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_____ Outline |
Outline

o Propagation of singularities in euclidean space
@ Semiconcave functions
@ Solutions of HJ equations
@ Weak KAM theory
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propagation of singularities pr

opagation for
Outline

o Propagation of singularities in euclidean space
@ Semiconcave functions
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propagation for semiconcave functions
propagation of singularities
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propagation of singularities propagation for iconcave functions

propagation of singularities
u:Q—R semiconcave Xy € X(u)

Definition

singularity at xo propagates: 36 > 0 and {xx }x C X(u) \ {xo} such that

Xk — X & diam (D" u(xx)) > 6
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propagation of singularities propagation for semiconcave functions

propagation of singularities
u:Q— R semiconcave Xxp < X(u)

Definition

singularity at xo propagates: 36 > 0 and {xx }x C X(u) \ {xo} such that

Xk — X & diam (D" u(xx)) > 6

want to give conditions for a given singularity to propagate
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propagation for semiconcave functions
propagation of singularities
u:Q— R semiconcave Xxp < X(u)
Definition
singularity at xo propagates: 36 > 0 and {xx }x C X(u) \ {xo} such that

Xk — X & diam (D" u(xx)) > 6

want to give conditions for a given singularity to propagate
@ C —Soner 1987, 1989
Ambrosio — C — Soner 1993
Albano — C 1999, 2000, 2002; Albano 2002
C — Sinestrari 2004
Yu 2006, 2007; C - Yu 2009
Albano — C — Nguyen, Sinestrari 2012
@ work in progress: Stromberg; C — Cheng, Zhang; C — Mazzola, Sinestrari
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magnitude of a singular point

Definition
magnitude of X, € L(u):  k(xXo) = dim (D u(

iconcave functions

Xo))

Tlu)

¥(0)=2

Figure: no propagation for u(x,y) =3
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do singularities of lower magnitude propagate?

ul
10}

oo

Figure: magnitude 1 singularities of u(x,y) =3 — |x| — |y| do propaga __:"
along straight lines =
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propagation of singularities propagation for iconcave functions

Z(u)

Figure: an isolated singularity of magnitude 1 at the origin
2 4
u(x,y) =3-1/(3)*+ (%)
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“pattern recognition”

acloserlookat D'u (recall D*u C 8D u)

Example
L r.:l:ll L}
e .-"'-lll
s -'"-.,.»
r'f}' wfit, 0}
\ ]

Figure: in example 1 ‘ D*u(0,0) = oD u(0,0) ‘

v
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example 2

pagation for iconcave functions

T

o ?
oy

H - Iimil‘ting gradients

Figure: here ‘ D*u(0,0) ¢ 8D+u(0,0)‘
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example 3

Figure: here ‘ D*u(0,0) = D*u(0,0) ‘
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propagation for semiconcavs functions
propagation principle
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propagation principle

Theorem (Albano — C 1999; C — Yu 2009)

v
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propagation principle

Theorem (Albano — C 1999; C — Yu 2009)

u:Q—R semiconcave xy < ¥(u)

v
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propagation of singularities pr

propagation principle

opagation for iconcave functions

Theorem (Albano — C 1999; C — Yu 2009)

u:Q—R semiconcave xy < ¥(u)
suppose

@ # 0DV u(xp)\D*u(xo)

v
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propagation of singularities pr

propagation principle

opagation for iconcave functions

Theorem (Albano — C 1999; C — Yu 2009)

u:Q—R semiconcave xy < ¥(u)
suppose

@ # D" u(x0)\D*u(x0) > po

v

N

o1 [ ETET WA oST S (ETT (2101 W) Il Optimal control, HJ egns, singularities — 3 September 3 - 7, 2012 11/36



propagation principle

pagation for iconcave functions

Theorem (Albano — C 1999; C — Yu 2009)

u:Q—R semiconcave xy < ¥(u)
suppose

@ # D" u(x0)\D*u(x0) > po
Let g RN\ {0} besuchthat q-(p—po) >0 Vpec Dru(x)
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propagation of singularities pre

propagation principle

pagation for iconcave functions

Theorem (Albano — C 1999; C — Yu 2009)

u:Q—R semiconcave xy < ¥(u)
suppose
@ # 0D u(x)\D*u(x0) > po
Let g RN\ {0} besuchthat q-(p—po) >0 Vpec Dru(x)
Then 3 x(-):[0,7) — X(u) Lipschitz
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propagation of singularities pre

propagation principle

pagation for iconcave functions

Theorem (Albano — C 1999; C — Yu 2009)
u:Q—R semiconcave xy < ¥(u)
suppose
@ # 0D u(x)\D*u(x0) > po
Let g RN\ {0} besuchthat q-(p—po) >0 Vpec Dru(x)
Then 3 x(-):[0,7) — X(u) Lipschitz
o x(0)=x & xT(0)=gq
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propagation of singularities propagation for semiconcave functions

propagation principle

Theorem (Albano — C 1999; C — Yu 2009)
u:Q—R semiconcave xy < ¥(u)
suppose
@ # 0D u(x)\D*u(x0) > po

Let g RN\ {0} besuchthat q-(p—po) >0 Vpec Dru(x)
Then 3 x(-):[0,7) — X(u) Lipschitz

o x(0)=x & xT(0)=gq

@ xT continuous from the right

@ x(t)yeqg—po+ Dtu(x(t)) (te[0,7)a.e.)
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propagation of singularities propagation for semiconcave functions

propagation principle

Theorem (Albano — C 1999; C — Yu 2009)
u:Q—R semiconcave xyc< X(u)
suppose
@ # 0D u(x)\D*u(x0) > po

Let g RN\ {0} besuchthat q-(p—po) >0 Vpec Dru(x)
Then 3 x(-):[0,7) — X(u) Lipschitz

o x(0)=x & xT(0)=gq

@ xT continuous from the right

@ x(t)yeqg—po+ Dtu(x(t)) (te[0,7)a.e.)

o infiepo,diam Dtu(x(t)) >0
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propagation of singularities pr

back to example 2

opagation for iconcave functions

=
B

singular arc

Figure: the propagation principle at work
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propagation for semiconcave functions
construction of singular arc
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propagation for semiconcavs functions
construction of singular arc

@ for t > 0 small let be the unique max point of the strictly concave function

Bu(x) = u(x) ~ (%) ~ (B — @) - (x ~ x6) — X — 30 (x € Bela))
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propagation for semiconcavs functions
construction of singular arc

@ for t > 0 small let be the unique max point of the strictly concave function
1 _
¢1(x) = u(x) — u(x) = (Po = G) - (X = X0) — 571X — xol* (x € Br(x0))

2|q|t
1—Ct

@ then 0 < |x(f) — x| <
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propagation for semiconcavs functions
construction of singular arc

@ for t > 0 small let be the unique max point of the strictly concave function

Bu(x) = u(x) ~ (%) ~ (B — @) - (x ~ x6) — X — 30 (x € Bela))

2|qlt .
@ then 0 < |x(t) — x| < ] ‘—q|Ct indeed
ot(x(t)) >0 (Vt> 0small) because pp — q ¢ D" u(x)
Bi(x) < q-(x —x) + ($ — %) |Ix — x|* by semiconcavity
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propagation for semiconcavs functions
construction of singular arc

@ for t > 0 small let be the unique max point of the strictly concave function

Bu(x) = u(x) ~ (%) ~ (B — @) - (x ~ x6) — X — 30 (x € Bela))

@ then 0 < |x(t) — x| < 2lqt indeed
1—Ct
ot(x(t)) >0 (Vt> 0small) because pp — q ¢ D" u(x)
Bi(x) < q-(x —x) + ($ — %) |Ix — x|* by semiconcavity

@ by Fermat’s rule

et ) - (-31 H0:)

p(t)
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propagation for semiconcavs functions
construction of singular arc

@ for t > 0 small let be the unique max point of the strictly concave function

Bu(x) = u(x) ~ (%) ~ (B — @) - (x ~ x6) — X — 30 (x € Bela))

@ then 0 < |x(t) — x| < 2lqt indeed
1—Ct
ot(x(t)) >0 (Vt> 0small) because pp — q ¢ D" u(x)
Bi(x) < q-(x —x) + ($ — %) |Ix — x|* by semiconcavity

@ by Fermat’s rule

et ) - (-31 H0:)

20 aans |
@ use semiconcavity to show p(tf) — po ast] 0 =
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propagation for semiconcavs functions
construction of singular arc

@ for t > 0 small let be the unique max point of the strictly concave function

Bu(x) = u(x) ~ (%) ~ (B — @) - (x ~ x6) — X — 30 (x € Bela))

@ then 0 < |x(f) — x| < 2lalt indeed
1—Ct
ot(x(t)) >0 (Vt> 0small) because pp — q ¢ D" u(x)
Oz(X) <gq (x —x0) + ($ — %)Ix — x/|* by semiconcavity

@ by Fermat’s rule

et ) - (-31 H0:)

p(t)
@ use semiconcavity to show p(t) — py ast| 0

@ conclude | x(t) € X(u) |Vt > 0 small
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propagation for semiconcave functions
application to distance function
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propagation of singularities propagation for

application to distance function
@ # S C R" closed

iconcave functions

ds(x) =minjx—y|  (xeR")
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propagation of singularities propagation for semiconcave functions

application to distance function

@ # S C R" closed

ds(x) =minjx—y|  (xeR")

Corollary

\x € ¥(ds) \ S\ the following properties are equivalent
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propagation for semiconcave functions
application to distance function

@ # S C R" closed

ds(x) =minjx—y|  (xeR")

Corollary

\x € ¥(ds) \ S\ the following properties are equivalent

@ x isolated singularity of dg
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propagation for semiconcave functions
application to distance function

@ # S C R" closed

ds(x) =minjx—y|  (xeR")

Corollary

\x € ¥(ds) \ S\ the following properties are equivalent

@ x isolated singularity of dg
Q 9D"ds(x) = D*ds(x)(= 0By)
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propagation for semiconcave functions
application to distance function

@ # S C R" closed

ds(x) =minjx—y|  (xeR")

Corollary

\x € ¥(ds) \ S\ the following properties are equivalent

@ x isolated singularity of dg
Q 0D*ds(x) = D*ds(x)(= 9B)
©Q projs(x) = 9B, (x) with r = ds(x)
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propagation for semiconcave functions
application to distance function

@ # S C R" closed

ds(x) =minjx—y|  (xeR")

Corollary

\x € ¥(ds) \ S\ the following properties are equivalent

@ x isolated singularity of dg
Q 0D*ds(x) = D*ds(x)(= 9B)
©Q projs(x) = 9B, (x) with r = ds(x)

@ Motzkin 1935

@ Bartke, Berens 1986

@ Vesely 1992

@ Westphal, Frerking 1989

o1 [ ETET WA oT S (ETU (2101 W) Il Optimal control, HJ egns, singularities — 3 September 3 - 7, 2012



propagation for semiconcave functions
propagation along Lipschitz manifolds
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propagation for semiconcave functions
propagation along Lipschitz manifolds

Po € D*u(x0), No={qgeR"|lgl=1, g-(p—po) >0, ¥pe D*u(x)}
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propagation of singularities pr

opagation for iconcave functions

propagation along Lipschitz manifolds

Po € D*u(x0), No={qgeR"|lgl=1, g-(p—po) >0, ¥pe D*u(x)}
Theorem
u:Q—R semiconcave xo € X(u) @ # 0D u(x)\D u(x) > po

@ # 0D u(x0)\D" u(x0) > po
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propagation of singularities pr

opagation for iconcave functions

propagation along Lipschitz manifolds

Po € D*u(x0), No={qgeR"|lgl=1, g-(p—po) >0, ¥pe D*u(x)}
Theorem

u:Q—R semiconcave xo € X(u) @ # 0D u(x)\D u(x) > po

@ # 0D u(x0)\D" u(x0) > po
then3r > 0 & f: [0, 7] x Ny, — X(u) Lipschitz such that
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propagation of singularities pr

opagation for iconcave functions

propagation along Lipschitz manifolds

Po € D*u(x0), No={qgeR"|lgl=1, g-(p—po) >0, ¥pe D*u(x)}
Theorem

u:Q—R semiconcave xo € X(u) @ # 0D u(x)\D u(x) > po

@ # 0D u(x0)\D" u(x0) > po

then3r > 0 & f: [0, 7] x Ny, — X(u) Lipschitz such that
@ forallg € Ny, f(-, q) solves

0sf(s,9) € g — po + DT u(f(s,q)) fora.e sec]0,7]
f(0,9) = X
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propagation of singularities pr

opagation for iconcave functions

propagation along Lipschitz manifolds

Po € D*u(x0), No={qgeR"|lgl=1, g-(p—po) >0, ¥pe D*u(x)}
Theorem

u:Q—R semiconcave xo € X(u) @ # 0D u(x)\D u(x) > po

@ # 0D u(x0)\D" u(x0) > po

then3r > 0 & f: [0, 7] x Ny, — X(u) Lipschitz such that
@ forallg € Ny, f(-, q) solves

0sf(s,9) € g — po + DT u(f(s,q)) fora.e sec]0,7]
f(0,9) = X

Q 9:7(0,9)=q and lim sup |05f(s.q) —ql=0

s—0 qupO
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propagation of singularities pr

opagation for iconcave functions

propagation along Lipschitz manifolds

Po € D*u(x0), No={qgeR"|lgl=1, g-(p—po) >0, ¥pe D*u(x)}
Theorem

u:Q—R semiconcave xo € X(u) @ # 0D u(x)\D u(x) > po

@ # 0D u(x0)\D" u(x0) > po

then3r > 0 & f: [0, 7] x Ny, — X(u) Lipschitz such that
@ forallg € Ny, f(-, q) solves

0sf(s,9) € g — po + DT u(f(s,q)) fora.e sec]0,7]
f(0,9) = X

© 0:1(0,9)=q and lim sup [9{f(s,q) —q| =0
s—0t qENy,

©Q with v =1+dimy Np, = dim Np: 0, (00) we have

im inf F”H”(f([O,T] x Npp) N B,(xo)) >0
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propagation of singularities propagation for

D u(xa) |
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propagation of singularities propagation for solutions of HJ

Outline

o Propagation of singularities in euclidean space

@ Solutions of HJ equations
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propagation for solutions of HJ
semiconcave solutions of HIB equations
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propagation for solutions of HJ
semiconcave solutions of HIB equations

u:Q—R semiconcave H = H(x,u,p) continuous
H(x,u(x),Vu(x))=0 xeQcRN ae. (H)

with
@ H(x,u,-) convex with strictly convex level sets V(x,u) € Q xR
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propagation for solutions of HJ
semiconcave solutions of HIB equations

u:Q—R semiconcave H = H(x,u,p) continuous
H(x,u(x),Vu(x))=0 xeQcRN ae. (H)

with
@ H(x,u,-) convex with strictly convex level sets V(x,u) € Q xR
Proposition

u:Q—R semiconcave solution (H) then
@ u viscosity solution

o1 [ ETE WA oT S (ETT (2101 W) Il Optimal control, HJ eqns, singularities — 3 September 3 - 7, 2012 18/36



propagation for solutions of HJ
semiconcave solutions of HIB equations

u:Q—R semiconcave H = H(x,u,p) continuous
H(x,u(x),Vu(x))=0 xeQcRN ae. (H)

with
@ H(x,u,-) convex with strictly convex level sets V(x,u) € Q xR

Proposition
u:Q—R semiconcave solution (H) then
@ u viscosity solution
@ foranyx € Q H(x,u(x),p) =0 Vpe D*u(x)
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propagation for solutions of HJ
semiconcave solutions of HIB equations

u:Q—R semiconcave H = H(x,u,p) continuous
H(x,u(x),Vu(x))=0 xeQcRN ae. (H)

with
@ H(x,u,-) convex with strictly convex level sets V(x,u) € Q xR

Proposition

u:Q—R semiconcave solution (H) then
@ u viscosity solution
@ foranyx € Q H(x,u(x),p) =0 Vpe D*u(x)
@ xeX(u) <= mingcpsyx) H(X, u(x),p)<0
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propagation for solutions of HJ
semiconcave solutions of HIB equations

u:Q—R semiconcave H = H(x,u,p) continuous
H(x,u(x),Vu(x))=0 xeQcRN ae. (H)

with
@ H(x,u,-) convex with strictly convex level sets V(x,u) € Q xR

Proposition
u:Q—R semiconcave solution (H) then
@ u viscosity solution
@ foranyx € Q H(x,u(x),p) =0 Vpe D*u(x)
@ xeX(u) <= mingcpsyx) H(X, u(x),p)<0
@ U #0D u(x)\D*u(xg) <= singularity at xo propagates
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propagation for solutions of HJ
generalized characteristics
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propagation for solutions of HJ
generalized characteristics

u:Q—R semiconcave H(x,u,-) € C'(R")
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propagation for solutions of HJ
generalized characteristics

u:Q—R semiconcave H(x,u,-) € C'(R")
Definition
Lipschitz arc £(-) : [0,7) — Q generalized characteristic for (u, H)

£() € co apH(g(r), u(&(t)), D*u(g(r))) fora.e. t € [0,7)
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propagation for solutions of HJ
generalized characteristics

u:Q—R semiconcave H(x,u,-) € C'(R")
Definition
Lipschitz arc £(-) : [0,7) — Q generalized characteristic for (u, H)

£() € co apH(g(r), u(&(t)), D*u(g(r))) fora.e. t € [0,7)

Dafermos 1977, Albano — C 2000, C — Yu 2009
Proposition

Xo € Q and po € Dt u(xo)

H(xo, u(Xo), po) = pdr)rliun(xo) H(xo, u(xo), p)

then 3¢ : [0, 7] — Q generalized characteristic for (u, H) starting at xo such that

£7(0) = OpH(x0, U(X0), p0) & lim st{lop]\é(S)fé*(O)I:O
N

t—=0" g¢
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propagation for solutions of HJ
recall approximation lemma

Lemma
let u: Q — R be semiconcave, xy € Q2 and V an open set such that

xxeVcVcaQ

then, for any p° € Dt u(xo) there is a sequence ux € C=(V) such that
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propagation for solutions of HJ
recall approximation lemma

Lemma
let u: Q — R be semiconcave, xy € Q2 and V an open set such that

xxeVcVcaQ

then, for any p° € Dt u(xo) there is a sequence ux € C=(V) such that
@ uyx — u uniformly in V
® Vuk(xo) — p°
@ [|Uk|loo < M, ||VUk||oo < L,||D?uk||se < C, for all k,

where M, L and C are respectively the supremum, the Lipschitz
constant and the semiconcavity constant of u on QQ
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propagation for solutions of HJ
proof of approximation lemma
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propagation of singularities propagation for solutions of HJ

proof of approximation lemma

let
n+1 n+1

pr)\p, P € D*u(x), Z)\,_1 \i>0

i=1
thenVk>1,vi=1,...,n+1,3x] € Vsuchthat
@ u differentiable at x; € B /x(xo)
® [Vux)-p| <} and |TIAVU() - P <
@ moreover e, € (0,1/k) such that

x| =

sup dD+u(x[()(vu(Xli)) <
x€B. ( )

x| =

| Jor: 1) [ ETE WA oST ) S (ETU (2101 37 Il Optimal control, HJ eqns, singularities — 3

(i=1,...

,n+1)
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propagation of singularities propagation for solutions of HJ

proof of approximation lemma

let
n+1 n+1

pr)\p, P € D*u(x), Z)\,_1 \i>0

i=1
thenVk>1,vi=1,...,n+1,3x] € Vsuchthat
@ u differentiable at x; € B /x(xo)
® [Vux)-p| <} and |TIAVU() - P <
@ moreover e, € (0,1/k) such that

x| =

sup dD+u(x[()(vu(Xli)) <
x€B. ( )

x| =

(i=1,...,

n+1)

fix n € C5°(B1(0)) be a cut-off function withn > 0, [.,n =1, and define

n+1/\ Xo — X X

) 0 — X —

n0=3 o =2=%)
i=1 Kk
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propagation for solutions of HJ
proof of approximation lemma

let
n+1 n+1

pr)\p, P € D*u(x), Z)\,_1 \i>0

i=1
thenVk>1,vi=1,...,n+1,3x] € Vsuchthat
@ u differentiable at x; € B /x(xo)
® [Vux)-p| <} and |TIAVU() - P <
@ moreover e, € (0,1/k) such that

x| =

(i=1,...,n+1)

x| =

sup dD+u(x[()(vu(Xli)) <
x€B. ( )

fix n € C5°(B1(0)) be a cut-off function withn > 0, [.,n =1, and define

n+1/\ Xo — X X

) 0 — X —

n0=3 o =2=%)
i=1 Kk

then the required approximation is

Uk(X):= / u(x —y)m(y) dy
JRN
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propagation for solutions of HJ
proof of proposition

.
=
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propagation of singularities propagation for solutions of HJ

proof of proposition

@ take ux smooth in V = B:(x0) given by approximation lemma with p = po

oo
el
=
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propagation of singularities propagation for solutions of HJ

proof of proposition

@ take ux smooth in V = B:(x0) given by approximation lemma with p = po

@ let & : [0, 7] — Q solve

X = OpH(x, uk(x), Vuk(x)) ,

x(0) = xo
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propagation of singularities propagation for solutions of HJ

proof of proposition

@ take ux smooth in V = B:(x0) given by approximation lemma with p = po

@ let & : [0, 7] — Q solve

X = OpH(x, uk(x), Vuk(x)) ,

x(0) = xo

@ by extracting a subsequence we have

& — € uniformly in [0,7] & & — £ in [2(0,7;R")
so that & turns out to be a generalized characteristic for (u, H)
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propagation for solutions of HJ
proof of proposition

@ take ux smooth in V = B:(x0) given by approximation lemma with p = po
@ let& : [0,7] —» Qsolve |k = dpH (X, uk(X), Vuk(x)), x(0) = xo
@ by extracting a subsequence we have

& — € uniformly in [0,7] & & — € in [2(0,7;R")

so that & turns out to be a generalized characteristic for (u, H)
@ by semiconcavity of uk

d
i1 (&6 Uk(&0); V(&) < ClopH|* + 8o H||V uk||0uH| + |0xH||3pH| < C

= H(& (1), uk(&k (1)), Vuk(&k(t))) < H(Xo, Uk(%0), V(X)) + Ct
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propagation for solutions of HJ
proof of proposition

@ take ux smooth in V = B:(x0) given by approximation lemma with p = po
X = OpH(x, uk(x), Vuk(x)) , x(0) = xo
@ by extracting a subsequence we have

& — € uniformly in [0,7] & & — € in [2(0,7;R")

so that & turns out to be a generalized characteristic for (u, H)
@ by semiconcavity of uk

@ let & : [0, 7] — Q solve

%H(fk, Uk(ék), VUk(&k)) < ClapHI? + |0pH||V uk||8uH| + |0xH]|0pH| < C
= H(& (1), uk(&k (1)), Vuk(&k(t))) < H(Xo, Uk(%0), V(X)) + Ct

@ conclude . lim sup |Vuk(éx(s)) — po| =0
|

—00, 1=0F 50

by contradiction: if IV (& () — p1 # po then p1 € D*u(xo) and

H (X0, u(x0), p1) < H(xo, u(x0), Po) :pemiﬂXO)H(Xoyu(Xo)yp) = P1=po
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propagation for solutions of HJ
propagation along generalized characteristics
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propagation for solutions of HJ
propagation along generalized characteristics

generalized characteristics may well be constant however. . .

Theorem
@ u:Q— R semiconcave solution H(x,u,Vu)=0a.e inQ
® xo € X(u) suchthat 0 ¢ dpH(x0,u(xo), D" u(xo))

then 3¢:[0,7) — Q generalized characteristic for (u, H) with
° £(0) =X
® £7(0)#0
@ &(t) e X(u) forallt € [0,7)

Albano — C 2000, Yu 2006, C — Yu 2009

IME
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propagation of singularities propagation for solutions of HJ

proof of theorem
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propagation of singularities propagation for solutions of HJ

proof of theorem

@ arguing as before Vt € [0,7] 3p; € DTu(&(t)) such that

H(f(t)v U(g(t))not) < H(Xo, U(XO)HOO) + Ct
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propagation of singularities propagation for solutions of HJ

proof of theorem

@ arguing as before Vt € [0,7] 3p; € DTu(&(t)) such that

H(f(t)v U(g(t))not) < H(Xo, U(XO)HOO) + Ct

@ H(xo,u(xo),po) <0 since xp € X(u)
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propagation of singularities propagation for solutions of HJ

proof of theorem

@ arguing as before Vt € [0,7] 3p; € DTu(&(t)) such that

H(f(t)v U(g(t))not) < H(Xo, U(XO)HOO) + Ct

@ H(xo,u(xo),po) <0 since xp € X(u)
@ for all t > 0 small enough

H(E(D), u(E(t),p) <0 = &(1) € X(u)

o1 [ ETET WA oRST ) O (ETU (2101 W) Il Optimal control, HJ egns, singularities — 3

September 3 - 7, 2012



propagation of singularities propagation for solutions of HJ

proof of theorem

@ arguing as before Vt € [0,7] 3p; € DTu(&(t)) such that

H(f(t)v U(g(t))not) < H(X07 U(XO)HOO) + Ct

@ H(xo,u(xo),po) <0 since xp € X(u)
@ for all t > 0 small enough

H(E(D), u(E(t),p) <0 = &(1) € X(u)

@ by proposition £(0) = dpH(Xo, U(xo), po) # O
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propagation for solutions of HJ
nonuniqueness of generalized chacteristics

Example
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propagation of singularities propagation for solutions of HJ

nonuniqueness of generalized chacteristics

Example
@ Jet

H(p17p2) =

FNJQEN

(ot +p8) - 5 -

[SIES)

and u(x) = min{xy, X2}
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propagation of singularities propagation for solutions of HJ

nonuniqueness of generalized chacteristics

Example

@ Jet

ENJJEN

H(pr, p2) = 5 (bt +p8) = B -

VIESS

@ then D*u(0,0)={(t,1—1)]0<t<1}

and u(x) = min{xy, X2}
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propagation of singularities propagation for solutions of HJ

nonuniqueness of generalized chacteristics

Example

@ Jet

ENJJEN

H(pr, p2) = 5 (bt +p8) = B -

VIESS

@ then D'u(0,0) = {(t,1—1)]0<t<1}
@ since (0,0) € codpH(DTu(0,0))

&o(s) = (0,0)

and u(x) = min{xy, X2}

is a (trivial) generalized characteristic for (u, H) starting at (0, 0)
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propagation for solutions of HJ
nonuniqueness of generalized chacteristics

Example

@ Jet
P
2

VIESS

(P! +p3) — and u(x) = min{x, X2}

ENJJEN

H(p1, p2) =

@ then D*u(0,0) = {(t,1—1t)|0<t<1}
@ since (0,0) € codpH(DTu(0,0))
&(s) = (0,0)
is a (trivial) generalized characteristic for (u, H) starting at (0, 0)

@ since (0,0) ¢ 9,H(D*u(0,0)) theorem ensures the existence of another
generalized characteristic & for (u, H) starting at (0, 0) such that £1(0) # (0, 0)

P
=

Al
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propagation for solutions of HJ
nonuniqueness of generalized chacteristics

Example

@ Jet
P
2

VIESS

(P! +p3) — and u(x) = min{x, X2}

ENJJEN

H(p1, p2) =

@ then D*u(0,0) = {(t,1—1t)|0<t<1}
@ since (0,0) € codpH(DTu(0,0))
&(s) = (0,0)
is a (trivial) generalized characteristic for (u, H) starting at (0, 0)

@ since (0,0) ¢ 9,H(D*u(0,0)) theorem ensures the existence of another
generalized characteristic & for (u, H) starting at (0, 0) such that £1(0) # (0, 0)

P
=

Exercise |

find &

v
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propagation for solutions of HJ
nonuniqueness of generalized chacteristics

Example

@ Jet
P
2

VIESS

(P! +p3) — and u(x) = min{x, X2}

ENJJEN

H(p1, p2) =

@ then D*u(0,0) = {(t,1—1t)|0<t<1}
@ since (0,0) € codpH(DTu(0,0))
&(s) = (0,0)
is a (trivial) generalized characteristic for (u, H) starting at (0, 0)

@ since (0,0) ¢ 9,H(D*u(0,0)) theorem ensures the existence of another
generalized characteristic & for (u, H) starting at (0, 0) such that £1(0) # (0, 0)

P
=

Exercise |

find & lanswer: & (t) = (8, 3)¢]

v
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propagation for solutions of HJ
uniqueness yields regularity
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propagation of singularities propagation for solutions of HJ

uniqueness yields regularity

the following corollary follows from theorem by translation invariance of generalized
characteristic flow
Corollary

suppose

Vx € Q 3! generalized characteristic for (u, H) starting from x

v

o1 [ ETET WA oST ) S (ETT (2101 W) Il Optimal control, HJ egns, singularities — 3 September 3 - 7, 2012 26 /36



propagation of singularities propagation for solutions of HJ

uniqueness yields regularity

the following corollary follows from theorem by translation invariance of generalized
characteristic flow
Corollary

suppose

‘ Vx € Q 3! generalized characteristic for (u, H) starting from x

thenV ¢ : [0, 7] — Q generalized characteristic for (u, H)
@ 3¢t (t) forallt € [0,7) and
£4(t) = BoH(&(s), u(€(s)), p(s))

where p(s) is the unique point of D* u(£(s)) such that

H(&(s). u((9)).p(s))

Jnin H(&(s), u(e(9)). p)

@ ¢+ s right-continuous

v
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propagation for solutions of HJ
generalized gradient flow

=

| Jor: 1) [ ETET WA oST 1 S (ETU (2101 W) Il Optimal control, HJ eqns, singularities — 3 September 3 - 7, 2012 27 /36



propagation for solutions of HJ
generalized gradient flow

Example

for u: Q — R semiconcave and’ Hx,p) = 3(Ip — 1) ‘ we have

Vx € Q 3! generalized characteristic for (u, H) starting from x

=
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propagation for solutions of HJ
generalized gradient flow

Example

for u: Q — R semiconcave and‘ Hx,p) = 3(Ip — 1) ‘ we have

Vx € Q 3! generalized characteristic for (u, H) starting from x
indeed if &1 and & are two generalized characteristics from the same point
&i(s) € D u(&i(s)) (s €[0,0] ae.).

so, by monotonicity of D" u,

3 S 16() ~ () = (€x(s) ~ £:(5)) - (&als) ~ €1(9)) < Cleals) ~ &x(9)]°

and & = & by Gronwall’'s lemma

=
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propagation for solutions of HJ
generalized gradient flow

Example

for u: Q — R semiconcave and‘ Hx,p) = 3(Ip — 1) ‘ we have

Vx € Q 3! generalized characteristic for (u, H) starting from x
indeed if &1 and & are two generalized characteristics from the same point
&i(s) € D u(&i(s)) (s €[0,0] ae.).

so, by monotonicity of D" u,

3 S 16() ~ () = (€x(s) ~ £:(5)) - (&als) ~ €1(9)) < Cleals) ~ &x(9)]°

and & = & by Gronwall’'s lemma

Exercise
show uniqueness of generalized characteristic with same initial datum for

H(x,p) = pnt1 + 0> where p:=(p',pns1) € R" x R

i
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propagation of singularities propagation for weak KAM solutions

Outline

o Propagation of singularities in euclidean space

@ Weak KAM theory
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propagation for weak KAM solutions
preliminaries from weak KAM theory
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propagation for weak KAM solutions
preliminaries from weak KAM theory

@ TV = N—dimensional flat torus
@ V(-) smooth TN —periodic function

Theorem

for each P € R" there is a unique real number H(P) such that the (cell) problem
1 _
5P+ Vu(x)P? + V(x) = H(P)

has a T —periodic solution v

MIIE
0
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propagation for weak KAM solutions
preliminaries from weak KAM theory

@ TV = N—dimensional flat torus
@ V(-) smooth TN —periodic function

Theorem

for each P € R" there is a unique real number H(P) such that the (cell) problem
1 _
5P+ Vu(x)P? + V(x) = H(P)

has a T —periodic solution v
moreover
@ v is semiconcave in R"

@ Hisconvexand mingy H= H(0) = maxp V (Mafié’s critical value)
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propagation for weak KAM solutions
preliminaries from weak KAM theory

@ TV = N—dimensional flat torus
@ V(-) smooth TN —periodic function

Theorem

for each P € R" there is a unique real number H(P) such that the (cell) problem
1 _
5P+ Vu(x)P? + V(x) = H(P)

has a T —periodic solution v
moreover
@ v is semiconcave in R"

@ Hisconvexand mingy H= H(0) = maxp V (Mafié’s critical value)

@ Lions, Papanicolau, and Varadhan (circa 1988)
@ Evans (1992)
@ Fathi (2007)
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propagation for weak KAM solutions
preliminaries from weak KAM theory

@ TV = N—dimensional flat torus
@ V(-) smooth TN —periodic function

Theorem

for each P € R" there is a unique real number H(P) such that the (cell) problem
1 _
5P+ Vu(x)P? + V(x) = H(P)

has a T —periodic solution v
moreover
@ v is semiconcave in R"

@ Hisconvexand mingy H= H(0) = maxp V (Mafié’s critical value)

@ Lions, Papanicolau, and Varadhan (circa 1988)
@ Evans (1992)
@ Fathi (2007)
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propagation for weak KAM solutions
global propagation in weak KAM theory
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propagation of singularities propagation for weak KAM solutions

global propagation in weak KAM theory

Theorem (C — Yu, 2009)
fix P € RY and let
@ v be a TN—periodic solution of

2P+ Vu()P + V(x) = F(P)

@ the (energy) condition H(P) > maxm V  be satisfied
@ x € Q ¢ R" bounded with 9Q ~ SN~

then
X eX(v) = 9QNX(v)#0
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propagation for weak KAM solutions
preliminaries of the proof
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propagation of singularities propagation for weak KAM solutions

preliminaries of the proof

@ argue by contradiction and suppose v differentiable on 92

oo
el
=
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propagation of singularities propagation for weak KAM solutions

preliminaries of the proof

@ argue by contradiction and suppose v differentiable on 92
@ let u(x) := P x + v(x) observe u semiconcave, X(u) = ¥(v), and

2IVU(O® + V(x) = F(P)
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propagation of singularities propagation for weak KAM solutions

preliminaries of the proof

@ argue by contradiction and suppose v differentiable on 92
@ let u(x) := P x + v(x) observe u semiconcave, X(u) = ¥(v), and

2IVU(O® + V(x) = F(P)

hence Vx € R” : 3Vu(x) 34 € C'((o0,0]; R") such that
{a Ex(t) = Vu(g(t)) = P+ VV(E(t) (vt <0)

&x(0) = x.
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propagation of singularities propagation for weak KAM solutions

preliminaries of the proof

@ argue by contradiction and suppose v differentiable on 92
@ let u(x) := P x + v(x) observe u semiconcave, X(u) = ¥(v), and

2IVU(O® + V(x) = F(P)

hence Vx € R” : 3Vu(x) 34 € C'((o0,0]; R") such that
{a Ex(t) = Vu(g(t)) = P+ VV(E(t) (vt <0)

&x(0) = x.

moreover & minimizes the action functional

= [ [3eF-vela  (T<0
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propagation of singularities propagation for weak KAM solutions

preliminaries of the proof

@ argue by contradiction and suppose v differentiable on 92
@ let u(x) := P x + v(x) observe u semiconcave, X(u) = ¥(v), and

2IVU(O® + V(x) = F(P)

hence Vx € R” : 3Vu(x) 34 € C'((o0,0]; R") such that
{a Ex(t) = Vu(g(t)) = P+ VV(E(t) (vt <0)

&x(0) = x.

moreover & minimizes the action functional

= [ [3eF-vela  (T<0

and satisfies the Euler-Lagrange equations
§=n

; with terminal conditions
n=-VV()
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propagation of singularities propagation for weak KAM solutions

preliminaries of the proof

@ argue by contradiction and suppose v differentiable on 92
@ let u(x) := P x + v(x) observe u semiconcave, X(u) = ¥(v), and

2IVU(O® + V(x) = F(P)

hence Vx € R” : 3Vu(x) 34 € C'((o0,0]; R") such that
{a Ex(t) = Vu(g(t)) = P+ VV(E(t) (vt <0)

&x(0) = x.

moreover &x minimizes the action functional

= [ [3eF-vela  (T<0

and satisfies the Euler-Lagrange equations
§=n

; with terminal conditions
n=-VV()

@ by semiconcavity of u and continuous dependence

£(0) = x
17(0) = Vu(x)

X — &x(t) continuous on 0X2 for every Vi< 0
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propagation for weak KAM solutions
core of the proof

.
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propagation for weak KAM solutions
core of the proof

V t < 0 define
@ v :9Q = R" by v(x)=&(1)
@ It :=(09)
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propagation for weak KAM solutions
core of the proof

V t < 0 define
@ v :0Q = R" by v(x)=E&(1)
o Ft = ’W(OQ)
observe
continuous —_, v+ homeomorphism = ', homeomorphic to 5"~
one-to-one
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propagation for weak KAM solutions
core of the proof

V t < 0 define
@ v :0Q = R" by v(x)=E&(1)
@ I :=v(09)

observe

continuous . . -
{ — ~: homeomorphism = ', homeomorphic to 5"~

one-to-one
moreover
@ {— I';is continuous with respect to dy
@ [C{yeR"P-y<P-xo—1} for T<<0
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propagation for weak KAM solutions
core of the proof

V t < 0 define
@ v :0Q = R" by v(x)=E&(1)
@ I :=v(09)

observe

continuous . . -
{ — ~: homeomorphism = ', homeomorphic to 5"~

one-to-one
moreover
@ {— I';is continuous with respect to dy
@ [C{yeR"P-y<P-xo—1} for T<<0

0
P (x = &() + v(x) — v(&x(1)) = u(x) — u(éx(t) = /t Vu(éx(s)) - €x(s) ds
0
_ g/t [F(P) ~ V(ex(s))] ds > ~2t[Ai(P) -~ max V] =: ~2tu

MIE g,
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propagation for weak KAM solutions
core of the proof

@ v :9Q = R" by v(x)=&(1)

V t < 0 define
o Ft = ’W(OQ)
observe

continuous
one-to-one

moreover

— ~: homeomorphism = ', homeomorphic to 5"~

@ {— I';is continuous with respect to dy
@ [C{yeR"P-y<P-xo—1} for T<<0

0
P (x = &(1) + v(x) = v(&x(t)) = u(x) — u(&(1) = /t Vu(éx(s)) - éx(s) ds

zz/to[ (P) — V(fx(s)] > —2t[H(P) — max V] =: 2ty

= P-&(1)

< P-xo+ |p| diam () + 2|Vl +2ut  (x €09,
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propagation of singularities propagation for weak KAM solutions

end of the proof
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propagation of singularities propagation for weak KAM solutions

end of the proof

@ since I ~ S" ' by the Jordan-Brouwer theorem

R\ =Q:UQ with Q: bounded  (Vt<0)

oo
el
=
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propagation of singularities propagation for weak KAM solutions

end of the proof

@ since I ~ S" ' by the Jordan-Brouwer theorem

R\l =Q,UQ; with € bounded

@ observe that oriented distance function

o, (x)

al't(x):dJR"\Qr(X)_dﬁi(X): { _dl_ (X)

turns out to be continuous in both x and ¢t
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propagation of singularities propagation for weak KAM solutions

end of the proof

@ since I ~ S" ' by the Jordan-Brouwer theorem

R\l =Q,UQ; with € bounded

@ observe that oriented distance function

art(X) = den\q,(X) — obi(x) = { dr,(X)

(Vt<0)

ifxeﬁt

—aor,(x) fxeQy

turns out to be continuous in both x and ¢t

@ the continuous function  h(t) := dr,(x) (t < 0) satisfies

@ h(0) >0 since xp € Q

o h(T)<0 asT7C{yeR"P-y<P-xo—1} for T<<0
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propagation of singularities propagation for weak KAM solutions

end of the proof

@ since I ~ S" ' by the Jordan-Brouwer theorem

R\l =Q,UQ; with € bounded

@ observe that oriented distance function

o, (x)

art(X):dR"\Qt(X)—%,(X): { _dl_ (X)

turns out to be continuous in both x and ¢t

(Vt<0)

ifxeﬁt
it x € Qf

@ the continuous function  h(t) := dr,(x) (t < 0) satisfies

@ h(0) >0 since xp € Q

o h(T)<0 asT7C{yeR"P-y<P-xo—1} for T<<0

but then
3l <0 : h(lh) =0 <= xo €Ty
in contrast with the differentiability of von I'; Vit < 0!
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propagation for weak KAM solutions
local propagation in weak KAM theory

.
=
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propagation for weak KAM solutions
local propagation in weak KAM theory

Theorem (C — Cheng — Zhang, 2012)
fix P € RY and let
@ v be a TN —periodic solution of

1 _
5P+ Vu(x) + V(x) = H(P)
@ the (energy) condition H(P) > maxm V  be satisfied
@ X € Z(U)
then there exists ¢ - [0,7) — ¥(u) Lipschitz such that £(0) = xo and £7(0) # 0
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propagation of singularities propagation for weak KAM solutions

open problems
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propagation for weak KAM solutions
open problems

@ global results (for instance, invariance of singular set under
generalized characteristic flow) for the propagation of singularities
of solutions to HJ equations
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propagation for weak KAM solutions
open problems

@ global results (for instance, invariance of singular set under
generalized characteristic flow) for the propagation of singularities
of solutions to HJ equations

@ connect global and local propagation results in weak KAM theory
and use them to derive topological properties of corresponding
dynamical systems
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propagation of singularities propagation for weak KAM solutions

thank you

.
=
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