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Introduction

Setting
e Consider a discrete-time, time-varying system
x(k+1) = f(k,z(k),u(k)), z(0) =z

with z(k) € X, u(k) € U.
~~ solution trajectory (-, zo)

e Example: Simplified building model:

z(k+1)= x(k) + u(k) + w(k)
~—~ ~—~ ~——
inside temperature heating/cooling outside temperature

o Goal: Keep temperature (x) within a certain range X(k), using as
little energy (u) as possible.
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Introduction

Setting

e Infinite horizon optimal control problem

min Joo(k,zo,u) = » Uk + j,zu(j; x0), u(j 1
werin ook, o, u) ga( Jozu(izo) u(i) (1)

with stage cost £ : Ny x X x U — R, and where U™ (k, () is the set
of admissible control sequences.
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Introduction

Setting

e Infinite horizon optimal control problem

min Joo(kw%'()?u) :Ze(k+37 $u(],$0>,U(])) (1)
u€elU> (k,zo) =0
with stage cost £ : Ny x X x U — R, and where U™ (k, () is the set
of admissible control sequences.

e In the example:

Stage cost:
Uk, z,u) = u?
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Introduction

Example: optimal trajectory?
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Introduction

What is optimal?

e Joo(k,xo,u) may not be finite for any w.
~ oo (ky o, u*) < Joo(k, 2o, 1) is not a meaningful definition of
optimality.
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Introduction

What is optimal?

e Joo(k,xo,u) may not be finite for any w.
~ oo (ky o, u*) < Joo(k, 2o, 1) is not a meaningful definition of

optimality.
o Concept of overtaking optimality: (z,+,u*) is called overtaking
optimal? if
K—1
liminf Y O(k, zu(k, 7o), u(k)) — £k, 2= (k, z0), u* (k) =0 (2)
K—o0 o

holds for all pairs (z, u).

?Joél Blot and Naila Hayek. Infinite-horizon optimal control in the
discrete-time framework. Springer, 2014,
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Optimal operation

e For what trajectory does the system perform best?
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Introduction

Optimal operation

e For what trajectory does the system perform best?
¢ Non-time-varying case:

e Optimal equilibrium [Griine '13]

e Optimal periodic orbit [Griine, Miiller '16]

e |n time-varying setting: more general optimal reference:
system optimally operated at (z*,u*) if

K-1
liign_jglof Z Uk, xy(k,x0),u(k)) — (k2% (k),u"(k)) >0
k=0

(Initial value of x* = xy=(-; k, x) is free!)

Simon Pirkelmann
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Model predictive control

Model predictive control

e Goal: Solve  min  Ju(k,xo,u)
uelU>(k,zo)
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Model predictive control

e Goal: Solve  min  Ju(k,xo,u)
uelU> (k,xo)

e ~» Basic idea of MPC:
Consider finite horizon optimization problems
N-1
min Jy(k,zo,u) = ) Lk +j,2u(d; 7o), u(j))

u€UN (k,x0) iz0

where £ is the stage cost and N € N the horizon length.
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Model predictive control

Model predictive control

e Goal: Solve  min  Ju(k,xo,u)
uelU> (k,xo)

e ~» Basic idea of MPC:
Consider finite horizon optimization problems
N-1

min Iy (k,zo,u) = D €k +j,2u(4; 20), u(j))

u€UN (k,x0) iz0

where £ is the stage cost and N € N the horizon length.

e Solve (4) instead ~~ u}y.
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Model predictive control

Model predictive control

Goal: Solve  min  Juo(k,zo,u)
uelU> (k,xo)

~ Basic idea of MPC:
Consider finite horizon optimization problems

N—-1
i J k, 5 = Lk ‘7 u ‘7 ) ] 4
ueUI}Vn(g,xo) N (k,z0,u) Jz:% (k4 J, 2u(d, 20)s u(d)) (4)

where £ is the stage cost and N € N the horizon length.

Solve (4) instead ~~ u}.

Apply pin (o) == u}j(0) as a feedback to the system.
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Model predictive control

Why use economic MPC?

e Classical MPC: setpoint stabilization or tracking
Stage cost penalizes distance to reference trajectory:

Uk, ) = o — 2" (B)|* + flu —u* (k)]

~~ stage cost positive definite w.r.t. optimal reference
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Stage cost penalizes distance to reference trajectory:

Uk, ) = o — 2" (B)|* + flu —u* (k)]

~~ stage cost positive definite w.r.t. optimal reference
e Two problems:
e Optimal reference is unknown

e Tracking does not lead to optimal performance ~~ [Griine, Stieler '14]
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Model predictive control

Why use economic MPC?

e Classical MPC: setpoint stabilization or tracking
Stage cost penalizes distance to reference trajectory:

Uk, ) = o — 2" (B)|* + flu —u* (k)]

~~ stage cost positive definite w.r.t. optimal reference

e Two problems:

e Optimal reference is unknown
e Tracking does not lead to optimal performance ~~ [Griine, Stieler '14]

e Solution: Use economic criterion in stage cost function of MPC.
In the example ~~ £(k, z,u) = u>

Simon Pirkelmann 8/ 22
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MPC convergence results

Goal

* Prove, that the MPC closed loop (-, Z0) approximates the
overtaking optimal trajectory x*
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MPC convergence results

Goal

* Prove, that the MPC closed loop (-, Z0) approximates the
overtaking optimal trajectory x*

e For now: optimality in a weak sense
~> Look at relation between MPC closed loop cost

L-1

le(kax()aMN) = Zf(kf +j7 Tun (]a xO)aluN(xuN (]a 1’0)))
§=0

and some optimal value “Vi(k, o) = inf,cyeo (k,20) Joo (K, To, u)".
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MPC convergence results

Some technicalities

e Modified cost function:

Uk, z,u) = Uk, z,u) — Lk, x*(k),u"(k))

N-1

jN(ka$0au) = g(k"F],[L‘u(],[L‘O),U(]))
7=0

for N € No U {oo}.
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MPC convergence results

Some technicalities

e Modified cost function:

Uk, z,u) = Uk, z,u) — Lk, x*(k),u"(k))

N-1
jN(kaanu) = g(k"F],[L‘u(],IL‘O),U(]))
§=0
for N € No U {oo}.
e Optimal value function
Vn(k,zo) == inf  Jn(k,zo,
N( 1'0) uGU}Vn(k,zg) N( o U)

for N € Ny U {oo}.

Simon Pirkelmann
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MPC convergence results

Main result

Theorem 1
Estimate for closed-loop cost:

J& (ky 2, un) + Vao(k + Ly (L)) < Vao(k,x) + LE(N)  (8)

for some function § € L.
Requirements:
e Turnpike property

e Continuity of optimal value function

Simon Pirkelmann 11/ 22



MPC convergence results

Turnpike property (finite horizon)
The turnpike property holds if optimal trajectories satisfy
(s, (55 )5 wi ()] @ (k) (k7)) < T(P)
forall j €{0,...,N} with j & Q(k,z, P,N).

(9)

for some o € L.

K k+ N
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MPC convergence results

Example: turnpike property for different horizon length N
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MPC convergence results

Continuity of VN and VX

\
Vi

(k) @

e We assume that the optimal value functions Vy and Vo, are
continuous in a neighbourhood of z*:

Vv (k@) = Viv (k. 2* (k)| < w (I, [|lz — 2" (R)]) (10)

forall ke N, N e NU{oo}, z € B.(z*(k)).
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z* (k) z

e We assume that the optimal value functions Vy and Vo, are
continuous in a neighbourhood of z*:
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MPC convergence results

Continuity of VN and VX

\ YW

Voo

z* (k) v

e We assume that the optimal value functions Vy and Vo, are
continuous in a neighbourhood of z*:

Vv (k@) = Viv (k. 2* (k)| < w (I, [|lz — 2" (R)]) (10)

forall ke N, N e NU{oo}, z € B.(z*(k)).
e Remark: for infinite horizon N = oo: ~» Vi (k, 2*(k)) = 0.
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MPC convergence results

Outline of proof (1)

T -
k k+ K
Show that

o Vaolk,z) = Jg(k, 2, u’.) +7w(N)”
o Jr(k,x,ul) = Jr(k,z,uy) + 7 p(N)”
where w,p € L.
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MPC convergence results

Outline of proof (1)

k k+ K k+ N
Show that

o Voo(k,z) = Jg(k, 2, uly) + "w(N)”

o Jr(k,x,ul) = Jr(k,z,uy) + 7 p(N)”
where w,p € L.
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MPC convergence results

Outline of proof (2)

e Closed-loop cost:

L—1
T (ko pun) =Y Uk + oy (G, 2), v (@ (3, 7))

.
i
<)

Simon Pirkelmann
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MPC convergence results

Outline of proof (2)

e Closed-loop cost:

L—-1
jil(k7x7:“*N) é(k+j7xMN(j7x)7:U*N(x,uN(jax))) (11)

<.
i
<)

e We have:

é(’i,l’,#}\/(l‘)) = jK(ivxﬂu}K\f) - ijl(i + 17'7"—"_7“’;\771,1*)
=... (12)

A~

= Vio(i,2) — Vo (i + 1,2F) + 78(N)”
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MPC convergence results

Outline of proof (2)

e Closed-loop cost:

L—-1
jil(k7x7:“*N) é(k+j7wMN(j7$)7:U*N(x,uN(jax))) (11)

<.
i
<)

e We have:

Ui, @, pn(x) = Jr (i, z,uy) — Je—1(i + Lot uy g ,0)

= Vio(i,2) — Vo (i + 1,2F) + 78(N)”

e Summing up yields:

~

J&(ky 2, un) + Vao (k + Ly (L, 7)) < Vao(k, ) + L6(N)  (13)
ford e L.

Simon Pirkelmann 16/ 22



MPC convergence results

Results: MPC closed loop for different initial values

Time
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MPC convergence results

MPC closed loop cost for different horizon length

5(0,2(0), )

(e
5
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MPC convergence results
How to verify requirements?

o Consider strictly dissipative systems:
There exists a storage function A : R>¢ x R" — R>¢ such that

ME+1, f(k,z,u)) — Mk, z) < 0k, 2, u) — a|(z, u)‘(x*(k)’u*(k)()l)@
for all k € Ny, (z,u) € X(k) x U(k).
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MPC convergence results

How to verify requirements?

o Consider strictly dissipative systems:
There exists a storage function A : R>¢ x R" — R>¢ such that

)\(k + 1, f(k, Z, U)) - )\(k, .13) S g(k}, Z, U) — a(\(:c, u)\(x*(k)m*(k)))
(14)
for all k € Ny, (z,u) € X(k) x U(k).
e We can show:
e Strict dissipativity implies turnpike property.
e Continuity property: More involved, requires local controllability
assumption
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MPC convergence results
How to verify requirements?

o Consider strictly dissipative systems:
There exists a storage function A : R>¢ x R" — R>¢ such that

)‘(k +1, f(k7$7u)) - )\(k, CIZ) < g(k,%u) - a(\(:c, u)‘(x*(k),u*(k)))
(14)
for all k € Ny, (z,u) € X(k) x U(k).
e We can show:
e Strict dissipativity implies turnpike property.
e Continuity property: More involved, requires local controllability
assumption
¢ Recent work (together with Marleen Stieler):
Verified dissipativity for example system:

e Stage cost needs to be strictly convex ~~ modification necessary
because /(k,x,u) = u? is not convex w.r.t. =
o Use l(k,z,u) = u® + e(z — Tyep)?, fore < 1

Simon Pirkelmann 19/ 22
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Application

Application: Energy efficient building operation

Boussinesq approximation® of airflow and temperatures inside a building:

1 ~
((?TI; +u-Vu= —EijL vAu —ga(T - T) (15)
V-u=0 (16)

+ time-varying boundary conditions.

u: Q x [0,00) — R% is air velocity
where p:Q x [0,00) = R s pressure
T:Qx[0,00) >R is temperature

and parameters p,v. g. . T, k.
'David J Tritton. Physical fluid dynamics. Springer Science & Business Media,
2012.

Simon Pirkelmann
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Conclusion

Summary, Remarks and open questions

Conclusion:

e Economic MPC solution approximates time-varying infinite horizon
optimal solution

o (Strict) Dissipativity as a sufficient condition
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Conclusion

Summary, Remarks and open questions

Conclusion:

e Economic MPC solution approximates time-varying infinite horizon
optimal solution

o (Strict) Dissipativity as a sufficient condition
Outlook:
e More realistic PDE model of heat flow inside a building

e Can we still observe turnpike property?

Simon Pirkelmann 21/ 22
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Appendix

Idea of proof (for infinite horizon)

k kt K

Pick P € N such that p(P) < € (possible because of turnpike property).
~ For K & Q(k,x, P,00):

[(wus, (K, 2), ule (K) @+ (bt K) (k1 K)) < P(P) < €

Simon Pirkelmann 23/ 22



Appendix

Idea of proof (for infinite horizon)

k kE+ K

Dynamic programming principle:

Voo (k, ) = Jrc(ky 2, ule) + Vo (k + K, 2 (K, 1))
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Appendix

Idea of proof (for infinite horizon)

k kE+ K

A~

Voo (k + K, 2*(k + K)) = 0.

= Voo (ky ) =Jk (b, z,ul,)
+ Vao(k + K, s (K, 1)) — Veo (k + K, 2" (k + K))

=Ry (k,z,K)
Simon Pirkelmann 23/ 22




Appendix

Idea of proof (for infinite horizon)

................... Veolk + K, a*(k+ K)) _
///// Vm(k"’K’ "E'U,* (K’x))
Ty ul)
x 7
k k+ K

Continuity property:
Voo (k + K, s, (K, 7)) = Voo (k + K, " (k + K))| < wv (p(P))
= Vo (k, ) = Jrc(k, 2, uly) + Ri(k, z, K)
with |R1(k, z, K)| < wv (a(P)).
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Appendix

Example: turnpike property for different initial value g

Student Version of MATLAB
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Appendix

Idea of proof for Lemma 2

k

Open-loop on infinite horizon: z,«
oo
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Appendix

Idea of proof for Lemma 2

2 k+ N

Open-loop on finite horizon: Ty,
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Appendix

Idea of proof for Lemma 2

2 kt K k4 N

Choose P large enough, s.t. ¢ := max{o(P), p(P)} < e. Pick
K €{0,...,N}\ (Q(kz, P, N) U Q(k, 7, P, ).
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Appendix

Idea of proof for Lemma 2

k k+ K k+ N
Optimality of u’_:

Ji(ky,ul) + Vaolk+ K 2o (K, 2)) < Ji(k,2,uky) + Veolk + K, s, (K, x))
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Appendix

Idea of proof for Lemma 2

2 kt K k4 N

Apply Lemma 1:

jK(kvm,u:;o)+ V%(k+KTLL;(K~7:)) SjK(kvxvu)]kV)"‘ Voo(k+K7xu}‘v(K7$))

Ry (k,@, K)+ Voo (k+ K, z* (k4 K)) Ro(k,@, K,N)+Voo (k+K,z* (k+K))
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Appendix

Idea of proof for Lemma 2

2 kt K k4 N

Apply Lemma 1:

jK(kvm,u:;o)+ V%(k+KTLL;(K~7:)) SjK(kvxvu)]kV)"‘ Voo(k+K7xu}‘v(K7$))

Ry (k,@, K)+ Voo (k+ K, z* (k4 K)) Ro(k,@, K,N)+Voo (k+K,z* (k+K))

= Ji(k,#,u%) < Jk (k,z,uy) — Ri(k, 2z, K) + Ra(k, z, K, N)

Simon Pirkelmann 25/ 22



Appendix

Idea of proof for Lemma 2

2 kt K k4 N

Similarly: converse equality from Lemma 1 (2):

Jx (k,x,uk) < Jr(k, z,us) — Ra(k, 2z, K, N) 4+ Ry (k,z, K, N)

Simon Pirkelmann 25/ 22



Appendix

Idea of proof for Lemma 2

2 kt K k4 N

Similarly: converse equality from Lemma 1 (2):

Jx (k,x,uk) < Jr(k, z,us) — Ra(k, 2z, K, N) 4+ Ry (k,z, K, N)

= Jr(k,z,ul) = Ji(k,z,ul) + Ra(k,z, K, N)

Simon Pirkelmann 25/ 22



Appendix

|dea of proof for Theorem 1

2 k+ N

e Optimal trajectory starting in = with horizon N. ~~ VN(]{.L)
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Appendix

|dea of proof for Theorem 1

k| k+1 k+ N

e Optimal trajectory starting in 2 with horizon N — 1.
> VN_l(ki + 1,:U+)
e Stage cost along the MPC closed loop solution:

Uk,z,pn(x)) = Vn(k,z)—Vy_1(k+1,27)
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Appendix

|dea of proof for Theorem 1

)
6 4 al N
e Jra(k+1,27F, Uy 4+ ) \\
T /I [<( 7x’uN,.”L) \‘\
kl k+1 k+ K k+ N

e Optimal trajectory starting in 2 with horizon N — 1.
> VN_l(ki + 1,:U+)
e Stage cost along the MPC closed loop solution:

Uk, o, pn(z)) = Vn(k,z)—Vy_1(k+1,27)

N g A R { + ox
Simon Pirkelmann - ']IX (k‘ z, uj\hl') JK*I(k + 17 T ?uN—l,m+) 26/ 22



Appendix

|dea of proof for Theorem 1

e Stage cost along the MPC closed loop solution:
U,z pun(2) = Jr(k,z,un,) — Jeoi(k+ 1Lzt uj_y )
Lemma 2JK(k zoubs ) — J—1(k+ LT ul a+)FRa(...) = Ra(...)
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Appendix

|dea of proof for Theorem 1

e Stage cost along the MPC closed loop solution:
Ukyz, v (@) = Jic(k,muie) — Jea(k+ 1,27 uyy o0)
2 F e (ke ) — Jr—1(k + 1@ ule o) + Ra(...) — Ra(...)
e 1y (k) — Ve (k+ 1,2)
FRi(.)—Ri(.)+Rs(...) — Rs(...)

=:Ry(k,z,K,N)
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Appendix

|dea of proof for Theorem 1
e Stage cost along the MPC closed loop solution:
Uk, , pn () = JK(k,x,uM—f Sk 42T uy g )
2 Fre (kb ) — Jr—1(k + 1a T ule ) + Ra(...) — Rs(...)
e 1 (kya) — Ve (k+ 1,27)
FRi(.)—Ri(..)+Rs(...) — Rs(...)

=:Ry(k,z,K,N)

e One can show that |Ry(k,z, K, N)| < 6(N) for some § € L.
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Appendix

|dea of proof for Theorem 1
e Stage cost along the MPC closed loop solution:
Uk, , pn () = JK(k,x,u;*M)—f Sk 42T uy g )
2 Fre (kb ) — Jr—1(k + 1a T ule ) + Ra(...) — Rs(...)
e 1 (kya) — Ve (k+ 1,27)
FRi(.)—Ri(..)+Rs(...) — Rs(...)

=:Ry(k,z,K,N)

e One can show that |Ry(k,z, K, N)| < 6(N) for some § € L.
o Sum {(k + j,x, un(z)) along the closed loop:

L—1
Jike,x,1un) =Y Uk + 5,2y (5, @), v (@ (5, 7))
Jj=0
L—1 R
= Vi(j,z) — Vao(j + 1,27) + Ru(k, z, K, N)
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< Voo (ky @) = Voo (k 4+ L, x5 (L, ) + LO(N)
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