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Introduction

The design of structures can be assisted
with a mathematically robust optimization
frameworlk, involving different goals and
design constraints of interest.

The mathematical modeling and the
numerical discretization of this class of
problem can be addressed in terms of
different methods and numerical schemes.

Goal of this presentation is to provide an
adaptive versatile numerical discretization
procedure, which can assist the structural
design problem.
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Introduction

Topology optimization

Find the optimal material distribution
in a design domain that guarantees
specific constraints, by modifying the
topology.
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Introduction

Sigmund, Bendsoe, Allaire

Topology optimization

Find the optimal material distribution
in a design domain that guarantees
specific constraints, by modifying the
topology.

Shape optimization

Find the optimal shape of a structure
that guarantees specific constraints, by
modifying the boundary of the domain.
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Topology optimization

The goal
Find the optimal material distribution
in a design domain that guarantees
specific constraints, by modifying the
topology.

In the literature
ESO/BESO methods
Level-set methods

Phase-field models
SIMP method

p € L”(Q,[0,1])

Density variable

Bendsge (1995)
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Topology optimization

The goal
Find the optimal material distribution
in a design domain that guarantees
specific constraints, by modifying the
topology.

p € L7(,[0,1])
Density variable

identifies how the void and the material
are arranged in the domain

Bendsge (1995)
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Topology optimization

min
PEL™(Q)

Bendsge (1995)

G(u(p)): X

Obijective

rap(u(p),v) =Gw) VveU

jde < a|Q|
Q

\ Pmin S p =1

Gw)=| f-udy

'y

a,(u,v) = fﬂap (w): e(v)dQ

o,(u) = pP[2ue(u) + Al: e(u)]

- 2 4
P =M T 1y
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Topology optimization

min G (u(p)): 3

PEL™(Q)

Bendsge (1995)

p-modified
bilinear form

rap(u(p),v) =Gw) VveU
jde < a|Q]
Q

\ Pmin S p =1

Gw)=| f-udy
I'n

0, (u,v) = jﬂap (W): e(@)d

o,(u) = pP[2ue(u) + Al: e(u)]

- 2 4
P =M T 1y
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Topology optimization

min G (u(p)): 3

PEL™(Q)

Bendsge (1995)

p-modified
constitutive law

rap(u(p),v) =Gw) VveU
jde < a|Q]
Q

\ Pmin S p =1

Gw)=| f-udy

'y

a,(u,v) = fﬂap (w): e(v)dQ

o,(u) = pP[2ue(u) + Al: e(u)]

- 2 4
P =M T 1y
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Topology optimization

min G (u(p)): 3

PEL™(Q)

Bendsge (1995)

Penalization
exponent

rap(u(p),v) =Gw) VveU
jde < a|Q]
Q

\ Pmin S p =1

Gw)=| f-udy

'y

a,(u,v) = fﬂap (w): e(v)dQ

o,(u) = pP[2ue(u) + Al: e(u)]

- 2 4
p = max 1—v'1+v
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Topology optimization

WARNING

The model — without further
expedients — does not ensure
uniqueness of the solution.

Not convex;
Mesh dependent;

Additional filtering and/or
regularization;
Ad hoc discretization for the specific
problem.
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Topology optimization

WARNING

The model — without further
expedients — does not ensure THE IDEA
uniqueness of the solution.

We couple topology

Not convex; optimization with anisotropic
Mesh dependent; mesh adaptation to provide an
automatic enriched framework
Additional filtering and/or for structural optimization.

regularization;
Ad hoc discretization for the specific
problem.

Micheletti, Perotto, Soli (2018) — patent application
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Mesh adaptation

The goal

Modify the computational grid according
to the physics of the problem to limit
the computational burden and guarantee
accuracy.
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Mesh adaptation

The goal

Modify the computational grid according
to the physics of the problem to limit
the computational burden and guarantee
accuracy.

(p,u)

Isotropic

Nicola Ferro, Anisotropic mesh adaptation for 3D printing-oriented structural design



Mesh adaptation

The goal

Modify the computational grid according
to the physics of the problem to limit
the computational burden and guarantee
accuracy.

(p,u)
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Mesh adaptation

The goal

Modify the computational grid according
to the physics of the problem to limit
the computational burden and guarantee

accuracy.
(o, u)
k;’ “‘x
Size
Isotropic Anisotropic
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Mesh adaptation

The goal

Modify the computational grid according
to the physics of the problem to limit
the computational burden and guarantee

accuracy.
(o, u)
KOO “‘x
hy
Isotropic Anisotropic
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Mesh adaptation

The goal

Modify the computational grid according
to the physics of the problem to limit
the computational burden and guarantee

accuracy.
(o, u)
KOO “‘x
Size
hg Shape
Orientation
Isotropic Anisotropic
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Mesh adaptation

The goal

Modify the computational grid according
to the physics of the problem to limit
the computational burden and guarantee

accuracy.
(p,u)
k’b “‘x
hK Al,Kr AZ,KI AS,K
ik, T2k, T3 K
Isotropic Anisotropic
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Mesh adaptation

The isotropic setting N =|p—prlyi(a
In a standard finite element setting, we ;
exploit the Zienkiewicz-Zhu estimator ¥

Size hy

for the H'-norm estimation.
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Mesh adaptation

The isotropic setting n=lp—prlgiq
In a standard finite element setting, we ;
exploit the Zienkiewicz-Zhu estimator
for the H'-norm estimation.

+
Size hK

N =lp = pulua) = 170 = Vpnll 2 g
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Mesh adaptation

The isotropic setting N =|p—prlyi(a
In a standard finite element setting, we ;
exploit the Zienkiewicz-Zhu estimator ¥

Size hy

for the H'-norm estimation.

n=1lp—palyrq) = |IVp _le(Q) Computable

Zienkiewicz, Zhu (1987)
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Mesh adaptation

The isotropic setting n=lp—prlgiq

In a standard finite element setting, we ;

exploit the Zienkiewicz-Zhu estimator ¥

for the H'-norm estimation. Size h

n=lp—pnlpq = ~ Vphlle(Q) Not
computable

Zienkiewicz, Zhu (1987)
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Mesh adaptation

The isotropic setting N =|p—prlyi(a
In a standard finite element setting, we ;
exploit the Zienkiewicz-Zhu estimator ¥

Size hy

for the H'-norm estimation.

N =lp = pulua) = 170 = Vpnll 2 g

We introduce a recovery procedure in
order to estimate the exact gradient.

Zienkiewicz, Zhu (1987)
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Mesh adaptation

The isotropic setting n=lp—prlgiq
In a standard finite element setting, we ;
exploit the Zienkiewicz-Zhu estimator
for the H'-norm estimation.

+
Size hK

N =lp = pulua) = 170 = Vpnll 2 g

We introduce a recovery procedure in
order to estimate the exact gradient.

n=Ip—pnlpi = - VPh||Lz(Q) Computable
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Mesh adaptation

The isotropic setting

In a standard finite element setting, we
exploit the Zienkiewicz-Zhu estimator
for the H'-norm estimation.

N =lp = pulua) = 170 = Vpnll 2 g

We introduce a recovery procedure in
order to estimate the exact gradient.

N = lp = prlurce) = [IP(Vpn) = Vol 2 g,

PWo)| = — ZITIV |
Ph Ax Ar| PhT

TeAk

N =|p—pnlpiq

+
Size hK

Recovery
operator
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Mesh adaptation

ANISOTROPIC SETTING

My + ty

Formaggia, Perotto (2001)
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Mesh adaptation

ANISOTROPIC SETTING

(REARRR) ZxX + tyg s

Formaggia, Perotto (2001)
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Mesh adaptation

ANISOTROPIC SETTING

(REAKRR) ZxX + ty s

Geometric features
of the generic element K

Formaggia, Perotto (2001)
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Mesh adaptation

The anisotropic setting

We resort to a modification of the
isotropic setting to determine the size,
shape and orientation of the elements.

n=lp-— pthl(Q) - {

/11,1(; /12,1(; /13,1<
rix, T2k, T3k
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Mesh adaptation

The anisotropic setting

We resort to a modification of the
isotropic setting to determine the size,
shape and orientation of the elements.

Zm%

KEeTp

2
Nk = 2/3 Z Al K(rlK HAK(EV)ri,K)
(11 kA2 k3 K)

Ey, =[P(Vpy) — Vph]AK

Ppr)|, = i z TIVpn |,

TeEAK

[HAK(W)]i,j = z jTWindT

TeEAK

Micheletti, Perotto (2010)

n=lp-— pthl(Q) - {

/11,1(; /12,1(; /13,1<
rix, T2k, T3k
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Mesh adaptation

The anisotropic setting I
We resort to a modification of the n=lp=pnlur) LK 72,8073, K
: : : : : 1k, T2k, T3 K
isotropic setting to determine the size,

shape and orientation of the elements.

Zm%

KETy, Definition of an
, anisotropic
Nk = 2/3 Z A7 K(r K HAK(Ev)rl K) error estimator
(Al KAZ KAB K)

Ey, =[P(Vpy) — Vph]AK

P(Vph)| z |T|\7Ph
|A1r<|TEA
K

[Ha, (W)];j = z jWindT
TeEAK r

Micheletti, Perotto (2010)
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Mesh adaptation

The anisotropic setting I
We resort to a modification of the n=lp=pnlur) LK 72,8073, K
: : : : : 1k, T2k, T3 K
isotropic setting to determine the size,

shape and orientation of the elements.

Zm%

KEeTp

2
Nk = 2/3ZA K(rlKHAK(EV)rlK)
(AlKAZ KAS K)

Ey = [P(Vpy) — Vph]AK Recovered error

Ppr)|, = i z TIVpn |,

TeEAK

[HAK(W)]i,j = z jTWindT

TeEAK
Micheletti, Perotto (2010)
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Mesh adaptation

The anisotropic setting

We resort to a modification of the
isotropic setting to determine the size,
shape and orientation of the elements.

Zm%

KEeTp

2
Nk = 2/3 Z Al K(rlK HAK(EV)ri,K)
(11 kA2 k3 K)

Ey, =[P(Vpy) — Vph]AK

} : Recovered
P(V TV

( ph)| |AK| 7] ph radient
TEAK g

[HAK(W)]i,j = z jTWindT

TeEAK

Micheletti, Perotto (2010)

n=lp-— pthl(Q) - {

/11,1(; /12,1(; /13,1<
rix, T2k, T3k
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Mesh adaptation

The anisotropic setting I
We resort to a modification of the n=lp=pnlur) LK 72,8073, K
: : : : : 1k, T2k, T3 K
isotropic setting to determine the size,

shape and orientation of the elements.

= Z nz < MTOL?

KeTy
AlM:
Nk = 273 Z /111{(7"11{ Hp, (Ep)Tig) Control and equidistribute
(A1x 2223 K) the error by imposing the
E, = [P(Vpy,) — Vph]AK | .ac.cgracy MTOL and
minimizing the total number
of elements.
Ppr)|, = i Z TIVpn |,
K TEAK
[Ha, W), j = z jWindT
TeEAK r
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Mesh adaptation

The anisotropic setting

We resort to a modification of the
isotropic setting to determine the size,
shape and orientation of the elements.

= Z nz < MTOL?

KeTy

MTOL?
HT),

2
Nk = 2/3 Z /11 K(rlK HAK(EV)ri,K) =
(11 kA2 k3 K)

Ey, =[P(Vpy) — Vph]AK

P(Vph)| Z |T|\7Ph
|A1r<|TEA
K

[Ha, (W)];j = z jWindT
TeEAK r

n = |p - pthl(Q) ____} Al,K' AZ,K! AS,K
rix, T2k, T3k

AlM:

Control and equidistribute
the error by imposing the
accuracy MTOL and
minimizing the total number
of elements.
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Mesh adaptation

The anisotropic setting

We resort to a modification of the
isotropic setting to determine the size,
shape and orientation of the elements.

= Z nz < MTOL?

KeTy

MTOL?
#T),

2
Nk = 2/3 Z /ll K(rlK HAK(EV)ri,K) =
(11 kA2,k43 K)

Ey, =[P(Vpy) — Vph]AK

P(Vph)| Z |T|\7Ph
|A1r<|TEA
K

[Ha, (W)];j = z jWindT
TeEAK r

n = |p - pthl(Q) ____} Al,K' AZ,K! AS,K
rix, T2k, T3k

AlM:

Control and equidistribute
the error by imposing the
accuracy MTOL and
minimizing the total number
of elements.
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Mesh adaptation

Local optimization problem

The minimization of the cardinality of T} is
equivalent to maximize the measure of the
element K. Hence, we resort to a constrained
local minimization problem

3
min _
T
{Si K, Ti K}:ig—l z Si:K(ri,K HAK(EV)ri,K)
) ] = l=1
such that

Tik " Tjk = 0jj
S1k = Sak = S3K
S1,KS2 KS3, K — 1
and

MTOL?

2 _
Nk T,

Micheletti, Perotto, Farrell (2010)
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Mesh adaptation

Proposition
Let {9, gi}i=12,3be the eigeinpairs associated
with ﬁAK(EV)’ Withgl = %) = 93 > (0 and
{9i}i=123 orthonormal. Then, the optimal
geometric values for the element K are
Tik =83  Tixk =92  Tsk =61
1/18
1 2 1/3 3
20T _ g_§< MTOLA> o
' 3 \3 #T,|Ax| L1
1/18
1 2 1/3 3
5K = g_5< el ) [ ]o
T 3#TlAkl) \ 1
1/18
1 2 1/3 3
20T — g_§< MTOLA> o
' L \3 #T,|Ak| »
Micheletti, Perotto, Farrell (2010)
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Numerical results

CANTILEVER DOME
a = 0.5, a = 0.2,

#T;, ~ 96038, #T), ~ 118435,

CPU time = 1.5h CPU time = 0.65h
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Numerical results

Mesh adaptation amounts to 3-5% of the overall CPU
time, adding no considerable overhead.

The algorithm delivers smooth structures with a
reduced employment of filters/regularization.
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Numerical results

Mesh adaptation amounts to 3-5% of the overall CPU
time, adding no considerable overhead.

The algorithm delivers smooth structures with a

CANTILEVER
a = 0.5,

#T), ~ 96038,

CPU time = 1.5h

DOME

a = 0.2,
#T), ~ 118435,

CPU time = 0.65h
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Numerical results

Mesh adaptation amounts to 3-5% of the overall CPU
time, adding no considerable overhead.

The algorithm delivers smooth structures with a
reduced employment of filters/regularization.

The procedure is application-independent, as it relies
on the design variable p.

CANTILEVER DOME
a = 0.5, a = 0.2,
#T;, ~ 96038, #T), ~ 118435,
CPU time = 1.5h CPU time = 0.65h
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Shape optimization

Topology optimization

Find the optimal material distribution
in a design domain that guarantees
specific constraints, by modifying the
topology.

@ %

W
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Shape optimization

Topology optimization

Find the optimal material distribution
in a design domain that guarantees
specific constraints, by modifying the
topology.

@ %

W

Shape optimization

Find the optimal shape of a structure
that guarantees specific constraints, by
modifying the boundary of the domain.

Mass
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Shape optimization

Combine shape optimization with
topology optimization
to obtain light and performant structures
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Shape optimization

‘ Topology optimization ‘

s oA

N.F, S. Micheletti, S. Perotto (2020)
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Shape optimization

‘ Topology optimization ‘

s oA

Mass ) A B

Shape + Topology
optimization
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Shape optimization

Bridge Cantilever
G after TO 1.54e—1 4.86e—2
Aq G after TO +65.27% +57.28%
#7;, after TO 102293 89 994
G after GSTO 1.43e—1 4.08e—2
AqG after GSTO —7.00% —16.05%
#7), after GSTO 74074 183 153

N.F, S. Micheletti, S. Perotto (2020)
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Shape optimization

Bridge Cantilever
G after TO 1.54e—1 4.86e—2
| Aq G after TO +65.27% +57.28% I
#7;, after TO 102293 89 994
G after GSTO 1.43e—1 4.08e—2
| Ay, G after GSTO  —7.00% —16.05% I
#7), after GSTO 74074 183 153

N.F, S. Micheletti, S. Perotto (2020)
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Microstructural optimization

The goal
Find the optimal microstructure that
guarantees specific requirements at the

macroscale, by the homogenization
theory.

Xad
>

McKown et al. (2008)
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Microstructural optimization

The goal

Find the optimal microstructure that
guarantees specific requirements at the
macroscale, by the homogenization
theory.

CO0OOO0 SRR AARAEES B IS
QCO00OOO SRR NND ARRAEES S
COCOOOO SRR ARRAAEES S
COOO0O0 SRSV AAAAEES S
OO0 0O SRR ND AARAEES S
00000 0S SRRRNNE N

GOOOOOO RN NDL AR AAEES
QOO0 OO SRV BBND ARRARES S
QOO0 OO0 SRR IND AAAAEES S
CO0O00O0 SRR ARARAES S
CO0OOOO SRR ARAAEES S
QOO0 000 SRR AARAAEES S
COOOOO® SRRV RD ARARAEES S
G000 SRR RRRAAEESY BRSNS

micro > homogenized
Asymptotic

expansion
e(x) = €+ €Y

Sanchez-Palencia (1983)
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Microstructural optimization

The goal

Find the optimal microstructure that | jpdy < aly|
guarantees specific requirements at the ) ET{IO},T(IY)] (p): |y
macroscale, by the homogenization Pmin = p =1
theory.

Nicola Ferro, Anisotropic mesh adaptation for 3D printing-oriented structural design



Microstructural optimization

The goal
Find the optimal microstructure that jdeSaIYI
guarantees specific requirements at the ET{IO},T(IY)] (p): |y
macroscale, by the homogenization Pmin = p =1
theory.
€t Obijective 2
itk function J(0) = Zijia(Efla(p) — Effa

Targeting the macroscale by
observing the microscale

Okl *,Klj 0,ij *,1]
l]kl |Y|j pqrs — €pgq )(Ers — € )dY

jEqu ;C’Ideu(v)dY jEqu gcfleu(v)dY vvinV
Y Y
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Microstructural optimization

The goal
Find the optimal microstructure that
guarantees specific requirements at the

macroscale, by the homogenization
theory.
1250 el Homogenized

o stiffness tensor
From the periodic microscale

to the macroscale

dY < alY
min J(@y: 1], < v
PEL(Y)
Pmin =p =1
J(p) = l]kl(El]kl(p) El]kl

Okl xkUj\( 01j *,1]
Ukl |Y|_[ PCITS ~ €pq )(ETS — Ers )dY

jy Ey

ijpq€ ;clldeu(”)dy jEupq %‘leu(v)dy vvinV
Y
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Microstructural optimization

The goal
Find the optimal microstructure that
guarantees specific requirements at the

macroscale, by the homogenization
theory.

In the periodic
microscale

State equations

jde < alY]|
Y

Pmin = p =1

Loin J(p):

J(p) = l]kl(El]kl(p) El]kl

Okl *,Klj 0,ij *,1]
l]kl |Y|j pqrs — €pgq )(Ers — € )dY

fy E;

*kl 0,kl
ljpq pq El](v)dy — LEl]pq pq El](v)dY YvinV
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Numerical results

Target property — Poisson’s ratio
v=-0.7

Volume fraction
0.5

Final homogenized value
v =-0.54

N.F, S. Micheletti, S. Perotto (2020)
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Numerical results

.F, S. Micheletti, S. Perotto (2020)
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Stress-constrained optimization

The goal

The topology optimization problem can include
several, sometimes cuncurrent, performance
requirements. This eventually yields a multi-
constrained and/or multi-objective framework.

Nicola Ferro, Anisotropic mesh adaptation for 3D printing-oriented structural design



Stress-constrained optimization

The goal

The topology optimization problem can include
several, sometimes cuncurrent, performance
requirements. This eventually yields a multi-
constrained and/or multi-objective framework.

[ a,(u(p),v) =G(v) YveU

per{loy(lm M(u(p)): § + Additional physics constraints

\ Pmin =p =1
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Stress-constrained optimization

The goal

The topology optimization problem can include
several, sometimes cuncurrent, performance
requirements. This eventually yields a multi-
constrained and/or multi-objective framework.

[ a,(u(p),v) =G(v) YveU

per{loy(lm M(u(p)): § + Additional physics constraints

\ Pmin =p =1

Stiffness;
Stress;
Vibrational frequencies;
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Stress-constrained optimization

Inequality Cw) < Cnax

constraints
S(u) < Smax
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Stress-constrained optimization

Inequality Cw) < Cnax

constraints
S (u) < Smax

Compliance | C(u) =j f-udy
r

N

S(u) = ||0VM(u)||LY(Q)

oym(u) = PpE\/Slzl + &3, — €11822 + 3 &y
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Stress-constrained optimization

Inequality Cw) < Cnax

constraints
S (u) < Smax

C(u)=jrf-udy

N

Stress norm | S(u) = ||GVM(u)||Ly(Q)

oym(u) = PpE\/Slzl + &3, — €11822 + 3 &y
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Stress-constrained optimization

Inequality Cw) < Cnax

constraints
S (u) < Smax

C(u)=jrf-udy

N

S(u) = ||0VM(u)||LY(Q)

b modified oyy(w) = PpE\/€121 + &5, — €11822 + 3 &,
von Mises stress
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Numerical results

Compliance-constrained optimization

N.F, S. Micheletti, S. Perotto (2020)
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Numerical results

Stress-constrained optimization

N.F, S. Micheletti, S. Perotto (2020)
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Numerical results

Stress- and compliance-constrained optimization

N.F, S. Micheletti, S. Perotto (2020)
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Numerical results

Stress- and compliance-constrained optimization

N.F, S. Micheletti, S. Perotto (2020)
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Outline

The methods
Topology optimization
Anisotropic mesh adaptation

The applications

Robust structural optimization
Metamaterial design
Performance-constrained design

AM-ready topology optimization

Ongoing and future projects
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Topology optimization for AM

The goal

Additive manufacturing constraints
should be taken into account in the
design phase. This results in final
layouts complying with the AM
process specifications.

self-supporting not self-supporting
V.ot ¥ o 4
7/
4 /
3 s
/ //
//‘)\\ « > threshold 2 y @ < threshold
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Topology optimization for AM

(a,(u(p),v) =Gw) VveU

<
i e | fpn s
+ Additional design constraints

\ Pmin =p =1
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Topology optimization for AM

PEL™(Q)

Manufacturability
T b constraint

F

(a,(u(p),v) =Gw) VveU

min G (u(p)): 1 fﬂpdﬂ = v/

+ Additional design constraints
\ Pmin =p =1

v i}
Pa=JHa b-—F  \b.vp<P
Q ||\7,0||L2(Q)

vV vV
H, (b : P > = H(b : P — cos(a)>
||Vp||L2(Q) ||Vp||L2(Q)
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Topology optimization for AM

(a,(u(p),v) =Gw) VveU
<
R N i
g + Additional design constraints
\ Pmin =p =1
Vp _
Pa=]Ha<b~ >b~\7pSP
Tb Tb Q ||V,D||L2(Q)
I . . 7 v
p Shifted Heaws.lde H, <b- p ) _ H(b- p B cos(a))
function ||VP||L2(Q) ||\7P||L2(Q)
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Numerical results

G. Gavinelli — Master’s thesis (2020)
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Summary

Anisotropic mesh adaptation has been
proved to be a versatile procedure that can
assist the structural design problem in
different scenarios. The effectiveness has

been proved on different test cases T H AN K Yo U

involving:

* Robust structural optimization F 0 R Yo U R

* Metamaterial design

* Performance-constrained design ATT E N T I o N

* AM-ready topology optimization
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