
Timm Faulwasser1

Joint work with Dominique Bonvin2, Colin Jones2 and Mario Zanon3

1  Institut für Angewandte Informatik, KIT
2  Laboratoire d’Automatique, Ecole Polytechnique Fédérale de Lausanne
3 Chalmers University, Göteburg

NUMOC 2017, Rome, 20.06.2017

Receding-horizon optimal control with economic
objectives – practical and asymptotic convergence



NMPC= repeated optimal control

Nonlinear Model Predictive Control (NMPC)
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What is Economic NMPC?
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[Rawlings & Amrit `09;  Würth et al. `11; Angeli et al. `12; Grüne  `13; Ellis et al.`14; ...]



Outline

Summary and outlook

Turnpike properties and dissipativity 

• Turnpike conditions and converse results

Motivation

• Economic MPC

Asymptotic and practical convergence in EMPC

• Exact and approximate turnpikes
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Recovering asymptotic convergence in EMPC

• Terminal constraints and penalties



Problem setup

How to describe turnpike behavior in OCPs?
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[Dorfman, Samuelson & Solow `58; McKenzie `76; Carlson et al. `91; Damm et al. `14; Trelat & Zuazua `14; ...]



Parametric Optimal Control Problems

[Cliff & Vincent `73]

Optimal fish harvest
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 Similar behavior for different initial conditions and horizon lengths. 
 Similarity properties of solutions of parametric OCPs.



Parametric Optimal Control Problems
Optimal fish harvest (quadratic objective)
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 Similar behavior for different initial conditions and horizon lengths. 
 Similarity properties of solutions of parametric OCPs.



Turnpike Property of OCPs
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[Carlson et al. `91, Faulwasser et al. `14, `17]



Turnpike Properties of OCPs
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 approximate  exact



When do turnpikes occur in OCPs?

T.
 F

au
lw

as
se

r 
| 

R
ec

ed
in

g-
h

o
ri

zo
n

 O
p

ti
m

al
 C

o
n

tr
o

l w
it

h
 E

co
n

o
m

ic
 O

b
je

ct
iv

es

10

[Diehl et al. `11; Angeli et al. `12;  … ]

[Grüne `13; Faulwasser at al.  `14, `17; Damm et al. `14]



Convergence of NMPC based on Exact Turnpikes

NMPC scheme without terminal constraints and without terminal penalty
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Convergence of NMPC based on Exact Turnpikes

[Faulwasser & Bonvin `15, `17]
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Stability of NMPC based on Exact Turnpikes

Performance? Approximate turnpikes? 
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Example: Optimal Fish Harvest
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[Cliff & Vincent `73]

Open-loop turnpike solutions Closed-loop NMPC solutions



Example – Chemical Reactor

Constraints

Dynamics (partial model)

Objective = maximize produced amount of B

Van de Vusse Reactor

[Chen et al. `95; Rothfuß, Rudolph, Zeitz `96]
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Example – Chemical Reactor
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Distance to equilibrium



Overview – EMPC without Terminal Constraints

T.
 F

au
lw

as
se

r 
| 

R
ec

ed
in

g-
h

o
ri

zo
n

 O
p

ti
m

al
 C

o
n

tr
o

l w
it

h
 E

co
n

o
m

ic
 O

b
je

ct
iv

es

18
[Grüne `13; Faulwasser & Bonvin `15,`17; …]



Singular OCPs and Exact Turnpikes

OCP with input box constraints and input affine data

Necessary conditions of optimality for OCP-SING
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Singular OCPs and Exact Turnpikes

Necessary conditions of optimality imply

 Only singular arc is a steady state!  T.
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Singular OCPs and Exact Turnpikes

[Faulwasser & Bonvin `17]

.
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Steady-State Singularity of Linear-Quadratic OCPs

 Use of properties of nilpotent DAEs
 Extension to nonlinear dynamics? 
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Example – Fuller‘s Problem
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Back to Regular OCPs
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Considered OCP



Back to Regular OCPs
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Role of Adjoints in Turnpike Properties 
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Recovering Asymptotic Convergence in EMPC
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Linear Terminal Penalties in EMPC
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Linear Terminal Penalties in EMPC
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[Zanon & Faulwasser `17]



Example – Chemical Reactor

Constraints

Dynamics (partial model)

Objective = maximize produced amount of B

Van de Vusse Reactor

[Chen et al. `95; Rothfuß, Rudolph, Zeitz `96]

T.
 F

au
lw

as
se

r 
| 

R
ec

ed
in

g-
h

o
ri

zo
n

 O
p

ti
m

al
 C

o
n

tr
o

l w
it

h
 E

co
n

o
m

ic
 O

b
je

ct
iv

es

30



Example – Chemical Reactor

T.
 F

au
lw

as
se

r 
| 

R
ec

ed
in

g-
h

o
ri

zo
n

 O
p

ti
m

al
 C

o
n

tr
o

l w
it

h
 E

co
n

o
m

ic
 O

b
je

ct
iv

es

31

Distance to equilibrium



Example – Chemical Reactor
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Summary and Outlook

Turnpikes and dissipativity

• Suff. conditions for turnpikes via dissipativity (OCPs with or without terminal constraints).

• Suff. conditions for exact turnpikes. 
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Thank you! Questions?

Approximate versus exact turnpikes

• Linear-quadratic singular OCP  exactness of turnpikes via nilpotent DAE

• Linear-quadratic regular OCP   approximate turnpikes (NCO = DAE with index 1)

Outlook

• Turnpikes with active constraints? 

• Time-varying turnpikes? Classification thereof?

• …

EMPC with linear end penalty (gradient correction)

• Allows recovering asymptotic convergence/stability
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