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propagation of singularities propagation for semiconcave functions

propagation of singularities

u : Ω→ R semiconcave x0 ∈ Σ(u)

Definition
singularity at x0 propagates: ∃δ > 0 and {xk}k ⊂ Σ(u) \ {x0} such that

xk → x0 & diam
(
D+u(xk )

)
> δ

want to give conditions for a given singularity to propagate
C – Soner 1987, 1989

Ambrosio – C – Soner 1993

Albano – C 1999, 2000, 2002; Albano 2002

C – Sinestrari 2004

Yu 2006, 2007; C – Yu 2009

Albano – C – Nguyen, Sinestrari 2012

work in progress: Strömberg; C – Cheng, Zhang; C – Mazzola, Sinestrari
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propagation of singularities propagation for semiconcave functions

magnitude of a singular point

Definition

magnitude of x0 ∈ Σ(u): κ(x0) = dim
(
D+u(x0)

)

Figure: no propagation for u(x , y) = 3−
√

x2 + y2
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propagation of singularities propagation for semiconcave functions

do singularities of lower magnitude propagate?

κ=1

κ=2

Σ(u)

Figure: magnitude 1 singularities of u(x , y) = 3− |x | − |y | do propagate
along straight lines
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propagation of singularities propagation for semiconcave functions

NO

Σ(u)

κ(0)=1

Figure: an isolated singularity of magnitude 1 at the origin

u(x , y) = 3−
√( 3x

2

)2
+
(

2y
3

)4
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propagation of singularities propagation for semiconcave functions

“pattern recognition”

a closer look at D+u (recall D∗u ⊂ ∂D+u)

Example

Figure: in example 1 D∗u(0,0) = ∂D+u(0,0)
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propagation of singularities propagation for semiconcave functions

example 2

=   limiting gradients

Figure: here D∗u(0,0) ( ∂D+u(0,0)
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propagation of singularities propagation for semiconcave functions

example 3

limiting gradients

Figure: here D∗u(0,0) = D+u(0,0)
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propagation of singularities propagation for semiconcave functions

propagation principle

Theorem (Albano – C 1999; C – Yu 2009)

u : Ω→ R semiconcave x0 ∈ Σ(u)
suppose

∅ 6= ∂D+u(x0)\D∗u(x0) 3 p0

Let q ∈ RN \ {0} be such that q · (p − p0) > 0 ∀p ∈ D+u(x0)

Then ∃ x(·) : [0, τ)→ Σ(u) Lipschitz
x(0) = x0 & ẋ+(0) = q
ẋ+ continuous from the right
ẋ(t) ∈ q − p0 + D+u

(
x(t)

)
(t ∈ [0, τ) a.e.)

inft∈[0,τ ] diam D+u
(
x(t)

)
> 0
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propagation of singularities propagation for semiconcave functions

back to example 2

singular arc

q
   

p0

Figure: the propagation principle at work
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propagation of singularities propagation for semiconcave functions

construction of singular arc

for t > 0 small let x(t) be the unique max point of the strictly concave function

φt (x) = u(x)− u(x0)− (p0 − q) · (x − x0)− 1
2t
|x − x0|2

(
x ∈ Br (x0)

)
then 0 < |x(t)− x0| <

2|q|t
1− Ct

indeed{
φt
(
x(t)

)
> 0 (∀t > 0 small) because p0 − q /∈ D+u(x0)

φt (x) 6 q · (x − x0) +
(C

2 −
1
2t

)
|x − x0|2 by semiconcavity

by Fermat’s rule

0 ∈ D+φt
(
x(t)

)
= D+u

(
x(t)

)
−
(

p0 − q +
x(t)− x0

t︸ ︷︷ ︸
p(t)

)
use semiconcavity to show p(t)→ p0 as t ↓ 0

conclude x(t) ∈ Σ(u) ∀t > 0 small
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propagation of singularities propagation for semiconcave functions

application to distance function

∅ 6= S ⊂ Rn closed

dS(x) = min
y∈S
|x − y | (x ∈ Rn)

Corollary

x ∈ Σ(dS) \ S the following properties are equivalent

1 x isolated singularity of dS

2 ∂D+dS(x) = D∗dS(x)(= ∂B1)

3 projS(x) = ∂Br (x) with r = dS(x)

Motzkin 1935
Bartke, Berens 1986
Veselý 1992
Westphal, Frerking 1989
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2 ∂D+dS(x) = D∗dS(x)(= ∂B1)

3 projS(x) = ∂Br (x) with r = dS(x)

Motzkin 1935
Bartke, Berens 1986
Veselý 1992
Westphal, Frerking 1989
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propagation of singularities propagation for semiconcave functions

propagation along Lipschitz manifolds
p0 ∈ D+u(x0) , Np0 =

{
q ∈ Rn

∣∣ |q| = 1 , q · (p − p0) ≥ 0 , ∀p ∈ D+u(x0)
}

Theorem

u : Ω→ R semiconcave x0 ∈ Σ(u) ∅ 6= ∂D+u(x0)\D∗u(x0) 3 p0

∅ 6= ∂D+u(x0)\D∗u(x0) 3 p0

then ∃τ > 0 & f : [0, τ ]× Np0 → Σ(u) Lipschitz such that
1 for all q ∈ Np0 , f (·, q) solves{

∂sf (s, q) ∈ q − p0 + D+u(f (s, q)) for a.e s ∈ [0, τ ]

f (0, q) = x0

2 ∂+
s f (0, q) = q and lim

s→0+
sup

q∈Np0

|∂+
s f (s, q)− q| = 0

3 with ν = 1 + dimH Np0 = dim ND+u(x0)(p0) we have

lim inf
r→0+

r−νHν
(

f
(
[0, τ ]× Np0

)
∩ Br (x0)

)
> 0 (1)
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propagation of singularities propagation for solutions of HJ

Outline

1 Propagation of singularities in euclidean space
Semiconcave functions
Solutions of HJ equations
Weak KAM theory
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propagation of singularities propagation for solutions of HJ

semiconcave solutions of HJB equations

u : Ω→ R semiconcave H = H(x ,u,p) continuous

H(x ,u(x),∇u(x)) = 0 x ∈ Ω ⊂ RN a.e. (H)

with
H(x ,u, ·) convex with strictly convex level sets ∀(x ,u) ∈ Ω× R

Proposition

u : Ω→ R semiconcave solution (H) then
u viscosity solution
for any x ∈ Ω H(x ,u(x),p) = 0 ∀p ∈ D∗u(x)

x ∈ Σ(u) ⇐⇒ minp∈D+u(x) H(x ,u(x),p)<0
∅ 6= ∂D+u(x0)\D∗u(x0) ⇐⇒ singularity at x0 propagates
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propagation of singularities propagation for solutions of HJ

generalized characteristics

u : Ω→ R semiconcave H(x , u, ·) ∈ C1(Rn)

Definition

Lipschitz arc ξ(·) : [0, τ)→ Ω generalized characteristic for (u,H)

ξ̇(t) ∈ co ∂pH
(
ξ(t), u

(
ξ(t)

)
,D+u

(
ξ(t)

))
for a.e. t ∈ [0, τ)

Dafermos 1977, Albano – C 2000, C – Yu 2009

Proposition

x0 ∈ Ω and p0 ∈ D+u(x0)

H
(
x0, u(x0), p0

)
= min

p∈D+u(x0)
H
(
x0, u(x0), p

)
then ∃ξ : [0, τ ]→ Ω generalized characteristic for (u,H) starting at x0 such that

ξ̇+(0) = ∂pH
(
x0, u(x0), p0

)
& lim

t→0+
sup

s∈[0,t]
|ξ̇(s)− ξ̇+(0)| = 0
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propagation of singularities propagation for solutions of HJ

recall approximation lemma

Lemma
let u : Ω→ R be semiconcave, x0 ∈ Ω and V an open set such that

x0 ∈ V ⊂ V ⊂ Ω

then, for any p0 ∈ D+u(x0) there is a sequence uk ∈ C∞(V ) such that
uk → u uniformly in V
∇uk (x0)→ p0

||uk ||∞ 6 M, ||∇uk ||∞ 6 L, ||D2uk ||∞ 6 C, for all k,
where M, L and C are respectively the supremum, the Lipschitz
constant and the semiconcavity constant of u on Ω
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propagation of singularities propagation for solutions of HJ

proof of approximation lemma
let

p0 =
n+1∑
i=1

λipi , pi ∈ D∗u(x0) ,
n+1∑
i=1

λi = 1 , λi > 0

then ∀ k > 1 , ∀i = 1, . . . , n + 1 , ∃ x i
k ∈ V such that

u differentiable at x i
k ∈ B1/k (x0)∣∣∇u(x i

k )− pi
∣∣ ≤ 1

k and
∣∣∣∑n+1

i=1 λi∇u(x i
k )− p0

∣∣∣ ≤ 1
k

moreover ∃ εk ∈ (0, 1/k) such that

sup
x∈Bεk (x i

k )

dD+u(x i
k )

(
∇u(x i

k )
)
6

1
k

(
i = 1, . . . , n + 1

)
fix η ∈ C∞0

(
B1(0)

)
be a cut-off function with η > 0 ,

∫
Rn η = 1 , and define

ηk (x)=
n+1∑
i=1

λi

εn
k
η
(x0 − x1

k − x
εk

)
then the required approximation is

uk (x):=

∫
Rn

u
(
x − y

)
ηk (y) dy
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k ∈ V such that

u differentiable at x i
k ∈ B1/k (x0)∣∣∇u(x i

k )− pi
∣∣ ≤ 1

k and
∣∣∣∑n+1

i=1 λi∇u(x i
k )− p0

∣∣∣ ≤ 1
k

moreover ∃ εk ∈ (0, 1/k) such that

sup
x∈Bεk (x i

k )

dD+u(x i
k )

(
∇u(x i

k )
)
6

1
k

(
i = 1, . . . , n + 1

)
fix η ∈ C∞0

(
B1(0)

)
be a cut-off function with η > 0 ,

∫
Rn η = 1 , and define

ηk (x)=
n+1∑
i=1

λi

εn
k
η
(x0 − x1

k − x
εk

)
then the required approximation is

uk (x):=

∫
Rn

u
(
x − y

)
ηk (y) dy
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propagation of singularities propagation for solutions of HJ

proof of proposition

take uk smooth in V = Br (x0) given by approximation lemma with p = p0

let ξk : [0, τ ]→ Ω solve ẋ = ∂pH
(
x , uk (x),∇uk (x)

)
, x(0) = x0

by extracting a subsequence we have

ξk → ξ uniformly in [0, τ ] & ξ̇k → ξ̇ in L2(0, τ ;Rn)

so that ξ turns out to be a generalized characteristic for (u,H)

by semiconcavity of uk

d
dt

H
(
ξk , uk (ξk ),∇uk (ξk )

)
6 C|∂pH|2 + |∂pH||∇uk ||∂uH|+ |∂x H||∂pH| 6 C

=⇒ H
(
ξk (t), uk (ξk (t)),∇uk (ξk (t))

)
6 H

(
x0, uk (x0),∇uk (x0)

)
+ Ct

conclude lim
k→∞ , t→0+

sup
s∈[0,t]

|∇uk (ξk (s))− p0| = 0

by contradiction: if ∃∇ukj (ξkj (tj ))→ p1 6= p0 then p1 ∈ D+u(x0) and

H
(
x0, u(x0), p1

)
6 H

(
x0, u(x0), p0

)
= min

p∈D+u(x0)
H
(
x0, u(x0), p

)
⇒ p1 = p0
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propagation of singularities propagation for solutions of HJ

propagation along generalized characteristics

generalized characteristics may well be constant however. . .

Theorem
u : Ω→ R semiconcave solution H(x ,u,∇u) = 0 a.e. in Ω

x0 ∈ Σ(u) such that 0 /∈ ∂pH(x0,u(x0),D+u(x0))

then ∃ξ : [0, τ)→ Ω generalized characteristic for (u,H) with
ξ(0) = x0

ξ̇+(0) 6= 0
ξ(t) ∈ Σ(u) for all t ∈ [0, τ)

Albano – C 2000, Yu 2006, C – Yu 2009
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propagation of singularities propagation for solutions of HJ

proof of theorem

arguing as before ∀t ∈ [0, τ ] ∃pt ∈ D+u
(
ξ(t)

)
such that

H
(
ξ(t),u(ξ(t)),pt

)
6 H

(
x0,u(x0),p0

)
+ Ct

H
(
x0,u(x0),p0

)
< 0 since x0 ∈ Σ(u)

for all t > 0 small enough

H
(
ξ(t),u(ξ(t)),pt

)
< 0 =⇒ ξ(t) ∈ Σ(u)

by proposition ξ̇+(0) = ∂pH
(
x0,u(x0),p0

)
6= 0

P. Cannarsa & C. Sinestrari (Rome 2) Optimal control, HJ eqns, singularities – 3 September 3 – 7, 2012 24 / 36



 

propagation of singularities propagation for solutions of HJ

proof of theorem

arguing as before ∀t ∈ [0, τ ] ∃pt ∈ D+u
(
ξ(t)

)
such that

H
(
ξ(t),u(ξ(t)),pt

)
6 H

(
x0,u(x0),p0

)
+ Ct

H
(
x0,u(x0),p0

)
< 0 since x0 ∈ Σ(u)

for all t > 0 small enough

H
(
ξ(t),u(ξ(t)),pt

)
< 0 =⇒ ξ(t) ∈ Σ(u)

by proposition ξ̇+(0) = ∂pH
(
x0,u(x0),p0

)
6= 0

P. Cannarsa & C. Sinestrari (Rome 2) Optimal control, HJ eqns, singularities – 3 September 3 – 7, 2012 24 / 36



 

propagation of singularities propagation for solutions of HJ

proof of theorem

arguing as before ∀t ∈ [0, τ ] ∃pt ∈ D+u
(
ξ(t)

)
such that

H
(
ξ(t),u(ξ(t)),pt

)
6 H

(
x0,u(x0),p0

)
+ Ct

H
(
x0,u(x0),p0

)
< 0 since x0 ∈ Σ(u)

for all t > 0 small enough

H
(
ξ(t),u(ξ(t)),pt

)
< 0 =⇒ ξ(t) ∈ Σ(u)

by proposition ξ̇+(0) = ∂pH
(
x0,u(x0),p0

)
6= 0

P. Cannarsa & C. Sinestrari (Rome 2) Optimal control, HJ eqns, singularities – 3 September 3 – 7, 2012 24 / 36



 

propagation of singularities propagation for solutions of HJ

proof of theorem

arguing as before ∀t ∈ [0, τ ] ∃pt ∈ D+u
(
ξ(t)

)
such that

H
(
ξ(t),u(ξ(t)),pt

)
6 H

(
x0,u(x0),p0

)
+ Ct

H
(
x0,u(x0),p0

)
< 0 since x0 ∈ Σ(u)

for all t > 0 small enough

H
(
ξ(t),u(ξ(t)),pt

)
< 0 =⇒ ξ(t) ∈ Σ(u)

by proposition ξ̇+(0) = ∂pH
(
x0,u(x0),p0

)
6= 0

P. Cannarsa & C. Sinestrari (Rome 2) Optimal control, HJ eqns, singularities – 3 September 3 – 7, 2012 24 / 36



 

propagation of singularities propagation for solutions of HJ

proof of theorem

arguing as before ∀t ∈ [0, τ ] ∃pt ∈ D+u
(
ξ(t)

)
such that

H
(
ξ(t),u(ξ(t)),pt

)
6 H

(
x0,u(x0),p0

)
+ Ct

H
(
x0,u(x0),p0

)
< 0 since x0 ∈ Σ(u)

for all t > 0 small enough

H
(
ξ(t),u(ξ(t)),pt

)
< 0 =⇒ ξ(t) ∈ Σ(u)

by proposition ξ̇+(0) = ∂pH
(
x0,u(x0),p0

)
6= 0

P. Cannarsa & C. Sinestrari (Rome 2) Optimal control, HJ eqns, singularities – 3 September 3 – 7, 2012 24 / 36



 

propagation of singularities propagation for solutions of HJ

nonuniqueness of generalized chacteristics

Example

let
H(p1, p2) =

1
4

(p4
1 + p4

2)− p1

2
− p2

2
and u(x) = min{x1, x2}

then D+u(0, 0) = {(t , 1− t)| 0 ≤ t ≤ 1}
since (0, 0) ∈ co ∂pH(D+u(0, 0))

ξ0(s) ≡ (0, 0)

is a (trivial) generalized characteristic for (u,H) starting at (0, 0)

since (0, 0) /∈ ∂pH(D+u(0, 0)) theorem ensures the existence of another
generalized characteristic ξ1 for (u,H) starting at (0, 0) such that ξ̇1(0) 6= (0, 0)

Exercise

find ξ1
[
answer: ξ1(t) = −

( 3
8 ,

3
8

)
t
]
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ξ0(s) ≡ (0, 0)

is a (trivial) generalized characteristic for (u,H) starting at (0, 0)

since (0, 0) /∈ ∂pH(D+u(0, 0)) theorem ensures the existence of another
generalized characteristic ξ1 for (u,H) starting at (0, 0) such that ξ̇1(0) 6= (0, 0)

Exercise

find ξ1
[
answer: ξ1(t) = −

( 3
8 ,

3
8

)
t
]
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propagation of singularities propagation for solutions of HJ

uniqueness yields regularity
the following corollary follows from theorem by translation invariance of generalized
characteristic flow

Corollary
suppose

∀x ∈ Ω ∃! generalized characteristic for (u,H) starting from x

then ∀ ξ : [0, τ ]→ Ω generalized characteristic for (u,H)

∃ξ̇+(t) for all t ∈ [0, τ) and

ξ̇+(t) = ∂pH
(
ξ(s), u

(
ξ(s)

)
, p(s)

)
where p(s) is the unique point of D+u

(
ξ(s)

)
such that

H
(
ξ(s), u

(
ξ(s)

)
, p(s)

)
= min

p∈D+u(ξ(s))
H
(
ξ(s), u

(
ξ(s)

)
, p
)

ξ̇+ is right-continuous
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propagation of singularities propagation for solutions of HJ

generalized gradient flow

Example

for u : Ω→ R semiconcave and H(x , p) = 1
2

(
|p|2 − 1

)
we have

∀x ∈ Ω ∃! generalized characteristic for (u,H) starting from x

indeed if ξ1 and ξ2 are two generalized characteristics from the same point

ξ̇i (s) ∈ D+u
(
ξi (s)

)
(s ∈ [0, σ] a.e.).

so, by monotonicity of D+u,

1
2

d
ds
∣∣ξ2(s)− ξ1(s)

∣∣2 =
(
ξ̇2(s)− ξ̇1(s)

)
·
(
ξ2(s)− ξ1(s)

)
≤ C

∣∣ξ2(s)− ξ1(s)
∣∣2

and ξ1 ≡ ξ2 by Gronwall’s lemma

Exercise

show uniqueness of generalized characteristic with same initial datum for

H(x , p) = pn+1 + |p′|2 where p := (p′, pn+1) ∈ Rn × R
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propagation of singularities propagation for weak KAM solutions

Outline

1 Propagation of singularities in euclidean space
Semiconcave functions
Solutions of HJ equations
Weak KAM theory
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propagation of singularities propagation for weak KAM solutions

preliminaries from weak KAM theory

TN = N−dimensional flat torus

V (·) smooth TN−periodic function

Theorem

for each P ∈ RN there is a unique real number H(P) such that the (cell) problem

1
2
|P +∇u(x)|2 + V (x) = H(P)

has a TN−periodic solution v
moreover

v is semiconcave in Rn

H is convex and minRN H = H(0) = maxTn V (Mañé’s critical value)

Lions, Papanicolau, and Varadhan (circa 1988)

Evans (1992)

Fathi (2007)

P. Cannarsa & C. Sinestrari (Rome 2) Optimal control, HJ eqns, singularities – 3 September 3 – 7, 2012 29 / 36



 

propagation of singularities propagation for weak KAM solutions

preliminaries from weak KAM theory

TN = N−dimensional flat torus

V (·) smooth TN−periodic function

Theorem

for each P ∈ RN there is a unique real number H(P) such that the (cell) problem

1
2
|P +∇u(x)|2 + V (x) = H(P)

has a TN−periodic solution v
moreover

v is semiconcave in Rn

H is convex and minRN H = H(0) = maxTn V (Mañé’s critical value)
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propagation of singularities propagation for weak KAM solutions

global propagation in weak KAM theory

Theorem (C – Yu, 2009)

fix P ∈ RN and let

v be a TN−periodic solution of

1
2
|P +∇u(x)|2 + V (x) = H(P)

the (energy) condition H(P) > maxTn V be satisfied

x0 ∈ Ω ⊂ RN bounded with ∂Ω ∼ SN−1

then
x0 ∈ Σ(v) =⇒ ∂Ω ∩ Σ(v) 6= ∅

Ω
x0
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propagation of singularities propagation for weak KAM solutions

preliminaries of the proof

argue by contradiction and suppose v differentiable on ∂Ω

let u(x) := P · x + v(x) observe u semiconcave, Σ(u) = Σ(v), and
1
2
|∇u(x)|2 + V (x) = H(P)

hence ∀x ∈ Rn : ∃∇u(x) ∃!ξx ∈ C1((∞, 0];Rn) such that{
∃ ξ̇x (t) = ∇u(ξ(t)) = P +∇v(ξ(t)) (∀t 6 0)

ξx (0) = x .

moreover ξx minimizes the action functional

JT [ξ] =

∫ 0

T

[1
2
|ξ̇|2 − V (ξ)

]
dt

(
∀T < 0

)
and satisfies the Euler-Lagrange equations{

ξ̇ = η

η̇ = −∇V (ξ)
with terminal conditions

{
ξ(0) = x
η(0) = ∇u(x)

by semiconcavity of u and continuous dependence

x 7→ ξx (t) continuous on ∂Ω for every ∀t 6 0
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propagation of singularities propagation for weak KAM solutions

core of the proof
∀ t < 0 define

γt : ∂Ω→ Rn by γt (x) = ξx (t)
Γt := γt (∂Ω)

observe

γt

{
continuous
one-to-one

=⇒ γt homeomorphism =⇒ Γt homeomorphic to Sn−1

moreover
t 7→ Γt is continuous with respect to dH
ΓT⊂

{
y ∈ Rn| P · y 6 P · x0 − 1

}
for T << 0

P ·
(
x − ξx (t)) + v(x)− v(ξx (t)

)
= u(x)− u

(
ξx (t)

)
=

∫ 0

t
∇u
(
ξx (s)

)
· ξ̇x (s) ds

= 2
∫ 0

t

[
H(P)− V (ξx (s))

]
ds > −2t

[
H(P)−max

Tn
V
]

=: −2tµ

=⇒ P · ξx (t) 6 P · x0 + |p| diam (Ω) + 2‖v‖∞ + 2µ t
(
x ∈ ∂Ω , t 6 0

)
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propagation of singularities propagation for weak KAM solutions

end of the proof

since Γt ∼ Sn−1 by the Jordan-Brouwer theorem

Rn \ Γt = Ωt ∪ Ω
c
t with Ωt bounded

(
∀ t 6 0

)
observe that oriented distance function

d̄Γt (x) = dRn\Ωt (x)− dΩt
(x) =

{
dΓt (x) if x ∈ Ωt

−dΓt (x) if x ∈ Ω
c
t

turns out to be continuous in both x and t

the continuous function h(t) := d̄Γt (x0)
(
t 6 0

)
satisfies

h(0) > 0 since x0 ∈ Ω
h(T ) < 0 as ΓT⊂

{
y ∈ Rn| P · y 6 P · x0 − 1

}
for T << 0

but then
∃t0 < 0 : h(t0) = 0 ⇐⇒ x0 ∈ Γt0

in contrast with the differentiability of v on Γt ∀ t 6 0!
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propagation of singularities propagation for weak KAM solutions

local propagation in weak KAM theory

Theorem (C – Cheng – Zhang, 2012)

fix P ∈ RN and let

v be a TN−periodic solution of

1
2
|P +∇u(x)|2 + V (x) = H(P)

the (energy) condition H(P) > maxTn V be satisfied

x0 ∈ Σ(u)

then there exists ξ : [0, τ)→ Σ(u) Lipschitz such that ξ(0) = x0 and ξ̇+(0) 6= 0

Ω
x0
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propagation of singularities propagation for weak KAM solutions

open problems

global results (for instance, invariance of singular set under
generalized characteristic flow) for the propagation of singularities
of solutions to HJ equations
connect global and local propagation results in weak KAM theory
and use them to derive topological properties of corresponding
dynamical systems
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propagation of singularities propagation for weak KAM solutions

thank you
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