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A new multiscale approach for modeling large interacting systems

General formulation of the problem

We consider a system composed of a large number of interacting agents
for which a microscopic and a MACROscopic description are available.

Microscopic level

dX* = vp[X]dt + N dBE, k=1,...,Np,
where X = (X1,..., X)),

Macroscopic level

Bep(t,x) + V - (p(t,x)vM[p(t, -)]) = DAp(t,x), t>0, xeRY
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dX* = vp[X]dt + N dBE, k=1,...,Np,
where X = (X1,..., X)),

Macroscopic level

Bep(t,x) + V - (p(t,x)vM[p(t, -)]) = DAp(t,x), t>0, xeRY

Goal

Coupling the models to improve the single-scale descriptions.
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A new multiscale approach for modeling large interacting systems

Multiscale abstract approach: advection

The states of the system {X*} and p are kept separate, while the coupling
acts on the velocity field only.

v

XE=vnlX], k=1,...,Np,  va[X(OI(XF) = D KXk XM
XheS(Xk)

Otp +V - (pvmlp]) = 0, vm[p(t, -)](x):/ K(x;y)p(t,y)dy

()
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v

XE=vnlX], k=1,...,Np,  va[X(OI(XF) = D KXk XM
XheS(Xk)

Otp +V - (pvmlp]) = 0, vm[p(t, -)](x):/ K(x;y)p(t,y)dy

()

New blended velocity field

Vmm[X; p(t, x) = Ovin[X()](x) + (1 = O)Avim[p(t,-)](x), 6 € [0,1]
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A new multiscale approach for modeling large interacting systems

Multiscale abstract approach: advection

For abstract measure lovers... There is also a

Measure-based approach

0
SV (e Vi) =0

N
He = 925xk(t) + (1 - 0)/\[)(, t)‘cda NS [07 1]
k=1
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A new multiscale approach for modeling large interacting systems

Multiscale abstract approach: diffusion

Microscopic model: Brownian motion

dXk = \/2DdBk
Xk =0

Macroscopic model: heat equation
Oiu—DO2u=0, t>0 xeR
u(0, x) = do, x € R,

The correspondence

P(Xk EA):/u(t,x)dx, VACR, Vk.
A
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A new multiscale approach for modeling large interacting systems

Multiscale abstract approach: diffusion

Vm

The microscopic velocity field vy, should be defined as the (formal)
derivative of the standard Brownian motion which is a (not rigorously
defined) process with zero mean and infinite variance.

Vm
The heat equation can be formally written as

Oru + Ox(uvpy) =0

with Byu(t. x)
u(t,x) X
VM(t,X) = —DW = 2t
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A new multiscale approach for modeling large interacting systems

Multiscale abstract approach: diffusion

The Ito processes satisfying the SDE can be approximated by using the
strongly-consistent Euler scheme

Xk, =Xk+V2DABK,  ABK~ N(0,At), Vn,k. J

The right scale interpolation in this case is

Regularized Brownian motion

; XX +V2DABK, with probability 6,

Xn 1=
" Xk+XEAt,  with probability (1 — 6).

The corresponding probability density function of the particles’ positions
{Xk}« tends to the function x — u(tp, x) as N, — oo for any 6 € [0, 1].
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A new multiscale approach for modeling large interacting systems

Partial coupling: 6 = 1 (pure micro)

0.25 4

time
probability density function
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A new multiscale approach for modeling large interacting systems

Partial coupling: § = 0.2
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A new multiscale approach for modeling large interacting systems

Partial coupling: 6 = 0 (pure macro)

0.25 4

density function

time
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Pedestrian dynamics A model

A nonlocal model

Velocity field

V(t,X) = V[Mt](X) = Vdes(X) + Vint[ﬂt](x)7

Desired velocity

Vdes : R? — R? the velocity that pedestrians would set to reach their
destination (considering obstacles) if they were alone in the domain.

Interaction velocity

Vint [pee] (x / ]-"|y—x|)‘ ’ due(y),

F(s) = —*X[o Rr1(5) (repulsion effect)
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Pedestrian dynamics Numerical results

Crossing flows: microscopic model
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Pedestrian dynamics Numerical results

Crossing flows: macroscopic model

1
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Pedestrian dynamics Numerical results

Crossing flows: multiscale model
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Pedestrian dynamics Numerical results

Orthogonal crossing flows
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Pedestrian dynamics Numerical results

Bottleneck
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Pedestrian dynamics Numerical results

Tourist guide: multiscale model with control
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Opinion dynamics
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Opinion dynamics A model with opinion polls

A model with opinion polls

An opinion is described by a continuous variable w(t) € [—1, 1] varying in

time due to the interactions with others people.

If we consider political opinions, the sign of the opinion sgn(w) expresses

the voting intent (1 stands for “yes” or “left”, -1 stands for “no” or
“right”), while the norm |w| gives the degree of conviction.

Microscopic model

interactions

self-thinking
1 Np —_——
dwy = (1 — ’Wk‘(s) ( Cintﬁ Z (Wh = Wk)dt—l— \/ECnoisedsﬁ
P h=1

for k=1,..,Np, t €0, T], where
o (1 —|wy|?) is the propensity to change opinion;
o BK are independent Brownian motions.
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Opinion dynamics A model with opinion polls

Introducing the break of symmetry by opinion polls

_card{k : wi(Tpon) > wo} p- card{k : wi(Tpon) < —W0}

P :
N, N,

where W0 € [0, 1) is a “null threshold” such that if |wy| < WO then the
kth individual is regarded as indecisive.

Result of the poll

P.=pPt—P e[-1,1],
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Opinion dynamics A model with opinion polls

The microscopic model with poll

interactions

self-thinking
i —
dwy = (1 — ‘Wk‘(s) < Cintﬁ Z (Wh — Wk) dt + \ECnoisedBtk +
P h=1

Cp0||b(t, P, Wk>dt>

poll effect

where

b(tv P, Wk) = ‘P’ (sgn P— Wk)X[O,A](t - Tpoll)'
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Opinion dynamics A model with opinion polls

The vote
vt oo card{k : sgn wi(Tvote) = +1}
— W,
V- card{k : sgn wx(Tyote) = —1}
— W,
Result of the vote
V:i=Vt-Vv e[-1,1] J
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Opinion dynamics A model with opinion polls

The macroscopic model

Define the probability density function p = p(t, w) in such a way that
p(t, w)dw is the probability that at time t a generic individual has an
opinion in [w,w + dw]. We get that p is the solution to

The Fokker-Planck equation

Oep + aW(Kadv[p]p) = 85v(Cr%oise(1 - |W’6)2p)>

where

-1

1
Kaav[p(t, )](w) = (1—|w|%) (C;nt/ (W' —w)p(t, w")dw'+Coonb(t, P, w)

from micro model
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Opinion dynamics Numerical results

Single-scale model, small N,

Effect of interactions only (reference and double strength)

continuous model

discrete model
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Opinion dynamics Numerical results

Single-scale model, small N,

Effect of noise only (reference and double strength)

continuous model

discrete model
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Opinion dynamics Numerical results

Single-scale model, small N,

Effect of interaction and noise only

continuous model

discrete model
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Opinion dynamics Numerical results

Single-scale model, small N,

Complete model (reference and 10x poll strength)

continuous model
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Opinion dynamics Numerical results

The multiscale model

The multiscale model (from the microscopic side) is

N
1
dwy = 9[(1 — wi|° ( R hZ:l wh — wi) Tk + Coanb(t, P, Wk)>dt:|

noise(1 — |wi|®)v/2dBE,  with prob. 0,

+ (1 = 0)Kaav[p(t, -)](wi)dt + { Karelp(t, )] (wi)dt, with prob. (1 —6)

v

with

Kdiff[p]( ) Cr120|se ( ( o sgn(W)) + (1 - |W|6)2av;f> ’ J
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Opinion dynamics Numerical results

Multi-scale model, one poll

Histograms of the results of the final vote V' after 10000 runs
(uniformly-distributed random choice of initial opinions in the space [—1,1])

250

200

ey
frequency

a. Full-size model N, = 2000 (6 = 1).

b. Pure reduced model N =400 (¢ = 1).
. Optimally-hybridized reduced model N = 400 (¢ = 0.1).

]

Wasserstein distance: from 0.06 to 0.008. )
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Opinion dynamics Numerical results

Multi-scale model, two polls

0O T o

Histograms of the results of the final vote V' after 10000 runs
(uniformly-distributed choice of initial opinions in the space [—1,1])

. Full-size model N, = 10000 (6 = 1).
. Pure reduced model N7 = 1000 (6 = 1).
. Optimally-hybridized reduced model N; = 1000 (¢ = 0.2).

Wasserstein distance: from 0.19 to 0.007. )
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Opinion dynamics Numerical results

Multiscale model, optimal blending parameter

Wasserstein distance
optimal 6
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Control of multiscale dynamics

Control of multiscale dynamics

Control and optimization of multiscale dynamics is hard due to the
computational effort, but could be advantageous in some situations.

Ideas
@ Control micro dynamics and get the effect on MACRO dynamics
Control MACRO dynamics and get the effect on micro dynamics
Control both micro dynamics and MACRO dynamics

°
°
@ Control both a reduced micro dynamics and MACRO dynamics
o Bilevel control?

°

The optimization process depends on the coupling itself!
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Control of multiscale dynamics

A very preliminary numerical investigation

Microscopic model (Lagrangian control)

Gntz +Uk, k:]-a"'aNp

JmIX] = ij/o (IX* —xT|+ Clui(®)]) dt

Macroscopic model (Eulerian control)

Dep+ Oulpvidl) =0, vlpl(x,t) = /R Gty — X)p(y, t)dy + u(x, 1)

JM[p]:/R/()TQx—xﬂp(x, £) + Clux, 1) ) dat
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Control of multiscale dynamics

Uncontrolled dynamics

Initial condition: uniform distribution of the agents in [—1, 1]
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Control of multiscale dynamics
Micro-driven optimal multiscale dynamics

density120 trajectories (50)

1500

macro controls (50)
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Control of multiscale dynamics

Macro-driven optimal multiscale dynamics
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Control of multiscale dynamics

Hybrid optimal multiscale dynamics

density120

X Ol e e

trajectories (50)

macro controls (50)
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Control of multiscale dynamics
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