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OVERVIEW

The Control Problem
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THaE PROBLEM

. 1 A
{ min (y,u) = 5 ly = zall3 + 5 lulB. @

subject to e(y,u) = 0.
J and e continuously Fréchet derivable functionals :

J: YXU—-R, e: YXU—-W,

Y, U and W reflexive Banach spaces, if
» ¢,(y,u) € B(Y, W) is a bijection;
» y(u) is a (locally) unique solution to the state equation
e(y,u) =0.
Then the problem in terms of the Reduced Cost Functional f (u),
minf(u) = min J(y(u), u). (2)
uel

uel

admits an optimal solution, if f () is continuous, convex and
radially unbounded (De los Reyes [2015])
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LAGRANGIAN CONDITIONS

To enforce the optimality conditions of the first order for this
problem we consider its Lagrangian formulation

ﬁ(%%P) :](]/7”)— < Pae(yﬂ/l) >W’,W7

where £ : Y x U x W — R, thus the optimality conditions are
stated in terms of L as (see De los Reyes [2015]):

e(y(ﬁ)aﬁ) = 07
ﬁy(%ﬁ#’):o . (3)
Ly(y,u,p) =0
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LAGRANGIAN CONDITIONS

To enforce the optimality conditions of the first order for this
problem we consider its Lagrangian formulation

ﬁ(%%P) :](]/7”)— < Pae(yﬂ/l) >W’,W7

where £ : Y x U x W — R, thus the optimality conditions are
stated in terms of L as (see De los Reyes [2015]):

e(y(ﬁ)aﬁ) = 07
ﬁy(%ﬁ#’):o . (3)
Ly(y,u,p) =0

General framework

In the following we will compute the Lagrangian conditions
for our problems with Fractional Partial Differential
Equations (FPDEs) state equations and use them to obtain an
expression for both f (1) in (2) and Vf (u).
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Fractional Partial Differential Equations
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LeBniz: “[...] Thus it follows that d 2x will
be equal to xv/dx : x. This is an apparent
paradox from which, one day, useful
consequences will be drawn.”

In response to Marquis de 'Hépital, 1695

Leibniz (1646-1716)

We are going to very briefly define some Fractional Derivative
operators and their discretizations.
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FrRACTIONAL DERIVATIVES

» Riemann-Liouville: given o > 0 and m € Z* such that
m— 1 < a < m the left-side Riemann-Liouville fractional
derivative reads as

o 1 d\" [ y(&)d¢
RLDa,xy(x)—F(m_a)<dx> /a(x_g)a_mﬂ,

while the right-side Riemann-Liouville fractional
derivative

o piyy— 1L d\" (" y©de
RLDx,by(x)_F(m_a)<_dx) /x(g_x)amﬂ,

» Symmetric Riesz: given a > 0 and m € Z* such that
m — 1 < a < m the symmetric Riesz derivative reads as

dy(x) 1 o «
dgc\a =5 (reDjx + rLDS ) y(%);
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Tuae Two FPDEs wWE CONSIDER AS STATE EQUATIONS
We consider both the Fractional Advection Dispersion

Equation (FADE)
—a (l RLD%,O;C + rRLDfﬁ) y(x) +b(x)y(x)..., xeQ=(0,1),

oA e(x)y(x) = u(x)
y(0) =y(1) =0.

for a € (1/2,1),a,l,r >0and [ +r =1,b(x) € C}(Q), c(x) € C(Q)
and such that ¢(x) — 1/20/(x) > 0,
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Tuae Two FPDEs wWE CONSIDER AS STATE EQUATIONS

We consider both the Fractional Advection Dispersion
Equation (FADE)

—a (ZRLD%?;C + rRLDfﬁ) y(x) +b(x)y(x)..., xeQ=(0,1),

ot e(x)y(x) = u(x)
y(0) =y(1) =0.

for a € (1/2,1),a,l,r >0and [ +r =1,b(x) € C}(Q), c(x) € C(Q)
and such that c¢(x) — 1/20’(x) > 0, and the 2D Riesz Space
Fractional Diffusion equation

aZa 325y
le 8|x |2a sz 8'){2|2ﬁ + b . vy + Cy - 1/[, (X1,XZ) S Q

y =0, (x1,x2) € OQ.
where b € C1(Q,R?),c € C(Q), u € L2(Q), Ky, Ky, > 0and
Ky, + Ky, >0, 0,6 € (12,1), Q2 = [a,b] x [c,d].
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Lagrangian Conditions
Discretization of the FPDEs
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LAGRANGIAN cONDITIONS FOR THE FADE - |

Proposition 1: Lagrange Conditions for the FADE

U =12%Q),Y = H$(Q) for a > 0 the closure of C3°(Q2) in the

norm,
o 1/2

lielo = (13 + Il DG 1), @

and W =Y. The Lagrangian conditions for problem

minJ(y,u) = 3y —zall3 + 3lull3.
subject to  —a (I D§% + rRLDifQ y(x)+
+b(x)y'(x) + c(x)y(x) — u(x) =0,
y(0)=y(1) =0.

;o ()
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LAGRANGIAN cONDITIONS FOR THE FADE - |

Proposition 1: Lagrange Conditions for the FADE

U =L1%%Q),Y = H$(Q) for a > 0 the closure of C3°(Q2) in the
norm,

1/2
ltlla = (leell3 + || DG x213)

; (4)

and W = Y’. The Lagrangian conditions for problem (*) are
expressed in weak form as

1?(%0):1:(0)7 Voey,
Bp,w) =<y—zg,w>, Ywey, ,
<p,h>=-A<uh>, VheY.
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LAGRANGIAN cONDITIONS FOR THE FADE - [

Proposition 1: Lagrange Conditions for the FADE
U =12Q),Y = H§() for a > 0 the closure of C3°(2) in the
norm,
fe% /2
liela = (3 + Il e DF cul3) @

and W = Y’. The Lagrangian conditions for problem (*) where
uel,yeYand

B(y,v) = —al < g . Dgy(x), g Dy10(x) > +

—ar < g DF1y(x), g DG c0(x)

+ < b(x)y'(x) + c(x)y(x), v(x)

B(p,w) = —al < rLDGw(x), g D3 1p(x) >

—ar < g D w(x), g Dgp(x) > +

— < (b(x)p(x)),w >+ < cp,w >,
Flv)=<u,v>.

>
>
>

)
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LAGRANGIAN cONDITIONS FOR THE FADE - I

Gradient and objective function

The gradient for the objective function f (1) for the FADE
problem reads as

Vf(u) = Lu(y(u), u,p(u)) = p + A,

where p is the solution of the adjoint equation:

—a (7 e D3+ D23 ) p(¥) — £ (b(IP() + ..

o e(x)p(x) = y(x) — za(x),
p(0) =p(1) =0.
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LAGRANGIAN cONDITIONS FOR THE Riesz FPDE - [

Lagrange Conditions for the Riesz FPDE
U=12%Q),Y=H2)nN Hg(Q) and W = Y’. The Lagrangian
conditions (3) for problem

. 1 A
min ] (y,u) = 5y —zal3 + Ellullﬁ,
2 4%
subject to — Ky, i ‘Za - Ky, 8‘x ‘25 +b-Vy+cy=u )
Y= 0, (xl,xz) € 0.
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LAGRANGIAN cONDITIONS FOR THE Riesz FPDE - [

Lagrange Conditions for the Riesz FPDE
U=12%Q),Y=H)nN Hg(Q) and W = Y’. The Lagrangian
conditions (3) for problem (**) are expressed in weak form as

B(y,v) = F(v), VoeY,
B(p,w) =<y —zzw>, YweY, , (***)
<p,h>=-A<uh>, VheY.
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LAGRANGIAN CONDITIONS FOR THE Riesz FPDE - |
Lagrange Conditions for the Riesz FPDE
U=12%Q),Y=H2)nN Hg(Q) and W = Y’. The Lagrangian
conditions (3) for problem where in (**) u € U, y € Y and, by
setting Cy = Ky, 2o and Cy, = Ky, 023,

B(y,v) =Cy, (< reDir ¥ rUDS, 50 > + < ruDg, pYs RUD S 2,0 >)
+ Cy, << RLDc,xzy»RLDxZ,dU >+ < RLsz,d]/»RLDc,xzv >>
+<b-Vy,v >+ <cy,v>,
B(va> :Cxl (< RLDgé,xlp?RLDyocll,bw >+ < RLD;CXl,bpvRLDz?,xlw >)
+ Cx, << RLD?,xZPaRLDfZ,dw >+ < RLDdepv LD, W0 >)
— < V. (bp),w>+ <cp,w >,
Flv)=<u,v>.
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LAGRANGIAN cONDITIONS FOR THE Riesz FPDE - 11

Gradient and objective function

The gradient for the objective function f (1) for the Riesz
problem reads as

Vf (u) = Lu(y(u), u,p(u)) = p + A,

where p is the solution of the adjoint equation for x € :

Za B
—K g — K, |§/a = V(pb) +ep =y —zs, (x1,%2) €Q
p=0, (x1,x2) € O0.
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DISCRETIZATIONS
We used, for the solution of both the state and adjoint equation
the finite difference discretizations over a grid {xx }x = {a + kh} on
the domain 2 = [a, b] with stepsize h = b—4/n with the right
p-shifted Griinwald-Letnikov formula as

. Ly® o V@R e
RLDu,x]/(x)‘x:xk N e 2 [y (k—jap) — y(a)]+r(1 — a)+o(h )s
=0
where the coefficients w]-(a) are defined as wj(a) = (-1)/(§),and

similarly for the left-sided operator as
1 n—k+p
DIy~ g D0 ) k) = yO)]+ [y +OC),
j=0
Discretization of Riesz Space Fractional derivative is done in an

analogous way.
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DiscreTIZATIONS: MATRIX REPRESENTATION - |

In the 1D case, i.e., the FADE we have that:

Ay = u, with
A =a(IT(q) +7T{,)) + On,

with,

w1

w2

Wn—1

wyg O

w1 Wo

w1
w2

wo
w1
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DiscreTIZATIONS: MATRIX REPRESENTATION - |

In the 1D case, i.e., the FADE we have that:

Ay = u, with
A= a(ZT(a) + T’T(Ta)) + Oy,

with,
b
C1 ﬁ
_b
On 2h
bn—2
] 20
__bnfl c
oh n—1

CONCLUSIONS
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DiscreTIZATIONS: MATRIX REPRESENTATION - |

In the 1D case, i.e., the FADE we have that:

Ay = u, with
A =a(IT() +1Tl,) + On,

with,
n 231
Y2 uz
y s . s u=
Yn—1 Up—1.

CONCLUSIONS
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DiscreTizATIONS: MATRIX REPRESENTATION - 11

For the 2D Riesz Space Fractional Diffusion equation, we get,
through the use of Kronecker sums, given an (i, j)—finite
difference grid with Ny,, Ny, nodes and amplitude i, k
respectively

A= le (RJ(C?) ® Ixz) + sz (le ® Rﬂ(g )
+ By (T, ® Iy,) + By, (Iyy ® T,) + C,
where
» [, for i = 1,2 for the relative grid size,

> R,(ff) and R,((f ) are the dense Toeplitz matrix for the 1D
fractional order derivatives in the two directions,

CONCLUSIONS

» T, are the finite difference matrix for the convective terms

obtained with centered differences,

» the {B,,}i=12 and C are respectively the evaluation of the
functions b = (b)), b?)) and ¢ on the relative nodes of the

grid.
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The Algorithms: LBFGS and Approximate Inverses
The LBFGS Optimization Routine
Preconditioning
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OptimizaTtioN RouTtiNE: L-BFGS

Input: xg starting point, M € N;
Compute fy = f(xo) and go = Vf(xo) ;
Setdp = —go,0=1i=0;

while ||g;|| > 0 do

Choose an initial Hessian approx.:

HO = ~iI; ..
Corlnpute the step directiond; = —r The L-BFGS method, Orlgmally
using TwoLoopRecursion; introduced in Liu and Nocedal
Compute the s(tiep length «; and set [1989], continuously up dates
Xi+1 = Xi + aidj; . .
Setg = V(xip1); the qua.51—N.ewt0n matrix, .
if i > M then approximation of the Hessian
?lscard vectors {s; ., yi-m} of problem (2), using a fixed
rom storage ; o4
end limited amount of storage.
Set and store s; = x;41 — x; and
yi = 8i+1 — 8is
Seti=i+1;

end
Output: Output x; ~ X« ;
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OptimizaTtioN RouTtiNE: L-BFGS

Input: xg starting point, M € N;
Compute fy = f(xo) and go = Vf(xo) ;
Setdp = —go,0=1i=0;
while ||g;|| > 0 do
Choose an initial Hessian approx.:
HY = ~;
Compute the step direction d; = —r
using TwoLoopRecursion;
Compute the step length «; and set
Xit1 = Xi + oyd;;
Setgi = Vf(xit1);
if i > M then
Discard vectors {s;—um,Vi—m}
from storage ;

end

Set and store s; = x;41 — x; and
yi = 8i+1 — 8is

Seti=i+1;

end
Output: Output x; ~ X« ;

H; = (I—psy")H(I—pysT)+pss’

Input: g; = Vf(x;);

Setq = g;;
fork=i—1,...,i— Mdo
_ sq.
% = yis’
q=9 — Yk
end
r = Hjq;
fork=i—M,i—M+1,...i—1do
_
T oyls
r=r+ (a — b)sg;

end
Output: Output r = H;g; ;
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OptimizaTtioN RouTtiNE: L-BFGS

Input: xg starting point, M € N;

Compute fy = f(xo) and gy = Vf(xp) ;

Setdg = —go,0=1,i=0;

while ||g;|| > 0 do

Choose an initial Hessian approx.:
H) = yil;

using TwoLoopRecursion;
Compute the step length ¢; and set
Xit1 = Xi + oyd;;
Setgi = Vf (xit1);
if i > M then
Discard vectors {s;_u,Vi—m}
from storage ;
end
Set and store s; = x;41 — x; and
yi = 8i+1 — 8is
Seti=i+1;

end
Output: Output x; ~ X« ;

Compute the step direction d; = —r

The computational cost of the
L-BFGS algorithm:

1.

2.

O(Mn) flops of the
optimization procedure,

The cost required for the
evaluation of the function
and the gradient = this
costs at least two solutions
of FPDEs!
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BUILDING THE PRECONDITIONER

We consider sparse approximations for nonsymmetric matrices,
the AINV preconditioner of the form:

A1~ WD 17T,

with
» W lower triangular,
» Z upper triangular,
» D diagonal.

Computed within a GPU architecture, see Bertaccini and
Filippone [2016].

We stress that for nonsymmetric or non Hermitian matrices we
speak about biorthogonalization and conjugation for symmetric or
Hermitian ones.
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SHORT-MEMORY PRINCIPLE

. . . T .
Lets look into some properties of the matrices T,) and T, :

1. They are Toeplitz matrices,

2. The entries are such that:

] \— (]al), for j — +o0.

» Property (1) have been used to develop preconditioners
for iterative Toeplitz solvers, e.g., [Donatelli et al., 2016].

» Property (2) have been used to discard entries from T,
and T(Ta) and then use direct solvers, e.g., [Popolizio, 2013].

» In Bertaccini and Durastante [2017] Property (2) have been

exploited for obtaining sparse approximate inverses of the
discretization matrix A.
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SHORT-MEMORY PRINCIPLE

To build the preconditioner we need only another ingredient:

» transport the decay of the element of the discretization
matrix to a decay of the element of the inverse.

This decaying property of
these entries is a structural
2 £ property of the fractional
E*”: differential operators:

Left Grilnvald-Letnikov approximation Right Gritvald-Letnikov approximation

RS R E(x) =|r.Day(x) — ruDi 12y (%)
sup y(x)

107 x10? xe[a,b]

: : s Lol —a)]’

= wherea <L < x,isa
e memory length: the
Short-Memory Principle.
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A 2D ExaMPLE

As a last example, we consider the following choice of
coefficients for the problem,

min ] (y, ) = f||y—zd||2+2\\uu%,
subject to — Ky, a\x \20‘ me‘x 2+ b-Vy+cy=u

y=0,(x1,x2) € 0.
with coefficients

Ky, =2, Ky, =1.5, c(x,y) =1+ 0.5cos(x1x2),

= (B + 0.5sin(47xq) cos(57xz), . . .
..a+0.7sin(77x;p) cos(4mxy)),

On Q = [0, 1]? for the desired state

z4(x1, x2) = sin(5mx1) sin(57x2).

CONCLUSIONS
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A 2D ExaMPLE

Preconditioner BiCGstab, 2« = 1.3,28 =12, A =1le — 6 Direct

1 tAV tA'v Func. Eval. 1Vfll2 Ts) | T(s)

20 46476 73524 976 2.71e-04 4.9912 6.23
N 40 80834 130061 899 1.15e-03 25.4829 146.40
60 92609 158198 745 3.19e-03 1165496 | 1669.18
80 108270 197247 710 5.49e-03  488.6336 | 6029.44

AINV(le-1) HAV A v Func. Eval. IVfll2 Ts) | T(s)
20 20832 41173 1155 2.99e-04 32712 6.2328
N 40 36156 73400 976 1.21-03 16.1750 146.40
60 51793 109713 958 3.35e-03 89.8328 1669.18
80 66275 140296 933 5.70e-03  385.6470 | 6029.44

AINV(1e-2) HAV HA v Func. Eval. IVfll2 TGs) | Te)

20 10216 12361 947 3.22e-04 1.7162 6.23

N 40 24771 38206 1497 1.40e-03 14.2141 146.40
60 20346 34563 836 299e-03  46.0631 1669.18
80 33924 59922 1079 437e-03  207.9970 | 6029.44

CONCLUSIONS
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A 2D ExaMPLE

Preconditioner BiCGstab, 2« = 1.1,28 = 1.8, A = 1le — 9 Direct

I HAV HA'v Func. Eval. 1Vfll2 Ts) | T

20 34008 40346 380 3.02e-04 3.1414 2.67

N 40 49603 58500 245 1.22e-03 13.0047 32.82
60 81056 94216 237 3.02¢-03  81.4658 335.74
80 121244 140609 233 521e-03 4219529 | 1432.13
AINV(le-1) AV HA v Func. Eval. 1 Vfll2 T(s) ‘ T(s)

20 13098 12349 388 3.11e-04 1.3566 2.67

N 40 15854 14694 218 1.20e-03 4.8374 32.82
60 23496 24406 237 3.15e-03  30.9931 335.74
80 29293 29717 215 5.18e-03  112.3551 | 1432.13

AINV(le-2) HAV HA v Func. Eval. 1V£l2 TGs) | Te)

20 5715 6036 382 3.03e-04 0.8399 2.67

N 40 7682 7841 228 1.15e-03 3.3400 32.82
60 13626 13914 238 3.18¢-03 252802 335.74
80 18825 20112 219 521e-03  90.6548 | 1432.13

CONCLUSIONS
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A 2D ExamMpPLE

The desired state and the computed solution.
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A 2D ExamMpPLE

Obtained with the control
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ConNcrusions AND FuTure WoORK
We have,

» Fully described two FPDEs—constrained optimization
problem with tracking type cost functional,

» Devised a suitable coupling of the L-BFGS algorithm and
an approximate inverse preconditioner for speeding up the
computations,

We plan to,
» Add box—constraints on both state and control variable,

» Extend the model to account for fractional operators in the
definition of J(y, u),

» Extend the technique for considering also time—fractional
problems,

» Adapt LON optimization algorithms for these cases; see
Cipolla et al. [2015].
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x

rf

7,

(From XKCD: http://xkcd. com)

Thanks for your attention!
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INFINITE vs FINITE

We interpret discretized optimal control problems as
optimization problems and then solve them by a
quasi-Newton method.

Discretized problems do not solve the original
infinite-dimensional control problem but rather approximate it
up to a certain accuracy!

This is justified by the mesh independence property; see De los
Reyes [2015], Kelley and Sachs [1987]
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