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SIMPLE ILLUSTRATIVE EXAMPLES

DERIVATIVE OF PDE CONSTRAINED UTILITY FUNCTION

Let Q ¢ RY, N > 1, bounded open and a € L?(Q) be the control variable to which is
associated the state u = u(a) € H}(Q) solution of the variational state equation

/Vu(a)~Vw—awdx:O, Vi € HY(Q), (1.1)
Q

where x - y denotes the inner product of x and y in R".
Given a target function g € L%(Q), associate with u(a) the objective function

f(a) “:ef/Q%|u(a)—g|2dx. (1.2)
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SIMPLE ILLUSTRATIVE EXAMPLES

DERIVATIVE OF PDE CONSTRAINED UTILITY FUNCTION

Let Q ¢ RY, N > 1, bounded open and a € L?(Q) be the control variable to which is
associated the state u = u(a) € H}(Q) solution of the variational state equation

/Vu(a)~Vw—awdx:O, Vi € HY(Q), (1.1)
Q

where x - y denotes the inner product of x and y in R".
Given a target function g € L%(Q), associate with u(a) the objective function

f(a) “:ef/Q%|u(a)—g|2dx. (1.2)

By introducing the Lagrangian, we get an unconstrained minimax formulation

o [ 1
G(a,sa,w)d:f/ﬂgso—gl"’dx+/ﬂw~vw—awdx
):

f(a inf  sup G(a,p,v).

PEH(Q) e H1 Q)
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SIMPLE ILLUST IVE EXAMPLES

PDE CONTROL

If we are only interested in a descent method, we can obtain the semidifferential of
f(a) by a similar minimax formulation. Given the direction b € L?(Q2), to compute

df(a; b) = r“\T) w,
where the state u' € H}(Q) at t > 0 is solution of

/QVu’-Vw—(a+tb)de:0, Vi € Hy (Q). (1.3)
The associated Lagrangianis

L(t, 0,0) “:ef/%|sa—g|’-’dx+/w-vw—(a+tb)wdx.
Q Q

It is readily seen that

g(t)= inf  sup L(t,p,¢) =f(a+tb)

PEHL(D) peH] ()

dg(0) & lim M = df(a; b).
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SIMPLE ILLUSTRATIVE EXAMPLES IN PDE CONTROL AND SHAPE

m Shape Derivative
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SIMPLE ILL TIVE EXAMPLES

SHAPE DERIVATI A VELOCITY METHOD

Consider the state (1.1) and objective function (1.2). Now perturb the domain Q by a
family of diffeomorphisms T; generated by a smooth velocity field V(t):

Z—’t‘(t; X) = V(t,x(: X)), x(0: X) =X, T(X)Ex(t;X), t>0, |uZT(Q).

The state equation and objective function at t > 0 become

Vu - Vip—avdx =0, Ve H(Q), ()%

Q Q

lur — g[? dx. (1.4)

Introducing the composition u' = u; o T; to work in the fixed space Hj (Q):

[ [Awvu o —av]jiax=o0. vieH@. (1.5)

A(t)= DT, (DT, "), j(t) = detDT;, DT, is the Jacobian matrix, (1.6)

= f(ty= [ |u—gffdx= / lu' — go Ty j(t) dx, (1.7)
Lagrangian : L(t, ¢, J)h"éﬂ%w —go 7{:|’-’+A(t)w LV — ad|j(t) d.

= g(t)=_inf  sup L(t,p,¢), dg(0)=lim(g(t) —g(0))/t = df(&2; V(0)).

PEH(Q) PEH(Q)
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SIMPLE ILLUSTRATIVE EXAMPLES IN PDE CONTROL AND SHAPE

m Construction of Micheletti: complete metric group and its tangent space
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COURANT METRICS

GENERIC CONSTRUCTION OF MICHELETTI

Associate with a real vector space (usually a Banach space) © of mappings
0 : RN — RN (Micheletti used the space © = C§(RN,RY), k > 1), the following space of
transformations (endomorphisms) of RN:

FO)% {F R - R bijective : F— 1€ ©, andF ' — | ¢ e}, (1.8)

where x — I(x) & x : RN — RN is the identity mapping.
Given a fixed set Qo ¢ RN (Micheletti used used a bounded open set of class C*),
consider the set of images

X () E {F(Q) : VF € F(O©)} (1.9)

of Qo by the elements of F(©) and the subgroup

G(Q) & {F e F(O): F(Q) = Q.

So there is a bijection between the set of images of Qy and the quotient space

| X(20) «— F(©)/6(%). |
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COURANT METRICS

CHOICE OF THE METRIC

The objective is to construct a metric on F(©)/G(£) that will serve as a distance
between two mages Fi(€o) and F2(o).
Associate with F € F(©) the following candidate for a metric

def

dO(Iy F) def def

IF =1lle+IF" = lllo, ab(F,G)=

Unfortunately, dy is only a semi-metric that will not satisfy the triangle inequality.

do(l,Go F7 1. (1.10)
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COURANT METRICS
CHOICE OF THE METRIC

The objective is to construct a metric on F(©)/G(£) that will serve as a distance
between two mages Fi(€o) and F2(o).
Associate with F € F(©) the following candidate for a metric

do(1, F) &

def

|F—Ile+F " ~1le, do(F,G)= do(l,GoF").

Unfortunately, dy is only a semi-metric that will not satisfy the triangle inequality.
Consider the following second candidate (called Courant metric by Micheletti)

n
d(F) = int S CIF e+ £~ Ille,
Fer(e) =1

where the infimum is taken over all finite factorizations of F in F(©) of the form

F=Fo---oF, FecF(O).

(1.10)

(1.11)
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COURANT METRICS
CHOICE OF THE METRIC

The objective is to construct a metric on F(©)/G(£) that will serve as a distance
between two mages Fi(€o) and F2(o).
Associate with F € F(©) the following candidate for a metric

def

do(/, F) def def

IF =1lle+IF" = lllo, ab(F,G)=

Unfortunately, dy is only a semi-metric that will not satisfy the triangle inequality.
Consider the following second candidate (called Courant metric by Micheletti)

do(l,Go F7 1. (1.10)

n
d(F) = int S CIF e+ £~ Ille, (1.11)

FeF(e) =1

where the infimum is taken over all finite factorizations of F in F(©) of the form
F=Fo---oF, F €F(®©).
In particular d(/, F) = d(/, F~"). Extend this function to all F and G in F(©)

d(F,G) L d(I,Go F"). (1.12)
By definition, d is right-invariant since for all F, G and H in F7(©)
d(F,G)=d(FoH,GoH).
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COURANT METRICS

EXAMPLES OF © AND CONTINUITY WITH RESPECT TO THE COURANT METRIC

(F(©),d) is complete for © equal to the Banach spaces
CE®RNRY), C*®RN,RY) c B*RN,R") and C*"(RN,RY), k>0,
and, through special constructions, for the Fréchet spaces
Ce° (RN, RY)  BRY,RY) = ng=o B (RN, RY).
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COURANT METRICS

EXAMPLES OF © AND CONTINUITY WITH RESPECT TO THE COURANT METRIC

(F(©),d) is complete for © equal to the Banach spaces
CE®RNRY), C*®RN,RY) c B*RN,R") and C*"(RN,RY), k>0,
and, through special constructions, for the Fréchet spaces
Ce° (RN, RY)  BRY,RY) = ng=o B (RN, RY).
For any Banach or Fréchet space © ¢ C%'(RN, RN), F(©) is an open subset of / + ©
- the tangent space is © at each point F € F(©)
- and the associated smooth structure is trivial.

The analogue would be the general linear group GL(n) of invertible linear maps from
RN to RN which is an open subset of £(RY,R). So, the tangent space is £(RY, RV).
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COURANT METRICS

EXAMPLES OF © AND CONTINUITY WITH RESPECT TO THE COURANT METRIC

(F(©),d) is complete for © equal to the Banach spaces
CE®RNRY), C*®RN,RY) c B*RN,R") and C*"(RN,RY), k>0,
and, through special constructions, for the Fréchet spaces
Ce° (RN, RY)  BRY,RY) = ng=o B (RN, RY).

For any Banach or Fréchet space © ¢ C%'(RN, RN), F(©) is an open subset of / + ©

- the tangent space is © at each point F € F(©)

- and the associated smooth structure is trivial.

The analogue would be the general linear group GL(n) of invertible linear maps from
RN to RN which is an open subset of £(RY,R). So, the tangent space is £(RY, RVY).

Choose © = C§(RN,RY), k > 1, F(©), and the set X'(Q) of the images of an open
crack free set Qo RV, Consider a function J : X(Q9) — R.

LetQ = F(0) € X(0) for some F € F(S). Then J is continuous at 2 for the
Courant metric if and only if

: _ dTl: _
j@)J(Tt(Q)) =JQ), G =V({@)oT, To=F,

for all families of velocity fields V € C°([0, 7]; C§(RN, RV)).
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COURANT METRICS

HADAMARD SEMIDIFFERENTIABILITY

DEFINITION

Let © = CE(RN,RY). The function J : X(Q0) = {F(Q) : F € F(©)} — R is Hadamard
semidifferentiable at F(€), F € F(©), if

@) forall vV € C°([0, 7]; D(RN, RY))

A(F(Q): V) & !@) J(T,(V)(F(Q(;)) = J(F(0) exists, % —V(t)o Ty, To = F,

(i) and there exists a function dJ(F(Q)) : D(RY, RN) — R such that for all
v € C°([o, 7]; (RN, RVY))

AJ(F(Q); V) = dJ(F(€20))(V(0))-

DEFINITION

J: X(Q0) — R is Hadamard differentiable at F(£), F € F(©), if
- it is Hadamard semidifferentiable at F (o)
- and the function dJ(F(Q)) : D(RY, RN) — R is linear and continuous.

| \

A\,
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COURANT METRICS

HADAMARD SEMIDIFFERENTIABILITY

DEFINITION

Let © = C§(RN,RN). The function J : X(Q0) = {F(Q) : F € F(©)} — R is Hadamard
semidifferentiable at F(€), F € F(©), if

@) forall vV € C°([0, 7]; D(RN, RY))

AI(F(Q); V) © def !'\0 J(Tt(V)(F(Q(;)) = J(F(0) exists, % —V({)oT, To=F,

Definition of the Eulerian semiderivative of Zolésio in his 1979 thesis
[Zolésio (1979), p. 12].

(ii) and there exists a function dJ(F (o)) : D(RY, RN) — R such that for all
V e C°([0, 7]; D(RN, RY))

AJ(F(Q0); V) = dJ(F(€20))(V(0))-

| \

DEFINITION

J: X(Q0) — R is Hadamard differentiable at F (), F € F(©), if

- it is Hadamard semidifferentiable at F (o)
- and the function dJ(F(Qo)) (RN RN) —R |s Ilnear and contlnuous
De Q Q

e
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AVERAGED ADJOINT METHOD
PRELIMINARIES

In this paper, a Lagrangianis a function of the form
(t,x,y)— G(t,x,y) : [0, 7] x Xx Y =R, 7>0,
where Y is a vector space, X is a subset of a vector space, and y — G(t, x, y) is
affine. Associate with the parameter t > 0 the parametrized minimax function
t— g(t) L int sup G(t,x,y) : [0,7] — R. (2.1)
xeX yey

When the limits exist we shall use the following compact notation:

def . .
dg(0) %! fim 90— 9(0) dg(0) = liminf (g(t) -~ 9(0)) /t

= li
N0

dg(0) £ limsup (g(t) — 9(0)) /t
N0
d:G(0,x,y) & J@) G(t, x, y) _t G(0,x,y)
peX, Gt xy o) E lim G(T7X+9sa,}é) —G(t,x,y)

vevY, dGtxy) Y lim G(fyx7y+olg) —G(t,x,y)

The notation t N\, 0 and # ™\, 0 means that { and 6 go to 0 by strictly positive-values

M. C. Delfour and K. Sturm One Sided Minimax Differentiability NUMOC - June 23, 2017, Roma 17 /64



AVERAGED ADJOINT METHOD
PRELIMINARIES

Since G(t, x, y) is affine in y, for all (¢, x) € [0, 7] x X,
v.va € Y7 dyG(ﬁX,}/;w) = G(tvxzw) - G(t,X,O) = dyG(t:X70;¢)-

The state equationatt > 0 :

to find x' € X such that for all ¢ € Y, d, G(t, x',0; ) = 0. ‘

The set of solutions (states) x' at t > 0 is denoted

def

E(t) & {xf €X: VeV, dG(tx',0;¢) = o}

The standard adjoint state equation at t > 0:

def

to find p' € Y suchthatVp € X, dvG(t,x',p';¢) =0 Y(t,x") = setof solutions.

Under appropriate conditions and uniqueness of the pair (x!, p'),

dg(0) = diG(0. X", p°).|

where (x°, p°) is the solution of the coupled state-adjoint state equations at.t = 0.
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AVERAGED ADJOINT METHOD

PRELIMINARIES

def

states: E(t) = {xr eEX:VoeY,dG(tx'0¢) = 0}

minimizers:  X(t) & {x’ € X : g(t) = inf sup G(t, x, y) = sup G(t, xf,y)} .
xeX yey yey

LEMMA (CONSTRAINED INFIMUM AND MINIMAX)

(i) infyex sup,cy G(t,x,y) = infycey G(1, X, 0).
(ii) The minimax g(t) = +oo if and only if E(t) = @. In that case X(t) = X.
(i) If E(t) # @, then

X(t) = {x' € E(t) : G(t,x",0) = Xér;_f([) G(t,x,0)} | C E(t) (2.2)

and g(t) < +oo.
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AVERAGED ADJOINT METHOD
PRELIMINARIES

Hypothesis (HO). Let X be a vector space.
(i) Forallt € [0,7], x° € X(0), x' € X(t), and y € Y, the function
s G(t,x° + s(x' = x°),y): [0,1] = R (2.3)

is absolutely continuous. This implies that, for almost all s, the derivative exists
and is equal to dyG(t, x° + s(x! — x°), y; x' — x°) and that it is the integral of its
derivative. In particular,

1
G(t,x',y) = G(t, 5, y) +/ GGt X0 + s(x — ), yix — ) ds. | (2.4)
0

(i) Forall t € [0, 7], x° € X(0), x' € X(t),y € Y, ¢ € X, and almost all s € (0,1),
Ay G(t,x° + s(x! — x%), y; ) exists
and the function s — dyG(t, x° + s(x' — x°), y; ) belongs to L'(0, 1).
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AVERAGED ADJOINT METHOD

PRELIMINARIES

Standard adjointat t > 0: |tofind p' € Y such thatVy € X, drG(t,x",p"; ¢) = 0.
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AVERAGED ADJOINT METHOD

PRELIMINARIES

Standard adjoint at t > 0: ‘to find p' € Y such thatVy € X, deG(t, x', p'; ) = 0. ‘

DEFINITION (K. STURM)

Given x° € X(0) and x' € X(t), the averaged adjoint state equation:

1
tofind y' € Y such that Ve € X, / GG(1,X° + s(xX' —x°), ¥ ) ds =0.| (2.5)
0

The set of solutions will be denoted Y (¢, x°, x").
Att =0, Y(0,x° x°) reduces to the set of standard adjoint states

def

Y (0, x°) {p" €Y Ve X, dG0,x°, 0% p) = o} . (2.6)

v

An important consequence of the introduction of the averaged adjoint state is the
following identity: for all xX° € X(0), x' € X(t), and y' € Y(t,x°, x),

9(t) = G(t,x',0) = G(t, x", y") = G(t,x°, y"). (2.7)

M. C. Delfour and K. Sturm One Sided Minimax Differentiability NUMOC - June 23, 2017, Roma 21/64



AVERAGED ADJOINT METHOD
PRELIMINARIES

An important consequence of the introduction of the averaged adjoint state is the
following identity: for all xX° € X(0), x' € X(t), and y' € Y(t,x°, x),

9(t) = G(t,x',0) = G(t, x', y") = G(t, x°, y") (2.8)
9(0) = G(0,x°,0) = G(0, x°, y°). (2.9)

As a result

g(t) - g(O) = G(tv Xovyt) - G(Oaxovyo)

— 0 bty _ 0,0
N0 t N0 t
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AVERAGED ADJOINT METHOD
STURM’S THEOREM

THEOREM (THESIS [STURM (2014)], SIAM [STURM (2015), THM. 3.1])

Consider the Lagrangian functional
(t,x,y) = G(t,x,y) : [0,7] x X x Y =R, 7>0,
where X and Y are vector spaces and the functiony — G(t, x, y) is affine. Let (HO)
and the following hypotheses be satisfied:
(H1) forallt € [0,7], g(t) is finite, X(t) = {x'} and Y(t,x°, x') = {y'} are singletons;
(H2) diG(t,x°,y) exists forallt € [0,7] and ally € Y;
(H3) the following limit exists

A 0ty __ 0 0
S\|(I)TTI1\O aiG(s,x",y ) = diG(0,x",y"). (2.10)

Then, dg(0) exists and
dg(0) = d:G(0,x°, y°).

Condition (H3) is similar and typical of what can be found in the literature. See, for
instance, [Correa-Seeger (1985)]).

M. C. Delfour and K. Sturm One Sided Minimax Differentiability NUMOC - June 23, 2017, Roma 24/64



AVERAGED ADJOINT METHOD

STURM’S THEOREM REVISITED AND EXTENDED

From Hypothesis (H2), d:G(t, x°, y) exists for all t € [0, 7] and y € Y. Hence, there
exists 6; € (0, 1) such that

G(t,x°, y") — G(0,x°,¥°) = G(0,X°, y') + t d:G(6:t, x°, y') — G(0, x°, y°)
=d,G(0,x°,0; y' — y°) + t i G(6:t, X°, y') = t i G(6:t, X°, ")
=0
N G(t,x°, yh —t G(0,x°, y%)

= diG(6:t,X°, y")

since d, G(0, x°,0; y' — y°) = 0. From hypothesis (H3)

. 0t _ 0 0
S\'(')T\OdIG(va 7.y)_dfG(07X Y ) (211)
0ty _ 0 0
= | dg(0) = lim eltry) tG(O’X’”=er(o,x°,y°). (2.12)
O
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AVERAGED ADJOINT METHOD
STURM’S THEOREM REVISITED AND EXTENDED

This is an extention of [Sturm (2014)] [Sturm (2015), Thm. 3.1] with only a local
differentiability condition at t = 0. To our best knowledge, the extra term R(0, x°, y°) is
new. An example of a topological derivative will be given later.

THEOREM (SINGLETON CASE, [DELFOUR-STURM (2017), DELFOUR-STURM (2016)])

Consider the Lagrangian functional
(t,x,y)— G(t,x,y) : [0, 7] x Xx Y =R, 7>0,

where X and Y are vector spaces and the functiony — G(t, x, y) is affine. Let (HO)
and the following hypotheses be satisfied:

(H1) forallt € [0, 7], g(t) is finite, X(t) = {x'} and Y(t,x°, x') = {y'} are singletons;
(H2) d:G(0, x°, y°) exists;
(H3) the following limit exists
0 . 0ydef . 0 A. y' = yo
R(0,x",y )_J@)dyG(t,x ,0; — ) (2.13)
Then, dg(0) exists and

dg(0) = d:G(0, x°, ¥°) + R(0, x°, °).
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AVERAGED ADJOINT METHOD

STURM’S THEOREM REVISITED AND EXTENDED: PROOF

Recalling that g(t) = G(t, x', y') = G(t, x°, y"),

a(t) —g(0) = G(t,x°, y') — G(0,x°, y°)
= G(t,x°,y°) + d,G(t,x°, 0,y — y°) — G(0,x°, y°)

=

— t_ 0 0 0y _ O 0
g(t) tg(o) :dyG<t7XO7O,y ty >+ G(t.X ~.y) tG(07X 7y)

t 0
= dg(0) = lim d, G <t,x°,0;y ty >+dtG(0,x°,y°)

from hypotheses (H2) and (H3). O

Condition (H3) is optimal since under hypotheses (H1)

y -y
dg(0) exists <~ J@) ayG <t,x°,0; f) exists
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AVERAGED ADJOINT METHOD

STURM’S THEOREM REVISITED AND EXTENDED

Hypotheses (H2) and (H3) are weaker and more general than (H2) and (H3).

(H2) It is only assumed that d;G(0, x°, y°) exists.
Hypothesis (H2) assumes that d:G(t, x°, y) exists forall t € [0, 7] and y € Y.

(H3) Hypothesis (H3) assumes that

H 0 .ty __ 0 0
s\l{l)fr)\od,G(s,x ,y) =adiG0,x7,y") | (2.14)
wich implies
0.0 - 0 Y =YY
R(0,x",y ):tll\rp)dyG (t,x *O;f> =0. (2.15)

Hence, condition (H3) with R(0, x°, y°) = 0 is weaker and potentially more general
(when the limit is not zero) than (H3).

All this is possible since G(t, x, y) is a Lagrangian. For zero-sum games, condition
(H3) and a similar condition for the max min would not be as interesting.
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STANDARD ADJOINT

A NEW CONDITION WITH THE STANDARD ADJOINT

Recalling that g(t) = G(t, x', y) and g(0) = G(0, x°, y) for any y € Y, then for the
standard adjoint state p® at t = 0

9(t) = 9(0) = G(t.x',p") = G(t,X°, p°) + (G(t, X, p°) = G(0.x", ")) .
Dividingby t > 0
9(H)—9(0) _ G(t.x',p°) = G(t,x°,p%) | G(t.,x°,p") — G(0, X", p°)

1 t_ 0 0 A0y _ 0 0
/ de<t,(1 _9)X0+9Xr,po;¥) a0+ SLXP) GO )
0

Therefore, in view of hypothesis (H2), the limit dg(0) exists if and only if the limit of the
first term exists

;
= dg(O):!i\n?)/o dxG (r,(1 —0)x° + ox", p°;

and the existence of the limit of the first term can replace hypothesis (H3). As a result,
we have two ways of expression hypothesis (H3) since

xt—x°

) do + d:G(0, x°, p°)

1 t 0 t 0
; )0 t 0. X —X _ 0 Y =Y
II@)/O dXG(t,(1 0)x" +6x,p; ; ) do_tlmdyG(t,x ,0; ; )
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AVERAGED ADJOINT

AN OTHER FORM OF HYPOTHESIS (H3)

Since dx G and dxd, G both exist, Hypothesis (H3) can be rewritten as follows

t_ 0 t 0 t 0
dye<t,x°,o;y ty):dyG<t,X°,0;y ﬂ)-dﬁ(r,ﬂ,o;%)

1 Cooo
= [ aae(tor+ (-0 G ) an
0

for some « € [0, 1]. For instance with o = 1/2, it would be sufficient to find bounds on
the differential quotients
x'—x°

th/2 and t/2

which is less demanding than finding a bound on (x' — x°)/t or (y' — y°)/t.
When the integral can be taken inside

t_ 0 0 t_ 0 W0t
dyG<t,x°,0;y ty):dxdyG(t,X X oY VX X)

2 t fi-«
t 0 0 t t 0 0 t
i 09. Y =V ) _ X+X Yy -y x—X
IlmdyG(t,x,O, ; >_!@)dxdy6<t’ 50 o )
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OUTLINE

AVERAGED ADJOINT FOR STATE CONSTRAINED OBJECTIVE FUNCTIONS

m Back to the Simple lllustrative Example from PDE Control
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SIMPLE ILLUST IVE EXAMPLES

PDE CONTROL

If we are only interested in a descent method, we can obtain the semidifferential of
f(a) by a similar minimax formulation.

Given the direction b € L3(Q), we want to compute
df(a; b) = limy~o(f(a+ tb) — f(a))/t.

The state u' € H}(Q) at t > 0 is solution of

/QVu’-Vw—(a+tb)de:0, Vi) € Hy (Q), (2.16)
and the associated Lagrangianis
Lo ) [ Flo-af okt [ Voo (at tb)wa
It is readily seen that
def

g(t)y = f(a+tb)= inf sup L(t,p,7)

PEHL(D) yeH] ()

dg(0) & lim w = df(a; b).
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AVERAGED ADJOINT METHOD

EXAMPLE IN CONTROL THEORY

Recall
1
Lt ) [ Glo—gF + V- Vo~ (a+ to) b o
Q
It is readily seen that

ALt i, i) — / Ve V' — (attb)y dx

ALt .05 ') /(so 9) ¢ + Vi - Vodx, aL(t, e, 1) — /bwdx

Observe that the derivative of the state U € H}(Q) exists:

/ u' —u° .
V(L) Ve -buax=0, Vi e H(Q), (2.17)
Q

implies that (u' — u°)/t = U € H{(Q) solution of
/vuvw—bwdx:o, ¥ € Hy(Q). (2.18)
Q
The averaged adjoint y' € HJ(Q) is solution of

t 0
/Q<“ Jg“ ) o+ VY - Vedx =0, Ve H(Q).
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AVERAGED ADJOINT METHOD

EXAMPLE IN CONTROL THEORY

t 0
/(“ “;“ ) e+ VY - Veoda=0, Yee H(Q).
Q

adjointatt =0 /u°¢+Vy°~V<pdx:O, Vo € Hy (),
Q

_ t .0
:>/ <“ ”)¢+v<y ty)-wdx:o, Vi € H(Q). (2.19)

It remains to check that the limit in (2.13) exists: d, G(t, x°, 0; (y' — y°)/t) — 0

t_ 0 t_ 0 t 0
/Vu°~V<u)—(a+tb) <u) dx:—t/b<u) dx
o t t o t
B ut =P yt—y° ot ut— P ot [
_—t/QV< ; )V( ; >dx_§/Q _§/Q|u| dx — 0

as t — 0 using (2.18) and (2.19). Therefore, by Theorem 9,

df(a; b) = /by dx, y°e Hy(Q), (2.20)

/(u—g)go+Vy Vedx =0, VYee H(Q). (2.21)
Q
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OUTLINE

EXAMPLE OF A TOPOLOGICAL DERIVATIVE: NON-ZERO EXTRA TERM
m Topological Derivative
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE: NON-ZERO EXTRA TERM

TOPOLOGICAL DERIVATIVE

The topological derivative rigorously introduced by [Sokotowski-Zdchowski (1999)]
induces topological changes.

For instance, let f be an objective function defined on a family of open subsets of RV,
Given a point ain the open set ©, let B,(a) be a closed ball of radius r and center a
such that B,(a) C Q.

Consider the perturbed domain Q, £ Q\B;(a): Q minus the hole B,(a). In this
simple case the topological derivative is defined as

def f(Qr) - f(Q)

df(0) %' lim

™0 [B(a)l @1

I

where |B/(a)| is the volume of B,(a) in R".

When f is of the form f(Q2) = fQ o dx, the application of the Lebesgue differentiation
theorem gives df(0) = —p(a). Of course, many other types of topological
perturbations can be considered (see the recent IFIP paper of [Delfour (2017)]).

5(a) a
\__/
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OUTLINE

EXAMPLE OF A TOPOLOGICAL DERIVATIVE: NON-ZERO EXTRA TERM

m A One Dimensional Example
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

PROBLEM FORMULATION

Givene, 0 < e < 1, a> 0, and the domain Q = (—a, a), consider the problem:
to find u € W'275(—a, a) such that

2—¢ ad d
Vo e W5 (—a,a) gy Tuedx= a\/|x|d—f+\/|x|<pdx. (3.2)
_a —a

Here, X = W'2=¢(—a,a)and Y = W"%(—a, a) are reflexive Banach spaces since
2—¢>1and 2= > 1. The elements of X will be denoted u and x € (—a, a) will be
the space variable.
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

PROBLEM FORMULATION

Givene, 0 < e < 1, a> 0, and the domain Q = (—a, a), consider the problem:
to find u € W'275(—a, a) such that

2—¢ a dud 2 d d
Vo € W"T=5(-a,a) / ad—f—s—uwdx: a\/|x|d—zf—s-\/|x|godx. (3.2)
—a

Here, X = W'2=¢(—a,a)and Y = W"%(—a, a) are reflexive Banach spaces since
2 —e¢>1and 2== > 1. The elements of X will be denoted u and x € (—a, a) will be

1—¢

the space variable. There exists a unique' solution u(x) = +/|x|, —a < x < a,and the

injections W'2~<(—a,a) - C°[~a,a] and W' =% (—a,a) - C°[-a, 4] are continuous
and the following objective function is well-defined:

Q) £ u(a)f + Ju(—a) —2|u(0).

'Given measurable functions k1, ko : [—a, a] — R such that a < kj(x) < 3 for some constants o > 0 and
B > 0, and real numbers 1 < p < oo, p~' + g~ = 1, associate with the continuous bilinear mapping
dy dyp

0. > b(p, ) € / Ki(X) 2 =5+ h(x) ook s WHP(~a,a) x W' (~a,a) - R,
_a dx dx

the continuous linear operator A : W'P(—a, a) — W' 9(—a, a)’ which is a topological isomorphism for all
p € (1, 0o) ([Auscher-Tchamitchian (1998)]). Here, p =2 — e and g = (2 = &) /(15— ¢).
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

PERTURBED PROBLEMS

B;(0) C R be the closed ball of radius r in 0. Volume: t = [B,(0)| = 2r. Perturbed
domainis Q, = Q\B,(0) = (—a, —r) U (r, @) has 2 connected components and it is not
possible to construct a bijection between Q and Q.

Perturbed problems parametrized by r, 0 < r < a/2: to find u, € W'#75(Q,) s. t.

Vo e WHEE(Q)), /%—+u dx:/ avix d¢+\/|Xgodx
Q

T dx dx
with the objective function
j(r) = ur(@) = |ur(r)® + [ur(—a)* = |ur(—r)P.
The function u,(x) = +/|x| is the unique solution and

j(ry=2a-2r ﬁdﬁﬁmm—M) j(0)) = —1.
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

PERTURBED PROBLEMS

B;(0) C R be the closed ball of radius r in 0. Volume: t = [B,(0)| = 2r. Perturbed
domainis Q, = Q\B,(0) = (—a, —r) U (r, @) has 2 connected components and it is not
possible to construct a bijection between Q and Q.

Perturbed problems parametrized by r, 0 < r < a/2: to find u, € W'#75(Q,) s. t.

Vo e WHEE(Q)), /%%+u dx:/ avix L p
o S dx dx

with the objective function
j(r) = ur(@) = |ur(r)® + [ur(—a)* = |ur(—r)P.
The function u,(x) = +/|x| is the unique solution and

j(r)=2a-2r ﬁdﬁﬁmm—M) j(0)) = —1.
By construction, Q, = T,(Q\{0}), where
» x—r(1 +£>, x € (—a,0)
Bijection x — T(x) £ 2
X+r(1 —5>7 x €(0,a)

and notice that 7,(07) = —r, T,(0") =r, T.(a~) = a,and T;(—-&a") = —a.

S Q\{0} = Qr = Q\B/(0)
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

PERTURBED PROBLEMS

fora=1
the function u has a cusp at the point 0

1 0 1 -1 —r 0 +4r +1 -1 0 +1
L 1 1 L 1 1 L 1 L 1
Q=(-1,1) Q, ~ Q\{0}
T
u(x) xA/1x] ur(x) U=uoT,
—1 0 +1 - 0 +1 - 0 +1
Q=(-1,1) Qr Q\{0}
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

SYMMETRY OF THE PROBLEM

Prior to proceeding, it is advantageous to simplify the computations by observing that
the function u"(x) = /| T-(x)] is symmetrical with respect to x = 0, that is,
u"(—x) = u'(x) and

j(r) =2 [u’(a)’-’ - u’(o+)2] . (3.3)
As a result

i(r) —j "(a)2 — ' (0+)2
dj(0) = J@) i(n 2{/(0) _ ,IQ?) u'(a) ru (0M)

By changing the variable r to t, it is sufficient to apply Theorem 9 to the following
2—e
problem on (0, a): to find u' € W'275(0, a) such that for all o € W' == (0, a)

2 a du'dp a-—t G
Aa—tﬁ&* g Uydx= \/ X) ¢ dx (3.4)

0 2\/ T[(X dX

with the objective function

def

Jf() =

u'(af = u'( .| di*(0) = lim(* (1)~ j* (O))/t.
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

NON-CONVEX LAGRANGIAN AND STANDARD ADJOINT EQUATION

From Theorem 9, the Lagrangian associated with the perturbed problems is

G(t, 0, %) Elp(a)]* - [o(0)P

L)L () eve g
_/oaz\/ﬁz—f+ (a;t) VTi(x) ¥ dx.

It is non-convex in the ¢ variable in view of the presence of the term —|(0)|?. The
standard adjoint p' is solution of the adjoint equation

2u'(a) p(a) — 2u'(0) ¢(0)

Vo € W50, a), 2/ a \ded [a—t . (3.6)
+/0 (—a_t)aa+(—a )W’ o =0.

In particular this is true for all o € H'(0,a) = W'?3(0,a) ¢ W"27¢(0, a). Since the
differential operator is uniformly coercive for 0 < t < a/2, there exist a unique
p' € H'(0, a).
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

NON-CONVEX LAGRANGIAN AND STANDARD ADJOINT EQUATION

But, in view of the fact that for 0 < t < a/2, u' is finite for all x, we get more
regularity: pr € H(0,a) N C*>(0, a) is solution of

2t B
—idp +2-1p' = 0in(0,2)

—t dx?
a_ dp' t a_ dp' ot
T i@ =2ula), S (0)=-2u(0)

The explicit solution for u'(0) = v/t and u'(a) = Vais

. R B D]

a—tert—e(a
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EXAMPLE OF A TOP LOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

COMPUTATION OF THE DERIVATIVE d;G(t, ¢, 1)

The right-hand side t-derivative is

[ a dpdy 1 1 /2
AG(t.o )= | Z gy g ~ gVt g ) Vv

LA 1 de (amry 1T
2 Jo [2(T:)%/2 dx a VT;
1 /@ —x dvy a-t\ x
vz, et (U5 vrv) o
At t = 0, substitute u°(x) = v/x and p° and Integrate by parts

1d o]
dtG(O,uo,po):/0 Ezd—\)/(_d_lj(__\/_p ax + — /\/_p dx

-1 dp° 1 1 1 dp
2/ {2x3/2 dx Wp}d+2a/ {2\/_dx+\/_p]

~2a Tdx dx

1 1 1
d\/_dp —s—\/_pd——/ {di —s——p]dx:o.

VX dx T Vx
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

AVERAGED ADJOINT STATE EQUATION

Go back to the Lagrangian (3.5) of the perturbed problem and compute

AG(t.5.1:) =27(@) la) - 260)0) + [ (525) G5 G + (257 wwe

The averaged adjoint state equation for y' must satisfy the equation: for all
pe W' 4(0,a)

1
0 :/ A G(t,W° + s(u' — %), ¥ p)
0

a t _
— (@) + (@) @) - @0+ PO e(0) + [ (52) %+ (2 ) ey o

a—t a
Its solution y' € H?(0, a) N C>(0, a) satisfies the following equations

a \dy'  [fa-t\ , .
- E) e +<T)y—0, in (0, a)

t
averaged adjoint state (%) %(O) = —(u'(0) + u°(0)) at x = 0

(%) Y (a) = ~(u'(a) + (@) atx = a

M. C. Delfour and K. Sturm One Sided Minimax Differentiability NUMOC - June 23, 2017, Roma 45/64



EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

AVERAGED ADJOINT STATE EQUATION

Its explicit expression with u'(0) = v/t and u'(a) = Vais
yt(x) _ a 1 [\/} (eaT_[(a*X) + e*aT_[(a*X)) _2\/5 (eaT_[X + ef"‘T_'x)] .

a—tert—e(a
The condition to be checked is the existence of the limit (the extra term)

t_ 0
lim dyG(t, w0, L =Y )
N0 t
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

AVERAGED ADJOINT STATE EQUATION

Its explicit expression with u'(0) = v/t and u'(a) = Vais
a 1 a—tg_x —alg_x azty —azty
CE g [V (T e ) —2va (e e

a—tert—e
The condition to be checked is the existence of the limit (the extra term)

t_ 0
lim d, G (t, .0 u) .
N0 t

So, fory = (y' — y°)/t € H*(0, a),
d,G(t, ", 0;)

[ a \dl dy  [a- a v , (a=t
@) Sew () e [ arma ( a )”“X”“’X
(3 a au® dy d+/Ti(x dw

_/0 (E) dx dx+< )U yox /a—t dx  ax T VTi(x) dx
[ a )\ dW’ —u) dy —t B

_/0 <a—t) dx dx+( a )(u u') dx

(5t & (550

— —1.
x=0
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE [DELFOUR-STURM (2016) ]

MATERIAL DERIVATIVE : ESTIMATES OF u! — u® AND (u! — u°)/t

THEOREM

(i) For0O<e<1andte[0,a/2],

[U'lwi2—c0.0 < €(e,@), |IU' — Ulpop.q < VE, U — u®in WH25(0, a)-weak

and this rate of convergence is sharp.
(ii) Forx € (0, a), the material derivative is given by

dor i U'(X) —U°(x) _ 1 < 1 \/W> >0,

VIX| a

U e L?=(0,a) for0 <e<1,butu¢L?0,a). Moreover, ast — 0,

e N0 t 2

H(u’—u")/t—u

- 0. (3.7)
[2—<(0,a)

(iii) As for the derivative of u,

diu, . 1 1/x+1/a, xe(0,a)  du
a(x)_—“\/m 1/x—1/a, xe€(-a0) dx
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EXAMPLE OF A TOPOLOGICAL DERIVATIVE

CANNOT APPLY THE CHAIN RULE

Therefore,
du coodu L o,
o ¢ L'(0,a), and, a fortiori, X ¢ L°°(0,a).

From part (iii) we cannot apply the chain rule to get dj(0™) since the expression is
undetermined:

2u%(a) i(a) — 2u°(0) u(0) = 2 u°(a) u(a) — 2[0 (—c0)] !
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OUTLINE

MUTIVALUED CASE
m Two Theorems Without and With the Extra Term
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MUTIVALUED CASE

TwoO THEOREMS WITHOUT AND WITH THE EXTRA TERM

We give two theorems for the existence and expressions of dg(0) in the multivalued
case where only a right-hand side derivative of g is expected.

- New conditions and quadratic examples were given in [Delfour-Sturm (2017)]
without the extra term.

- Complete conditions including the extra term were published in
[Delfour-Sturm (2016)] at an IFAC meeting in 2016 prior to the publication of
[Delfour-Sturm (2017)] due to longer publication delays in the Journal of Convex
Analysis.

Here, we give the latest version from [Delfour-Sturm (2016)].

The first theorem is a mild generalization of the singleton case. Yet, it can be applied
to PDE problems with non-homogeneous Dirichlet boundary conditions where
non-unique extensions are used (cf. [Delfour-Zolésio (2011)]).

A new non-convex multivalued example will be given for the second more general
theorem.
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OUTLINE

MUTIVALUED CASE

m First Theorem: Mild Generalization
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MUTIVALUED CASE

FIRST THEOREM

THEOREM (A FIRST EXTENSION)

Given X, Y, and G, let (HO) and the following hypotheses be satisfied:
(H1) foralltin[0,7], X(t) # @ and g(t) is finite, and for all x' € X(t) and x° € X(0),
Y(t,x°, x") # @;
(H2) forall x € X(0) andy € Y(0,x), d:G(0, x, y) exists;
(H3) there exist X° € X(0), y° € Y(0,%°), and R(0,X°, §°) such that for each sequence

t» — 0,0 < t, < 7, there exist a subsequence {t,, } of {t.}, x'« € X(tn,), and
y € Y(tn,, X%, x") such that

Jlim dyG(tnk,)“(o,o; (y'm _yO)/rnk) = R(0,%°, 7).
Then, dg(0) exists and there exist X° € X(0) and y° € Y(0, X°) such that
dg(0) = &iG(0,%°,7°) + R(0,%°,7°).

When X(0) = {x°} and Y(0,x°) = {y°} are singletons, the above hypotheses are
equivalent to the ones of Thm. 9.
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OUTLINE

MUTIVALUED CASE

m Second Theorem: General Case
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MUTIVALUED CASE

SECOND THEOREM

THEOREM (GENERAL CASE)

Given X, Y, and G, let (HO) and the following hypotheses be satisfied:
(H1) Vt € [0,7], X(t) # @, g(t) is finite, and Vx' € X(t) and x° € X(0), Y(t,x°, x') # &;
(H2) forall x € X(0) andy € Y(0, x), d:G(0, x, y) exists and, for each x € X(0), there
exists a function y — R(0, x, y) : Y(0, x) — R satisfying (H3) and (H4) below;
(H3) for each sequence t, — 0,0 < t, < 7, 3x° € X(0) such that for all y° € Y(0, x°),
3a subsequence {t,, } of {t.}, X' € X(tn,), and y' € Y (t,, X°, x'«) such that

limint d, G (tnk,xo,o; (y' —yo)/tnk) > R(0,x°, y°);

(H4) for each sequence t, — 0,0 < t, < 7 and all xX° € X(0), there exist y° € Y(0, x°),
a subsequence {t,, } of {t,}, X' € X(tn,), and y' € Y (t,, x°, x') such that

lim sup d, G (t, X, 0; ('« _y°)/tnk) < R(0,x°, ).

k— oo
Then, dg(0) exists and there exists X° € X(0) and y° € Y(0, X°) such that
dg(O) = d[G(O, 5\(07j\/0) + R(O 5\(07 }70)
= sup dG(0,%°,y)+R0.%°,y)= inf sup dG(0,x,y)+ R0, X,Yy).

VAOR0) XEX(0) ye v(0,x)
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OUTLINE

MUTIVALUED CASE

m Second Theorem: A Non-convex Example where X(0) is not a singleton
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MUTIVALUED CASE

A NON-CONVEX EXAMPLE WHERE X(0) IS NOT A SINGLETON AND R(0, x°, yo) =0

Consider the objective function and the constraint set

)2 ax-x, UE{xeR":Ax x=1| (4.1)

Where Q is an arbitrary symmetrical n x n matrix and A > 0 is a symmetrical n x n
positive definite matrix. U # @ is compact and the function f is not necessarily convex.
The minimization problem is equivalent to the generalized eigenvalue problem

Qx X
¢o AXx - X

A(Q,A) &

4.2)

where the minimizer X is solution of the problem
[Q-XQ,A)Ax=0, Ax-Xx=1. (4.3)

The semidifferential of \(Q, A) with respect to Q in a direction Q" and A in the
direction A’ can be found in [Delfour 2011, pp. 166—168] for symmetrical matrices:

dNQA QL A) = inf Q’x X (AX-Xx) = (Qx-x)A'x - x

, (4.4)
= |nf Qx x—AMQA)AX - x,
xeX(0
minimizers X(0) £ {x e R": [Q — A(Q,A)Alx =0and Ax-x =1}  (4.5)
states E(0) &' {x e R": Ax - x = 1}. (4.6)
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MUTIVALUED CASE

A NON-CONVEX EXAMPLE WHERE X(0) IS NOT A SINGLETON

Fort > 0, x € R", and y € R, introduce the Lagrangian

LQ+tQ)x-x+y[(A+tA)x-x —1] (4.7)

G(t,x.y) =

a(t) % inf sup G(t, x,y), dg(0) def M (4.8)
XERN yeR t

where A" and Q' are symmetrical matrices. Set Q(f) = Q + tQ" and A(t) = A+ tA". It
is easy to check that

aiG(t,x,y) = Qx-x+yAx-x (4.9)
A G(t,x,y; X'y =2[Q(t) + y A(H)] x - X’ (4.10)
ad,G(t,x,y;y") =y [A(t)x - x —1]. (4.11)

Since A is positive definite, there exists o« > 0 such that for all x € R", Ax - x > «|x]|?.
Hence, there exists 7 > 0 such thatforall0 <t <7

VHO<t<T VXER", A(t)x-x> %HXHZ
and for such t, the set of constraints E(t) & {x:A(t)x-x =1} # @ is compact. So
there exist minimizers x' € R” and X(t) is not empty for0 < t < 7

A E A(f)inf—1 Qt)x-x = Q()x' - x' (4.12)
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MUTIVALUED CASE

A NON-CONVEX EXAMPLE WHERE X(0) IS NOT A SINGLETON

To summarize,

aiG(t,x,y) = Qx-x+yAx x (4.13)
; x4+ x° . .
[C)(t) +y A(t)] 5 = 0 (average adjoint equation) (4.14)
vy, d,G(t,x',0;y") =y [A(t)x" - x' — 1] = 0 (state equation) (4.15)
t 0 t .0
d,G <t,x°,0;y ty ) =7 ty [A(H)X° - x° —1]. (4.16)

From the Lagrange Multiplier rule, the standard adjoint is solution of

[Q(t) +p A(t)] X'=0| = p'=-Q)x x'=-\. (4.17)

Tthe set of minimizers is given by the expression
X(t) = {XG]R” [Q(t) + p'A(f)x = 0 and A(t)x - x = 1} (4.18)
Forall x' € X(t), x' # 0 and —x' € X(t). So X(t) is not a singleton. However,
vx' e X(t), Y(t, Xt) = {7/\'}

and Y(t, x") is a singleton independent of the choice of the minimizer x' € X(t).
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MUTIVALUED CASE

A NON-CONVEX EXAMPLE WHERE X(0) IS NOT A SINGLETON

Given x° € X(0) and x' € X(t), the averaged adjointis solution of the equation:

1
vx', 0= / axG(t, X° + s(x' — x°), y'; x')ds
0 1

= 2/ [Q(t) +ytA(t)] (x° + s(x' = x°)) - x' ds
’ X+ x0
2
XI+X0

2

—2 [o(t) +y! A(t)]

=0.

= [[aw +y' A

Qi) 252 X520 ot 0
= Y(t,xX° x") = {_W , x4+ x’£0
) b) 2 2

R, ifx'+x°=0

Therefore, Y(t,x°, x') # @.

(4.19)

(4.20)
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MUTIVALUED CASE

A NON-CONVEX EXAMPLE WHERE X(0) IS NOT A SINGLETON

A preliminary lemma.
(i) Forallt,0<t<r,
vxte X(t), Y(t,x',x")={-\1} (4.21)
where \' is the minimum of the objective function Q(t)x - x with respect to
E(t)={xeR": A(t)x-x = 1} as seenin (4.12).
(ii) For each sequence {t,: 0 < t, < 7}, there exist X € X(0), x" € X(t,), and
y'" € Y(t, X, x) such that
x" = x, A" 2% and y' sy = -\0, (4.22)

and the set of averaged adjoint states Y(t,, X, x") = {y} is a singleton.
(iii) As t 0, the quotient

t 0
A tA (4.23)
is bounded.
(iv) For the sequences of part (ii), the quotients
th _ O th _ 0
A - A and Y tny (4.24)

are bounded.
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MUTIVALUED CASE

A NON-CONVEX EXAMPLE WHERE X(0) IS NOT A SINGLETON

THEOREM

Given symmetrical n x n matrices A, A, Q, and Q' such that A is positive definite,
there exists at least one x° such that Ax° - x° = 1 and

MQ,A) = |n[1 Qx-x=Qx° - x°. (4.25)
Moreover
dA(Q,A Q@A) & def | AMQ+tQ, A+ tA) — X\(Q, A)
0 i (4.26)
= inf )[Q’—A(Q,A)A’] x° - x°,
x0ex
)L {xeR": Ax-x =1 and [Q — \(Q, A)A]x =0} . (4.27)

If X(0) is not simple the dimension of the space X(0) is greater or equal to 2 and we
only have a semi-différential.
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MUTIVALUED CASE

A NON-CONVEX EXAMPLE WHERE X(0) IS NOT A SINGLETON

Proof.
(i) Hypothesis (H1). We have seen thatforall 0 < t < 7, X(t) # @ and that, for all
xt e X(t), Y(t,x") = {=\'}. For the averaged adjoint y*
Ok St DR
v e e | o
X0, X) = (===~
R, ifx'+x°=0
(i) Hypothesis (H2). We have seen that d:G(t,x,y) = @' x- x + y A'x - x. So for all
x® € X(0) and the singleton Y(0, x°) = {-\°}
d:G(t,x°,y°) = @'x° - X — NP AX? X0
(iii) Hypothesis (H3). For each sequence t, — 0, 0 < f, < 7, choose the sequence
{x"} and its limit X € X(0) from the Lemma (ii) and use the fact that the corresponding

sequence # is bounded by some constant ¢ from the Lemma (iv):

0 th 0
dyG<tn,)'(,0;y tny)’:’y ty [A(t)X - X — 1]

yr—y°
g‘ t ‘ IA(t)X - X — 1] < ¢ |A(t)X - X — 1] — ¢ |A(0)X - X — 1| =0
n
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MUTIVALUED CASE

A NON-CONVEX EXAMPLE WHERE X(0) IS NOT A SINGLETON

(iv) Hypothesis (H4). For all x° € X(0) Y(0,x°) = {—X°} is a singleton independent
of x° € X(0). As in (iii), for each sequence t, — 0, 0 < t, < 7, choose the sequence
{x™} and its limit X € X(0) from the Lemma (ii) and use the fact that the corresponding

sequence # is bounded by some constant ¢ from the Lemma (iv):

th _ 0 th _ 0

dyG<tn,x°,o;y y )‘:‘y y [A(tn)xo.x°—1]‘
t t

S|y =y
< |

‘A(t,,)x0 D 1’
<c ’A(tn)xo X 1( Se ’A(O)XO x°—1|=o0.

(v) The conclusion follows from Theorem 12 where the sup disappears since
Y(0,x%) = {-\°} = {—\(Q, A)} is a singleton independent of x° € X(0).
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THANK YOU

- Thank you for your attention -
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