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the original motivation: Eastwood — Goldschmidt

Eastwood, M.; Goldschmidt, H., Zero-energy fields on complex
projective space. J. Differential Geom. 94 (2013), pp. 129-157.
CIP, comes with nice structures:

Riemannian | g,5 | Fubini-Study metric | gap = J3Jpe
complex J,P complex structure 1P = gbCJac
symplectic | Jp | Kahler form Jab = J5gpe

symplectic form and Levi Civita connection are nicely linked.
Special complexes of operators allow for strong theorems.

The complexes are longer than the usual de Rahm complex.

There are very few Kahler manifolds with the Ricci type
holonomy (as symplectic manifold), see Proposition 4.3 in the
paper on the c-projective geometry by Calderbank et al,
arxiv1512.04516.
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The CP,, example

. . 0 1,0 -21,0 -30,1
In dimension 4, TM = ><—o:éo A = x—e{® /\2l = x—ete.
T—10 %0 NS V1

In particular the Rumin-Seshadri complex is (either at the
contactization or pushed down)

411V6

— 2 —
0_>100_>320 720V_>70;0_>0.
Similarly, the initial portion

919 889,229 90, po2 g0
on CPP, appears in the Eastwood-Goldschmidt paper, where it is
shown that the second operator provides exactly the integrability
conditions for the range of the Killing operator on CP,,.
This means that the latter complex is exact at this point. We shall
make this conclusion immediate consequence of the fact that CP,
is simply-connected.
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Together with Michael Eastwood, we tried to understand the
structure of the operators in general. After years, we updated the
incomplete preprint:

Conformally Fedosov manifolds, (2016) arxiv1210.5597, 28 pp.

and added a new one:

Calculus on symplectic manifolds, (2017), to appear in Archivum
Mathematicum, arxiv:1709.03059, 17pp.

Similarly to the parabolic tractor calculi, we couple the full analog
of the Rumin complex with non-trivial representations and mimic
the BGG machinary directly.
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Parallel development: Cap — Sala¢

Andreas éap; Tomas Sala&, Pushing down the Rumin complex to
conformally symplectic quotients, Diff. Geom. Appl., 35 (2014),
255-265.

o Contact manifold M; together with a transversal infinitesimal
automorphism & provides a conformally symplectic structure
on the quotient M.

@ The Rumin complex on My can be pushed down to M.

A lot of further development in recent papers by Cap and Sala&:
Parabolic conformally symplectic structures I: Definition and
distinguished connections. Forum Math. 30 (2018), no. 3,
733-751.

Parabolic conformally symplectic structures I1: Parabolic
contactification. Ann. Mat. Pura Appl. (4) 197 (2018), no. 4,
1175-1199.

Parabolic conformally symplectic structures Ill; Invariant
differential operators and complexes. arXiv:1701.01306, 36pp.
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Conformally symplectic manifolds

A conformally symplectic manifold is an even-dimensional manifold
M of dimension at least four equipped with a non-degenerate
2-form J such that

dJ=2anJ

for some closed 1-form «. It is called the Lee form and it is
automatically closed in dimensions m > 6.

If we rescale J = Q2J by a positive smooth function, then the

existence of the Lee form remains valid with « replaced by
a=a+ 7T for T =dlogfl.

Definition (Reformulation)

A conformally symplectic manifold is a pair (M, [J]) where [J] is
an equivalence class of non-degenerate 2-forms with existing Lee
forms, where J and J are said to be equivalent if and only if

J = Q2J for some positive smooth function Q.
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symplectically flat connections

Definition

we say that a connection V, on a given smooth vector bundle E
over a conformally symplectic manifold (M, [J]) is symplectically
flat if and only if

(VaVh — VpVa)o = 24,500

for some endomorphism © of E.

(As usual, one chooses an arbitrary torsion-free connection on Al
to define the left hand side, which then does not depend on this
choice.)

Evidently, if J,p is replaced by fab = 0% J,p, then symplectic
flatness persists with © replaced by & = Q20.
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the pushed down Rumin comples

There are several ways to find the elliptic complex

0 — A0 L2 AL A2 5 AR o AT
0 « A0 «+— A« A« AN« o« N

on a conformally symplectic manifold, where all operators are first
order except for the middle operator, which is second order.

(Here /\j‘_ denotes the bundle of k-forms that are trace-free with
respect to J.)

Notice, the length of such a complex is by one longer than that of
the de Rham complex.

For symplectically flat connections V, on E, our first aim is
to construct a version of the above complex coupled to E.
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The operator
D,=V,—20,:E>N®E

is a connection whose curvature is again
(Dan — DbDa)O' = (VaVb - vaa)O' = 2JabeO'.

and it is quite clear how to continue:

V—-2a®ld
—_—

E N®E—NMN®E,

where T(A'® E) 3 ¢, Viapp] — 20app) mod Jap
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The endomorphism © : E — E has constant rank.

We may choose an auxiliary connection on M and fix J to be
covariantly constant. Then the Bianchi identity for V, implies
0= V[Q(ch]@) = J[bcva]@. L]

Thus we may consider the bundles ker © and coker© = E/im ©.
Remarkably, the connection D, provides a flat connection on both.
We shall write ker © and coker © for the sheaf of germs of
covariantly constant sections of the bundles, respectively.
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Lemma

There is a natural elliptic complex:

E 2 AoE 2 ANoeE 2 NeoE 2 MoE

N e <o Xooe X e

E — AMQ®E — MNQE — ANQE

where the differentials are given by
Do IR Dp—-J®n wi Dw+JANy |
Sl n Dn —©¢p P Dy + Gw

It is locally exact, except for the zeroth and first cohomologies
which may be identified with ker © and coker ©, respectively.

|
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Theorem (The coupled Rumin—Seshadri complex)

Suppose (M, [J]) is a conformally symplectic manifold and V, is a
symplectically flat connection on a vector bundle E over M.
Choose J,p, € [J] and the appropriate © : E — E. Then there is a
natural elliptic complex

0 - E - N®E - NM®E - -+ = NQ®E
0 « E + N®E + M®E + -+ + N®E

where all operators are first order save for the middle operator,
which is second order. This differential complex is locally exact
save for its zeroth and first cohomologies, which may be identified
with ker © and coker ©, respectively.
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short proof

Rearranging the complex from the main Lemma as

E > AN®EFE = NQE = MNQE > ME —
/]\

\%* \

E

one sees a filtered complex, the spectral sequence of which has as
its Ei-level

E-ANQE-SNQE—- - —=N®E 0
0 NME— - >N QE-SN®E—-E.

Passing to the E)-level constructs the requested complex and main
Lemma gives its cohomology.
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Projective class of connections

A projective structure on a manifold M is an equivalence class of
torsion-free affine connections on M, where two connections V,
and V, are said to be projectively equivalent if and only if

ﬁa()@b = Vapp — Vapp — Vppa

for some 1-form v,.
If J,p is skew, then V(an)c = V(an)C — 3V(a-/b)c-

If J,p is skew, then the requirement that

v(an)c = B(an)c

for some 1-form (35 is projectively invariant.
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The first version of Conformally Fedosov

For torsion-free V on a conformally symplectic manifold (M, [J])
we get V;Jpg = 2a3Jp- Let us insist on V(,Jp)c = Badp)c-

A conformally Fedosov manifold is a triple (M, [J],[V]) where
@ M is a smooth manifold of dimension 2n > 4,

@ [J] is an equivalence class of non-degenerate 2-forms defined
up to rescaling J — J = Q2J for some positive function €,

e [V] is a projective structure, i.e. an equivalence class of
torsion-free connections defined up to projective change for
some 1-form v,,

@ the following equations hold
Viadbe = 20padb Ve =0 Viadpye = Badp)e (1)

for some 1-forms «; and f3;.
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Lemma

Let (M, [J],[V]) be a conformally Fedosov manifold. Any
representatives J,, and V 5 of the structure uniquely determine the
1-forms a; and (8, and, conversely,

Vadbe = 2O‘[a-jbr:] + %ﬁ(a-jb)c - %ﬁ(aJc)b (2)

determines the full covariant derivative V ,Jp..

Lemma

For any conformally Fedosov manifold (M, [J],[V]), if a
representative 2-form J,p is chosen, then there is a unique
torsion-free connection in the projective class such that

Vadbe = 2Ja[bO‘c]- (3)
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An alternative definition of a conformally Fedosov manifold is as
follows. Firstly, define an equivalence relation on pairs (J, V)
consisting of a non-degenerate symplectic form J,, and a
torsion-free connection V, by allowing simultaneous replacements

Jab = Jop = Q% s

A 4
Vapp — Vapp = Vapp — Tapp — Tppa, @)

where T, = V,log Q.

Definition

Writing [J, V] for the equivalence class of such pairs, a conformally
Fedosov manifold may then be defined as a pair (M, [J, V]) such
that VaJpe = 2J,) holds.

We can check directly that (3) is invariant under (4) if one decrees
that a; — G =a, + Ta.
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Remarks

Any conformally symplectic manifold (M, [J]) can be extended to a
conformally Fedosov structure (M, [J, V]).
Equation (3) is equivalent to

V., = 2al5,, (5)

where af = JPcq..

As a corollary we see, that a projective structure [V] cannot
necessarily be extended to a conformally Fedosov structure.
Indeed, the equation (5) hold for some vector field a? is equivalent
to requiring that

the trace-free part of (V,J°¢) =0,

which is a system of finite type. Hence, there are obstructions to its
solution (and writing it as (5) is the first step in its prolongation).



Choosing any representatives for (M, [J, V]), the curvature R,, 4
of V5 may be uniquely written as

Rab“a = Wapq + 02Ppg — 0pPad,
where P, is a symmetric tensor and W, satisfies
Wopa = Wiap“a  Wap“q =0  Wapg =0.

Under conformal rescaling (4), the tensor W,,¢4 is unchanged
whilst

~

Pab=Paop — VT +T,Tg.

Furthermore, the tensor W,,.q may be uniquely decomposed as
Wabed = Vabed— 525 JacPbd+ 527 Ibe Pad+JadPoc—Ibd Pac+2J26Pcd,
where

Vabed = Viabj(cd) ~ Viabeld =0 J**Vabea =0

and &, is symmetric.
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Back to CP"

The curvature of CP,, with its standard Fubini-Study metric is
given by

Rabed = 8bdJac — 8adIbc — 8acIbd + 8bcJad + 2Jap8ed

and one easily computes that

2 1
Pap = Q(Ztl)gab Pap = Bab Vabed = 0.
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Fedosov gauge

It is often convenient locally to work in a gauge in which a; =0
for then V,Jp. = 0 and the curvature R,p.q decomposes in a more
simple way into three components Sp(2n, R)-irreducible parts,

2 00 0,0 2 0 0 0,0
VabchH—¥ 4{:0 P € 60— 4:%. Pabeo—o—r...té.

according to
Rabed = Vabed + 2JapPea — 2<I>(:[an]d + %Jc[acbb]d - 2Jc[an]d

with
(2n—1)Pop =2(n+1)P,p
We shall refer to a choice of pair (J,p, V) from a conformally

Fedosov structure [J,p, V4] for which V,Jpc = 0 as a Fedosov
gauge. This is in accordance with the notion of Fedosov manifold.
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The Kahler case

Now, the Fedosov gauge V, is the Levi-Civita connection of a
metric g,p and Jb= acgbc is an almost complex structure on M
whose integrability is equivalent to the vanishing of V /..

The curvature decomposes as follows:

Rapa = Uap“d
+02=bd — 0p“=ad — Gad=b° + &hd=a°
+ LaTbd — b Lad — JadZ b + JpdTa® + 2J3p2 g + 20 G2 ap
+ N(02°8bd — 0b°8ad + JaIbd — Ip Jad + 242 ),

where indices have been raised using g?? and
o U,, 4 is totally trace-free with respect to g2°, J,?, and J??,
@ = is trace-free symmetric

@ Y .p = Jy=pc is skew.
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Consequently,

Rbd = Rab®a = 2(n + 2)=pg + 2(n + 1)Agbd

b, = Zi% Zab + Ngab-
JPRapa = JVapq — JpgPa® — 2,7 Py,

= JVapg— 221%21,5/ - 2(n + 1)/\de.

JeVap©a — 252 Yy = —2(n+2)T g

and we have established:

Concerning the symplectic curvature decomposition on a Kahler
manifold,

J?Vapd = —2n(,,nf12) 2 by-
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Conformal Tractors

The standard tractor bundle T on a conformal Riemannian

manifold is defined in the presence of a chosen metric g, to be
the direct sum

T = A°[1] @ AY[1] @ A°[—1]

but if the metric is rescaled as &,, = Q°gap, then this
decomposition is mandated to change according to

o
wp+ Tpo , where T, =V, log (.
p— Thuy — %TbTba

> g? Q>
I
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For a chosen metric g, in the conformal class, the tractor
connection can be computed or defined by

o Va0 — 1a
Va| b | = | Vapp+ 8abp+Papo |,
P Vap — IDab/ib

where V uyp, is the Levi-Civita connection of gap.

We shall proceed analogously for the conformally Fedosov
manifolds now.
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(Conformally) symplectic tractors

For chosen representatives, the vector bundle T is defined as
T = A°[1] @ AY[1] @ A°[—1]
but this splitting is decreed to change as

o
Wy + TbJ (6)
p— Thuy+ Tlayo

> §> Q>
Il

under (4), where « is defined by (3). A direct check reveals that
this decree is self-consistent.
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There is a non-degenerate skew form defined on T by

g g
< I > = 0p—J* pvfic—p& = op+p°fi—p&. (7)
p p

Let us first consider the connection D, on T defined by

g VQO' — Ha
Dyl pp | = Vatip — Japp + Papo — Japapic
p Vap — PPy — aP(2P,, + Vaap)o

This connection is well-defined, i.e. is independent of choice of
representatives (Jap, V), and preserves the skew form (7).
(The check is straightforward but quite tedious.)
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Improving the tractor connection

The following two homomorphisms T — A! ® T

o 0 0
Wp — (DabU or 0
p oppl +2(VED, )0 (VP®,p + a?®,p )0

are invariantly defined.
Thus we can change the connection D, by appropriate multiples of
these. The tractor connection on T is defined by

Va0 — la
< 7 _ Vapip — Jabp + Papo — 2,,3 1¢ab0 b€ e
a| Kb o vap + Pabluf 2,,3_1 q)ablul 2n+1 (qu)ab)

P — (2aPP,p + aPV,ap — mi%’%a b,p)0
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Curvature

The tractor connection preserves the skew form (7) and, in the
Fedosov gauge, its curvature is given by

o 0
(VaVp = VpVa) | e | = Vabeatt? + Yapeo
1Y Yabc,UJC - %(VC Yabc - Vabce¢ce)0
p
—2Jap Sco — d)Cdl'Ld

Sch€ — 5= (Pge®® + VS, )

Here the quantity Y.pc stays for the gradient of V,pcq, while
(2n + 1)S; is the gradient of ®,p.
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Theorem

The curvature of the tractor connection has the form
(VaVp — VpVa)X =2/,,0%

for some endomorphism © of T if and only if Vipeq = 0.

Theorem

If Vabed = 0, then
(V,9%), =0

in Fedosov gauge, where ( ), means to take the trace-free part.

The symplectic tractor connection on a Kahler manifold is
symplectically flat if and only if the metric has constant
holomorphic sectional curvature.
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Theorem (The coupled Rumin—Seshadri complex)

Suppose (M, [V, J]) is a conformally symplectic manifold with the
curvature V,peq vanishing, V , be the symplectically flat connection
on any vector bundle E over M induced by the standard tractor
bundle. Then there is a natural elliptic complex

0 » E - N®E - M®E - -+ = NQE
0 « E « NM®E « M®E « -+ + NQ®E

where all operators are first order save for the middle operator,
which is second order. This differential complex is locally exact
save for its zeroth and first cohomologies, which may be identified
with ker © and coker ©, respectively, where © is the endomorphism
induced from the curvature of the tractor connection.
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Theorem

Suppose (M, [J, V]) is a conformally Fedosov manifold of
dimension 2n whose invariant curvature V,pcq vanishes. Then for
any n+ 1 non-negative integers a, b, c,---d, e there is a
differential complex

a b c d e vatl —a—2 at+b+1 c d e
vbtt —a—b—3 a btctl d e vetl e

which is locally exact save at the Oth and 1st positions, where its
local cohomology may be identified with the locally constant
sheaves ker © and coker ©, respectively.

Here, © eAut(akbki.--iéﬁ(’]I‘)) is induced by © : T — T and

a b c

oo . *:é.( ) is the bundle associated to T via the

Sp(2n + 2 , R)-module e -i@ﬁ, bearing in mind that the
non-degenerate skew form (7) reduces the structure group of T to
Sp(2n + 2, R).
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A few examples

In dimension 4, TI\/I:Q—LQ Alz}z_ijég /\i:_><3_0¢¢i.
10,0 .-11,0

T=% 33 &% oto B 42

In particular the Rumin-Seshadri complex is

10,0 V232,00 V.-41,1 V2 61,1 V. -72,0

2
Similarly, the initial portion

919 98,220 990, faz 00
on CP, appears in the Eastwood-Goldschmidt paper, where it is
shown that the second operator provides exactly the integrability
conditions for the range of the Killing operator on CP,. This
conclusion is immediate from our Theorem here: since CP,, is
simply-connected, there is no global cohomology arising
from coker ©.
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