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SUMMARY

The left-invariant sub-Riemannian problem on the Engel group is considered. This problem is very important as nilpotent approximation of nonholonomic systems in four—dimensional space with two—dimensional
control (see [1,2]), for instance of a system which describes movement of mobile trailer robot.

Parameterization of extremal curves by elliptic Jacobi’s functions was obtained. Discrete symmetries of Exponential mapping were considered and the corresponding Maxwell sets were constructed. Thus global
bound of the cut time (i. e., the time of loss of global optimality) was found which gives necessary optimality conditions for extremal curves. The first conjugate time (i. e., the time of loss of local optimality) was
iInvestigated. It was shown that the function that gives the upper bound of the cut time provides the lower bound of the first conjugate time.

OPTIMAL CONTROL PROBLEM STATEMENT CUT TIME SYSTEM OF ALGEBRAIC EQUATIONS

In order to investigate the optimality question for discovered In order to compute the optimal trajectory for a given terminal point

0 \ extremal trajectories descrete group of symmetries of exponential (x1, V1, 21, V1), the following system of algebraic equations should

1 mapping were considered: be solved:
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Since the problem is invariant under left shifts on the Engel group,
we can assume that the initial point is identity of the group
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Using one symmetry (dilations) the system (9) was reduced to the
system with three algebraic equations in three unknowns variables:

Y(uy,up, k) =Yy, Z(uq,Up, k) =24, V(Uq,Uz, k)= Vq,
(10)

Figure: Action of the symmetries: e'(y) = ',/ =1...7 Upper bound of cut time gives decomposition of the preimage
HAMILTONIAN SYSTEM Thus the corresponding Maxwell sets were constructed. The point C = U?=1 D; of exponential map Exp into subdomains D;.
of sub-Riemannian geodesic is called Maxwell point if two different The image of the exponential mapping was decomposed into
Existence of optimal solutions of problem (1)—(3) is implied by extremal trajectories come to this point at the same time called subdomains respectively:
Filippov’s theorem [4]. By Cauchy—Schwarz inequality, it follows Maxwell ime &,y : € — (0, +00]: M=t M, (1)
that sub-Riemannian length minimization problem (3) is equivalent 1 . 1 =170 4
to action minimization problem: rAeG = tI¥IAX = min(2p;, 4K) /o, My = {(x,y,z,v) e R" | x>0,z > 0}, (12)
t U.%-I-Ug AeC = tMszgKk/a7 M2={(X9yaza V) ER4 X<0,Z<0}, (13)
/0 2 dt — min. (4) = CG — tﬂnsz—ﬂ, M3={(Xa}’aza V) €R4 X>0,Z<0}, (14)
] My = {(x,y,2,v) € R* | x < 0,z > 0}. (15)

Pontryagin’'s maximum principle [3, 4] was applied to the resulting
optimal control problem (1), (2), (4). Abnormal extremals were _ There is a conjecture that restriction Exp : D; — M;,

parameterized. Denote vector fields at the controls in the where o = \/[a]: K(K) = 2 dt _ Exp : D;j, 4 — M; of the exponential map for these subdomains is
right-hand side of system (1): - ’ ~ Jo \/1 42 sin2 t, a diffeomorphism, i. e. Vg1 € M; 3Y(\, t) € D;, Exp(\, t) = g4

AeC3uUuCguUuCsuly = t|-\|,|AX=—I-OO.

2 2 andvqq € M; 3V (A, t) € Dj 4, Exp(N\, t) = qq,i € {1,...,4}.
X; =(1,0,—-2,0)7, X, = (0,1,~,~ Ty )7, pl(k) € (K(k),3K(k)) is the first positive root of the function ' al
2 | e 2 f2(p, k) = dnp snp + (p — 2E(p)) cn p; E(p) = ¢ dn® t dit;
and the corresponding linear on fibers of the cotangent bundle sn p, cn p and dn p are Jacobi’s functions [6].
T*M Hamiltonians hj(A) = (A, Xj(q)), A € T*M, i =1,2. It is well known that geodesic cannot be optimal after Maxwell
Normal extremals satisty the Hamiltonian system point. Thus Maxwell time gives upper bound of the cut time:
A=H(A), AeT*M, ®)  tut(X) = sup{t > 0 | Exp(}, s) is global optimal for s € [0, f]}.

where H =} (h3 + h2).
The normal Hamiltonian system (5) is given, in certain natural
coordinates, as follows on a level surface {A € T*"M | H = %}

THEOREM (1)

Forany A € C

é =c¢, €=-—asing, &=0, (6) teut(A) < tax(N). (7)
g = cos 0 X1(q) +sin0 Xa(q),  q(0) = qo.

Figure: Hybrid method for solving system of algebraic equations (10)

The bound of the cut time obtained in the Theorem (1) is sharp for
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equations of pendulum: ¢ =1, k =0, a = 0.

CONCLUSION

On the basis of these results, software for numerical computation of a global solution to the sub-Riemannian problem on a group of Engel was developed. So solution of the path-planning problem for mobile trailer
robot via nilpotent approximation will be developed (this work is in progress).

The method for estimating a conjugate time used in this work was successfully applied earlier to Euler’s elastic problem [7] and sub-Riemannian problem on the group of rototranslations [8]. There is no doubt that
this method is also valid for nilpotent sub-Riemannian problem with the growth vector (2,3,5) [9,10,11,12]. The method can be used for other invariant sub-Riemannian problems on Lie groups of low-dimensional
integrable in non-elementary functions. The first natural step in this direction is investigation of invariant sub-Riemannian problem on 3D Lie groups which are classified by A.A. Agrachev and D.Barilari [13].




