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Introduction

We consider second order Hamilton-Jacobi-Bellman (HJB) equations:{
vt + supa∈Λ La(t, x , v ,Dxv ,D

2
x v) = 0 x ∈ Rd , t ∈ (0,T )

v(0, x) = ψ(x) x ∈ Rd ,

where La : [0,T ]× Rd × R× Rd ×S d×d → R takes the form

La(t, x , r , p,Q) =
{
−b(t, x , a)·p− 1

2
Tr [σσT (t, x , a)Q]−f (t, x , a)r+`(t, x , a)

}
.

Assumptions:

• Λ ⊂ Rm (set of control values): compact set;

• T > 0: terminal time;

• b, σ, f , `, ψ: Lipschitz in space, Hölder in time.

⇒ Existence and uniqueness of a viscosity solution of the HJB equation.



Approximation schemes

Consider d = 1.
Let us consider a space and time discretization h, τ > 0:

tk = kτ xi = ih k = 0, . . . ,N i ∈ I.

uki ∼ v(tk , xi ).

Let u be a numerical approximation of v defined by a scheme

S (tk , xi , u
k+1
i , [u])i = 0 k = 0, . . . ,N − 1, i ∈ I

u0
i = ψ(xi ) i ∈ I



Key properties of numerical schemes

• Stability: For any (τ, h) the scheme admits a bounded solution;

• Consistency: For any smooth function ϕ, there exists a function E
such that E(τ, h)→ 0 as (τ, h)→ 0 and∣∣∣∣S (t, x , ϕ(t + τ, x), [ϕ])−

(
ϕt + sup

a∈Λ
La(t, x , ϕ, ϕx , ϕxx)

)∣∣∣∣ ≤ E(τ, h).
E(τ, h): consistency error;
E(τ, h) ≤ C (τρ + hρ): scheme of order ρ;

• Monotonicity: For any bounded functions φ and ψ such that φ ≤ ψ
one has

S (t, x , r , [φ]) ≥ S (t, x , r , [ψ]).



Key convergence result

Theorem (Barles-Souganidis (‘91))

If the scheme S is stable, consistent and monotone, then its solution u
converges to the unique viscosity solution of the HJB equation.

Error estimates for monotone schemes: Krylov (’97,’00), Barles-Jakobsen
(’05,’07).

Theorem (Godunov (’59))

Monotone linear schemes have order of consistency at most ρ = 1.



Second order schemes
Crank-Nicolson scheme:

un+1
i − un

i

τ
+ sup

a∈Λ

{
1

2

(
− 1

2
(σn+1,a

i )2 D2un+1
i − bn+1,a

i D1un+1
i

)
+

1

2

(
− 1

2
(σn,a

i )2 D2un
i − bn,a

i D1un
i

)}
= 0,

where

D2ui :=
ui−1 − 2ui + ui+1

h2
and D1ui :=

ui+1 − ui−1

2h
.

BDF2 scheme:

3un+1
i − 4un

i + un−1
i

2τ
+ sup

a∈Λ

{
− 1

2
(σn+1,a

i )2 D2un+1
i + (bn+1,a

i )+ D1,−un+1
i

−(bn+1,a
i )− D1,+un+1

i

}
= 0,

where

D1,−ui :=
3ui − 4ui−1 + ui−2

2h
and D1,+ui :=

3ui − 4ui+1 + ui+2

2h
.



Example: Uncertain volatility model
An underlying asset is assumed to follow

dX (s) = rX (s) dt + σsX (s)dB(s),

where we only assume σs ∈ [σmin, σmax], an “uncertain” volatility.

The lowest arbitrage-free price is given by{
vt + supσ∈{σmin,σmax}

(
− σ2

2 x2vxx
)
− rxvx + rv = 0,

v(0, x) = ψ(x),

where ψ is a European option payoff, and similar for the upper bound.
Let us consider the following ψ:



Example: Uncertain volatility model
Pooley-Forsyth-Vetzal (‘01): in absence of a CFL condition the
Crank-Nicolson scheme may converge to a wrong solution.

Bokanowski-AP-Reisinger (‘17): the BDF scheme show good
perfomances.

Value function
t = tN = 0.1:

Value function
t = t1:

Monotone scheme Crank-Nicolson BDF
(no CFL)

Aim of our work: theoretically investigate stability and convergence
properties of the BDF scheme.



Linear equation
E k
i := v(tk , xi )− uki satisfies:

3E k − 4E k−1 + E k−2

2τ
+ DkAE

k + FkBE
k = Ek , 2 ≤ k ≤ N, (1)

where

A =
1

h2
tridiag(−1, 2,−1)

Dk = diag

(
(σk

i )2

2

)

B =
1

2h



3 0
−4 3 0

1 −4
. . .

. . .

0
. . .

. . .
. . . 0

. . .
. . . 1 −4 3


Fk = diag(bki ) (bki ≥ 0 ∀k , i)



Linear equation: L2-norm

Scalarly multiplying (1) by Ek :

3(E k ,E k )− 4(E k−1,E k ) + (E k−2,E k )︸ ︷︷ ︸
(I )

= −2τ (DkAE
k ,E k )︸ ︷︷ ︸

(II )

−2τ (FkBE
k ,E k )︸ ︷︷ ︸

(III )

+2τ(Ek ,E k )

(I ) = 4(E k − E k−1,E k )− (E k − E k−2,E k )

= 2
(
‖E k‖2 + ‖E k − E k−1‖2 − ‖E k−1‖2

)
−

1

2

(
‖E k‖2 + ‖E k − E k−2‖2 − ‖E k−2‖2

)
≥

3

2
‖E k‖2 − 2‖E k−1‖2 +

1

2
‖E k−2‖2 + ‖E k − E k−1‖2 − ‖E k−1 − E k−2‖2.



Linear equation: L2-norm

Assumptions (H1):

• ‖b‖∞ <∞;

• ∃η > 0 : σ2(t, x) ≥ η ∀x ∈ R, t ∈ [0,T ];

• ∃L ≥ 0 : |σ2(t, x)− σ2(t, y)| ≤ L|x − y | ∀x , y ∈ R, t ∈ [0,T ].

Let

N(x) =
(∑

i∈I
(xi − xi−1)2

)1/2

.

One has

(II ) + (III ) ≥ η

2h2
N(E k)2 − L

2h
N(E k)‖E k‖ − 2‖b‖∞

h
N(E k)‖E k‖

≥ − (L + 4‖b‖∞)2

4η
‖E k‖2.



Linear equation: H1-norm

Assumptions (H2):

• ‖b‖∞ <∞;

• ∃η > 0 : σ2(t, x) ≥ η ∀x ∈ R, t ∈ [0,T ].

Let us define

|x |2A = (x ,Ax) =
∑
i∈I

(
xi − xi−1

h

)2

= h2N(x)2.

Scalarly multiplying (1) by AEk .

3(E k ,AE k )− 4(E k−1,AE k ) + (E k−2,AE k )︸ ︷︷ ︸
(I )

=

− 2τ (DkAE
k ,AE k )︸ ︷︷ ︸

(II )

−2τ (FkBE
k ,AE k )︸ ︷︷ ︸

(III )

+2τ(Ek ,AE k )



Linear equation: H1-norm

One has

(I ) ≥ 3

2
|E k |2A − 2|E k−1|2A +

1

2
|E k−2|2A + |E k − E k−1|2A − |E k−1 − E k−2|2A

and

(II ) + (III ) = (DkAE
k ,AE k) +

1

2h

(
Fk

(
3(eki − eki−1)− (eki−1 − eki−2)

)
i
,AE k

)
≥ η

2
‖AE k‖2 − 2‖b‖∞‖AE k‖|E k |A

≥ −4‖b‖2
∞

η
|E k |2A.



Main recursion

Lemma
Let | · | be a given vectorial norm. If there exists C ≥ 0 such that for any
k ≥ 2

1

2

(
3|E k |2 − 4|E k−1|2 + |E k−2|2

)
+ |E k − E k−1|2 − |E k−1 − E k−2|2

≤ τ |E k | |Ek |+ Cτ |E k |2

then there exists some other constant C1 ≥ 0 such that if τ small enough
one has for any n ∈ N:

max
2≤k≤n

|E k |2 ≤ C1

(
|E 0|2 + |E 1|2 + τ

∑
2≤j≤n

|E j |2
)
. (∗)

Theorem

Under assumption (H1) (resp. (H2)), estimate (∗) holds for | · | = ‖ · ‖2

(resp. | · | = | · |A).



Nonlinear case

u solution of the scheme:

3uk − 4uk−1 + uk−2

2τ
+ sup

a∈Λ

{
Da

kAu
k + F a

kBu
k
}

= 0, 2 ≤ k ≤ N

v solution of the equation:

3vk − 4vk−1 + vk−2

2τ
+ sup

a∈Λ

{
Da

kAv
k + F a

kBv
k
}

= Ek , 2 ≤ k ≤ N.

Let

• ā = (āki )i,k : optimal control associated to v ;

• b̄ = (b̄ki )i,k :optimal control associated to u;

• Error E = v − u.

3E k − 4E k−1 + E k−2

2τ
+
{
D ā

kAEk + F ā
kBE

k
}
≥ Ek

3E k − 4E k−1 + E k−2

2τ
+
{
D b̄

kAE
k + F b̄

k BE
k
}
≤ Ek , 2 ≤ k ≤ N.



Nonlinear case
It follows that there exist weights γki = γki (ā, b̄) ∈ [0, 1] such that

γki

(
3E k

i − 4E k−1
i + E k−2

i

2τ
+
{
D ā

kAEk + F ā
kBE

k
}
i
− Ek,i

)

+ (1− γki )

(
3E k

i − 4E k−1
i + E k−2

i

2τ
+
{
D b̄

kAEk + F b̄
k BE

k
}
i
− Ek,i

)
= 0.

Defined Γk = diag(γki ) we obtain

3E k
i − 4E k−1

i + E k−2
i

2τ
+Γk

{
D ā

kAEk+F ā
kBE

k
}

+(I−Γk)
{
D b̄

kAEk+F b̄
k BE

k
}

= Ek

and then

3E k
i − 4E k−1

i + E k−2
i

2τ
+ D̃kAEk + F̃kBE

k = Ek

where

D̃k := ΓkD ā
k + (I − Γk)D b̄

k ;

F̃k := ΓkF ā
k + (I − Γk)F b̄

k .

At this point we can apply the result



Conclusions

We have considered a second order (non monotone) BDF scheme in 1d :

• Stability proof in | · |A and ‖ · ‖2 for the linear equation;

• Generalised to nonlinear problems;

• Error estimates for piecewise smooth solutions.

Further ongoing work:

• Degenerate diffusion;

• Multiple dimensions.



Thank you for your attention!


