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Nonlinear Model Predictive Control (NMPC)

NMPC= repeated optimal control

1.  State estimate Z(ty) at ¢y

) 2
2.  Solve OCP

. tp+T
min /t Pl ut)dr + Bt + 7))

dx(T)

"0 flao(r), u(r)), (i) = 30
z(r)e X, u(r) el
x(ty +T) €&

¢ ¥

tr  trp1  theotthio+ T

NMPC design

= Stabilization of z5: F(z,u) = (z — 2:)TQ(z — zs) + (v — us) T R(u — us) > ||x — x|
+ suitable terminal constraints / penalties or reachability conditions

= Tracking of r(t):  F(t,z,u) = (h(z) —r() ' Q(h(z) —r(t)) + ... > ||(x) — r(t)]

Observation: control task at hand influences design of OCP.
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What is Economic NMPC?

How to improve performance of a continuous process? — Solve OCP with long/infinite horizon T'.

Too
min / F(z(7),u(7))dr Challenges:
b‘U(E . ! e Structure of optimal solutions?
subject to
ics?
dz(T) e Numerics?

I flz(7),u(r)), =(0)==z0 € Xy
u(t) eld CR"™, x(1) € X CR"

Solution: receding horizon approximation with shorter horizon T'.

ti+T
min / F(x(7),u(r))dr

u(-) ti

subject to e F' =~ economic criteria: yield, profit, ...
dz(T)

dt
u(t) eU CR"™ z(r) € X CR"=

= f(z(7),u(r)), z(ty) = 2(ts) e I can be non-quadratic: F = a’z + bTu, ...

Economic NMPC
e NMPC with generalized (economic) objectives.

e Approximation of an infinite-horizon OCP by receding-horizon solutions.
[Rawlings & Amrit "09; Wirth et al. "11; Angeli et al. '12; Griine "13; Ellis et al."14; ...]
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How to describe turnpike behavior in OCPs?

Problem setup

i /0 F(o(r), u(r))dr

subject to (OCPr(xp))
dx(T)

dr - f(:l?(T),u(T)), IE(O) = Tp € Xy

> =3

u(t) eld CR™, z(r) e X CR"

Conceptual idea of turnpike properties

e Property of OCPs with and without terminal constraints.
e Optimal solutions approach neighborhood of a specifc steady state.
e Time spend at turnpike grows with increasing horizon length T'.

e If turnpike at Z, then for T' = oo, we have that tlim x*(t) ~ .
— 00

Different notions for turnpikes: dichotomy in OCPs, hyper-sensitive OCPs, ...

[Dorfman, Samuelson & Solow '58; McKenzie “76; Carlson et al. '91; Damm et al. "14; Trelat & Zuazua "14; ...]
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Parametric Optimal Control Problems

Optimal fish harvest

/0 az(t) + bu(t) — cx(t)u(t)dt

min
u(-)
subject to
t=x(zs —x—u), x(0)=ux
u(t) S [Oa umaa:}ax(t) < (0,00)
6 :
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- Similar behavior for different initial conditions and horizon lengths.

> Contour F(x, u)
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- Similarity properties of solutions of parametric OCPs.
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Parametric Optimal Control Problems

Optimal fish harvest (quadratic objective)
T o
i La(z(t) — x0)? + Lr(u(t) — uc)?dt
win 54(x(t) —zc)” + gr(u(t) — uc) 4
u(- 0
subject to 3
i s> Contour F(x,u)
t=xz(rs —x—u), x(0)=uz =1 ® *u
0 = f(x,u)
u(t) € [0, tmaz], x(t) € (0,00) ———x,=15,T=3
UARERER R T TR U T A . 7 A | XD=2.57T=2.9
Umazr = 9, TS = O \ - - -x,=35T=28
q=10,r =1, 2zc =4, uc =5 AR R R A A A X =45.T=27
\\ —x0=5.5,T=2.6
State = fish density
5 T . T
h
x0=15,T=3
...... X0=25,T=29
i - - —%,=35T=28
..... x,=45T=27
x,=55T=26
00 015 ‘i 1‘5 é 2‘.5 3 0 015 ‘; 1‘.5 é 2‘.5 3

t[] t[-]
- Similar behavior for different initial conditions and horizon lengths.
- Similarity properties of solutions of parametric OCPs.
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Turnpike Property of OCPs

Definition (Turnpike property).
Consider the optimal pairs z* (-, z¢) and

Q.1 :={te[0,T]: |2 (,z0) — 2| > e}

The optimal pairs z*(-, zg) of OCPr(x) have an input-state turnpike property with respect
to Z if there exists v : [0,00) — [0,00) s. t.

Vg € Xp,V1' > 0,Ve > 0: [0 7] < v(e),

where p[-] is the Lebesgue measure on the real line.
The solution pairs z*(-, zg) of OCPy(x() are said to have an exact input-state turnpike

property if additionally
1O, 7] < v(0) < 0.

[Carlson et al. "91, Faulwasser et al. "14, "17]
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Turnpike Properties of OCPs

Turnpikes are either approximate or exact.
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When do turnpikes occur in OCPs?

Definition (Strict dissipativity w.r.t. (Z,a)). X : & = f(x,u) is said to be strictly dissipative
with respect to the steady state pair (Z,u) if there exists a bounded non-negative storage
function S : X — Ra“ and « € K such that for all admissible pairs z(-, zg), all zg € X, and
all horizons T' > 0

S(x(T,x0)) — S(xo) < / —a(||(x(7), u(r)) = (z,u))]]) + F(z(7), u(r)) — F(z,u)dr.
0 [Diehl et al. '11; Angeliet al. "12; ...]

Theorem (Dissipativity = turnpike).
Suppose that

» from all zg € Ay the optimal steady state T is exponentially reachable,
» X is strictly dissipative w.r.t. to (Z,u).

Then the optimal pairs z*(-, z¢) of OCPr(xg) have a turnpike property with respect to the
steady state pair (T, u).

[Griine "13; Faulwasser at al. 14, "17; Damm et al. "14]



Convergence of NMPC based on Exact Turnpikes

NMPC scheme without terminal constraints and without terminal penalty

ti+T
min/ F(z(r),u(r))dr

u(+) S,

subject to (OCP(2(tx)))
Vr € ltg, by + ] : () = flalr)u(r)),  alts) = (0
u(t) €U, z(1) € X

Main assumptions
= No terminal constraints, no end penalty.

= No structural assumptions on F©  —  economic NMPC.

= Exact turnpike property in OCP(xg):

7 Ty (x0)




Convergence of NMPC based on Exact Turnpikes

Theorem (Convergence of NMPC based on exact turnpike).

Suppose that
= X is controlled via OCPr(Z(tx)),
» for all Z(tx) € Xy, OCP7(Z(tx)) has an exact turnpike property at z,
. if?(t()) € Ap.

Then

» OCPr(Z(tx)) is recursively feasible, and

» there exist a horizon length T' € (0, 00), a sampling time § > 0 and a time £ > ¢g such

that
Vi>t: &t xo,u"P()) = 7.

[Faulwasser & Bonvin '15, "17]



Stability of NMPC based on Exact Turnpikes

Main steps of the proof:

w |f, for all xg € &), we have an exact turnpike,
then Xy is rendered positively invariant by NMPC scheme.

State = fish density

» End pieces of exact turnpike solutions are identical.

= Construction of admissible (optimal) input trajectory

0 0.2 04 086 0.8 1

W (), V€ [0, Ti(@(ts)) + trss
U1 (t x(tes1)) = ¢ 05, vt € [T1(x(te)), Ti(x(tk))) +0) + tes
u*(t, l(tk)), YVt € [Tl (Cﬁ(tk)) + 0, T] + trt1

Performance? Approximate turnpikes?
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Example: Optimal Fish Harvest

tpr+T
Il’l(iI)l / ax(7) + bu(r) — cx(T)u(7)dr e 7 fish density
u- t _
_ * e v fishing rate
subject to _ _ _ .
dx e =, = 5 highest sustainable fish density
$:$(335—$—u), o(te) = @ (te) e a=1b=c=2Upngs =5
u(t) € [0, Umaz], 2(t) € (0, 00) e T'=12 6=0.1 [Cliff & Vincent ‘73]
Open-loop turnpike solutions Closed-loop NMPC solutions
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Questions

e How to verify turnpikes in OCPs? When are turnpikes exact?

e What if turnpikes are only approximate?



Example — Chemical Reactor

Van de Vusse Reactor A "3 p & C, 245 p

Dynamics (partial model)
éA = ?“A(CA,?9) + (C@'n — cA)ul
¢ =rp(ca,cp,v) — cpuy
9 = h(ca,cp,9) + aluy —9) + (i — 9)uy,
ra(ca,9) = —k1(9)ca — 2ks(9)c5
(CA,CB, ) ]fl(‘t?)cA — kg(ﬁ)CB
) =

h(ea,cn,9) = =8 (kn(0)cadHap + ks (D)epAHpe + 2k (9)3 AHAp )

_E.
ki(9) = ki 11 ' =1,2,3.
() 0eXp G 3
Constraints

ca €]0,6] m{)l cp € [0,4]™% ¥ € [70,150]°C
up € [3,35]5 Ug € [0,200]00

Objective = maximize produced amount of B

7(0,u / —Bep(t)ui(t)dt, g >0

ﬁin; Cin
u =V
ur = v,

?97CA76B7607CD

[Chen et al. "95; RothfuR, Rudolph, Zeitz "96]
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Example — Chemical Reactor

ca

T = 0.01667h

/-
0 10 20 30 40 50 60
0 10 20 30 40 50 60
10 20 30 40 50 60
T [min]

Distance to equilibrium

30
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Overview — EMPC without Terminal Constraints

Property

Approximate Turnpike

Exact Turnpike

recursive
feasibility

for long horizons
if controllability at turnpike

for long horizons

performance

approximation of infinite-horizon
performance for T — oo

infinite-horizon performance
forT <

stability
of closed loop

practical stability, i.e.
convergence to neighborhood of
turnpike

finite-time convergence
to turnpike

[Grine "13; Faulwasser & Bonvin "15,'17; ...]



Singular OCPs and Exact Turnpikes

OCP with input box constraints and input affine data

min /U Fo(z(r)) + EFf(a;(T))ui(T)dT

subject to

(OCP-SING)

Ty

D da(r) = folz(7)) + Zf{’(:n('r))uz('r), z(0) = z¢ € &p

dr
=il

u(r) € [Win, wlheT) - x [, o)

Necessary conditions of optimality for OCP-SING

H(Xo, A\, z,u) = Ao (Fo(x) 4 iFf(x)uz) + A7 (fo(x) + Zu:ff

daj;fﬁT): HA(AG, A (7), 2%(7),w*(7)),  27(0) = o
P (00,2 (), (), N =0 (NCO)

V7 € [0,7] and Yu € U
H(Ap, A (1), 27(7),w” (1)) < H(Ag, A*(7), 27(7), w),



Singular OCPs and Exact Turnpikes

Necessary conditions of optimality imply ”i’»Z
(7)) € {Ui min, Wimaz 1L Si(x*(7), A*(7)) # 0
Wi () € [Wismins Wismaz]  if 8:(z*(7), \*(7)) =0 >y
si(e, N) = XoF (@) + A fi(z), i=1,...,n.

= Either optimal inputs are on the boundary of U, or a singular arc with s;(\,z) = 0.

Definition (Steady-state singular OCP).
OCP-SING is said to be steady-state singular if, for any non-vanishing interval
(70, 71] C [0, 7], the condition

$i(x* (1), \*(7)) = 0, V7T € [10,71], Vi =1,...,ny

implies that .
(@(7),u*(7), \"(7)) = (7,5, A)

where (Z,%, \) specifies a unique steady state of (NCO).

— Only singular arc is a steady state! €<



Singular OCPs and Exact Turnpikes

Theorem (Exactness of turnpikes).
Suppose that OCP-SING

(i) is steady-state singular with respect to (), Z, %) such that,
V1 € {1, . .. ??’Lu}, U; € {ui’mm, u,;}mm}, and
(ii) the optimal solutions to OCP-SING have a turnpike at z = (Z, u).
Then, the turnpike at z is exact.

[Faulwasser & Bonvin "17]
Remarks

e Approximate turnpikes can be verified via dissipativity condition.

e Proof uses singular nature of OCP-SING, i.e., Y

*

u; (1) € {ui,min: ui,maw} if s;(x*(1),A\"(7)) # 0

uf (1) = s if 5;(z*(7), \*(1)) = 0 .

> 11

e Optimal solutions cannot stay arbitarily close to turnpike, without
w(r)=u = x*(17)=2.

e Verifying steady-state singularity?



Steady-State Singularity of Linear-Quadratic OCPs

Special case of OCP-SING:
» Linear dynamics & = Ax + Bu, x(0) =z € Ap.

= Quadratic objective with  F(z,u) = %CETQ[E +z'Su+q'z+rTu
and convex input constraints (f C R™x.

Necessary conditions of optimality on singular arc — linear DAE

I 0 0 z A 0 B x 0

0 I 0)l[Xx]=|-Q —-AT —S]||X]|+]|—-¢

0 0 0 U sT BT 0 u r
B i

Lemma (Steady-state singularity of linear quadratic OCPs).

If for all s € C -
det(sE — A) = p(s) = constant # 0,

then OCP-SING is steady-state singular.

- Use of properties of nilpotent DAEs
- Extension to nonlinear dynamics?



Example — Fuller‘s Problem

T
min / (z1(7))%dr
u(-) 0

subject to

T = (8 é) x + <0> u, x(0) = xg = det(SE — /Nl) = —1

u(t) € [-1,1] a.e., wu(-) € L™

T. Faulwasser | Receding-horizon Optimal Control with Economic Objectives



Back to Regular OCPs

Considered OCP

l%h /j Fial(@ (=) d

sujiect to
%ﬁ@)::f%@ W (rF0) HOPE Ky € A,

uw(t) eU CR™Y,z(r) e X CR"™
Fig(z,u) = 5% Qr+z' Su-+ §uTRu +q'z+r'u

Assumption. OCP is regular at turnpike (Z, @), i.e. consider
H(z,u,\) = F(z,u) + X' f(z,u)

such that H € C2 and
det H, (%, u) = det R # 0.



Back to Regular OCPs

Lemma (No exact turnpikes in regular OCPs).
Let

= the OCP be linear-quadratic and regular,
= let it exhibit a turnpike at (7, u) € int(X x U), and
= let A, B be controllable.

Then the turnpike property is approximate, i.e. it is not exact.

Sketch of proof:
e Wlo.g. (Z,u) =0andzg = 0.

e Forxzy =0, wehaveu* = —R~!(r + BT \*):
w=0 & r=-B')\

e Starting from z = 0:
N=—ATX\*—q, r=-B'X*, XMT)=0

e (A, B) controllable = u*(7) # 0



Role of Adjoints in Turnpike Properties

NCO for X = R"=:

dx;f) = H\(M, (), 2*(7),w*(7),  2*(0) = 2o
d)\C;ET) LA () (1)t (7)), A(T) =0

V7 € [0,T] and Yu € U
H(AG, A (1), 2™ (7),u™ (7)) < H(AG, A*(7), 27(7), u)

Turnpike (Z,%) € int(X x U) corresponds to A such that:

Observations
= Turnpike (Z, ) € int(X x U) with A # 0 has a leaving arc.

» |f turnpike is not exact, the leaving arc leads to practical convergence of
NMPC.



Recovering Asymptotic Convergence in EMPC

e Add a terminal constraint, e.g. z(ty, +T) =

e Terminal penalty (Mayer term) E(xz) = —S(x) or rotate F' by storage function:

= Without terminal constraints open-loop solutions change due to rotation!

Adjoint interpretation of rotation
* Rotated stage costs imply that A*(7) ~ 0 whenever 2*(7) ~ (Z, u).

e M (7) = 0=\ (T) whenever 2*(7) =~ (Z, u).



Linear Terminal Penalties in EMPC

tip+1 3
111(11)1 / F(z(r),u(r))dr + X z(ty, + T)
A ts

subject to (OCP x(Z(tk)))
d

—a(r) = fla(r),u(r)),  x(te) = i(t)

u(t) e CR"™ x(r) e X C R"

Second variation at z, &, A:

A:fmaB:fUaQ:Ha:mS:quaR: uaq:anT:Fu

trp+T 3
m(igl / Frg(z(7),u(r))dr + X a(ty +T)
w - tk

subject to (LQRy 5 (2(tk)))
d
Em(ﬂ = Ax(7) + Bu(7), z(tp) = 2(l)
1 1
Fig(z,u) = EmTQ:E +a' Su+ iuTRu +q'z+rTu
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Linear Terminal Penalties in EMPC

min /tk+ F(z(r),u(r)dr + X z(ty +T)

u(-) the
subject to (OCPr x(£(tx)))
L) = falr)ulr)), al) = i)

u(t) eld CR"™ z(1) e X C R"™

Theorem (Convergence of NMPC with linear end penalty).
Suppose that

= Y is controlled via OCPr 5 (2(x)), 3 is locally controllable at (z, u),
= for all #(t,) € Ay, OCP4 x(2(tx)) is strictly dissipative w.r.t. (Z,%) € int(X x U),
= for some finite horizon T > 0, the solution to LQRy 5 (#(x)) is stabilizing.

Then there exists 7" > 0, 4 > 0 such that
= OCPr x(Z(tx)) is recursively feasible, and

lim z(¢, xg, u"P°(-)) = .
- (£, 2o, () [Zanon & Faulwasser "17]



Example — Chemical Reactor

Van de Vusse Reactor A "3 p & C, 245 p

Dynamics (partial model)
éA = ?“A(CA,?9) + (C@'n — cA)ul
¢ =rp(ca,cp,v) — cpuy
9 = h(ca,cp,9) + aluy —9) + (i — 9)uy,
ra(ca,9) = —k1(9)ca — 2ks(9)c5
(CA,CB, ) ]fl(‘t?)cA — kg(ﬁ)CB
) =

h(ea,cn,9) = =8 (kn(0)cadHap + ks (D)epAHpe + 2k (9)3 AHAp )

_E.
ki(9) = ki 11 ' =1,2,3.
() 0eXp G 3
Constraints

ca €]0,6] m{)l cp €[0,4]™L 9 € [70,150]°C
up € [3,35]5 Ug € [0,200]00

Objective = maximize produced amount of B

7(0,u / —Bep(t)ui(t)dt, g >0

ﬁin; Cin
u =V
ur = v,

?97CA76B7607CD

[Chen et al. "95; RothfuR, Rudolph, Zeitz "96]
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Example — Chemical Reactor

ca

T = 0.01667h

T [min]

/'

0 10 20 30 40 50 60

0 10 20 30 40 50 60
10 20 30 40 50 60

Distance to equilibrium

30
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Example — Chemical Reactor

T = 0.01667h T = 0.01667h, E(z) = ATz
g P < "
0 1 1 1 1 1 ] I:I

0 10 20 30 40 50 60 0 10 20 30 40 &0

[

s ] e 1 f’
O 1 1 1 1 1 ! |:| 1 1 1 1 1
10 20 30 40 50 60 0 10 a0 30 40 5

140 140 ]IE&-

<120f = 120 |
100 1 1 1 1 1 1 1':”:' 1 1 1 1 1
0 10 20 30 40 50 60 0 10 20 1] 40 50

T [min] T [rmin|
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Summary and Outlook

Turnpikes and dissipativity
» Suff. conditions for turnpikes via dissipativity (OCPs with or without terminal constraints).
» Suff. conditions for exact turnpikes.

Approximate versus exact turnpikes
* Linear-quadratic singular OCP = exactness of turnpikes via nilpotent DAE

* Linear-quadratic regular OCP —> approximate turnpikes (NCO = DAE with index 1)

EMPC with linear end penalty (gradient correction)
» Allows recovering asymptotic convergence/stability

Outlook
* Turnpikes with active constraints?
* Time-varying turnpikes? Classification thereof?

Thank you! Questions?
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