 L(y(t; X, a),a(t))dt+<p(y(T;X,a))

and y*(:) :==y(:x,a")
@ /et p* be the solution of the adjoint problem

{p(s) = —xf(y*(s),a*(5))"P(S) — DxL(y*(s),a*(s)) (s €0, T])
p(T) = Ve (y*(T))

= p'(s) f(y"(s),a"(s)) + L(y"(s),a"(s))
= Q’IEIQ [p*(s) ~f(y"(s),a) + L(y"(s), a)} (s€[0,T]ae)
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optimal control and HJ equations Dynamic Programming

Outline

@ Introduction to optimal control and Hamilton-Jacobi equations

@ Dynamic Programming
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57l R
an enlightening example
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optimal control and HJ equations Dynamic Programming

an enlightening example

to compute / sinx ax
0

X

oo
el
=
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57l R
an enlightening example

to compute / sinx ax
0

define

=

=

Il
S—
3

|

>
@,

‘ =
<

Q

WV
=
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optimal control and HJ equations Dynamic Programming

an enlightening example

to compute / sinx ax
0 X
define . .
v(t) = / e Mg (t1>0)
0 X
i sinx 1

h _ tx ontA _ / - _ '
then /0 xe X dx =|v'(t) e
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57l R
an enlightening example

to compute / sinx ax
0 X
define . .
v(t) = / e SINX gy (t>0)
0 X
i sinx 1
h _ tx ontA _ / - _ '
then /0 xe X dx =|v'(t) e
thus

v(t) = k — arctan ¢
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5l
an enlightening example

Programming

to compute / sinx ax
0 X
define - .
v(t) = / e SNX oy (t>0)
0 X
o _t SinX / 1

then —/0 xe Xde: V(t):_1+7t2
thus

v(t) = k — arctan ¢
with -

OZzILToV(t):k_E
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57l R
an enlightening example

to compute / sinx ax
0 X
define . .
v(t) = / e SINX gy (t>0)
0 X
i sinx 1
h _ tx ontA _ / - _ '
then /0 xe X dx =|v'(t) e
thus
v(t) = k — arctan ¢
with -
b= I O=t=
therefore

> sin x 0
/0 X o = v(0) =7
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value function of Mayer problem
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57l R
value function of Mayer problem

e (f,A) controlprocess, T >0, (tx)e][0,T]xR"
y(t,x,a) solution of {Y(S) =f(y(s),a(s)) selt,T]
o y ()

@ A compact
@ ¢:R"— R lower semicontinuous
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57l R
value function of Mayer problem

(t,x) e [0, T] x R”

@ (f,A) control process, T >0,
y(s)="f T
y(; t,x,a) solution of W(s)=f(y(s)eds)) seltT]
y(t) = x
@ A compact
@ ¢:R"— R lower semicontinuous
Mayer Problem |minimize ¢ (y(T;0,x,a)) over a:[0,T]— A

September 3 - 7, 2012 31/50
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57l R
value function of Mayer problem

(t,x) e [0, T] x R”

@ (f,A) control process, T >0,
y(s)="f T
y(; t,x,a) solution of W(s)=f(y(s)eds)) seltT]
y(t) = x
@ A compact
@ ¢:R"— R lower semicontinuous
Mayer Problem |minimize ¢ (y(T;0,x,a)) over a:[0,T]— A

Definition
value function
t,x)= inf T:t, x, t, 0, 7] x R”
A= i et (G € I8 1<)
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57l R
dynamic programming principle
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57l R
dynamic programming principle

v(t,x) = a;[ti,rr]]LASO(y(T; t, X, ) ((t,x) € [0, T] x R")
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57l R
dynamic programming principle

v(t,x) = a;[ti,rr]]LASO(y(T; t, X, ) ((t,x) € [0, T] x R")

Theorem
@ forany(t,x) €[0, T] x R"and any s € [t, T]

v(t,x)= inf v(s,y(s;t x,a))

a:t,s]—A

v
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57l R
dynamic programming principle

v(t,x) = a;[ti,rr]]LASO(y(T; t, X, ) ((t,x) € [0, T] x R")

Theorem
@ forany(t,x) €[0, T] x R"and any s € [t, T]

v(t,x)= inf v(s,y(s;t x,a))

a:t,s]—A

v(t,x) = v(s,y(s;it,x,a))
Vs e [t T]

Q@ o optimalat (t,x) <+ {
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Dynamic Programming
regularity of the value function
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Dynamic Programming
regularity of the value function

vit,x)=inf  o(¥(T;t x,a)) ((t,x) € [0, T] xR")

a:[t, T]—A
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Dynamic Programming
regularity of the value function

v(t,x) = O[:[lfiv?]f_mgo(y(T; t,x,a)) ((t,x) € [0, T] xR")

Theorem
@ (f,A) -controlprocess, T >0
@ A compact
@ ¢:R"— R Jocally Lipschitz

then v islocally Lipschitzin [0, T] x R"

MIIE
N
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Dynamic Programming
regularity of the value function

v(t,x) = O[:[lf'!?]f_mgo(y(T; t,x,a)) ((t,x) € [0, T] xR")

Theorem
@ (f,A) -controlprocess, T >0
@ A compact
@ ¢:R"— R Jocally Lipschitz

then v islocally Lipschitzin [0, T] x R"

Rademacher = v differentiable [0, T] xR" a.e.

MIIE
N
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Dynamic Programming
the Hamilton-Jacobi equation
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Dynamic Programming
the Hamilton-Jacobi equation

v(t,x) = O[:[lf't%f_}Ago(y(T; t,x,a)) ((t,x) € [0, T] xR")

H(x,p) =max —p-f(x,a) ((x,p) € R" x R")

acA
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Dynamic Programming
the Hamilton-Jacobi equation

v(t,x) = O[:[lfi%f_mgo(y(T; t,x,a)) ((t,x) € [0, T] xR")

H(x,p) =max —p-f(x,a) ((x,p) € R" x R")

acA

Theorem
@ A compact
@ ¢:R"— R locally Lipschitz

then v satisfies

(HJ)

—0rv(t, x) + H(x,0xv(t,x)) =0 (t,x) € (0,T) xR" a.e.
v(T, x) = ¢(x) xeR”

v
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Dynamic Programming
verification theorems
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Dynamic Programming
verification theorems

{—atu(t, X) + H(x,dxu(t,x)) =0 (t,x) € (0, T) x R” (H)

u(T,x) = e(x) x eR”
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Dynamic Programming
verification theorems

{—atu(t, X) + H(x,8xu(t,x)) =0 (t,x) € (0, T) x R” (H)

u(T,x) = e(x) x eR"

Theorem
ue C([0,T] xR") N C'((0,T) x R") solution of (HJ)
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Dynamic Programming
verification theorems

{—atu(t, X) + H(x,8xu(t,x)) =0 (t,x) € (0, T) x R” (H)

u(T,x) = e(x) x eR"

Theorem

ue C([0,T] xR") N C'((0,T) x R") solution of (HJ)
then

Q@ vu<v
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Dynamic Programming
verification theorems

u(T,x) = p(x) xeR” ()

{—atu(t, X) + H(x,dxu(t,x)) =0 (t,x) € (0, T) x R”
Theorem
ue C([0,T] xR") N C'((0,T) x R") solution of (HJ)
then
Q@ vu<v
Q@ if Ja*:[t,T] > A suchthatfora.e. se|t,T]

~0xu(s,y"(s)) - F(y*(s),a*(s)) = H(y"(s), xu(s,y"(s)))

then «o* optimalat (t,x) and u(t,x)= v(t, x)
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57l R
the Graal of dynamic programming
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optimal control and HJ equations Dynamic Programming

the Graal of dynamic programming

want to | minimize o (y(T;t,x,a)) over a:[t, T]

— A
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57l R
the Graal of dynamic programming

want to | minimize (y(T;t, x,a)) over a:[t,T] — A
@ find a solution u € C([0, T] x R") n C'((0, T) x R") of

—owu(t, x) + H(x,oxu(t,x)) =0 (t,x) € (0,T)xR"
u(T,x) = e(x) x eR"
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57l R
the Graal of dynamic programming

want to | minimize (y(T;t, x,a)) over a:[t,T] — A
@ find a solution u € C([0, T] x R") n C'((0, T) x R") of

—owu(t, x) + H(x,oxu(t,x)) =0 (t,x) € (0,T)xR"
u(T,x) = e(x) x eR"

© construct a ‘nice’ map (feedback) a: (0, T) x R"” — A such that

—oxu(t,x) - f(x,a(t, x)) = H(x, dxu(t, x))
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57l R
the Graal of dynamic programming

want to | minimize (y(T;t, x,a)) over a:[t,T] — A
@ find a solution u € C([0, T] x R") n C'((0, T) x R") of

{—&u(t, X) + H(x,dxu(t,x)) =0 (t,x) € (0, T) x R” (H)

u(T,x) = e(x) x eR”
© construct a ‘nice’ map (feedback) a: (0, T) x R"” — A such that

—oxu(t,x) - f(x,a(t, x)) = H(x, dxu(t, x))

© solve the closed loop system
{y(s) = f(y(s),a(s,y(s))) se[tT]
y(t) =x

to obtain an optimal trajectory y(-) at (t, x)
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Dynamic Programming
dynamic programming for Bolza problem
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optimal control and HJ equations Dynamic Programming

dynamic programming for Bolza problem

@ value function

.
v(t,x) = a:[tiyr;}‘HA{/t L(y(s; t, x, @), a(t))dt + o(y(T; t, x, a))}
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optimal control and HJ equations Dynamic Programming

dynamic programming for Bolza problem

@ value function

v(t,x) = a:[tiyr;LA{/ y(sit,x, ), a(t))dt + o(y(T: t, X, a))}

@ dynamic programming principle: V(t, x) € [0, T] x R" and Vs € [t, T]

v(t, x) = a:[tiyr;]fﬁA { /ts L(y(rit,x,a),a(r))dr + v(s,y(s;t,x, a))}
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Dynamic Programming
dynamic programming for Bolza problem

@ value function
vt x) = inf {/ y(s:t, x,), a(t))dt

a:t,T]—A

@ dynamic programming principle: V(t, x) € [0, T] x R"

+ o (¥(T; t,X,a))}

and Vs € [t, T]

v(t,x) = inf {/S L(y(rit,x,a),a(r))dr + v(s,y(s: t,x, a))}

a:t,s]—A

@ Hamilton-Jacobi equation

v(T,x) = o(x) x R’

{—&v(t,x) + H(x,0xv(t,x)) =0 (t,x)€

where

H(x,p) = max [ p-f(x,a) - L(x,a)]

[ o1 [ ETET RN oRST O (ETU (o1 W) Il Optimal control, HJ eqns, singularities — 1
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((x,p) € A" x R")
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Dynamic Programming
Linear Quadratic Regulator
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Dynamic Programming
Linear Quadratic Regulator

;
v(t,x)= min {/r [Py(s) - ¥(8) + Qa(s) - «(s)] ds+ Dy(T) -y(T)} ,

o[t T =R
subject to
{y/(s) = My(s) + Na(s), se(t,T)
y(t) =x

where

@ PecR™ P=P">0
DeR™" D=D">0
QeR™™ Q=Q">0
MeR™" NeR™"
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Dynamic Programming
Linear Quadratic Regulator

;
vitx)=_ min { / [Py(s) - ¥(s) + Qa(s) - a(s)] ds + Dy(T) -y(T)} :
subject to
{y/(s) = My(s) + Na(s), se(t,T)
y(t) =x
where
@ PecR™ P=P">0
DeR™" D=D">0
QeR™™ Q=Q">0
MeR™" NeR™"

arg min {p- (Mx + Na) + Px-x+ Qa- a} = —%O_1N"p

acRM
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Dynamic Programming
Linear Quadratic Regulator

;
vitx)=_ min { / [Py(s) - ¥(s) + Qa(s) - a(s)] ds + Dy(T) -y(T)} :
subject to
{y/(s) = My(s) + Na(s), se(t,T)
y(t) =x

where

@ PecR™ P=P">0
DeR™" D=D">0
QeR™™ Q=Q">0
MeR™" NeR™"

arg min {p- (Mx + Na) + Px-x+ Qa- a} = —%O_1N"p

acRM
Hamilton—Jacobi equation

~8U — Mx - 85U — Px - x + *NQ 'N"d,u - d,u=0, (0,T)xR"
u(T,x)=Dx-x
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Dynamic Programming
Riccati equation
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Dynamic Programming
Riccati equation

in order to use optimal feedback‘ a(t,x) = —2Q "N"o,u(t, x) | want to solve

—0iu — Mx - 9t — Px - x + NQ'N"0,u-9,u=0 (0,T) xR"
u(T,x)=Dx-x
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Dynamic Programming
Riccati equation

in order to use optimal feedback‘ a(t,x) = —2Q "N"o,u(t, x) | want to solve

—0iu — Mx - 9t — Px - x + NQ'N"0,u-9,u=0 (0,T) xR"
u(T,x)=Dx-x

t%ﬂu@xﬁ:mnxx‘MmRmeR”"deU%:m0”>MOmmm

R'(t) + R(t)M + M"R(t) + P — R(t)NQ 'N"R(t) =0, te (0,T)
R(T)=D
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Dynamic Programming
Riccati equation

in order to use optimal feedback‘ a(t,x) = —2Q "N"o,u(t, x) | want to solve

—0iu — Mx - 9t — Px - x + NQ'N"0,u-9,u=0 (0,T) xR" (HJ)
u(T,x)=Dx-x

t%ﬂu@xﬁ:mnxx‘MmRMGR”"deU%:m0”>MOmmm

R'(t) + R()M + M"R(t) + P — R()NQ 'N"R(t) =0, te(0,T) (R)
R(T)=D

(R) allows to construct optimal trajectories for LQR by the closed loop system

{ﬂg:W—MwNmmpm,semn
y(t) =x
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Solutions to Hamilton-Jacobi equations
Outline

@ Introduction to optimal control and Hamilton-Jacobi equations

@ Solutions to Hamilton-Jacobi equations
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Solutions to Hamilton-Jacobi equations
characteristics
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Solutions to Hamilton-Jacobi equations
characteristics
ue C([0, T] x R") N C?((0, T) x R") solution of

{—a,u(t, X) + H(x,du(t,x)) =0 (t,x) € (0,T) x R” (H)

u(T,x) = p(x) x eR"

with H and ¢ of class C?
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Solutions to Hamilton-Jacobi equations
characteristics
ue C([0, T] x R") N C?((0, T) x R") solution of
{—a,u(t, X) + H(x,du(t,x)) =0 (t,x) € (0,T) x R”
u(T,x) = p(x) x eR”
with H and ¢ of class C?
@ characteristic starting from z € R" the solution X(+; 2)
X(t) = GpH(X(1),dxu(t, X(1))),  X(0) =z
@ U(t;z) = u(t, X(t; 2)) and P(t; z) = oxu(t, X(t; 2)) satisfy
U=—HX,P)+P-3H(X,P) and P =—8:H(X,P)
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Solutions to Hamilton-Jacobi equations
characteristics
ue C([0, T] x R") N C?((0, T) x R") solution of

—dwu(t, x) + H(x,0xu(t,x)) =0 (t,x) € (0,T) xR"
u(T,x) = p(x) x eR”
with H and ¢ of class C?
@ characteristic starting from z € R” the solution X(+; z)
X(t) = 9pH(X(t), oxu(t, X(1)),  X(0) =2z
@ U(t;z) = u(t, X(t; 2)) and P(t; z) = oxu(t, X(t; 2)) satisfy
U=—H(X,P)+P-9,H(X,P) and P = —dH(X,P)

Remark
(X,P) solves = GG IE), MO =2
P = —0xH(X,P), P(0)=Vp(2)

and
U= —H(X,P)+ P-8,H(X,P), U(0)=p(2)
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Solutions to Hamilton-Jacobi equations
solution of HJ equations by characteristics
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Solutions to Hamilton-Jacobi equations
solution of HJ equations by characteristics

X = 3H(X,P), X(0)=z @)
P = —8yH(X,P), P(0)=Vy(2)
U= —H(X,P)+ P-3,H(X,P), U(0)=p(z2) 3)
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Solutions to Hamilton-Jacobi equations
solution of HJ equations by characteristics

X = 3H(X,P), X(0)=z )
P = —8:H(X,P), P(0)=Vy(z)

U= —-H(X,P)+ P-3,H(X,P), U(0)=¢(z) (3)

Theorem

let X(t; z), P(t; z) denote the solution of problem (2) and let U(t; z) be defined by (3)
suppose there exists T* > 0 such that

@ the maximal solution to (2) is defined at least up to T* for all z € R”

@ the map z — X(t; z) is invertible with C' inverse x — Z(t; x) forall t € [0, T*)
then there exists a unique solution u € C3([0, T*) x R") of

{—a,u(t, X) + H(x,dxu(t,x)) =0 (t,x) € (0,T) x R”

u(T,x) = p(x) x eR” (H)

which is given by u(t, x) = U(t; Z(t; x))

V.
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Solutions to Hamilton-Jacobi equations
characteristics for nonlinear pdes’s
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optimal control and HJ equations Solutions to Hamilton-Jacobi equations

characteristics for nonlinear pdes’s

@ QCR” opendomain

@ T cQ (n—1)-dimensional surface of class C? without boundary

@ HcC*(QxRxR"), ¢ecC3Q)

H(x,u(x),Vu(x)) =0 xeQ
u(x) = o(x) xerl
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optimal control and HJ equations Solutions to Hamilton-Jacobi equations

characteristics for nonlinear pdes’s

@ QCR” opendomain

@ T cQ (n—1)-dimensional surface of class C? without boundary

@ HcC*(QxRxR"), ¢ecC3Q)

H(x,u(x),Vu(x)) =0 xeQ
u(x) = o(x) xerl
characteristic system

BN
Il

OH(X, U, P), X(0) =

P = —8.H(X,U,P)—du(X,U,P)P, P(0)=Vep(z)+v(z)

Q.
Il

P'@pH(X7U7P), U(O):
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Solutions to Hamilton-Jacobi equations
characteristics for nonlinear pdes’s

@ Q CR” opendomain
@ T cQ (n—1)-dimensional surface of class C? without boundary
@ HcC*(QxRxR"), ¢ecC3Q)
{H(X, u(x),Vu(x)) =0 xeQ
u(x) = o(x) xerl
characteristic system

8pH(X, U, P), X(0) =z

BN
Il

P = —8.H(X,U,P)—du(X,U,P)P, P(0)=Vep(z)+v(z)

U = P-9,H(X,U.P), U(0) = »(2)
provides a local smooth solution near z € T for A € R such that
H(z,¢(2),Ve(2) + Av(2)) =0

and
OpH(z,0(2),Vo(2) + Av(2)) - v(2) #0
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Solutions to Hamilton-Jacobi equations
boundary value problems for first order nonlinear pde’s
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Solutions to Hamilton-Jacobi equations
boundary value problems for first order nonlinear pde’s

e QCR" opendomain

@ ocrlcQ closed(e.g. T =0Q)

@ HcCEOQxRxRM, peC(
H(x,u(x),Vu(x)) =0 xeQ\T
u(x) = ¢(x) xel
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Solutions to Hamilton-Jacobi equations
boundary value problems for first order nonlinear pde’s

e QCR" opendomain

@ ocrlcQ closed(e.g. T =0Q)

@ HcCEOQxRxRM, peC(
H(x,u(x),Vu(x)) =0 xeQ\T
u(x) = ¢(x) xel

Remark

@ Characteristics provide a (unique) local solution of (P) for smooth
data

v

[ o1 [ ETET RN oST O (ETU (o1 W) Il Optimal control, HJ eqns, singularities — 1 September 3 - 7, 2012 44 /50




Solutions to Hamilton-Jacobi equations
boundary value problems for first order nonlinear pde’s

e QCR" opendomain

@ ocrlcQ closed(e.g. T =0Q)

@ HcCEOQxRxRM, peC(
H(x,u(x),Vu(x)) =0 xeQ\T
u(x) = ¢(x) xel

Remark

@ Characteristics provide a (unique) local solution of (P) for smooth
data

© (P) may have no smooth global solution

[Vu(x)|=1 xe€Q
u(x)=0 x € 02

v
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Solutions to Hamiton-Jacobl equations
generalized solutions
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Solutions to Hamiton-Jacobl equations
generalized solutions

@ QCR” opendomain
@ o CrlcQ closed(eg. T =09)
@ HeCO@xRxR"), ¢elLipy(

H(x,u(x),Vu(x)) =0 xe€Qa.e.

U € Lipec() {u(x) = (%) xer
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Solutions to Hamiton-Jacobl equations
generalized solutions

@ QCR” opendomain

@ o CrlcQ closed(eg. T =09)

@ HeCO@xRxR"), ¢elLipy(

H(x,u(x),Vu(x)) =0 xe€Qa.e.

U € Lipec() {u(x) = (%) xer

Remark

@ value function solves

—ow(t,x) + H(x,0xu(t,x)) =0 (0,T) xR" a.e. (HJ)
u(T, x) = ¢(x) X €R"
@ Lipschitz a.e. solution are neither unique nor stable
[Vux)|=1 xeQ
u(x)=0 X € 0Q
Optimal control, HJ eqns, singularities — 1 September 3 - 7, 2012 45/ 50



Solutions to Hamilton-Jacobi equations
the method of vanishing viscosity
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optimal control and HJ equations Solutions to Hamilton-Jacobi equations

the method of vanishing viscosity

@ elliptic regularization

u. € C3(Q)n C(Q)
—eAUc + H(X, U, V) =0 x€Q
Ue(X) = p(x) xer
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optimal control and HJ equations Solutions to Hamilton-Jacobi equations

the method of vanishing viscosity

@ elliptic regularization
u. € C3(Q) N C(Q)
—eAU: + H(X, U, V) =0 x €
Ue(X) = p(x) X €

@ suppose
lUelloo + [VUel|loo < € Ve>0

Q
r

then, up to a subsequence, u. — up €Lip(2) uniformly
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Solutions to Hamilton-Jacobi equations
the method of vanishing viscosity

@ elliptic regularization

u. € C3(Q)n C(Q)
—eAUc + H(X, U, V) =0 x€Q
Ue(X) = p(x) xer

@ suppose
||ue||oo+||VUc||oo < C V€>O
then, up to a subsequence, u. — up €Lip(2) uniformly

@ letgp e CZ(R”) and assume up — ¢ has a strict local maximum at xo € Q
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Solutions to Hamilton-Jacobi equations
the method of vanishing viscosity

@ elliptic regularization

u. € C3(Q)n C(Q)
—eAUc + H(X, U, V) =0 x€Q
Ue(X) = p(x) xer

@ suppose
||ue||oo+||VUc||oo < C V€>O
then, up to a subsequence, u. — up €Lip(2) uniformly

@ letgp e CZ(R”) and assume up — ¢ has a strict local maximum at xo € Q

@ then u. — ¢ has a maximim at some x. with x. — xo, SO

V(te = 0)(x) =0, Aue —¢)(x) <0
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Solutions to Hamilton-Jacobi equations
the method of vanishing viscosity

@ elliptic regularization

u. € C3(Q)n C(Q)
—eAUc + H(X, U, V) =0 x€Q
Ue(X) = p(x) xer

@ suppose
||ue||oo+||VUc||oo < C V€>O

then, up to a subsequence, u. — up €Lip(2) uniformly
@ letgp e CZ(R”) and assume up — ¢ has a strict local maximum at xo € Q
@ then u. — ¢ has a maximim at some x. with x. — xo, SO

V(te = 0)(x) =0, Aue —¢)(x) <0

@ therefore

H(Xe, Ue(Xe), V(X)) = eAue(Xe) < eAg(X) = H(xo, Uo(X0), V(X)) <O
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Solutions to Hamilton~Jacobi equations
viscosity solutions
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Solutions to Hamilton~Jacobi equations
viscosity solutions

H(x,u,Vu) =0 inQ (H)

Definition
a functionu € C(Q2) is a
@ viscosity subsolution of (H) ifV¢ € C'(R")

H(x,u(x),Vé(x)) <0  Vx € argmax(u — ¢)
@ viscosity supersolution of (H) ifV¢ € C'(R")
H(x,u(x),V¢(x)) >0  Vx e argmin(u — ¢)

@ viscosity solution of (H) if it is both a subsolution and a
supersolution of (H)

v
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Solutions to Hamilton-Jacobi equations
comparison for viscosity solutions

[N o1 [ ETET RN oS T O (ETU (211 W) Il Optimal control, HJ eqns, singularities — 1 September 3 - 7, 2012 48 / 50



Solutions to Hamilton-Jacobi equations
comparison for viscosity solutions

assume H: Q x R" — Rand ¢ : I — R satisfy VR > 0

— H
Vx,y €Q, Vp,qeR" : |pl,|q| <R {

and
lp(x) —¢(y)| < Clx—y| Vx,yerl
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Solutions to Hamilton-Jacobi equations
comparison for viscosity solutions

assume H: Q x R" — Rand ¢ : I — R satisfy VR > 0

— H —H < Cglx —
VX,yEQ,Vp,qE]R" . |p|,|q|<Fi’ | (Xap) (}Cp)‘ Fllx y|
|H(x,p) — H(x,q)| < Calp—q|
and
lo(x) —o(y)| < Clx—y|  Vx,yerl
Theorem

let X > 0 and let u_, uy € Lip(Q) be a subsolution and a supersolution, respectively, of

A+ H(x,Vu) =0 in Q\T
u(x) = p(x) xerl
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optimal control and HJ equations Solutions to Hamilton-Jacobi equations

concluding remarks

oo
el
=
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Solutions to Hamiton-Jacobl equations
concluding remarks

@ value functions (Mayer, Bolza, minimum time. . .) turn out to be

viscosity solutions of their corresponding Hamilton-Jacobi
equations
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Solutions to Hamiton-Jacobl equations
concluding remarks

@ value functions (Mayer, Bolza, minimum time. . .) turn out to be

viscosity solutions of their corresponding Hamilton-Jacobi
equations

@ existence and comparison results for viscosity solutions hold

without assuming convexity of H with respect to p (differential
games)
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Solutions to Hamiton-Jacobl equations
concluding remarks

@ value functions (Mayer, Bolza, minimum time. . .) turn out to be
viscosity solutions of their corresponding Hamilton-Jacobi
equations

@ existence and comparison results for viscosity solutions hold
without assuming convexity of H with respect to p (differential
games)

@ the theory of viscosity solution has had impressive developments
in different directions such as
e discontinuous solutions
analysis of singularities
second order (degenerate) elliptic equations
geometric evolutions
numerical analysis
ergodic control problems
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